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PREFACE 


I N this volume those parts of the subject, as presented in the first 
edition, published in 1907, have been treated which were not dealt 
with in the volume published in 1921. Almost the whole of the matter 
has been re-written, and much new matter has been added which is largely 
the fruit of investigations that have been carried out by various Mathe- 
maticians in the intervening time. 

In Chapter I, on numerical sequences, a greatly extended account of 
the theory of convergence of numerical series is given, together with a 
fairly full accoimt of the theories of conventional summation with which 
the names of Ceskro, Holder, and M. Riesz are associated. 

Chapter II contains a systematic account of the theories of convergence 
and oscillation of sequences and series of which the terms are functions of 
one or more variables ; and Chapter III contains the application of these 
theories to the special, but important, case of power-series. 

In Chapter IV an account is given of the theorem of Weierstrass re- 
lating to the representation of continuous functions by sequences of 
polynomials; of the theory of convergence of sequences on the average; 
and of F. Riesz’ classification of summable functions. The proof of the 
fundamental result of Baire, relating to the representation of a function 
as the limit of a sequence of continuous functions, is obtained by a method 
which is due to de la Valine Poussin, but with some modification and 
extension. 

Chapter V is devoted to those parts of the theory of integration which 
were not dealt with in Volume I. Considerable space has been allotted 
here to a discussion of various theories of integration, due to W. H. Young, 
ToneUi, and Perron. A short account is also given of the conventional 
summation of integrals. 

Chapter VI contains an account of the construction, by various methods, 
of functions which exhibit assigned peculiarities, and in particular, of non- 
differentiable continuous functions. 

A special feature of the volume consists of the prominence given to 
what I have called the General Convergence Theorem, together with its 
developments and consequences. This Theorem is treated very fully in 
Chapter VII, with a view to the applications of it to the theories of 
Fourier’s series and integrals contained in the later chapters. 

The large amount of matter contained in Chapter VIII, on Trigono- 
metrical Series, gives ample evidence of the recent activity of Mathe- 
maticians in the investigation of properties of Fourier’s series and of the 
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coeflScients in the series. Most of the recent progress in this subject has 
been due to the exploitation of the theory of Lebesgue integration and to 
the application to Fourier’s series of various conventional methods of 
summation. Although the remarkable history of the theory of these series 
covers a period of upwards of a century and a half, there still remains for 
solution at least one fundamentally important question which has hitherto 
baffled all attempts at settlement. In this chapter, mainly from con- 
siderations of space, I have given references, without proofs, in the case 
of some results that have been quite recently published. 

The importance of the representation of functions by Fourier’s integrals, 
together with the interesting modern theory of Fourier transforms, is such 
that I have devoted Chapter IX entirely to this subject. 

Chapter X has been added on the representation of functions by series 
of normal orthogonal functions, not only on account of the intrinsic im- 
portance of the subject, but also because the processes which have been 
employed in various recent investigations in this domain afford excellent 
illustrations of ideas and methods which have been developed earlier in 
this work. 

By far the greater part of the proofs of the volume were read in slip 
by Prof. G. H. Hardy, F.R.S., to whom I desire to express my gratitude 
for many important criticisms and suggestions, the adoption of which has 
done much to improve the presentation of the subject. 

My thanks are also due to the Officials and Readers of the University 
Press for the courtesy they have shewn me, and the trouble they have 
taken, in connection with the heavy work of printing the volume. 

E. W. HOBSON. 

Christ’s College, Cambridge. 

November 16 , 1925 . 
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CHAPTER I 


SEQUENCES AND SERIES OF NUMBERS 

1 . Let US consider a set of numbers , Ug , as , . . . , * . . , such that the 

number a„ is defined for each value of n by means of a norm, consisting of 
a prescribed rule or set of rules. Let the numbers 

, <Xi + U/2 J + <3^2 + ®3j •••) + ^^2 + ... -f- On> ••• 

be denoted by ... s„, ; and let us consider the aggregate 

(6*1, ^2, ... ...). If this aggregate form a convergent sequence, in 

accordance with the definition given in i, § 23 , it has (see i, § 30) a limit 

or s, which is said to be the limiting sum, or simply the sum, of the 
infinite series + Ug + • + + • • • ; which case the series is said to 

be convergent. 

The condition that the sequence (^i, 62, 63, ... 6,^, ...) may be con- 
vergent is that, corresponding to each arbitrarily chosen positive number c, 

a value of n can be so determined that | Sn+m ~ | < m = 1, 2, 3, 

This is then the necessary and sufficient condition that the infinite series 

I- Ug + ... 4- 4- ... may be convergent. 

The difference = ®n+i + ^n+z 4- ... 4* «n+m is called a partial 

remainder of the infinite series, and it may be denoted by . Thus the 
condition of convergence of the infinite series may be stated as follows : 

The necessary and sufficient condition, that the series Uj -f Ug 4- . . . -f a„ 4- . . . , 
or E may be convergent is tlmt, corresponding to each arbitrarily chosen 

n-l 

positive number e, a value of n can be so determined that all the partial re- 
mainders Rn, ly Rn,zy Rn,my ••• numerically le^s than e. 

Since il is seen to be a necessary, but not a sufficient, 

condition for the convergence of the series that | a„ | be arbitrarily small, 
when n is sufficiently great. This condition may be written in the form 

lira On = 0. 

n>^ao 

If the series 4- ^2 + • • • 4- 4- ... be convergent, then, for any value 

of n, the series a„^i 4- (in+z + ••• is also convergent, and has, in the sense 
defined above, a limiting sum which may be denoted by This limiting 
sum is called the remainder after n terms of the original convergent series ; 
thus s ^ Sn + Rn- Whether the series be convergent or not, s^ may be 
called the nth partial sum of the series E . 

n-l 

It is clear that, the given series being convergent, the sequence 
(JSi, jR,, ... JB„, ...) is also convergent, and that its limit is zero. That this 
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may be the case has sometimes been stated to be the necessary and suffi- 
cient condition for the convergence of the series; such a statement of the 
condition is, however, circular, because the existence of the numbers Rn 
cannot be assumed unless the given series is already known to be con- 
vergent. 

It is important to observe that the number s has not been defined as 
the sum of the infinite series a^-\- a ^ 1- ... + Un + ••• J for would have 
implied the completion of an indefinitely great number of operations of 
addition; but conversely, the limiting sum, or simply the sum, of the 
infinite series has been defined to be that number s which was itself defined, 
as in I, § 30, by means of a convergent sequence. 

NON-CON VERGENT ARITHMETIC SERIES. 

2. The partial sums 51,^2, ... ... of a series aj -f ag + ••• + ®r 4 + ••• 

may be represented in the usual manner by an enumerable set of points (7, 
on a straight line. The set G has a derivative 0\ which is a closed set, in 
the ordinary sense of the term, in case G' is bounded. If G' is unbounded, 
it is closed in the extended sense (i, §§ 63, 55), when one of the improper 
points 4- <» , — 00 is regarded as belonging to the set, or when both these 
points belong to the set. 

The following cases may arise : 

(1) The derivative G' may consist of a single proper point s. In this 

case the series is convergent, and all the points of G, with the possible 
exception of a finite number of them, lie in the interval (,$ — 8, 5 + 8); 
where 8 is an arbitrarily chosen positive number. The points of G then all 
lie between two fixed points A and-B; or | | is bomided. 

(2) The set G' may consist of one of the improper points -f oo , — oo . 

In this case | | has no upper boundary, and the series is said to be 

divergent. If N be an arbitrarily large positive number, all the numbers , 
except possibly a finite number of them, are of the same sign, and numeri- 
cally exceed N. An example of a divergent series is the series 

1/1 -f 1/2 + ... + 1/n 4- .... 

For this series we have Rn.m = l/(^ 4- 1) 4- l/{n 4- 2) 4- ... 4- l/(n 4- m), 
and thus Rn,m > '^nKn 4- w). However great n may be chosen, we have 
Rn,n> 1/2 J which is inconsistent with the condition for convergence of 
the series. As the sequence is monotone and increasing, it can have 
no upper limit, except the improper point 4- ; and thus the series is 

divergent. 

(3) The set G' may be a (bounded) closed set, which contains a finite, 
or an indefinitely great, number of points. If U and L be the upper and 
lower boundaries of O', the series is said to be an oscillating series with 
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U and i/ as the upper and lower limits of irideterminaTicy* of the sum of the 
series. The numbers U and L may also be spoken of as the upper aud the 
lower sums of the series respectively, and they may be denoted hys, s. 

It is always possible to determine a sequence , . . . ) of partial 

sums, where Ui < n 2 < < ... , which converges to the point U, and 

another such sequence which converges to L, or to any other point of G' 
which may be chosen. It thus appears that, by introducing a suitable 
system of bracketing the terms of an oscillating series, according to some 
norm, and amalgamating the terms in each bracket, the series may be con- 
verted into a convergent one, of which the limiting sum is any chosen 
point of G\ including either limit of indeterminancy. The set may be 
non-dense in the interval (L, U), or it may consist of all the points of 
that closed interval ; or it may consist of a closed set of the most general 
type, as described in i, § 80. 

The oscillating series 1 — l + l — 1-fl — ... has 1 and 0 for its upper 
and lower limits of indeterminancy; and G' consists of these two points. 
Again, let 

= 1/2, S 2 == 1/3, S 2 = l/^» ^4 “ 2/3, s^ = 1/5, Sq “ 2/4, s^ — 1/6, 
and generally 

3«.(m+i)+i = V(2 ot + 2), «„(„+!) +2 = 2/(2m + 1), 

= (m+ l)/(m + 2), 

«(m+i)*+i = + 3), S(™+i)*+2 = 2/(2to + 2), ... , 

«(m+i)(m+2) = (m+ l)/(m + 3), 
where m = 0, 1, 2, 3, ... , and where only those numbers are taken which 
are less than unity. 

It follows that the series 

1_J ^ 5 7__ 

2 2.3 3. 4^3. 4 3.5^*’* 

has 1 and 0 for the upper and lower limits of indeterminancy. The set G 
consists of all the rational numbers between 0 and 1 ; so that G' consists 
of all the points of the closed interval (0, 1). By introducing a properly 
chosen system of brackets, and amalgamating the terms in each bracket, 
the series may be converted into one converging to a limiting sum which 
is any prescribed number in the interval (0, 1). 

(4) The set G' may consist of two or more points, amongst which there 
is at least one improper point, -h qo or — qo , In such cases the series is 
also said to be an oscillating series ; one or both of the limits of indeter- 
minancy being infinite. Such a series may be converted into a divergent 


This term is due to Bu Bois-Reymoud; see his Antrittsprogramm, p. 3. 
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series, by introduction of a properly defined system of brackets ; or on the 
other hand it may be converted into a series which converges to any proper 
point oi G\ provided such a point exists. 

It should be observed that, by some writers, all series which are not 
convergent are spoken of as divergent, but the term non-con vergent will 
here be employed in that sense, as including both divergent and oscillating 
series. 

From a certain point of view there exist but two classes of series, 
those which oscillate and those which do not oscillate. The latter class 
includes both convergent and divergent series. A divergent series may 
be regarded as one which converges to one of the improper numbers + qo 
and — 00 , and this is a certain justification for classing convergent and 
divergent series together, as distinguished from oscillating series. If 
(Siy S2i ... Sny ...) denote a sequence of numbers, let us consider the 
corresponding sequence s^, ... ...), vhere isMefined by 

Z 

|^n!‘ 

It is clear that all the numbers lie within the interval (- 1 , 1 ), and the 
improper numbers -f oo , — oo may be taken to correspond to the numbers 
1,-1 respectively. If the sequence { 5 „} is convergent, it is easily seen that 
the sequence {5,,} is also convergent ; but if diverges to + 00 , or to 
— 00 , the corresponding sequence {5^,} converges to 1 , or to 1 . If {s^} 
is an oscillating sequence, so also is Thus the classification of sequences 
into oscillating and non-oscillating sequences is invariant for the trans- 
formation " — I . 

3 . A series* may be constructed which oscillates between infinite limits 
of indeterminancy, but which, by introducing a suitable system of brackets, 
in accordance with a norm, may be converted into a series which converges 
to any prescribed number whatever, or which diverges to 00 , or to -- 00 . 

2x — I 

If x' = -7 , where the positive sign is ascribed to the radical, 

V X {I ~ x) 

the points Xy of the interval (0, 1), have a (1, 1) correspondence with the 
points x'y of the unbounded interval (— 00 , 00 ). It is easily seen that a 
set of points {x}, in the interval (0, 1), corresponds to a set {x'}y in the 
interval (— 00 , qo ), the relation of order being conserved in the corre- 
spondence. Further, a limiting point of the one set corresponds to a 
limiting point of the other set. The rational points of the interval (0, 1), 
of Xy correspond to a set of points x\ everywhere dense in (— 00 , qo ). This 
method of correspondence may be applied to the series obtained in ( 3 ), 


♦ See Hobeon, Proc, Lond. Math. Soc. (2), vol. in (1904), p. 50. 
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which oscillates between the limits of indeterminancy 0, 1, and which 
can be made, by introducing suitable brackets, to converge to any pre- 
scribed number in the interval (0, 1). We find that 

= 0, 5^' = •- 1/V2, s,' = - 2/V3, < = 1/V2, s/ = - 3/2, 
s/ = 0, s/ = - 4/V5, sg' = - i/Ve, V = 2/V3, s,o' = - s/Ve, 
and generally 

'■''mCm+D+i = - 2»n/V^““-ri, «'™(m+i )+2 = “ (2m - 3)/\/2'(2m - 1), .... 
= m/Vm ■+• 1, s'(m+i)'+i = - (2m -f 1)/V2m + 2, ..., 

= (m- 1)/V2 (rn +l). 

Therefore the series 

__ J 4 _ /^_L ^ fA . M - -M - 1 4 - 

V 2 W 2 2 

has the required character. It may be converted into a series which con^ 
verges to any assigned number whatever, or may diverge, by suitably 
bracketing the terms together, in accordance with a norm ; the terms in 
each bracket being amalgamated. 

An oscillating series which has the two limits of indeterminancy + qo , 
— 00 , and for which G' has no proper points, may be constructed, for 
example, by taking s^n-i ^ n, s^n — n. Thus the series 
1 — 2-f-3 — “h (^271 — 1) — 271 “f* ... 

oscillates, with + oo , — oo as limits of indeterminancy. The series 
l-f(--24-3) + (- 4-f5) + ...» 

(1-2) 4- (3 -4)4- (5-6) + ..., 

are both divergent. The set G' contains no proper points; and thus the 
series cannot be converted by bracketing into a convergent series. 

4. From the time, in the seventeenth century, when infinite series 
were first employed, until far into the nineteenth century, such series were 
freely used, with but little enquiry as to whether they were convergent 
or not. It was generally held, as for example by Lagrange, that the con- 
vergence of to zero, as ti is indefinitely increased, is sufficient to ensure 
the convergence of the series Ea„, although it had been established by 

J. Bernoulli that the series S - is divergent. The first writer who com- 

pletely emancipated himself from the uncritical extension of the operation 
of arithmetic addition to the case in which the number of such operations 
is indefinitely great was Bolzano, who gave* the necessary and sufficient 
condition for the convergence of a series in the form given in § 1, that 
I I must be arbitrarily small for all values of m, provided n is 

* Rein analytischer Beweis .... Prag 1817; this is reproduced in Oswald’s Klasaiker der exacten 
Wissenach, No. 153, p. 21. 
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sufficiently large. It was, however, owing to the writings of Cauchy* * * § and 
Abelt, since Bolzano’s work remained almost unknown for a long time, 
that the modem theory of the convergence and divergence of series gradu- 
ally attained acceptance by mathematicians. An interesting account has 
been given by BurkhardtJ of the history of attempts, made even in the 
nineteenth century, to justify the employment of non-convergent series 
in calculations. Tn recent times, various rigorous methods have been 
devised, by which, in accordance with strict definitions, such series may be 
employed. An account of some of these methods will be given later. 


THE O-O NOTATION. 


5. Let (n) denote a function, defined for the values 1, 2, 3, ... of 
the variable n, and such that 0 (n) > 0, for all the values of n. If <f> (n) 

is less than some positive 


denote a function of n, such that 




number Ky independent of n, we may write (n) = 0 {ifi (n )} ; but if 
'(n) 


lim . , - 
^ (n) 


~ 0, we write <f> (n) = o {ifs (ti)}. 

Thus, for example, — O (1) means that | a 
~ 0 (1) means that lim a„ = 0, Again ^ 0 (7i) means that 

fl~Q0 

a 


is bounded; and 
’ I . 

— i IS 


bounded; and = o (n) means that lim — ^ 0; 0 {7i~^) means that 

n<^oo n 

is bounded ; and a^~ o {n~^) means that lim (n^a^) ^ 0. 

n-woo 

It is easily seen that 

0 {^1 {n)}.0 (»)} = O (n) 4 ,, {n)}, 

O {</rj {n)].o {<^2 (n)} = o {^1 (n) («)}, 
o {ifii (w)} .0 {^2 («)} = o {ifii (n) («)}. 

The same notation may be applied to the case of functions of a variable x 
which varies continuously in a field a ^ a; < 00 , or in a field a ^ x < A. 

Thus <f> (x) ^ 0 {tp (x)} denotes that 1® bounded for all values of x in 


the field ; and (f> (x) 


o {iff (x)} denotes that lim : 


0, or lim f 0, 

X'^A 0 (^) 

as the case may be; the function ip (:r) is, as before, assumed to be positive 
throughout the given field of the variable. 

The O-o notation was first employed systematically by Landau §, 
although, as stated by him, the symbol O was employed earlier by 


* For his definition of the condition of convergence, see Cours Analyse Alg. (1821), p. 125. 

t See his memoir on the binominal theorem, Crelk's Journal^ vol. i (1826), p. 313; also, for 
a more exact formulation, see (EuvreSy 2nd ed. vol. 11 , p. 197. 

X Math. AnnahUy vol. Lxx (1911), p. 169. Reiff’s Qesch. der unendlichen BeiheUy Tiibingen 
(1889) may also be consulted. 

§ Veriheilung der PrimTohUny vol. i, pp. 31, 69-62; also vol. n, p. 883. 
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A Oeneral Property of Sequences 


Bachmann*. It has recently come into general use in investigations con- 
nected with series and integrals. 

A GENERAL PROPERTY OF SEQUENCES. 

6 . It will be proved that: 

If lim a„ = 0, th>en , the partial sum of the series -f ag + • • • +««••*, 

fl'^oo g 

has the property Sn = o (n ) ; i.e. lim ” = 0. Also, i/ = O ( 1), then 8„^0 (n). 

n'^oD n 

It is convenient to establish the following general theorem of which 
the above theorem is a particular case : 

If denotes a monotone increasing sequence of positive numbers, such 
that pn increases indefinitely with n, and if {a„} be any sequence of numbers, 
then 

1™ '^n :> i- -n > i- 

= iim p c= iim p - == xxm -7^- , 

Pn n—oo Pn n'^oo n— ao Pn-tl Pn 

®n + l 7. _ ^ i .jy . i ,i i* .. 


n^-co Pn+l ■ 


and in particular, if^ lim has a definite value, then lim f also has 

n-MCO Pn-+l Pn n-^QO Pn 

the same definite value. If * diverges to -\-cc^ or to — oo also diverges 

Pnn ~ Pn Pn 

to cc , or to — 00 . 

The first theorem is obtained by taking = 7?,, . To prove the 

general theorem, let U and L denote the upper and lower limits of 

g n+l - «n 
^n-fl - Pn 

An integer n^ may be determined, such that, if rj be an arbitrarily chosen 
positive number, 


U A rj> 


~ > L — q, for n ^ n^. 


Pn-il Pn 

We find, by taking n, -f 1, ... n, + m — 1, successively, 

(U + 77) (Pnyf+m ~~ pn,) ^ ^n,, > (L — Tj) {Pn,^+m ~~ P Uy) > 


or ( £7 + ^ ) ( 1 - > (i - ^) ( 1 - ) . 

\ Pn,jfm/ Pnrfi-m Pn,J-^fr^ v Pny^-¥mf 

Keeping fixed, and letting m increase indefinitely, we thus have 
£7 + 7, > lim - r?; 

n^oo Pn 

or, since 17 is arbitrary, U S lim ^ lim = L. 

n~ao Pn n-^oo Pn 

In case diverges to 00 , if be an arbitrarily chosen positive 

Pn+l ~~ Pn 

number, may be so chosen that ^ > A, for ^ ; we have then 

Pn+l “ Pn 


®ni-ffn ^nj ^ ^ (^m + m Pni)y ^ 


■>N 


•*ni-hm Pni+m 
* Analytische ZahlerUheorie, vol. ii, p. 401. 

t See Stolz, Varlesungen ilber aUgemeim Arithmetik, Leipzig (1885), p. 174. 


V Pm+m' 
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Letting m increase indefinitely, we have 

n^'ao Pn 

(t 

and since N is arbitrary, it follows that lim o” = • The case in which 

n-^oo Pn 

“"±A diverges to — qo may be treated in a similar manner. 


^nil - 


EXAMPLES. 


(1) If 2 convorgcs, as « ~ oo , to a definite number, then 

1 

+ 2(22 + ^^'3 ^ ••• + (^)- 

Let a,, ~ 8^ i + ••• + s„, l^in ~ n + L then 

lirn — ^ - lirn 5„, 

n— oo n + 1 n~20 

since the last limit exists. This may he written in the form 


whence it follows that 


r a, f 2ao 4- ... + nu„“l .. 

sL ^ J 7(~00 

a. + 2 a 2 + ... + _ 

lim - ^ - “0. 

n~» « I * 


(2) If lim exists, then lim 


+ 2(22 + Sag + ... + min 


~ lim 2 ^, 1 . To prove this 


let U;i = Uj 4- 2a2 4- ... 4- na„, = n. In particular, if nUn = o (1), then 

4- 2a2 4- ... 4- na^ = o (n). 

(3)* If IM„} be a monotone increasing sequence of positive numbers, which diverges, 
. . 1. Mjttf 4- M^a^ + ... + My,an ^ rni . . . 

then, if 2 is convergent, hm — ^ ~ 0. This is the generalization 

n - 1 n~Qo 

of Ex. (1). 

4- Afoa, + ... + ^ i ./ 

The relation —LA = f>(l) is satisfied if — — a„ = o(l). 

Myi Mn Mn~\ 

This is the generalization of Elx. (2). 


. . M^a. 4- Afoa, + ... + ^ i ./ 

The relation —LA ^ = <^>(1) is satisfied if — — a„ = o(l). 


(4)t If p > 0, and lim j has a definite value, then lim lim ^ . 

n~oo^ n~oo^ P n~oo 


(5) t If lim na„ has a definite value, then lim - lim wa„. 

n~oo n~oo log ^ n"-ao 

(6) t The two conditions 4- 2a2 4- Sag f ... 4- na„ = o (n), lim *!L. t .. t . ^ 

n~oo 

are sufficient to ensure that the series aj 4- ag 4- . . . should converge to 8. Each of these 
conditions is necessary, and the two together are sufficient. 

(7) t If {/3„} denote a monotone sequence of decreasing numbers which converges to 0 

as n ^ oo , and if lim ”” exists, then lim ”” also exists and has the same value. This 

nx^oo Pn ~ Pn+i n'^'x> Pn 

may be obtained from the general theorem by changing a„, l^to l/a^t l/^n respectively. 

* See Pringsheim, Sitzungsber. MiiTich. Akad. vol. xxx (1900), pp. 4 4 -46. 
t Ibid. vol. XXXI, pp. 507, 624, 531. 

:|: See, for an independent proof, Bromwich’s Theory of Infinite Series, p. 377. 
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CONVERGENCE AND DIVERGENCE OF SERIES WITH POSITIVE TERMS. 

7. If all the terms of a series, with the possible exception of a finite num- 
ber of them, be positive or zero, it is clear that the sequence , . . . ) 

is monotone non-diminishing, from and after some fixed value of 7i. It follows 
that the series is either convergent or divergent, but cannot oscillate. 
Moreover the convergence or divergence of the series is unaffected by the 
removal of a finite set of the numbers ...; and this set may be so 

chosen that the partial sums corresponding to the negative terms are all 
removed. Thus there is no loss of generality in considering only series in 
which all the terms are positive or zero. 

If -f ttg + ••• + + ... be such a series, it is clear that the sequence 

<S 2 ) ••• ••• of partial sums is monotone non-diminishing, and therefore 

either converges to a definite limit s, the sum of the series, or is divergent. 
We may thus state that: 

The necessary and sufficient condition that a series -f ag + ... -f -f ... , 
of which all the terms are ^ 0, should be convergent is that a positive number 
K exists^ such that s^ < A", for all values of n. 

8 . The following property is possessed by a convergent series of which 
all the terms are positive. The expression positive will be taken to include zero. 

A series such that all its terms are terms of a convergent series 
eii H' ^2 'h ••• ••• > 

all the terms of ivhich are 'positive, is also convergent. 

If s\' be a partial sum of the second series, n can be so determined that 
all the terms in are contained in the terms of then s'^' ^ < K, 

where A is a fixed positive number; since s'^' < A, and s'^^ cannot diminish 
as n increases, it follows that s'n' has a definite limit as — oo ; therefore 
the second series is convergent. 

If a second, series be obtained by rearranging, in accordance with any 
prescribed norm, the order of the terms of a convergent series 
0,1 -f U2 "h • • • + ”1" • • • > 

all the terms of which are positive, then the second series converges to the same 
sum as the first. It is assumed that the new series is of the same type co, as 
the original one (see § 29). 

This theorem may be expressed by the statement that a convergent 
series of positive terms is unconditionally convergent. Let s\ denote the 
?^th partial sum of the second series. If e be a prescribed positive number, 
may be taken so great that s — Sr,^< e. An integer n^ can be so chosen 
that s\^ contains all the terms of s^^', therefore s\ ^ 5 , 1 ^, if n ^ ng. 

We have now, 5 ',^ > 5 — e, if r ^ Wg. For any value of n the terms of 
8\ are all contained in if m is sufficiently large; and therefore s\ < s, 
for all values of n. Since s\ is in the interval (5 — s) ii n ^ n^, and e is 
arbitrary, it follows that lim = s. 

71^00 
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9. Let two series 

4- ^2 + ... 4* ttn "f" ••• > 4-J^>2 + ... 4" 6n 4 ” ... j 

in each of which all the terms are positive (> 0), be considered, and let their 
Tith partial sums be denoted by s^, 8 \ respectively. If the series are both 

convergent, we have lim = 0, lim R\ = 0. In case 0 < lim ~ 5 <qo , 

Ti'^oo -^n 

the second series may be said to converge as rapidly as the first ; and in 
JR* 

case lim = 0, the second series may be said to converge more rapidly 
n^x> -Tin 

than the first. The first series may then also be said to converge more 
slowly than the second. If the series are both divergent, then, in case 

0 < lim - ” < 00 , the second series may be said to diverge as slowly as the 
first; and in case lim — = 0, the second series may be said to diverge 

n— 00 

more slowly than the first ; and also the first series may be said to diverge 
more rapidly than the second. 

Jf two convergent series 2 , 2 , for both of which the terms are positive 

n-l n-1 

C 

(> 0), be such that lim ~ 0, then the first series converges more rapidly 

n~oo n 

than the second. 

If € be any prescribed positive number, then < €c'„, provided n is 
greater than some fixed integer n^. It follows that i?n„w < for 

all positive integral values of m. Consequently we have ^ \ 

R 

and thus ~ =< €, for all values oi n^n^. Since t is arbitrary, it follows 

n 

R 

that lim = 0; from which the result follows. 


that lim 


If two divergent series 2 , 2 , both consisting of positive terms (> 0), 

^ n - 1 n - 1 

be such that lim == 0, then the first series diverges more slowly than the 
second. 

If — < €, for n> n,, we have s^ — s^^k € («'„ — s'^J; therefore 


from which it follows that lim -7” ^ Since € is arbitrary we must have 

n~oo ^ n 

s 

lim 0, and thus the result has been established. 


10 . If the series ctj -h ag -I- ... 4- an 4- ... , all the terms of which are 
positive, be convergent, so also is the series k^a^^ 4- k^^a^ + . . . 4- k^a^ 4- . . . ; 
where k^, k^, ...k^, ... are positive numbers, all of which are less than some 
positive number K, independent of n. 
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For it is clear that KRn,m\ where R\,m denotes a partial 

remainder of the second series. It follows that, for all sufficiently large 
values of n, R'n,m < where e is an arbitrarily small positive number. 
The condition of convergence of the second series is thus satisfied. 

The series S being taken to be convergent, so that -- 

^ p p p 

let us consider the series S where a'„ Rn-i — Rny a,nd = — Ri ; 

n-l p 

p being a fixed positive number. We find at once that s'^ = — Rn? 

00 

and therefore lim .s*'„ == The series E is accordingly convergent; 

n-l 

and since ^ Rn we see that, in case 0 < p < 1, R'JR^ increases 

indefinitely as n increases, and thus the convergence of the second series 
is slower than that of the first. The following theorem has accordingly 
been established : 


Having given a convergent series of positive numbers, another such series 
can be determined which converges more slowly than the given one. 

We have f R y 

1 


a „ 




a,. — 






Rn 


R. 


and since R„/R„_i < 1, for each value of n, we have lim p— - s 1. In case 

^ n-^oo ^n-i 

lim 1, the corresponding limit of | P> 

n~oo-‘^n-l ' t — 

1 - (Rn/Rn^l) . , 

4^- /w X. than i 


case 


1 - {RJRn-xY 


I some positive number K, independent of n. 


Thus since < K a' n, we see that the series S a„ R^^\ is convergent. 

n-l 

We thus obtain the following theorem : 

If 2 is a convergent series of ivhich the terms are positive, the series 

n-l 

S is also convergent, for every positive value of p. When p < I, its 

n-l 

convergence is slower than that of 2 

n -1 

It was first established by Abel* that, if 2 be a divergent series of 

n-l 

positive terms, a sequence of positive numbers, increasing indefinitely 
with n, can be so determined that the series 2 djk^ is also divergent. 

n-l 

The corresponding result for convergent series, here stated, was established t 
by Du Bois-Reymond. The special theorem that this result is realized by 
kn = R^f\y where 0< p< 1, is duef to Pringsheim. 


♦ GrdU'a Journal, vol. ni (1828), p. 81; also CEuvrea, vol. i, p. 198 (2nd edition), 
t CreUe^s Journal, vol. lxxvi (1873), p. 85. 
t Math. Annalen, vol. xxxv (1890), pp, 329, 330. 
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It is clear that a sequence of series may be formed, commencing with 
the convergent series S all of which are convergent, and such that 

n-l 

the convergence of each one of them is slower than that of the preceding 
series. This idea is due to Du Bois-Reymond ; Pringsheim has indicated 
(Zoc. cit) a general method of forming such a sequence of series. 


If a sequence of convergent series with posit we terms S where 


p — 1, 2, 3, such that, for each value of n, the sequence 


n-l 


^( 2 ) ( 3 ) 

O' y O' jO , 

n ’ n ’ n ’ 


is monotone increasing, then a series can be formed which converges more 
slowly than any of the series of the sequence. 


A theorem practically equivalent to this has been given* by Hadamard. 
To establish the theorem, let denote the T^th remainder of the series 

n 

(v) 1 

S . Let the integer rig be the smallest integer such that R^ ^ 

n “1 • Z 

/3\ J 

and let n^ be the smallest integer which is > n.^ and also such that R^, ^ 22' 
and that also 

Let = a^^\ for n ^ n^; the difference which is greater 

than — R^^y or than ^n!+i ••• divided into n^ — n^ 

parts ••• K.’ greater respectively than ... a”’. 

We proceed to determine the integers n^, ... successively, in a similar 

manner. In general, if is determined, Uj, is the smallest integer 
(> np_i) which satisfies the conditions 


R 


(p) 


>p-i’ 


R 


iP) 


R 


(p 




The difference - R^^^ which is greater than — R^^ can 

be divided into np — n^.i parts ,6^^ ^+ 2 » • • • » greater respectively 

than ^+1 > ^+ 2 ’ • * • • Proceeding indefinitely in this manner, the 

terms of a series S are defined; and this series is convergent, since it is 

n-l 

equivalent to 




fiZ') + (k' 


0 + ..., 


n, ' V n, n, f ' ' n, - 

Cp) 

in which R^ converges to zero, as p oc . Moreover the terms of the 
series S are, for n > w- j, greater than those of the series 2 

n-l n-l 

A series has thus been constructed which converges at least as slowly 
as any of the given series. 

If the series 2 does not converge more slowly than the series 

n-l 


♦ Acta Math. voL xvin (1894), p. 328. 
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S . for every value of p, we may form a series which converges more 

n - 1 

slowly than S 6^; and this new series will converge more slowly than 

n-l 

S a^\ whatever value p may have. 

n~l 


11. If the series cZi f f ... 4- be divergent^ so also is the 

series -f k 2 d 2 4- ... 4- k^d.^ 4* ...; where k-^^ k^, ... k^, ... are positive 
numbers all of which exceed some positive number K, independent of n. 

For, Sn, s'n denoting the partial sums of the two series, we have 
s',^ > Ks^, and thus, if in(;reases indefinitely with n, so also does s'„. 
The divergent series S d^, all the terms of which are positive, is such that 

n‘«l 

dn can be expressed in the form — M^, where {M^} is a monotone in- 

creasing sequence of positive numbers without upper limit. Conversely every 
series of the form S 71/ „) is divergent. 

n =1 

We have only to take M,, ^ 6'„ . i , to prove the first part of this theorem. 
To prove the converse, we observe that is the partial sum of the 

series, and this increases indefinitely with n. 

If the series S ri„ is divergent^ then d^ can be expressed in the form 

n - 1 


d. - 


71f„ 


71/. 


^'Onversely every series for which the general term has 

ifi „ 

M -71/ 

the form — ^ is divergent. The numbers {71f„} are taken to be those 

ivi „ 

of a positive mdmotone sequence without upper limit. 

Let {M^} be defined by the relations Tl/^^j = (1 4- dj 71f„; then 
7lf„,, ^ 71/, (1 4 - d,) (1 + d^) ... (1 4 - d,) > M, (1 4- 
hence if increases indefinitely with n, so also does 71/„^.i, and therefore 
the sequence {71/„} satisfies the prescribed condition. 

To prove the converse, we observe that, if n^ be any fixed value of n, 


^»+^^71f^^-_7[/„ 


M 


wi-f m-fl ■ 


M„ 


>h 


provided m has sufficiently large values. The series therefore caimot 
converge, since it has partial remainders greater than however large 
71 , may be. The nearer 71/„+,/71f„ is to unity, the smaller is 

M — M 

In case d,, < 1, for all values of n, let d^ - — ^ then 

M^l(\ - dj == 71f,/(l - d,) (1 - d^) ... (1 -Z) 

> Tlf, (1 4- 4- dg) 

or Mn+i > (1 4- «Sn)j follows that increases indefinitely with n, 

if S dn is divergent. It is easily seen, as before, that a series of which the 

n-l ]j^ _ ^ 

general term is of the form — ^ is divergent. 
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The following theorem has now been established : 

// {M^ be a monotmie increasiTig sequence of positive numbers without 
upper limit, the series of which the general term is + | is 

divergent. Conversely, the terms of any divergent series such that dn < 1 
can be expressed in the form (i/n+i “ • 

As there is complete latitude in the choice of a particular sequence 
{Jlf,,}, there is a corresponding variety in The nature of the divergent series 
formed from it. 


12. If the series S is divergent, and s^ denote its nth partial sum, then 

n»l 

the series S - — - , S are both divergent. 

n «2 n^\ 

The first part of this theorem was first established by Abel*, and the 
second part by Dinif. In order to prove it, we may take s^-i = 
dn == and the results are then equivalent to the foregoing 

theorems. 


Since the ratio either of , or of , 
it follows from § 9 that the series 2 —A 


to converges to zero, as r?- cx) , 
, 2 both diverge more slowly 

n - 1 


than the series 2 . 


n- 1 


The following result, due essentially to Abel, has now been established; 


Having given a divergent series of which the terms are positive, a,nother 
divergent series can be defined which diverges more slowly than the given 


one. 


It was also shewn by Abel ifoc. cit.) that the series 2 -y” converges, 

w~l 

n 

provided A > 0, the series 2 d^ being as before divergent. For 

n 


i^n ~ ^n) 


n-1 


> 




^ 1 f 1 _ ^ 

71 1 ftl 


and it follows that 

Since has the limit oo , as is independently increased, the convergence 
of the series 2 ~ holds good. In comparing this result with the diver- 


n-lS 


gence theorem above, it should be observed that the series 2 j ^ , for 
A > 0, is not necessarily convergent. This is seen from a consideration of 


the case in which 1 


♦ Crdle*s Journal, vol. m (1828), p. 80; also (JEuvres, vol. n, p. 198, 2nd ed. 
t Annali ddV Univ, Toac. vol. ix, p. 8. Also separately, aerie a termini poaitivi, Pisa, 
1867, Tipografia Nistri. 
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EXAMPLE. 

Consider the divergent series 1 + 1 + 1 + ; we have then It follows from 

Abors first theorem that 2 ^ is divergent, and from the second theorem that 2 - ^ - is con- 


vergent, provided X > 0. 

From Dini’s theorem it is deducible that 2 


1 1 1 1 

^ + 2 ^ 3 « 


is a divergent series. 


It is clear that, by continuation of the process of forming from a given 
divergent series one which diverges more slowly, an endless sequence 
of divergent series can be obtained, each of which diverges more slowly 
than the preceding one. 

The following theorem is the analogue of the theorem of § 10. 

If a sequence"^ of divergent series loith positive terms, D where 

n >*1 

/) — 1, 2, 3, ... , svwh that, for each value of n, the sequence d^^\ d^^\ ... 
is monotone decreasing, then a divergent series can be formed, which diverges 
more slowly than any of the series of the sequence. 

The proof of the theorem is precisely similar to that of the corre- 
sponding theorem for convergent series, given in § 10. 


CRITERIA OF CONVERGENCE AND DIVERGENCE OF SERIES 
WITH POSITIVE TERMS. 

13 . Much attention has been devoted by mathematicians to the 
problem of obtaining criteria sufficient to decide the question as to whether 
a series of prescribed form converges or diverges. These tests, as regards 
a series S a„, of which all the terms are positive, are usually obtained by 

n- 1 

comparing the series with other series which are known to be either 
convergent or to be divergent. Such tests, formed by comparison with 
other series, fall in the main under two heads, first those in which the 
general term a^ is alone involved in the criteria, and secondly, those in 
which the criteria have reference to the form of the ratio These 

tests may be referred to as of the first and second kinds respectively. All 
such tests provide sufficient, but not necessary, conditions for the conver- 
gence or divergence of series ; no test can be given which will be decisive as 
regards every series that can be defined ; thus the necessary and sufficient 
condition of convergence, which, for a series of positive terms, is that s^ 
should be bounded, cannot in the general case be reduced to any equivalent 
form which is of simpler application. Various sets of criteria of conver- 
gence were given during the first half of the nineteenth century, the most 
important of which will be given below ; and more general theories of such 
criteria were given by Dinit, and Du Bois-Reymondt. The most complete 
* Hadamard, Acta Math. vol. xvrn (1894), p. 326. 

t 8vUe aerie a termini poaitivi, Pisa, 1867. t CreUe's Journal, vol. lxxvi (1873), p. 61. 
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general theory of such criteria, in which all the known criteria are ob- 
tained from a unified point of view, is that given by Pringsheim’*'. 


The two simplest tests of the first and second kinds respectively were 
given by Cauchyf, and may be stated in the following somewhat generalized 
forms : 

(1) A series S of which all the terms are •positive, is convergent if 

1 n-l 1 

iim < < and is divergent if lim > 1. 

n'^'Qo 

It will be observed that the only case in which this test fails to dis- 

1 

tinguish between convergence and divergence is when lim aJJ = 1. 

n-^oo 

1 

To establish the test, let lim a^ — k. If A; < 1 , let /o be a number between 

n~oo 

1 

k and 1, then, for all sufficiently large values of 7i, we have a^ < p, and thus 
^ is, for a sufficiently large value of n, less than p^+^ -f + . . . 4- 

pW + l 

or than ^ ; and this for m 1, 2, 3, It is clear that, for a sufficiently 


large value of n, 


: €, where e is arbitrarily chosen, and then Bn,m < ^ ; 


thus the condition of convergence is satisfied. 

1 

If A; > 1, let p be a number between 1 and k ] if lim ^ k, there are 

71—00 

1 

an indefinitely great set of values of n for which a^> p, or for which 
an> p^ > 1. The condition lim — 0 not being satisfied, the series is 

71—00 

divergent. 


(2) A series H an, of which all the terms are positive, is convergent if 

71“ 1 

lim — ^ < 1, and it is divergent if lim — > 1. 

71—00 

Cauchy himself considered only the case in which lim exists. In 

71-00 

that case the criterion fails only when the limit has the value 1, when some 
more effective test is required. In the general case, the test fads when both 

the inequalities lim S 1 , lim ^ 1 are satisfied, that is, when 1 is 

71-00 o>n 

in the interval of indeterminancy of lim-^^^. First, let lim — A; < 1, 

n'-'oo 71—00 0>n 

and let p be a number between k and 1, then, for all sufficiently large values 

oa 

of n, we have < pa„, and thus i?. < a„ (p + p* + ... -f p”^) < , 

1 - p 

♦ Math. Annalen, vol. xxxv (1890), p. 297 and voL xxxix (1891), p. 125. 
t See Coura d'Analyae Alg, (1821), pp. 133, 134; also Bdaum. analyt. p. 150. 
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Since < p”'a„, we see that lim = 0, and thus lim a„ = 0. If 

m'woo tV'^oo 

now n be sufficiently large, we have Bn,rn < values of m; and thus 

the series is convergent. 

If lim = A: > 1 , let p be a number between 1 and k, then a^+i > pdn > 

n~c)o 

for all sufficiently large values of n. Hence > p^a^, and thus a^+m 
increases indefinitely with m. Since the condition lim = 0 is not satisfied, 

71 — 00 

the series is divergent. 

14 . When the above tests fail, other tests must be applied; one of the 
simplest of these is that known as Cauchy's condensation test, which may 
be stated as follows : 

If, in the serie^s D all the terms of which are positive, and such that 

71-1 

a„ ^ values of n {at least from and after some fixed value of n), 

then the two series S a„, D 2”a2" convergent or both divergent. 

n - 1 71 = 1 

To prove the theorem, we observe that Ug" + + ••• + is 

less than 2^a2^, and greater than 2”a2"+*- If follows that i® i®®® 

n n + l 

than a I ~\ S 2 ”a 2 " and greater than | 2 2^*02". From this we see that, 
1 2 

n 

in case S2”a2" i® convergent, S2^+^.i converges to a fixed hmit, as n 00 , 
1 

and therefore the series D is convergent. Conversely, if 2 a„ is con- 

71 -i 71 ■ 1 

W-f 1 

vergerit, S2^+^^i converges to a definite limit, and hence 2 2”a2’* converges. 

2 

For example, let a^ = ; then 2 "a 2 " = 1 , from which it follows that the 

1 ^ 
series ^ ~ i® divergent. 

If the series DUn? terms of which are positive, be such that 

^ «n+i, for all values of n, a continuous monotone non-increasing 
function f (x) may be defined for the infinite interval ( 1 , 00 ) such that 
/ {n) ^ a„, for all integral values of n. A precise form of / (x) will often be 
suggested by the form of a^ , or it may be defined by 

/ (*) = a„+i (a; - n) - a„{x ~ n - \), 
in the interval (a„, 

Let us consider the function F (x) = J / (^) dx ; we have 

r “Ti -1 /'r-f I 

F {n) S I f{x)dx ; 

r-l Jr 

and this is not less than Ug + Ug -f- ... 4 * greater than 

-f ag + ... -f Un-i‘ 
s„ - a, & F {n) ^ 


We thus have 
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If the series is convergent, lim is finite, and consequently 

n~oo 

rn fn rh rn+1 

lim f(x)dx exists. Since I f (x) dx ^ f (x) dx ^ \ f (x) dx, where 
J 1 '' 1 *^1 

r<x> rn 

n ^ h n -h 1, it follows that / (x) dx = lim / (x) dx. Conversely, 

J 1 n~oo J 1 

since lim ^ aj -f- lim F (n), the existence of the integral involves the 

n-^oo n.'^Qo 

convergence of the series. 

When the series is divergent, since — j f (x) dx and since 

Sn — [ f (x) dx ^ Sn+i — f f (x) dx, it follows that lim - [ / (^) 

Jl Jl n-'Qo ( .'l j 

exists, and is between 0 and . 

We have established the following theorem : 

If a„ is 'positive for all valuer of n, and a„ ^a^+i, and if f (x) be a con- 
tinuous 'monotone non-increasing function, defined for the interval (1, oo ), 
and such that f (n) = a„, for all integral values of n, then the series S a„ 

n «1 

and the integral J / (x) dx are either both convergent, or both divergent; and 
in the latter case <5^ — J / (x) dx converges to a number betweeri 0 and a ^ . 


EXAMPLES. 


(1) Let / (x) = - ; then since [ is divergent, as n oo , the 

X J 1 ^ 


,11 1 

senes 7 + ^ +... + -■ + ... 
12 n 

is divergent. Also j + 2 ^ ^ ^ ~ ^ converges, as n ^ 00 , to a definite number C, 

between 0 and 1. The number C is known as Mascheroni’s constant, and also as Euler’s 
constant. 


(2) Let = then 


j'^dx 

J,x^> 


dx ~ 1 


. This is convergent, if p > 1 , and divergent 


1 ® 

if ® < 1 . When p > 1 , the sum of the series is between -= and , 

^ ^ p - I p - 1 

1 fn dx 1 1 


( 3 ) Let/{x) = 


5, then 




X (log xf’ J 8 X (log x)^ (log 2 )^-^(p - 1) (log n)^--^(p - 1) 
except that, when p = 1 , = log . 


It follows that the series 


1 


2 (log 2 )*' 3 (log 3 )*> 

converges when p> 1 , and diverges when pS L 

1 


+ ... 


( 4 ) Let /(*) = 

then J f{z)dx~ 


a; log a; . log log a: .. . (log log . . . log x )’^ ' 
1 1 


(log log ... log 2)1^1 (p - 1 ) (log log ... log (p- 1 ) 
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except that, when p = 1, j f(x)dx = log ^ 


log log ... log n '^ 
log log ... log 2^ 


:)• 


1 


Therefore the series 2 i — r 

n- 2 ^ log w-.log log n ... (log log ... log n)^ 

converges when p> I, and diverges when p S 1. 


16. If the series S is convergent, it is a sufficient condition for the 

n «i 

convergence of S that ^ - should be less than some fixed positive number 

n “1 

K independent of n. For, if 8^ denote the partial sums of the series 
2]c„ respectively, we have < Ks^' ) and thus, if has a definite 
limit, so also has . This criterion may be stated in the following form : 

If L a„, S c„ be two series with positive terms, and the latter be con- 

»»1 n-l 

vergent, it is a sufficient condition for the convergence of 21 that lim ™ 

n-l n'-oo 

should not be infinite. 

Again, if is greater than some positive number L, independent of n, 
and the series 2 d^ is divergent, so also is 2 For s^ > Lsf; and thus 

n-l n-l 

if sf increases indefinitely with n, so also does This theorem may be 
stated as follows: 

If llany 'Ldn be two series with positive terms, and the latter he divergent, 
th^^n it is sufficient for the divergence of ^ a^ that lim should be greater 
than zero. 

It has been shewn, in § 11, that every divergent series can be expressed 


in the form 2 

n-l 




M 




- . The following theorem gives the corresponding 


result for a convergent series : 

Every convergent series ^ c^ is such that c„ can be expressed in 




the form conversely a series of which the terms have the 

latter form is convergent. 


For let = 2 c„ , then c„ == 




M. 


^ n 


-1 -1 

Conversely, we have = 2c,j = and thus s^ converges 


-1 


to M. 

A 

This theorem and the corresponding theorem for divergent series, given 
in § 1 1 , may be employed to express the conditions in the two first theorems 
above in the following form : 
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The series 2 a„is convergent if a monotone increasing sequence of 'positive 

n-1 


^ 

numbers {Mn} exists, without upper limit, such that lim a„ ' 

n + l 7i 


< 00 . 

> 0 . 


The series is divergent, if can be so determined that lim a„ ^ 

If p > 0, the sequence has the same essential characteristic as 

the sequence {M^}, that it is monotone increasing, and such that has 


10 upper limit as n oo . 

^ 

If be denoted by the series is convergent, and 


in case p < 1, it converges more slowly than the series Scj,,! or Sc„. We 

^ n 1 1 \ ^ 4- 

^n+1 


may write Cp, „ in the form J where denotes 

1 Afi 




(Since 


1 - a; 


has a finite lower limit, as « oo , it follows that the series 


1-A„ 

M — M 

of which the general term is is also convergent. We thus have 

^n+l 

the theorem : 


The series of which the general term is 




M 




” , where p is any positive 


number, is convergent, and converges the more slowly, the more slowly 
irw^r eases as n is indefinitely increased. 

Employing this result, we may now state the following general criteria, 
equivalent to forms due to Pringsheim* : 

M 

If hm a„ w ” ;if > 0, or in case < 1 for all values of n, 

then the series is divergent. 

jf'* 

If lim a„ ~ < 00 , where p is a fixed positive number, then 

Sa„ is convergent. 

The numbers are subject to no condition except that increases 
indefinitely with n, the sequence {M^} being monotone. It is clear that 
the criteria will be the more efficient the more slowly increases as n 
increases. Commencing with a given sequence {M^, by substitution for 
of ever more slowly increasing numbers, there can be obtained a 
succession of criteria of continually increasing delicacy. 

The criteria may be somewhat simplified if it be assumed that {M^ 
is such that is less than some fixed positive number independent of n. 


♦ Math. Annalen, vol. ixxv (1890), p. 337. 
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The criterion of convergence then takes the form lim a„ 


Ml 


-P+i 

? < 00 . 


16. An important series of criteria may be obtained by substituting 
successively log* M„, log^ log^ ... for in the sequence {M„}. It is 
convenient to denote log^z, logelog^ 2 , ... log^log^ ... log^z by 

l0g^^^2, log^^^Z, ... log^^^Z, 

z by log^*^) (z), and the product z log^^^ z log^^) z ... log^”*^ z by (z); also 
z -= Lq (z). It can easily be shewn that the two functions z — 1 — log z, 

log z ~ 1 f ^ are both positive for all values of z in the indefinite interval 
(0, 00 ) ; except that they both vanish when z ^ 1 . Thus we have 

1 

z ’ 


I.iet z 


log^z ^ 2-1, log, z ^ 1 
M 


for 0 < z < 00 . 


M — M 

we then have log M^^ i — log ^ 

M - M " • 

. Again, assuming that n is so large that log M„ > 0, we have 


““ "■ ^ vI? "■ = J:. ■ 


Proceeding in this manner, we find that 
log(^)M„^i — log^”*^M„ ^ 


M. 


Mr, 


(MJ ’ 

Mfii-l ~~ M n 


log<-)M,^, - log(-)M„ ^ ^ 

^m~l rH 1/ 

the number n being taken to be sufficiently large. 

M 

If it be assumed that is less than a fixed positive number, inde- 


■ Mr, 


pendent of n, which is equivalent to the assumption that lim 

is finite, we see that lim = 1, and generally that lim = 1. 

logM„ ^ log(*^)M„ 

It then follows from the two inequalities obtained above that 
log'") and ~ 

^m-1 n) 

are in a ratio which lies in an interval (Jc^y 1), where 0 < < 1. 

In accordance with the theorems of § 15, we have the criteria that, if 
,. log^'^^M- 
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the series 2a„ is divergent; and if 

(log’"’ if n)^ ^ _ 

" log'™' - log!”* Jtf„ ’ 

then is convergent. 



Employing the restriction that lim is finite, we now obtain the 

n'^oo n 

following criteria*. 


the series Sa„ divergent; and if^ where p > 0, 


^ n+1 


the series is convergent^ whatever integral value m may have; it being assumed 

M 

that the sequence is such that lim is finite, 

n-^OO n 


If we take = n, we obtain, as a special case, a series of criteria which 
were first given explicitly by De Morganf, although the essentials are to 
be found in a posthumous memoir of Abel. The particular case in which 
m = 1 had been given by Cauchy, and the full criteria were re-discovered 
by Bertrand. The corresponding criteria for integrals were first given 
fully by BonnetJ. 


If lim na^ > 0, Ea„ is divergent^ and in general, if Hm a^L^^ {n) > 0, 

H'^ao n~oo 

is divergent. If lim a^n^^^ < qo , Ea,, convergent, and in general, if 

n~QO 

lim a^L^ (n) (log^^^ n)^ < qo , Ea,i is convergent; the number p being positive. 


17. If E d^bea divergent series, and f (x) ~ 0 where f {x) ^ 0, 

n-l 

and S > 0, then the series E f {s^) d^ is convergent. In particular, the series 

n-l 

E e“^*" is convergent if p > 0, and it is divergent if p ^ 0. 

n-l 

Kd 

Since / (5„) where K is some fixed positive number, and the 

series E ^ has been shewn in § 12 to be convergent, it follows that the 

n-l^n 

series E / (<?„) d^ is convergent. If / (x) = e~p*, (p > 0), it is easily seen that 

n-l 

fQj. positive values of x, a finite maximum. 

In case lim is finite, is less, for all values of n, than some fixed 

n—oo 

number D. The terms of the series E are less than the corre- 

n^m 


♦ See Pringsheim, Math. AnnaUn, voL xxxv (1890), p. 339. 
t Differential and Integrat Calculue (1839), p. 326. 

J LiouviUe'a Journal, voL vra (1843), p. 78. 
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spending terms of 21"^^ K E , where m is such that s^_i > D ; and there- 

fore the series S d^f (5„-i) is convergent. It has thus been shewn that : 

n -1 

If Yi be a divergent series, and dn==^ O (\), and f (x) = 0 

»“i 

where f (x) ^ 0, and S > 0, then the series Y f (Sn-i) d„ is convergent. In 

n - 2 

particular, the series Y is cxynvergent, if p> 0. 

n- 2 

The following theorem has been given by Littlewood*. It can easily 
be proved by the method employed in § 14: 

If Y dn is divergent, and d„ = 0(l), and if f (x) be a continuous 

n- 1 

positive decreasing function of x, then Y d„f (s^) com>erges or diverges with 

rtx> n - 1 

I / (x) dx. 

^ ^ loCT S ~~ loi? S 

The series Yd^ being divergent, the series - -1 is also 

log Sn-i 

divergent, in accordance with the theorem of § 11. 


Now log Sn — log ^ and it thus follows that the series 

d d 

Y - -- , ^ , or H _ y-”— - is divergent. It is easily seen that it diverges 

«n-llogS„-l L{S„^iy B J 

more slowly than Yd^. 

Similarly we see that 

log»)s„ - logW.5„_i s s ^r f — -T > 

® ^ * log L («„_,) 

and since S -f -- i® divergent, it follows that 2 — r is 

logWs„_i ® i*(»n-l) 

divergent. Proceeding in this manner it is seen that the series Y — j 

is divergent, for m — 0, 1, 2, 3, ..., provided Yd^ is divergent. 


18. Writing for s^, we see from the first theorem of § 17, that 

for any monotone increasing sequence {M^}, the series 

2 - M„) 

is convergent if p > 0, and divergent if ^ 0. 


Employing the criteria of § 15, we now see, by substituting for c„ or 
dn the value that if lim t|> — < oo , 


n'^co -01 


p> 0, the series 2a„ is convergent; and if lim > 0, p ^O, 

n~ao w+1 n 

the series Ya„ is divergent. 


Measenger of Math., vol. xxxix (1910), p, 191. 
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K 


TT-^ -nr- < -ST, for all values of n, we see that 


log 






+ P^n 


1 




is less than a fixed number, and thus that log P 

-^n+l -^n+l~-^n 

for its upper limit, as n oo , a number ^ 0. Similarly, if 




M 


1 


n+l 

^Tk 


M, 


> k, 


we see that ^ log ^ + P lower limit a number 

^n + l ^n+l ~ 

which is S 0. We thus obtain the following criteria : 

> 0, the series Sa„ convergent; and if 


U'^QO W+1 


log^- 


M 


- < 0, the series is divergent. 


lim log ^ -ti,™ 

n~oo -ftfn + i ® 

If we substitute log^^'^^^if,^ for in these criteria, and assume that 

M~: 


0(1), we obtain* the following scale of criteria: 

1 / -^n + l ~ 

V L 

n-'-oo 


If lim 


and if lim 


log<"*+i)Jf 

1 


(M„) a„ I 


> 0, the series 2 < 2 „ is convergent; 


- M 

iogWi)if;'''^vx“^(^: 


- M \ 

~~ -"* < 0, the series is divergent, 
«) a« / 


If we take == n, we have the following scale of criteria: 

If lim - log f 1 > 0, and generally if lim r “T^iTT f — } \ >^» 

W/ ^log(^+i)n ^L^(n)a^ 

the series is convergent ; and if lim - log — <0, and generally if 

n^oo n a^ 

w X„ (n) a„ ^ 

the series is divergent. 

The first of the criteria of this scale are equivalent to the following 
criteria due to Cauchyf : 

//lim a” < If the series ^a^ is convergent; and i/lim aJJ > 1, the series 

ft'^OO YI'WOO 

Sa„ is divergent. 

It has however been shewn in § 13, that this last condition may be 

1 

replaced by the less stringent condition lim > 1 . 

»~00 

The criteria (riven by the case m = 0, that if lim ~ log -i- > 0, the 

^ log ^ 

* See Dini, Annali deW Univ, Tobc. vol. ix, p. 11. 
t Cours dTAnalyBe Alg. (1821), p. 133. 
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series is convergent, and that if Um , log — < 0, the series is divergent, 

n~ao 'Og 71 Tia^ 

were given by Cauchy*; the whole scale was given by Bertrand f. An 
equivalent scale of criteria was also given by de Morgan 

19. It has already been observed that the criteria which have been 
obtained for the convergence or the divergence of a series Sa„ with positive 
terms yield sufficient conditions for such convergence or divergence, but 
not necessary conditions. It can be shewn that there exists no set of 
positive numbers Aj, Ag, ... A„, ... for which lim A„ = 0, such that the 

n'^oo 

condition lim ~ < oo is a necessary condition for the convergence of the 

n~a0 

series Sa^. On the contrary, a convergent series can always be con- 
structed such that lim > when the sequence {A„} has been prescribed. 

An increasing sequence of integers n^, Tig, ... ... can be so chosen that 


^ni “22’ ^”2 Ofl ^ *** 


26^ 


1 

” ^m-2 ’ ‘ ’ 


Now let a„ == - - , for all values of n which do not belong to the sequence 

{«„}; and let for m = 1, 2, 3, ... . 

The series Sa„ consists of the terms of the convergent series 
1 1 1 

2 + 2» 23 ’ 


in a different order, and is therefore convergent. But ^ 
and thus lim ^ 


nm 


22m~l^ 


WQO A„ 


In particular it has been shewn that there exists no set of positive 
numbers {A„} satisfying the condition lim A„ = 0, such that lim ^ = 0 

n~oo n-^oo'^n 

is a necessary § condition for the convergence of the series Sa„. It can, 
however, be shewn that it is a necessary condition for the convergence of 

that lim ™ = 0, provided the sequence {A„} be properly chosen. For 


if lim ~ > 0, A; can be so chosen that a„ > kX ^ , for all sufficiently large 

values of w, and thus, if the sequence {A„} be so chosen that S A„ is divergent, 
the series Sa„ is also divergent. The incorrect statement has been made 
♦ Cours Analyse Alg. (1821), p. 137. 

t LiouviUe'a Journal (1), vol. vn (1842), p. 37. See also Paucker, CreUe's Journal, voL xux 
(1861), p. 138. 

t Differential and Integral Cakulus, p. 326. 

§ This is contrary to an assumption made by Du Bois-Reymond; on this point see Pringsheim, 
Math. Annalen, vol. xxxv (1890), p. 346. 
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by Dini* and others, that if SA„ is divergent, it is a necessary condition for 
the convergence of that lim ? - == 0. This statement only becomes 

n'^QO ''n d 

correct when the additional condition is added that lim has a unique 

n-woo 

value. 

It can be shewn in a similar manner that there exists no set {A„} of 
monotone increasing numbers such that the condition lim > 0 is neces- 

sary for the divergence of In fact, if {A,i} be prescribed and be such 

that SA„ is divergent, a series can be so determined as to be divergent 

and also such that lim — — 0. 


20, Let Uj -f- 0^2 "f* • • • "{“ cLfi ~f" •••» ^2 -f- ... denote two 

series of which the terms are positive. Let it be assumed that ^ « -f — , 

dn 

for all values of n that are S m. We find, by giving n the values 

m, m + 1, ..., 71 — 1, 

that ~ or for where k denotes the number 

tn 

From this it follows that, if Hbn is divergent, so also is Scin* 

Similarly, if it be assumed that for 7i ^ 7n, we see that 

a„ ^ kb^; and thus that, if S6„ be convergent, so also is 2a„. 

Taking Sc„, to denote a convergent series and a divergent series 
respectively, sufficient conditions for the convergence or divergence of 
the series Sa„ may be expressed in the forms 


(A) 


where {P„} denotes any arbitrary sequence of positive numbers. 

To shew that these conditions are sufficient, assume that the first is 
satisfied, we have then ( ~ — ] < — ri, where 17 is some positive 

Vdn dn+i/ ^ ^ 

number, provided n ^ some number m. It then follows that ^ d™ ’ 

for 7^ ^ m; and thus that Sa„ is divergent. The second condition can be 
similarly shewn to be sufficient. 

These criteria are spoken of by Pringsheimf as the general type of 

P 

criteria of the second kind, since they are reducible by wnting — ”, or 

p 

— ” . for P„ , to a form in which only the ratio of to is involved. 


[limp. 

(dn 

Un 

__ ^n-n\ 
^n+l/ 


1 lim P„ 




\Cn 

Cn+J 


* Loc. ciL p. 12. See Pringsheim, loc. cit. p. 343. 


t Loc, cit. p. 359. 
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It should be observed that from the relation or from the 

relation ^ it cannot be deduced that S or ^ 

Consequently it does not necessarily follpw that, when one of the criteria 
of the first kind is satisfied, the corresponding criterion of the second kind 

is also satisfied. If Sa,, is a convergent series, the limit of S does 

not necessarily exist, but may oscillate in any manner. In fact, if we have 
a prescribed convergent series we may by an alteration of the order 
of the terms, which alteration does not affect the convergence of the series, 

ensure that the limit of - oscillates in any prescribed manner. 


If we take P„ 


the above criteria become 


5~) divergence ; 


.^n ^n-fl 


> 0, for convergence. 


The second of these criteria (A), (B) can be reduced to a different form by 
utilizing the theorem that is a convergent series when p > 0. 

Thus, let c„ e/f^^ndn, the second criterion (A) then becomes 


Ti ~ QO ” ” 


> 0. 


This may be written in the form 

lim \p„ - P„ e"*. ^ - 1)1 > 0. 

If we choose P„ to be such that P„ ~ 1, the criterion becomes 

1 - r 1 1 - n ^ n 

hm — , - , Y > 0. 

L^n+l^n ^n+1 ”n+l 

rr— , , — 1 _ p 


Assuming that lim < oo , we have 


1 - pdn-^x 


, since 


j _ — — 1 

ga < J it follows that, by choosing p sufficiently small, lim — ^ 

may be made as small as we please. Consequently the criterion becomes 

lira {~ ^ ) > 0, 

provided fim < oo . This restriction on d^ may be removed. For, 

n-^po 

assuming that the condition lim (-5^ ^ j — ) > 0 is satisfied for a 

set of values of such that lim ^ » a- positive number A can be chosen 


ll'-oo 
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n-^oo 

and therefore such that 
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lim ( S ^ a) > 0, 

V«n+1 “n ^n+1 / 


[oh. I 




Let j7 == ^ -I- A, thus lim d' 
a „ a„ 


then by hypothesis the condition 


lim ^ 


1 




) 

^n-f 1/ 


> 0 


> 0 is satisfied. In case the series converges, 

u. „ IL ^^1/ 

this condition falls under the second condition (B), and is sufficient for 
the convergence of In case Ed'„ diverges, since lim < qo , it falls 

n~oo 

under the preceding case. 

It has now been shewn that the condition 

lim i , 

is sufficient for the convergence of Sa„, where is any divergent series. 
Combining this condition with the second criterion (B), namely that 

lim i > 0, we see that a sufficient condition of convergence 

of the series Sa„ is that lim ( ^ (w) — ^ (n -f 1) j > 0, where {<^ (n)} is 

any assigned sequence of positive numbers. For the series S l/<^ (n) is either 
convergent or divergent, and in either case the criterion is sufficient. 

This criterion, which may easily be proved directly, was first obtained 
by Kummer*, who however added the unnecessary condition that ^ (n) 
must be such that lim (n) = 0. That this latter restriction is un- 

necessary was shewn by Dini and by Du Bois>Reymond. 

Companion criteria of convergence and divergence may now be stated 

as follows: / a I 1 \ 

lim ( — ^ j — j — ) > 0, for convergence, 

lim \ < 0, for divergence. 

n-oo \a„+i d„ 

The particular case in which = 1 gives the criteria of d'Alembert 
and Cauchy which were obtained by comparing the series with a 
geometric series. Thus we have 


lim 1 


n—oo 

^®n+l ^ 

j iim 1 

f~ - l) 






< 1, for convergence, 


♦ Crdlt's Journal^ roL xni (1886), p. 171. A direct proof of this criterion has been given by 
Stolz, Vorluungen aber dUg. Arith. vol i, p. 269. The criterion was re-discovered by Jensen. 
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If dn = Ijn, we have Raabe’s criteria* 


lim n 

f— -l) 

tl'.-QO 


lim n 1 

(~ ~ l) 

H~oO 

N^n+1 / 


< 1, for divergence. 

In general, let we obtain then Bertrand’sf logarithmic 

scale of criteria 


w “ 1, 2, 3, .... 


( lim \l^ (n) ~ 0, for convergence, 

j I ^ 

I iiin \l„ (n) (» + 1)[ < 0, for divergence. 

\ n^cc I ®n+l J 

It is easily seen that aU these criteria fail in case lim oscillates between 

n~oo 

limits one of which is greater than unity, and the other less than unity. 

21. If has the form I + ~ O ( , where A > 0, we have 

Ctn+l ^ ' 

and thus lim n f — 1 J — A, Therefore, in accordance with Raabe’s 

test, the series Ean is convergent if J > 1, and divergent if ^ < 1. In 
the case .4 — 1, we can apply Bertrand’s test for m = 1, (n) = n log n. 

We have 

w log w . ^ - - (re + 1) log (» + 1) = (» + 1) log + 0 log re. 

Ufi+l ft' 1 \7l / 

Now lim 0 log n = 0, since lim ^ = 0. Moreover 

Urn (re + 1) log ^ 

has the value — 1. It follows that in this case the series is divergent. 
The following rule has thus been established : 


7/-^ has the farm 1 + - + O 
•' ■' re 




, where A > 0, the series Ila„ is 


convergent if A > 1, and it is divergent if A ^ 1. 
For example, consider the series 

q.jg a(a4- 1) 

" l.y 1.2,y(y + 1) 


+ ... 4- 


«(«+ 1) ... (a + n--l)... p{p-hl)(pAn-l) 


1.2...n.y(y4- 1)... (y + n — 1) 

* Baumgartner and Ettinghausen’s Zeitschr, /. Math, u. Physik, voL x. See also Duhamel, 
LiouviUe^s Journal, vol. iv (1839), p. 214 and vol. vi, p. 85. 

t lAouviUe^s Journal, vol. vn (1842), p. 42. See also Bonnet, J)id, vol. vra (1843), p. 89, 
and Paucker, CrtUe'a Journal (1851), vol. xui, p. 143. 
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We have 

an _ (ri + 1) (y + n) 
««-fi (« + (P + '^) 


n (y + 1 - a ~ §)~ -fy 
(a + n) -h n) 


==1 + ^-— ^ + 0 \ ; 

n \n^J 

hence the series is convergent if y — a — jS > 0, and it diverges if 

y — a — ^ ^ 0. 

_ 71 ^ + an^~^ + 4- ... 


4- An^-^ + Bn^-^ + . . . ’ 


we have 


and thus the series is convergent if 


a — A > ly and is divergent if a — ^ ^ 1. This criterion* was given by 
Gauss. 


22 . Employing the theorem that if is divergent, is con- 

vergent, for p > 0, we may in the criterion \B)2, of § 20, write dy^er’^^n for c„ . 
It is thus a sufficient condition for the convergence of that 


lin, 

d'n dnj,i/ 


Cl €.^^n 

which is equivalent to the condition that — - - -7— 

^'n-4 1 d^t ^n + 1 


a positive 


number p, for all values ofn^a fixed number tIj . From this it now follows 

that « fj 

— > 6^^n+i -t- pdn for n ^ 

dn 

or log ( >P + log, (1 + prf„+ie-0'.4i) > P, 

<^n+l \®n+l / ®n+l 

for n ^ where p is some fixed positive number. This condition is certainly 


satisfied if lim -7 — 
^ d'n+l 


log > 0^ provided p be properly chosen. 


^n-fl dn 


Hence a sufficient condition of convergence of is that 
lim 3 — log ® 542 ii > 0. 

<^n+l dn 

In a similar manner it can be shewn that a sufficient condition of diver- 
gence of the series Sa„ is that 

ilm ^ log < 0. 

n^oo ®n+l ®n+l ®n 

If it be assumed that lim is finite, in the whole of the foregoing 


Opera, yoL xn, p. 139. 
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investigation may be substituted for We thus obtain the 


criteria 


1 


lim ~ log > 0, sufficient for convergence, 

rr~- ^n+l^n 

®n^n+l 


1 


lim r~ log < 0, sufficient for divergence, 

Vn~co ®n+l®n 

provided lim d^ is finite. 


Since the divergence of the series S y 


,(m) 


(•’n-l) 


IS a necessary conse- 


quence of the divergence of we can replace ri„ by - in the 

above criteria. They then give rise to the scale of criteria 


Tl'^oO 

\ H'n.cO ^ 


^n + 1 


«n+l <ln ' 


a„ "'-Ml 


1 1 



0, sufficient for convergence, 
0, sufficient for divergence, 


where m 0, 1, 2, 3, ... . 

In case we let d^ ^ 1, we have the following scale of criteria: 
lim log > 0, 

n«-oo 

to «..(» - 1) log > «. ™ - <>, 1. 2 

sufficient for convergence; 

lira log < 0, 

to B.i(. - 1) <0, » . (M, 2 

sufficient for divergence. 

The criteria corresponding to w = 0 are 

lim (n — 1 ) log ^ > 0, 

n-^oo 1 

lim (n — 1) log^” -^ < 0. 

Ti'^co u„ I n 

Since lim n log — — - = — lim log ( 1 -f ) - 1 . 

these criteria become 

lim n log > 1, for convergence, 

lim n log < 1, for divergence, 

n«-oo ^n+l 

a criterion which was given by Schlomilch. 
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23. Let M (ic), m {x) denote monotone fxmctions, positive in the 
infinite interval (1 , oo ), of x, which both diverge to oo , as x oo , and are 
such that M (x) > m (x). It will be assumed that / {x) is monotone non- 
increasing, and positive. 

Let 

F{M{x-\- h)} -F{M (x)} 


fM{x+h) j fmix^h) 

4‘{^)= \ f (x) dx 

J Mix) ! J m (oj) 


F {m (x h)} — F {m (a:)} 
where h is an arbitrarily chosen positive number. It will be shewn that : 
The series T,f{n) converges ?/lim <f> (x) < 1, and diverges if \im (/> (x) > 1. 

1 X'^oo 

First assume that lira <l> (x) > 1 ; then (a:) ^ 1 + e, for x - f , where e 

is some positive number, so that 

F{M{x + h)} - F{M {x)} ? (1 + €) [f’ {m (x + h)} - F {m (a;)}], 
from which it follows that 

F{M(^ + nh)} - F {M (f)} S (1+ €) [f’ {m (f + nh)} - F {m (f)}], 
for all positive integral values of n. 

We have now 


F{M{^ + nh)} - F {M (g)} 


(1 +*) 1 + 


F{m {$ + nh)}-F{M (1)} 

S 1 + €, 

provided n be chosen so large that F{m(( 


F{M m-F{mm 
F{m {^ + nh)}~F{M (|)} 


nh)} > F {M )}. From this 


it follows that 




^F{m (^ + nh)}-F{M {$)} 

If / (a;) dxj or F(oo ), were finite, the limit of the expression on the 

left hand side would have the unique value 1, hence it follows from the 
inequality that F (oo ) = oo , and thus that E / (n) diverges (see § 14). 

Next assume that lim <f> (x)< 1 ; then (a;) ^ 1 — € for x ^ and for 

X-^OO 

some positive number e. 

We find as before that 

F{M{i^ nh)} ~F{M (f)} ^ (1 - €) [F {m -f nh)} - F {m (f)}], 
and hence that 


F{M (^ + nh)}-F{Mm 


(1 


0 |i + 


F {m (f + nh)} -F{M (f )} 


F{m(^+nh)}-F{Mm 
If now F(oo ) = 00 , we find from this inequality that 
^F{M{^-^nh)}-^F{Mm ^ _ 

F {m (f + nh)} ~F{M m ^ 

which is impossible, since F {M (f -f- nh)} > F {w (f -f nh)}. It thus follows 
that F(oo ) must be finite, and therefore that E / (n) converges. 

n-l 
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{M(x + h)-M {x)}f{M (X + h)} F {M(x + h)) - F {M (a;)} 
{m{x + h) — m {x)}f{m (x)} ^ F {m {x + h)} — F {m (x)} 

{M {x + h) - M (x)] f {M (a;)} 

{m {x + h) — m (a:)} f {m (x + h)} ’ 

we see that the criteria can be reduced to the form 
( {M (x + h) - M {x)} f {M {x + h)} , j. 

EJ W) < 1, fa convergence, 

V a;^oo (x -i- h) — m (x)} f {m (x + h)} 

where M (x)> m (x). 

A special pair of criteria can be obtained by taking m (x) x in the 
first criterion, and m (x) — x — h in the second ; we then have 

{M (x h) - M {x)}f{M (x h)} , r i- u tit / \ 

lim 1 '1 > for divergence, where M (x) > Xy 

lim ^ y - ^ for convergence, where M (x) > x — h. 

hj yX) 

In particular, if A = 1 , we have 

lim ^ ^ ^ ^ f > 1 for divergence, when M (x) > x, 

j lim < 1 for convergence, when M (x)> x — 1. 
^x~ao fix) 

These criteria were given by Kohn*. 

If M (x)y m (x) have definite differential coefficients M' (x), m' (a:), 

+ and + differ arbitrarily little from 

hM (x) hm (x) 

unity, if h be taken small enough. In this manner we can obtain the 
following criteria : 

( lim > 1, when M (x) > x, for divergence, 

X^oo J \ f 

~ M' {x)f{M (x)} , „ 

lim “i v \ “ < 1, for convergence. 

x~oo J {x) 

The companion conditions obtained by taking M (x) = x, m(x)<x are 


lim 


lim 


_ /(*) 

m' (x) f {m (x)} 

fix) 


> 1, when m (x) < x, for divergence, 
< 1, for convergence. 


U-ooW' (x)f{m(x)} 

These criteria are due to Ermakoff f- 

* Arehiv der McUh, vol. Lxvn (1882), p. 63. 

t BuUeHn d. Se. Mat, (1), vol. n (1871), p. 260; (2), vol. vn (1883), p. 142. 
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Taking M (x) = e®, m (x) = log x, we have the special criteria 

f /^x\ f f^X\ 

lim > 1, for divergence; lim < 1, for convergence; 

a:-oo J \X) J (X) 

' — X f (x) X f (x) 

lim .. ' \ > 1, for divergence; lim < Ij for convergence. 


THE CONVERGENCE OF SERIES IN GENERAL. 

24. We proceed to consider the case in which the terms of a series Sa„ 
are not all of the same sign. The simplest case is that in which the positive 
and negative signs occur alternatively. In this case the following criterion 
is frequently applicable to decide the question of the convergence of the 
series : 

If the terms of a series — u^ -k- u^~ ... be of alternate signs ^ and 

if Un for every value of n, it is necessary and sufficient for the con- 

vergence of the series that lim = 0. When this last condition is not satisfied 

n~oo 

the series oscillates between limits, both of which are in the interval (0, uf), 
where we may assume u-^ to be positive. 

Since | s^ — 6\„i | = | ?/^ | , it is necessary for the convergence of s^ that 
lim Un = 0. Again we have 

I I ” | ^n+1 ^n4-2 ••• "I" ( '^n + m 1 | | * 

If lim Un = 0, for all sufficiently large values of n we have | s^+m “ | < «> 

n<^ao 

an arbitrarily chosen positive number, for m == 1, 2, 3, Thus the con- 

dition of convergence is satisfied. 

If lim 1 I is not zero, it is seen that 0 < 52„ < Ui , and that does not 

n<^ao 

diminish as n increases ; therefore has a definite limit, in the interval 
(0, Ui). Similarly, we see that never increases as n increases, and that 
it lies in the interval (0, u^); thus Szn+i has a definite limit in the interval 
(0, Wj). The limits of S 2 n, ^gn+i both lie in the interval (0, and differ 
from one another. 

For series in which the signs may be distributed in any manner the 
following theorem is of importance. It was first established by Catalan* 
and Dedekind f, and depends essentially upon a lemma due to Abel J. 

This Lemma consists of the identity 

r-n- 1 

hui + k^Uz + ... + k^u^ = S {kr- kr+i) 8^ -f- k^s^y 

r-1 

where s^ denotes the rth partial sum of the series It has a role in 

n-l 

♦ Traits ^imentaire dea Seriea (1860), p. 32. 

t See his edition of Dirichlet’s Vorl. ii, Zafdentheorie, 3rd ed. p. 266. 

:|: For a history of the theorem see Pringaheim, Math. Annaltn, voL xxv (1886), p. 423. 
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the theory of infinite series similar to that of integration by parts in the 
Integral Calculus. 

If the series -f 2^2 + ••• + either convergent or oscillating 

between finite limits, and {k^} be a sequence of numbers such that lim ^ 0, 

n'^00 

and that the series S | | is convergent, then the series 

1 

k^u^ + k^U2 + ... 4- k^Un + ... 

is convergent. In particular it is sufficient that {k^} form a monotone non- 
increasing sequence and that lim = 0. 

n~oo 

A partial remainder of the series is expressed by 

^nfl'W',^41 4- ^n->-2^«+2 + + 

~ ^n+1 ("^n + l '^n) ^n+2 (^n+2 4 *.• "I" ^n + m ('^n + m ^n + m~i) 

— ~ ^n+1 (^n+1 ~ ^n-f2) ^n+l (^n+2 ~~ ^‘n + 3 ) ^n+2 4* ... 

4* (^ri + m — 1 ^n+m-1 “J" ^n + m ^n-{m* 

If the series + 2^2 + • • • either convergent, or oscillating between 
finite limits, we have ( | < A, for all values of n, where A is some fixed 

positive number. The integer n can be chosen so large that | k^^^ | < c, 
where m = I, 2, 3, 

If the series S | | is convergent, n may be chosen so Jarge 

n« 1 

that I k„+i - A ;„+2 | + ... + | k„+„_i - k„^^ | < e, for w = 2, 3, .... It 
follows that, if n be sufficiently large, 

I ^n+l ^•^n+1 ••• ^ni^m ^n + m | 3^6, 

for the values 1, 2, 3, ... of m. Since e is arbitrary, it follows that the 
series k^u^ 4- ^^ 2^2 + ••• is convergent. 

The following theorem may also be established: 

If the series Ui -i- u^ -\- ... 4~ "1" •••be com?ergent, and is a sequence 

of mimbers, such that | | is less than a fixed positive number K, for all 

values of n, and is also such that the series 2 | — ^n+i I convergent, then 

»- 1 

the series k^u^ 4- k 2 U 2 4- ... is convergent. In particular it is sufficient that 
{kn} should be a non-diminishing sequence of numbers with a finite upper 
l%m%t . 

We find, as before, by writing s — 

^n+l'^n+l “I* ••• “1“ ^n + m^n+-w» 

= kn+iRn ““ (^n+l ^n-f- 2 ) -^n+1 (^n+2 ““ ^n+a) -^n+2 ““ ••• 

(^n+r»— 1 ^n+m) 1 + 

If n be taken so large that | - k„+ 2 1 + ••• + i [ < €, for 

m = 2,3, , and also so large that | Rn^m I < for w = 0 , 1 , 2, .. . , we have 

1 ^n+l'*^n+l H" ••• "1“ | ^Ke, 
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for m == 1 , 2, 3 ,.... Since SiTe is arbitrarily small, the condition for 
convergence of the series is satisfied. 


EXAMPLE. 
6 


or a multiple of 2rr, 2 sin < cosec 


Since 2 sin = sin — ^ ^ sin oosec ^ , we have, for any value of 6 which is not zero 

r-l 2 Z 

» I ( 

I , and thus the series oscillates between finite 

r-l 

n 

limits. Similarly, if d is neither zero nor a multiple of 27r, the series 2 oosr^ oscillates 

r-l 


between finite limits. The first series is convergent, and the second is divergent, when d = 0. 
It follows from the above theorem that, if {A:„} be a sequence of numbers which converges 

oo 

to zero, and is such that 2 | | is convergent, the series 2 sin nd is convergent, 

n-^1 n-1 

for any fixed value of d; and the series 2 k^ cos n6 is convergent for any fixed value of 

n “1 

6 that is neither zero nor a multiple of 2n, In particular {kj^ may be any sequence of 
non-increasing numbers which converges to zero. 


25. It can be shewn that, if the series J | 4- 1 I + + I | + ••• 

is convergent, the series -}- ^^2 + •••■+ +•• • is also convergent. Let the 

first n terms of this second series contain terms with the positive sign, 
and terms with the negative sign, and let denote their sums; 

thus Sn = or„j — Now is the nth partial sum of the series 

I I + I ^2 I 4- ; and, since this series is convergent, 4- is less 

than a fixed positive number, whatever value n has. It follows that 
^nx > fl'^e each less than some fixed positive number, however large 
may be. 

Since {cr,,J, {o' ^ are both monotone non-diminishing sequences it 
foUows that Hm lim or'„, are both definite numbers; hence lim is 

n-'oo 00 »—oo 

a definite number, and therefore the series 4- ^^2 + • • • is convergent. 
The limits of are independent of the orders of the terms in the two 

series, and of the particular sequences of and . 

oo 

If the series S 1 | is convergent, then the series 2 is said, to be 

n-1 n-1 

absolvidy convergeni. 


If tiao series are svuoh that is hounded, then if is absolutely 


converged y so also isZa^* 
For, if 


m-n m-n 

K, for aU values of n, we have Z \a^\^ K Z | 

m-l m-1 


and thus, if w is indefinitely increased, E | | converges to a value which 


m-l 


does not exceed K times the sum of the absolutely convergent series 

s |i.|, 

»-l 
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It may happen that or„, — a'„, has a definite limit, as w is indefinitely 
increased, but that (j„, , increase indefinitely. In that case the series 

no oo 

S Un is convergent, but S | I is divergent. The series S is then said 

n-l n-1 n-1 

to converge non-absolutely. 

oo 

If a convergent series 2 of which the sum is s, be such that every 

n« 1 

series which consists of the same terms in a different order converges to 

CO 

the value s, then the series T, is said to be unconditionally convergent. 

n-oo 

It has been shewn in § 8 that, if all the terms of the series are positive, 
and the series is convergent, then it is necessarily unconditionally convergent . 

For series in general the following theorem will be established : 

A series which is absolutely convergent is also unconditionally convergent ; 
and conversely, a serie^s which is unconditionally convergent is also absolutely 
convergent. 

The truth of the theorem is clear from § 8, in case all of the terms 
have one and the same sign, with the exception of a finite number 
of them. It will accordingly be assumed that this is not the case. 
Assuming that the series is absolutely convergent, it hsts been shewn 
that a^x j ^ na both converge to definite limits, as n is indefinitely increased, 
and thus n^ and n^ are both indefinitely increased. If the given series be 
rearranged in accordance with any norm, the two series which contain the 
positive and the negative terms respectively are also rearranged, but as 
has been shewn in § 8, their limiting sums are not thereby altered, and 
they converge respectively to lim , -- lim . It then follows that the 

Ti'^oo n'^oo 

rearranged series converges to lim — lim the same sum as when the 

n~oo n~oo 

terms were in the original order. 

Next let it be assumed that the series S u^ is unconditionally con> 

n-l 

vergent. It is impossible that one of the two limits lim , lim should 

n~oo n-^oo 

be infinite and the oth«r finite, for in that case S would be divergent. 

n-l 

Thus, unless they are both divergent, the series 2 | | is convergent. Let 

n-l 

it be assumed that lim , lim cr'„, are both x ; it will then be shewn that 

n~«) n'-Qo 

2 u.^ cannot be unconditionally convergent. 

n« 1 

Corresponding to each number n there are numbers rij, Wa, both of 
which increase indefinitely with n. For each value of let n^' be the 
smallest integer such that ^ 2a . We then consider the two sequences 
of numbers {^ 2 } 5 ^ corresponding rearrangement of the terms of the 
given series can be so made that the first n^' positive terms of the series 
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are taken together with the first negative terms of the series, to make 
the first w-i' + ^2 terms of the new series. The partial sum of the new series 
is then ^ . Since — a has a finite limit, and (t„j 

diverges, it follows that — or„, diverges. Therefore the series has been 
so rearranged that it becomes divergent, and this is contrary to the 
hypothesis that the series is unconditionally convergent. Hence , (t'„, 
must both be convergent, and therefore the series S | | is convergent, 

or S is absolutely convergent. 

»- 1 


26. The following theorem, due to Riemann*, will now be established: 
The terms of a non-absolutely, or conditionally, convergent series can 
always be so rearranged in a series of type a>, in ctccordance with some 
norm, that either (\) the new series converges to an arbitrarily assigned sum, 
or that (2) the new series is divergent, or that (3) the new series is oscillatory, 
with arbitrarily assigned limits of indeterminancy. Moreover each such 
rearrangement may be made in an indefinitely great number of ways. 

Let ki, k^, k^, ... be a monotone increasing sequence of positive num- 
bers, defined in accordance with some prescribed law. Take positive 
terms of the given series 'Lu^, so that > k^, whilst ^ k-^\ next 
take negative terms such that or^ — ^ k^ , whilst > k -^ . 

Next take p^ — p^ more positive terms of the given series so that 

^ Ql ^ k2f 

whilst ^ Arg *, then take qz — qi more negative terms, so that 

^ ^2 > whilst > k ^ . Proceeding in this manner, we 

obtain two sequences of integers {p„}, {q^ such that ~ ^ k ^ , 

whilst > k^ , and ^ k ^^^ . Denoting the positive 

terms of the series ^u^ hy a^, a^, ...««» ••• > the negative terms by 
6i, 62, ... 6„, ... , we obtain a rearrangement of the series, wliich is such 
that 

{a^ + ••• “ (^1 + 62 "i" 

+ {^px+i + ••• + ®j)t) ~ (^<71+1 + ... 4- bfj^) + ... 

+ (®pn-i+i + ••• 4- aj>„) — (^(7n-i+i 4- ... 4- b^^ 
is , whilst, if we leave out the term 6^,^, it is > k^^ This sum 
accordingly differs from k^ by less than bg ^ . If the whole of the last bracket 
be omitted, the expression then differs from k^ by less than in accord- 
ance with the mode of determination of If n be sufficiently large 

and bg^ are both less than an arbitrarily assigned number c. Thus, if 
some or all of the terms in the last bracket are omitted, the expression then 
differs from k^ by less than c. If the two last brackets are omitted, the 
remaining expression differs from k^^i by less than bg ^^^ , and n may be 

* PaHidU Differentialgleichtmgen, Braunschweig (1869), p. 41. 
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chosen so large that this and are both less than e. If the whole of the 
last bracket and a part of the terms in the last bracket but one are omitted, 
the remaining expression is between ~ € and 4- e. It follows that 
if -f ^ ^ Pn + S'nt the sum oi N terms of the rearranged 

series, lies between — € and k^ -f €. Now let the increasing sequence 
{kn} converge to a positive number k ; then k^ -i , , ^n+i > • • » differ from 
k by less than €, provided n is taken sufficiently large. It follows that Sn 
differs from k by less than 2 e. Since e is arbitrary, it follows that the 
rearranged series converges to k. Since k may be defined in an indefinitely 
great number of ways by an increasing sequence it follows that there 
are an infinitely great number of such rearrangements of the terms of 
the given series. 

In case the sequence {k^ is divergent, it is clear that the rearranged 
series will also be divergent. 

In case the number k is negative, the method of procedure is essentially 
the same ; we then commence by taking negative terms of the given series, 
the numbers k^ being taken to be negative, and {k^) to be a diminishing 
sequence. 

To establish (3). Let k, k' be two arbitrarily assigned positive numbers 
such that k > k' . Let k be defined as the limit of a sequence of in- 
creasing positive numbers, and ¥ as the limit of a similar sequence 
we may suppose that k^ > k\ for all values of n. 

As before, two sequences of increasing integers {p^, {q-^ can be so 
determined that > k^, ^ ki \ ^vi ~ 

and generally so that > k^, cr^^.i - -5 k „ , or^ - ^ k \ , 

^ III l-his manner a series 

(»! 4- ... 4- — (6i 4- ... 4- bq^) 4- 4- ... 4- 

(^<71+1 ••• + bg^) 4- ... 4- + ••• + ^Pn) “■ + ^Qn) 

is formed which differs from k\ by less than 6 ^^; if the last bracket is 
omitted the remainder differs from k^ by less than a^. It is now easily 
seen, as in the previous case, that the series oscillates between k and ¥ \ 
this rearrangement can be made in an indefinitely great number of ways. 
In case k and ¥ are of opposite sign, only a slight modification of the proof 
is required. 

A special case of this general theorem arises when the given series is 
4 - <*2 ~ «2 + ^3 ~ + ••• » where each positive term is followed 

by a negative term of the same absolute value. Provided lim = 0 , the 

series is convergent, but if aj 4 - ^2 4 - ^3 4 - ... is divergent, the convergence 
of the series is non- absolute. It now appears that, from the terms of a 
divergent series ctj 4 - ^2 + • • • » where lim a„ = 0 , series can be constructed, 
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in an indefinite variety of ways, which converge to a prescribed sum, or 
are divergent, or oscillate between given limits ; all such series having the 
form 

4- ^2 + ••• -f " ••• ~ 4- + ... 4- 

~ ■“ ~ ••• ““ 4- , 

the numbers Pi , P 2 » • • • J ? ^2 > • • • being determined in the manner explained 
above. 


EXAMPLES. 

(I) The series 1 - i + ^ + 

^ ^ 2 3 4 2n - 1 2n 


is non-absolutely convergent, 

its sum being log*. 2. The series 1 + 1-1+ f + which is obtained by a 

o 2 o 7 4 

systematic rearrangement of the terms of the first series, converges to ^ log*, 2 . 


For we find 


m -n 
= 2 


n/ ] 
l\4m - 


4m 


1 \ 

4m - 1 4m/ ’ 


m~n / 1 j j \ 

and, for the second series, s'o„ = 2 ( . « + ^ , - ); 

m-lV4wt-3 4m - 1 2m/' 

m-n/ 1 1 \ 1 

therefore « ^ - 2 

3 

Since both converge to log^ 2 , as oo, it follows that ^' 3 ^ converges to ^ log*. 2. 

Since ^'sn-i, -»' 3 n -2 differ from by 2 m’ 4 m^^ ”* 2m' 

3 

same limit as ; therefore the second series converges to ^ log<> 2 . 

(2) By rearranging the terms of the non-absolutely convergent series 


, , 1111 11 
^ + 2 " 2 3 " 3 n ■ n ’ 


we obtain the series 
1 


, . , 111111 

^"^2 ^'^3^4~2^5^6 3"^*” n 


1 1 

+ 


1 ' 2/1 - 1 ^ 2n n ^ ' 


1 1 

+ 


1 1 1 

+ r>- — - + 


111111 

^ + 2'''3 2^" n - 1 " 3n - 2 ' 3» - 1 ' 3n 

, , 1111111111, 

^■■*‘^2'^3^i~2 + ‘6'^6'^7 + 8'"9'3'^- 

11 1 11 
« - 1 (n - 1)' + 1 (w - 1)» + 2 n* “n 

The first of these series converges to log« 2, the second to logg 3, and the third diverges. 

CESlRO’s SUMMATION BY ARITHMETIC MEANS. 

27. Denoting by 8^ the nth partial sum of the series 
4- U2 4- ... 4- Ci^n 4- ... , 

S "f" S s 

and by the arithmetic mean of the numbers 


81 , 82 , ... 8 n, 
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it has been shewn in § 6, Ex. 1 that, whenever lim has a definite value s, 
BO that the given series is convergent, then lim = 8. The latter limit 

n~oo 

lim Sn may, however, exist when the series is not convergent, as is seen, 
for example in the case of the series 1 — 1-fl — l-{- 

Whenever has a definite limit, as n qo , the given series is said to 
be summable by Cesdro^s method of arithmetic means. In view of a develop- 
ment of Cesiro’s method of summation, to be considered later, it is also 
said to be summable ((7, 1), that is by Cesiiro’s method, order L It may 
happen that 8^ is not convergent but oscillatory ; the values S of 
lim Sn, lim 8^ are then said to be the upper and lower sums (C, 1) of the 

n~ot> n^oo 

series. In case 8 are both finite numbers, the given series is said to be 
bounded ((7, 1). 

From the point of view of the theory of sets of points, it may happen 
that the points Pg, ... Pn, which represent the numbers 


^ 2 » ••• 

do not converge to a single limiting point, but that the set of points 
Pi , F’g > • • • > • • • > where 7^ is the centroid of the points Pj , Pg , ... Pn , 

has a single limiting point ?, which then represents the Cesiro sum 8. 

We have, since -f + ... + 8^ = nS^ — (ri — 1) S^-i) 

therefore a^ = nS^ — 2 (?i — 1) >S„_i f {n — 2) 8^-%', and hence 




In case 8^ has a definite limit as n oo , it follows from these last two 
equahties that ^ both converge to zero. In case 8^ is bounded, but 

CL S 

not necessarily convergent, it is seen from the same equahties that and ~ 
are both bounded. It has thus been shewn that ; 


If a series Sa„ be bounded ((7, 1), then a^ O {n), and Sn = 0 (n). If 
the series is summable ((7, 1), then a^ — o (n), 5^ == o (ti). 

The following theorem may be obtained at once from the general 
theorem given in § 6. Writing, in that theorem, = n^ we 

have: 


If ^8 oscillatory^ between finite or infinite limits 
hm Sn « hm Sn « Ira 8n = ^ ; 

n^ao n^oo n'^ao n<^oo 

and in ^particular, if the series be summable (G, 1), its Gesdro sum lies in the 
intp'val formed by the upper and lower sums of the series. If the series is 



42 


Sequences and Series of Numbers 


[oh. I 


divergent, then is also divergent, to + oo , or — cc ^ as the case may be. In 
case lim exists either as a finite number or as + or — oo , lim /S „ , exists 
and has the value s, 

28. The following theorem will be established: 

If a series 2 is summable (C, 1) the series 2 — is convergent; and if 

n-l n»l^ 

2 a„ is hounded (C, 1) the series 2 is convergent, provided S> 0; 

n-l n-l'^ 

moreover the series 2 — is then bounded. 

n-in 
n-m d 

The series 2 may be written in the form 

n- 1 ^ 


nS„ 

n«" 1 


2 (n-l)S,_, + (n- 2 ) 


W-2 

or 2 nS^ 

71-1 


-f 


, where = 0 


1 


I 2 

^1+6 ~ +T)1*H ' (7^ 4- 2)l+« 

2 


+ (m - 1) Sm-i 


^ (m 




+ mS„. 


m 


1+5 * 


The two last terms are equivalent to 


8 . 


_S. 

(m 




/m — 


\ m 

-1) 


If /S,n is bounded, this converges to zero, as m oo , provided 8 > 0. 
If 8 = 0, the expression is bounded when is bounded. If has a 
definite finite limit, and 8^0, the expression converges to zero, as m oo . 

2 \-(i+«n 
n) 


771-2 s; 

The series 2 


n-i 


1-2(1+-) +(i+- 

/ i\-(i+«) ^ 1 / 2\ 

(l + _) .l_,l+8 + £)-. (1+-) 


18, Since 


(i+fi) 


i-(i + 8 + n|, 

n 


where I, I' are both bounded, and converge to zero, as n oo , numerically 
less than ’"s** | iSf„ | ^ I I ^ ^ ' 

7k- 1 




If 8 > 0, and | | is bounded, this is less than a fixed number inde- 

pendent of m. 

m -2 28 

If 8 = 0, the series becomes 2 7 ^rr, which is absolutely 

n-i (n 4- 1) (n -1- 2) 

convergent if 8 ^ is bounded. 

It has thus been shewn that, when 8 ^ converges to a finite limit, the series 
2 ^ is convergent; and that, when 8 ^ is bounded, the series (8 > 0) 


is convergent, and the series 2 — is bounded. 

n 
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2 S 

It should be observed that, although the series S 7 r-r—^ — is 

^ n-l(^+ 1 )(^ + 2) 

absolutely convergent when 8 n is summable (( 7 , 1), it does not follow that 
the convergence of the series S — is absolute. For, in the transformation, 

n«l ^ 

is replaced by the sum of three terms, which are then rearranged, and 
the series may thus become an absolutely convergent series. For example, 
the series 1 — 1 + 1 — 1+... is convergent (( 7 , 1), but the series 1 —- + - — .. . 

ju O 

is only non~absolutely convergent. 

The following is a generalization of the second part of the above 
theorem, and can be established in the same manner: 

If the series S a„ is bounded {C, 1), and {k^} be a sequence of numbers 

n- 1 

such that — 0 (- ), and such that the series S n | + kn^2 I 

convergent i then the series S k^a^^ is convergent. 

n-l 


SERIES OF TRANSFINITE TYPE. 

29 . If , ^*2 , ^3 , . . . , . . . , 5^4.1 , ... , ... 

be a set of numbers each one of which is definite, and in which every index 
that precedes some number /S of the second class occurs as a suffix, and 
if the series 

+ -^2 + ••• + tin + ... + 4 - ... Uy-{- ... 

be formed, where 

== i 9 l , 'M’2 “ ^2 ^1 > ••• '^n ” ^n-1 ••• — lim , U^^ ~ 

+ l 2 f ••• ” ^y+1 '^y > **• f 

in which the indices of u include every number less than then the series 
is said to be a convergent series* of type p. If y be a limiting number, the 
limit of a sequence {y„}, then Sy is defined to be lim Sy^. If be a limiting 
number, the series has no last term, but if /S be a non -limiting number, 
the last term of the series is 

— %-!]• 

An ordinary infinite series 

“Wi + “^2 4 - ... "h 'M^n 4 " ... 

is of type a>. A series 

% 4 - t^2 + ••• 4 - Wn 4 - ... + Vi 4 - ^2 4 - V3 4 - ... + Vn + •“ 

* Such series have been investigated in a different manner by Hardy, Proc, Land. Maih. Soc. 
(2), vol. I (1904), p. 286. 
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is of tjrpe ; and a double series 

oo QO 

Z Z drs > 

r-1 

+ ^12 + ^18 + 
+ 0-21 ®22 ®28 
4- ct^i + <^32 + Gf'33 + 


+ -!-••• 
+ a-2n + ..• 

+ ® 3 n + ... 
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+ dni + a„2 + ^n 3 + *•* 


is of type a>*, if it be taken in columns successively, or in rows successively ; 
but it is of type co if the terms are taken diagonally in the form 

®ii + (di2 + ®2l) + (<^13 + a 22 4" <^3l) + ••• * 

Conversely, a series of any type p is convergent if all the sums 

> ‘^2 > • • * > • • • ^ Y > • • • 

be definite numbers. 

It is clear that, ^ being any given number of the second class, any series 
of the ordinary type cd can have its terms so arranged that the series 
becomes of type / 5 . For a correspondence can be defined between all the 
ordinal numbers less than and the ordinal numbers of the first class. 

Let us now suppose that all the terms of a convergent series 
% 4- ^^2 4- ... 4- 4- 4- ... + Uy + ... , 

of type p, are positive, and thus that 

^2 ^3 , ... <Z ... <C Sy j ... <C 

If we represent the numbers 

<5i , ^2, ... Stjf ... 6*3 

in the usual manner, by points on a straight line, the terms of the series 
are represented by a set of intervals 

(0, Sy), (Sy, 62 ), ... ( 60 ,, ... 

on the straight line ; each interval abuts on the next ; and all the points 
8 a , where a is a limiting number of the second class, are semi-external points 
of the set of intervals. The end-points and the semi-external points of the 
set of intervals form an enumerable closed set which has consequently zero 
content; and it follows, from the theory of the measures of sets of points, 
that the set of intervals has a measure equal to that of the whole interval 
0, 63), which is therefore 63. Since the measure of an infinite sequence of 
intervals is equal to the sum of the measures of the intervals, it follows 
that, if the intervals be arranged in a sequence of type to, their sum is 63. 
The following theorem has thus been established : 
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If a series of positive numbers be convergent, and of type it will also be 
convergent when arranged in type cu ; also the sums will be the same. Conversely, 
if it be convergent when arranged in type a>, it will also converge to the same 
sum when arranged in type p. 

We may pass to the consideration of series of type of which the 
terms are not necessarily all positive, but of which the convergence is 
absolute. 

An absolutely convergent series of type P is a series which is convergent 
when each term is replaced by its modulus. 

Let us suppose the intervals constructed as before, which represent 
the terms of the series 

I 1 + I ^2 1 + • • • + I 1 -f I 1 -f . . . + I I * 

If we choose out from this set of intervals those which correspond to 
positive terms of the series 

'1^1 + 'M-2 "f" * * • '*^*» 'b • * • b b . . . > 

we have a set of intervals which has a definite finite measure ; and the 
same is true of the set of those intervals which correspond to negative 
terms of the given series. The given series converges to a sum which is 
the difference of the measures of these two sets of intervals, and this sum 
is unaffected by the order in which the intc^rvals are taken in either the 
positive or the negative component. It has thus been shewn that : 

If a series he absolutely convergent, and of type p, then the series is con- 
vergent, and its sum is independent of the type. 

DOUBLE SEQUENCES AND DOUBLE SBBIES. 

30. A set of numbers where each of the indices m, n may be 

any positive integral number, and the number s^^n is defined, in accordance 
with some norm, for each pair of values of m and n, is said to form a 
double sequence. 

If, for a given double sequence, a number s exists, such that, corre- 
sponding to each arbitrarily fixed positive number e, the condition 
1 ^ — ^n»n 1 < € be satisfied, for all values of m and n such that m^p, 
n^p, where p is some integer dependent on e, then the double sequence 
is said to be convergent, and the number s is said to be the limit of the double 
sequence, or the double limit of the sequence. This is denoted by 

« = lim . 

n~oo 

The theory of double sequences may be correlated with that given in 
I, §§ 302-306, of the double and repeated limits of a function of two 
variables. For, if we assume x = 1/m, y = 1/n, the number s^^ may be 
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taken to define the value of a function / (x, y) at the point x ~ 1/m, 
2 / = \jn. That the function is not defined for all positive values of x and y 
in the neighbourhood of the point a; = 0, y ^ 0 makes no difference as 
regards the validity of the results obtained for a function of two variables. 
These results may now be interpreted as properties of the sequence 

The double limit lim / {x, y), when it exists, is identical with 
lim and the existence of either of these double limits implies that 

m~oo,n'*-oo 

of the other*. 

Corresponding to lim f(x,y), Wm f{x, y), \imf(x,y), the notation 
i/'-o ir~b i/~o 

lim,5,„„, lim5^^^, lim may be employed to denote respectively the 

n-^Qo n~oo n—cao 

upper limit, the lower limit, or the limit of for a fixed value of 7«, as 
n cc . The limit exists when tlie upper and lower limits are identical. 
The notation lim t>e used to denote the upper and the lower 

n-^oo 

limits, when either is to be taken indifferently. The corresponding 
notation 

lim li^^^ ^mny ^mny hm 

m'^oo m'-^co rri'^oo m<^oo 

may be employed when n has a fixed value, and rn ^ . The repeated 
limits lim lim Sj^ny ^mn correspond precisely to the repeated limits 

m^cto n~ao rn-^oo 

lim lim/(a:, y), lim lim/(a:, y). 

a:«-0 i/'^O 

The following results are obtained by transposing those in i, § 303 : 
Tlie existence of the double limit s = lim i^pU^^ the existence of 

m~oo,n'~co 

the repeated limits limlim^„j,j, limlim.9„^„, and that these both have the 

w~oo n-^oo n'^oom^oo 

value s. 

The existence of s is not a necessary consequence of the existence and the 
equality of the two repeated limits. 

The existence of the repeated limit lim lim Sj^n necessarily involve 

W~00 

that of lim as a definite number ; but it implies that lim lim s^^ 

n'^oo m'^ao n~oo 

lim Hm s^n have one and the same value. Thus lim lim has a more 

7n~ao n~oo m~oo n~Qo 

general meaning than has lim {lim 

Wl'^QO Ji'^00 

In case the sequence be such that s^^'n ' « ^mn > every set of 
values of m, n, m' and n\ such that m' ^m^n' ^ n, the sequence is said to be 

* The theory of double sequences has been treated by Pringsheim, Sitzungsber. Munch* 
yoL xxvm, and also in Maih, Annalen, voL un (1900), p. 289. See also a memoir by London in 
Math, Annalen, voL un (1900), p. 322. 
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monotone. It is also said to be monotone when the condition is replaced 
by S s„„ . This definition is equivalent to the corresponding definition 
in I, § 307. 

The following theorem has already been established in i, § 307 : 

If the sequence {«„„} be monotone, the existence of any one of the three limits 
lim , lim lim , lim lim s„,„ 

wi'— oo,n~ao m'^con.'-^ao n~oo m-^oo 

involves the existence of the other two, and the equality of all three. 

31. If the conditions are satisfied that lim lim are finite for 

n~oo n~oo 

each value of m, and that, corresponding to an arbitrarily cliosen positive 
number €, a value n^, of n, can be so chosen that s^^ between lirn s^,^ + € 

n~oo 

and lim 5^,^ — e, provided n ^ n^, for every value of rn, it may be said that 

n-^oo 

the simple sequences s„^ 2 y ••• •••) oscillatory, uniformly 

with respect to m. 

In case lim exists as a definite number, for each value of m, and in 

n~oo 

case, corresponding to an arbitrarily chosen positive number c, an integer 
ne can be so chosen that | — lim | < e, provided n^ne, for 

n~oo 

every value of m, the simple sequences (s.„,^, ... s,nny •••) ^re said to 

converge uniformly with respext to m. 

In the present case the statement of the condition (2) of the theorem 
contained in i, § 304 may be simplified, it being observed (see i, p. 387) 
that the condition may be so strengthened that the theorem gives the 
necessary and sufficient conditions for the existence of the double limit. 
The condition there given is that corresponding to each arbitrarily fixed 
positive number e, a number Tie exists such that for each value n^oin> Ue, 
a positive number m^^ exists such that lies between lim s^n + ^ 

n~oo 

lim s,nn — ^or all values of n that are ^ tij and for all values of m that 

tl'^oo 

are > m^^. It being assumed that lim 5^^, lim s^n ^^re finite for all values 

n^ao 

of m, it is clear that, for tti — 1, 2, 3, ... m^^ , s^n between lim .svm + ^ 

n~ao 

lim all values of n that are ^ some fixed number nf. If now 

n~oo 

rii be the greater of the two numbers n ^ , ti^', we see that the condition is 
equivalent to the condition that s^n between lim + e and lim s^^ — e, 

n'wao 11-^00 

for all values of w ^ rii and for all the values 1, 2, 3, ... of w. The condition 
may now be stated in the form that aU the simple sequences 

*5m2> ••• ^mnt •••) 

are oscillatory, uniformly with respect to m. It will clearly make no 



48 Seqiienees and Series of Numbers [CH. i 

difiEerence if, for a finite number of values of m, lim or is not 

finite, or if both are infinite. The theorem so modified now takes the 
following form : 

The necessary and sufficient conditions for the existence of the double limit 
lim s^^ are (1), that lim s^^ “ ^mn should converge to zero, asm oo , 

m'^c»,n.'~oo n~c» ti'^co 

and t?tat Hm s^nn “ ^mn should converge to zero, as n^^ <x> ^ and (2), that 

rti'^oQ m'^oo 

the sequences 5,„2> ••• •••)> '^bsre m = 1, 2, 3, , should be oscilla- 

tory, uniformly with respect to m, with the possible exception that this only 
holds when a finite number of tliem are disregarded. 

In case all the sequences {s^j^, 5 ^ 2 > ••*)> with the possible exception of 
a finite number of them, are convergent, the condition (2) reduces to that 
of uniform convergence of the sequences, and the theorem may be stated 
as follows: 

If lim Sjnn ^ists as a definite number, for all values of m with the possible 

n~Qo 

exception of a finite set of such values, the necessary and sufficient conditions 
for the existence of the double limit, as a definite number, are (1), that 

- lim 

w-^oo W'^OO 

should converge to zero, as n 00 , and (2), that the sequences 

i^mlf ^m2) **• ^wn > •*•) 

are uniformly convergent with respect tom, a finite set of these sequences being 
possibly omitted, 

32. Another form of the sufficient and necessary conditions for the 
existence of the double Limit is contained in the following theorem : 

The necessary and sufficient conditions for the existence of the double limit 
of s^nn (1)> ^mn should exist as a definite number, and (2), that, 

m~oo n-^oo 

when possibly a finite set of values of m is omitted, the sequences 

(^tnl» ^m2> •••) 

are oscillatory, uniformly with respect to m. 

In case the sequences (s^^, s^^z, ...) <iTe convergent, at least when a finite 
set of these sequences is omitted, the necessary and sufficient conditions are 
( 1 ) that lim lim s^^^n exists as a definite number, and (2) that the above sequences, 

when possibly a finite set is omitted, converge uniformly with respect to m. 

To prove that the conditions are sufficient, let s = lim lim s^^; then, 

n~QO 

if m > me, we have s e > lim s^^ ^ lim s^^n > s — €, where me is some 

fi'-Moo n-^co 

integer dependent on €. 
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Also, if n is greater than some fixed number Wt , we have 

hm > ^mn ^ ^jn« 

«~oo n~oo 

for all values of m with the possible exception of those belonging to a finite 
set. When m> me, and n> ne, we have s 2€> > « — 2e, or 

I « - «mn 1 < 4e. 

Since € is arbitrary, it follows that s is the double limit of • 

To prove that the conditions are necessary, we assume that 

s = hm 

7n~oo, n.'^Qo 

exists. That the condition (1) is satisfied is at once clear. Also since 

I « - «mn I < «. 

for m> me, n> Ue, where me , Ue are fixed integers dependent on e, we 
have 5 + c > > s — e, for m > me, n> Ue. It follows that 

s + € S hm 2 £ s - £, 

Tl'^OO Jl'^QO 

provided m> me. From this we deduce that < lim -f 26, and 

n'^oo 

2c, provided m> me, n > Tie. Now consider the values 
m = 1, 2, 3, ... me, of m; for each of these values of m for which 

has finite upper and lower finiits a value of n can be determined such that 
< lim s^„ + 2c, and s^n > ^mn ~ 2€, for this and all greater values 

n-wQo n~oD 

of n; it follows that a value rie, of n, can be determined so that these 
inequalities hold for all the values 1, 2, 3, ... me, of m, provided the upper 
and lower hmits exist. If rie be greater than both rie and Ue', we now see 
that between hm + 2c and hm — 2c, provided n> rie, 

n~<jo n'-w 

for all values of m, with the possible exception of a finite set. Since c is 
arbitrary, the necessity of the condition has been established. 

33. The preceding results may be applied to questions concerning 

m, n 

the convergence of a double series S as m and n are indefinitely 

m-l, n- 1 

increased. Denoting this finite sum by when the double limit 

lim 8„„ 

m~oo, n'^oo 

exists as a finite number 8, this number is said to be the sum of the double 
series, and the double series is said to be convergent, and to converge to s. 
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The terms of the series may be arranged in rows and columns, 

«!! -f- Oi2 + ^13 + + Clin + ... 

+ ftgi + flE-22 4- a'23 + ... + ttgn 4“ ... 


4“ 4* Cl ^2 "f" + ... 4- 

CCmn 4- ... 

which ha»s been defined in § 29 as a series of type cu^. The sum s^nn is that 
of the finite series 

«!! 4- ^12 4- ... 4- «in 
4- ^21 4- <7/22 4- ... 4- Cl2n 


+ O-WJI + a,„2 4- ... Omn^ 

If lim Sfnn is + GO or — 00 , the double series is said to be divergent ; 

m-^oo, n~oo 

if lim s^n does not exist either as a finite number, or as + oo , or — oo , 

m.'^co, n~oo 

the double series is said to oscillate. 

If we denote by upper and lower limits of indeterminancy 

of the series a^i - 1 - - + «mn + , which consists of the terms of 

the mth row of the given series when arranged in type we have 

^ (S„^n - where 8o,n = 0. 

If now the double series be convergent, from which it follows that 
lim lim ^ ^mn 

m~ao Ti'.-oo m'^oo n~ao 

exist and have equal values, it follows that 

lim - hm 

n-^oo n-^oo 

converges to zero as m oo ; it is then clear that “* must converge 
to zero as m ^ GO . It follows that, although it is not necessary for the 
convergence of the double series that the single rows should converge, 
it is necessary that only a finite number of the rows should diverge, or 
have infinite limits of indeterminancy. Further it is necessary that the 
difference between the limits of indeterminancy of the sum of the series 
consisting of the mth row should converge to zero as m oo . Similar 
statements may be made as to the series 4- ci 2 n 4- ... 4- a^mn 4- ... of 
which the terms are the constituents of the nth column, and of which 
the upper and lower limits of indeterminancy may be denoted by 
and 2/. 

If all the rows are convergent, we may consider the series 
Si 4” 2® 4“ ... 4* 2«i 4- ... 



33, 34] DouhU Sequences and Double Series 51 

obtained by summation first by rows and then by columns; and also, in 
case the columns are convergent, we may consider the series 

-f ^ 2 ^ -f ... -f -r ... 

obtained by summation first by columns and then by rows. 

The series 

®11 + ®12 "i" ®21 + ®13 + ^22 + ®81 4- ... 4- dm + ® 2 {n-l) 4" . . . H" d^i 4" • . . , 
which is of type a>, is said to be the diagonal series corresponding to the 
double series. If this series converges, its sum is said to be the diagonal 
sum of the given double series. 

The convergence of the two series 

2^ 4“ £2 4“ ... 4" £«, 4- ... , 4* £ 2 ^ 4- ... 4- £n^ 4^ ..., 

obtained respectively by summation first by rows and then by columns, 
and in the reverse order, does not necessarily involve the convergence of 
the double series ; the doable series may in fact be oscillatory. 

If the double series be convergent, and all the rows be convergent, 
lim lim s^^ must be equal to 5 , the double sum of the series, as has been 

n«-oo 

observed in § 30; and since = hm ~ n) follows that, if 

n~oo 

lim exists, so also docs lim But lim Sm exists, being equal to 

n-^co ri'^oo n~oo 

£ 1 ; hence, by induction, we see that lim exists for every value of m. 

n~ao 

We have clearly £l^-£ 24 -...+£m = therefore the series 

n~oo 

£1 4- £2 4 ••• 4- £m 4- ... converges to A similar result can be established 
for the series £ 1 ' *f £ 2 ' 4 ... 4 £«' 4 ... in case aU the series of columns 
are convergent. Thus it has been shewn that : 

If the double series be convergent y and if every row be convergent ^ the 
series of the sums of the rows must converge to the double sum. A similar 
statement applies to the columns. 

The double sum may exist when the rows, or columns, are not all 
convergent. 

34. In accordance with a theorem in § 29, if all the terms of a double 
series be positive, the existence of the double sum ensures that, when all 
the terms are arranged in a single series of any type, that series converges 
to the double sum. We have thus the theorem that: 

If all the terms of a double series are positive^ and the double series be 
convergent, then the series obtained by summation first by rows and then by 
columns, or in the reverse order, and the diagonal series, are all convergent, 
and converge to the double sum. 

It follows that all the rows and all the columns must be convergent. 
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A double series is said* to be absolutely convergent if the double 

series of which the terms are | | is convergent. It is clear that the con- 

vergence of the double series |a^^| involves the convergence of 
the given double series. For expressed as — Smi, where 

«5wn and Smi are both positive and monotone non-diminishing functions of 


m and n defined by 

/I \ m n 

s a (1 1 


and 

— 1 I' — 1 



fi — i i' -* 1 


The limits, as m -- qo , n cc , of s^h and s^n niust be both finite 
and cannot oscillate, for lim (s^l + ^ml) is finite and s^l are both 
monotone and non-diminishing; therefore lim — 5^^^) is a definite 

W'-'-oo, n~oo 

number. 

00 DO 

In an absolutely convergent series, both E | a^n I > ^ I ®mn I mnst 

n-l m-l 

be convergent, the first for all values of m, and the second for all values 
of w, since each is less than the double sum of S | | • It follows that all 

the rows and all the columns of the given series I^a^n are convergent. 
Therefore, in virtue of the theorem proved above, the series of the sums of 
the rows, and the series of the sums of the columns, must converge to the 
double sum. Moreover, in virtue of a theorem proved in § 29, it follows that, 
if the terms be arranged in a single series of any type, it is convergent and 
its sum is independent of the type. The following theorem has thus been 
established : 

1/ a double series be absolutely convergent, it is absolutely convergent when 
summed by rows and by columns, in either order, or when arranged as a 
diagonal series, or as a single series of any type ; moreover, in each case, the 
sum is equal to that of the double series. 

So far as this theorem relates to summation by rows and columns it is 
due to Cauchy. 

Moreover it can be shewn that : 

A dotible series is absolutely convergent if the single series is convergent, 
of which the mth term is the sum of the absolute values of the terms in the nUh 

TOW. 

For, if the series 

2 I ^in I + 2 I agn 1 -f 2 I I -f- ... 

n-l n-l n-l 

* It has been asserted by Jordan that there exist only absolutely convergent double series; 
see his Court (TAndlyte, vol. i, p. 302. This statement rests upon a narrow definition of the 
convergence of such series. 
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m,n 

is convergent, it follows that S | | is less than some fixed number, 

independent of m and n, and therefore that lim | ] must be finite. 

n'^oo 

Therefore the double series S | | is convergent, and consequently 

m,n 

00 

S convergent. Moreover, since S | | is absolutely convergent, 

m, n n - 1 

00 

2 Umn is convergent, so that the rows, and similarly the columns, of 

n-l 

the series are all convergent. It then follows from the previous 

theorem that the sum of the series is the same whether taken in either 
order by rows and columns, or in any other manner. 

Thus, for a series in which any one of the sums 

OOyOO 00 OO 00 CO 

2^ |amn|. 2 S £ S j a„„ [, 

^ {| ®ln I + I !+••• + ! ®nl \} 

n-l 

is known to exist, any one of the four equations 

00.00 QO 00 00 QO 

^ ®mn ” 2 2 a^n — 2 2 

m-l,n-l m-ln-l n-lm-1 

00 

^ {®l,n + ®2. n-l -f“ ... -f ®n.l} “ ^ 
n-l 

implies the other three. 

35. The theorems of §§ 31, 32 can be applied to the consideration of 
double series which are not absolutely convergent. 

Since S^n = (®11 + ^^21+ ••• + ®ml) + {®12 + ®22 + ••• + ®m2) 

+ ... -f (dm + Ugn + ... + a mn)» 

the sum of the infinite series 

(Uii + Ugl + ... -f- d^i) -f (ai2 + «22 + ••• + ®m2) + ••• 

when it exists is lim If sufficient to consider the case in which these 

n—oo 

series are all convergent, except possibly a finite set of them. We have 
then the following theorem : 

If all the series 

(ttii + U2I + ••• + ®ml) + (<^12 + <^22 + + ®m2) + 

are convergent, except possibly for a finite set of values of m, the necessary 
and sufficient conditions for the convergence of the double series 2a„»„ are 
(1), that the sum of the above series should converge to a definite number, as m 
is indefinitely increased, and (2), that all the above series except possibly a 
finite set should converge uniformly with respect to m. 
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The series when summed by rows and columns, and by columns and 
rows, may be convergent, and may have the same sum in both cases, and 
yet the double series is not necessarily convergent, A convergent double 
series which is not absolutely convergent can be replaced by a new series 
which diverges, or oscillates, and is such that each term occurs in a 
definite place in the new series, and that no terms occur in the new series 
which do not belong to the original one. This can be proved in a similar 
manner to the corresponding theorem for simple series. A general type of 
non-absolutely converges double series has been given* by Hardy. 

36. With a view to the investigation of the diagonal series correspond- 
ing to a double series, the following theoremf will be established: 

I I ihcm a fixed positive number g, for all values of m and n, 

and if Hm hus a definite value s, then 

ni'^ao,n~oo 

lim = s. 

n~oo U 

We have 

r-n r-p r-^n-p r-^n 

^ ^ n-r+1 ^ n-r+1 '■* ^ n-r+1 ^ 

r-1 r-1 r-»-jp + l 

where 1 < p, and n>2p-\-\. If € be an arbitrarily chosen positive number, 
p and n may be so chosen that | — 5 | < c, for 

r = p + 1, + 2, ... , n - p; 

thus the second term on the right hand side of the equation is numerically 
less than (n — 2p) e. The sura of the first and third terms is numerically 
less than 2p {,7 -f | 5 |}. It follows that 

) 6 + J {? + I s 1). 

Keeping p fixed, and letting n increase indefinitely, we see that the 
expression on the right hand side converges to c ; and since e is arbitrary, 
the result stated in the theorem follows. 

It is easily seen that 

^l,n + ggtn-l ••• -f- ^n,l ^ 

n n ' 

where denotes the nt\i partial sum of the series 

+ (®12 + <*^ 21 ) -f ... 4- (Uin 4- ... 4* Unl) + *•• 5 
therefore, if the limit of one of those expressions exists, that of the other 
also exists, and their values are identical. If now the diagonal series 
is convergent, in accordance with the theorem of § 27 the second of 
these limits exists and has the value of the sum of the diagonal series. 
Since the first of the above limits then exists, and has the same value, 

♦ Proe, Land, Mcdh, 8oc, (2), vol. r (1903), p. 124. 
t See Pmg8heim, SiUsungsher. MUnch, vol. xxvn (1900), p. 123. 


I ^l»n + g2,w-l 4- ... 4- ^n,l 


n 


< 1 


n 
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it follows that the sum of the diagonal series is the same as that of the 
double series, provided the conditions of the theorem are satisfied. If the 
diagonal series could diverge to + ^ , or to — oo , then {S-^ + /S'2 + • • • + ^n)/^ 
would diverge to -h 00 or to — qo , and this would be inconsistent with the 
convergence of the double sum. Thus the diagonal series cannot diverge, 
but may oscillate between finite or infinite limits. The following theorem 
has thus been established ; 

If the convergent double series S of which s is the sum, is such 

w =l.n-l 

that I I is less than a fixed positive number, independent of m and n, 
then the diagonal series cannot diverge, but must be either convergent or 
oscillating. In case it converges, its sum is the same as that of the dauble series. 


EXAMPLES. 

(1) Lot Sjnn ~ {mrf^ + where p ^0, q> 0. In this case lim 

n~QO rri'^ao 

do not exist as definite numbers, but the three limits 

lim lim .Vn» ^mn 

m-^oon^oo m~QO m'^oo,U"-ao 

all exist, and are zero. In this case lim i , lim - ^ and oscillates 

n'^'oo ^ 

uniformly for all values of m. 

1 


(2) Let 


1 + (m - n)‘^' 


In this case the repeated limits both exist, and are zero; 


but the double limit does not exist. A similar case arise-s if — 


/OV T . (-1)”+^ /2”‘-l . 2'«-l , 

(3) Let 2’'‘ have^2^a„„ = sm tt, and the senes 

1 TT 

2 sin - — — TT is also convergent, since the general term is less than . But each of the series 

m —1 " 

00 

2 a„j„ is non-convergent, and consequently the double series is not convergent. Although the 
m - 1 

00 XI 

series 2 a^n converge uniformly with respect to m, for m > 1, the series 2 
n-1 ' n-l 

00 

2 («!„ + ... do not converge uniformly. 

n-1 

(4) Let* amn ~ -7 - r, — . In this case the sum of the double series oscillates between 

the limits J log 2-^g and J log 2+;j^. The repeated sums are both equal to } (log 2- J); 
and the diagonal series oscillates between -f 00 and - 00 . 


(6) Consider* the double series 

+ (<Xo + ^0) + (®1 “ ^0) + «2 + ®3 + ®4 "+■ ••• 

+ (- Uo + bj) + (- tti ~ bj) ~ a^- a^- - ... 

+ 62 “^2 +0+0+0+.. . 

+ 63 -63 + 0 + 0 + 0 + ... 


See Bromwich and Hardy, Proc, L<md. Math. Soc. (2), vol. n (1904), p. 175. 
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The double sum is in any case zero; but the gums of the first two rows are not convergent 
if does not converge. The diagonal sum is lim if this limit exists, and it will 

n~ao 

GO 

otherwise be oscillatory. The series 2 (a,„ + a^n + ••• + ®mn) s^re uniformly convergent, 

w * * * § 1 

when the series corresponding to m = 1 is omitted, in case that series is non-convergent. 


(6) Shew that the series 2 ig convergent whenever 2 is convergent. This 

+ n n-1 

theorem is due to Hilbert. Hilbert’s proof was outlined by Weyl*; other proofs have been 
given by Wienerf, Schur J, and Hardy §. The last deduces it from the theorem that, if 2 

n “1 


is convergent, then 2 I 


is convergent; where - 


Ct. + tto + ... + dm 


This last theorem is a particular case of the more general one that, if k> 1, and 

2 is convergent, then 2 ( ) is convergent. 
n»i n=-l \nj 


THE CONVERGENCE OF THE CAFCHY -PRODUCT OP TWO SERIES. 

37. Let US consider the two series 

(I 2 -{■ 4" fl-n “t" •••> 

^2 4" ... 4- 6,1 4 - ..., 

and let the series 4- Cj 4- ... 4- c„ 4- ... be formed, where 

Cj = C 2 ~ (i\h 2 4" c„ == dih^ 4" ^ 26 ^ 1—1 4“ ... 4" 

then the last series may be termed the Cauchy-product series of the 
first two. 

It is clear that the series S is the diagonal series corresponding 

n - 1 

to the double series S where Also 

«i>. l.n - 1 

m,n 

^ ®wn ~ > 

wi” l,n-l 

where 8^,^^ denote the with and nth partial sums of the series S a,», E 

n-l n-1 

respectively. 

00 00 

In case both the series S a„ , E 6 „ are convergent, having s and s' 

n-l n-1 

for their respective sums, we see that the double series S is 

convergent, its sum being ss', but it does not necessarily follow that the 
diagonal series is convergent. It can, however, be shewn that the diagonal 
series cannot diverge, but must either oscillate or converge. For it has 

* Inaugural dissertation, Singuldre Integralgleichungerit Gottingen (1908), p. 83. 

t Math, AnnaUn, vol. Lxvin (1910), p. 361. 

t CrdWa Journal^ vol. CXL (1912), p. 1. 

§ Malh, Zeitachr, vol. vi (1920), p. 314; also Messenger of Math. vol. XLVm (1918), p. 107. 
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been shewn in § 36 that, S„ denoting the »th partial sum of the series 

a I o 1 4- 

we have lim ^ == s s'; and if the series were 

n~oo ^ 

divergent, the limit on the left hand side would be + qo or — oo , which is 
not the case. 

Cl* 1 • A *1* ••• 

Since, when Sc„ is convergent, its sum is lim 

we obtain the following theorem due to Abel : 

In case the three series Sa, S6, Sc are all convergent, the sum 8 of the 
series Sc is equal to the product ss' of the sums of the series Sa, S6 . 

Moreover it follows that : 

If the series T,a,Tib are convergent, the series S c has for its Cesd/ro sum 
the product ss'. 


38 . In case the series Sa, S6 are both absolutely convergent, the 
series Sc is also absolutely convergent, and its sum is the product of the 
sums of the two former series. This follows at once from the theorem of 
§ 34 , that an absolutely convergent double series S a^bn is such that, 

m,n 

when arranged as the diagonal series Sc^, it is still absolutely convergent, 
the sum of the diagonal series being equal to the sum of the double 
series. 

This result, which is due to Cauchy, is included in the following more 
general theorem due* to Mertens: 

In case one at least of the two convergent series Sa, S6 be absolutely con- 
vergent, the Cauchy -product series 11c is convergent, and its sum is ss', the 
product of the sums of the two given series. 

To prove this theorem, we have 

— (®i 4“ + ^n) (^1 4" ^2 4" ••• 4- bn) “ ^2^n ” ^3 i^n 4" C^n-l) ”“ • • • 

— bn {an 4- an-i 4- ... 4- aj) 

“ ““ ^2 i^n ~~ ^n-l) ■“ ^3 (^n ” ^n~2) “ ••• ~ i^n ~~ 

and therefore 

I iSf,, - 55' I ^ I SnSn' - 55' | + | 6 ^ | | 5,, ~ 5,,_i | ^- | 63 | ] 5,, - 5„_2 | 

4- ... 4- I I I 5„ — 5i I . 

Let m be an integer < n, and so great that 

j I > 1 j > ••• | ^n-1 | 

are all less than a fixed positive number 77 ; it is clear that n may be taken 
so large that the integer m exists, and that this holds for all greater values 
of n. We have then 

1 - 55 ' I < I SnSn — 55 ' I 4- 77 {| 62 I 4- 1 63 I 4- ... 4- I bn-rn +1 |} 

4" j ^r»-l j 1 ^n—m+i 1 4" | 5„ ^m-2 | | rn+3 | 

4- ... 4- I — 5i I I ftn I • 

♦ CrdU^a Journal, voL lxxix (1876), p. 182. 
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Let it now be assumed that the series is absolutely convergent, and 
let Sn be the nth partial sum of the series S | 6 | . The numbers 

I ^m-1 I > I ~ ^wi-2 | > • • • | | 

are all less than some fixed number A, independent of n and m. We have 
accordingly 

1 - .S.?' I < I -SS'\ +7) (Sn-m+l - ^l) + -4 (i;„ - 

The numbers m, n can be so chosen that | — 55' | < 0, and that 

I S„ — Sn-m+i I < where 6, 6' are arbitrarily chosen positive numbers; 
if this be done, we have 

I - 55 ' I < 6 ^ + 7 / 7 ? 4 - e'A, 

where B is some positive number independent of m and n. Since 6, 7/, 6' 
are arbitrarily small, provided n is sufficiently large, | — 55' | is less than 

an arbitrarily chosen positive number. Therefore the series Sc converges 
to ss'. 

When both the series Sa, S6 are non-absolutely convergent, their 
Cauchy-product does not necessarily converge. Classes of cases in which 
the Cauchy-product of such series is convergent have been studied by 
Pringsheim*, Vossf, and CajoriJ. 

THE CONVERGENCE OF INFINITE PRODUCTS. 

39. Let Ui , Ug , . . . . denote a sequence of positive numbers, none of 

which are zero, and let the product ... be denoted by . If have 
a definite limit P, as 71 ^ oo , and P^O, the infinite product ... ... 

is said to be convergent, and to converge to the value P. In case lim 

?l~eo 

has the value zero, the infinite product is said to diverge to zero. The 
infinite product is also said to be divergent in case lim or P, is 4 - go . 

n~ao 

In case lim jp„, or P, oscillates between limits of indeterrninancy, one of 

n<^oo 

which may be -h «> , the infinite product is said to oscillate. 

Since logp^ = loga^ 4- logag 4- ... 4- loga„, it is clear that in case 

Pn has a definite limit P 0), log P is the limiting sum of the series 

S log an . But if hm pn == 0, the series S log is divergent. It thus appears 
»~00 

that the question of the convergence of an infinite product is reducible to 
that of the convergence of a series. The parallelism between the cases of 
an infinite sum and an infinite product is made complete by the convention 
that when Hm = 0 the infinite product is to be regarded as diverging 

n-^oo 

to zero. 

* Math. Annakn, voL xxi (1883), p. 327; see also vol. xxvi (1886), where Pringsheim has 
considered the Cauchy-product of the trigonometrical series, 
t Math. AnndUnt vol. xxiv (1884), p. 42. 

X New York BuU. (2), vol. i (1895) and Amer. Joum. of Math. vol. xv n893), p. 339, and 
vol. xvin, p. 196. 



59 


38 , 39 ] The Convergence of Infinite Products 

The theory of infinite products may however be developed indepen- 
dently of that of infinite series; and this has been carried out in detail by 
Pringsheim*. A short account of this theory will be given here. 

If lim have a value P 0), the following two necessary and suffi- 

n~oo 

cient conditions are satisfied : 

\Vn\> 9 ^ where g is some fixed positive number, and w == 1, 2, 3, 

I Pn+m — Pn 1 < whcrc € is a prescribed positive number, provided 
n ^ Tie, an integer dependent on e, and m = 1, 2, 3, 

These conditions (a) and {h) may both be included under one condition 
(c). Thus: 

The necessary and sufficient condition that should converge to a definite 
number P 0) is that 

7 ) 

(c), — 1 <^77, where rj is an arbitrarily chosen positive number, 

Pn 

for n ^ n,^, a number dependent upon rj, and m — 1, 2, 3, 

When (a) and (b) are both satisfied, it is clear that (c) is satisfied; and 
thus the condition (c) is necessary. 

In order to shew that it is sufficient, we see from (c), taking 77 < 1, 
that I p„ I lies between (I 77) [ | and (1 — 77) | p„^ | , for all values 

of n that are > n,, . Thus, since | p^ j is, for all values of n, with the possible 
exception of those of a finite set, greater than the fixed positive number 
(1 — 77) I Pn^ I , and less than the fixed positive number (1 + 77) | Pn^ | , 
it follows that | | is greater than some fixed positive number g, and 

less than a fixed positive number G, for all values of n. Thus the 
condition (a) is satisfied. Also, from (c) we have 

lPn-PnJ<vlPnJ, 

for all values of n > r?,,. 

We have now, for n^n^^, | p^ —Pn^ \ < Ot] < Je, if 77 be chosen to be 
le/G. From this it follows that \ Pn-^m — Pn\ < for and 

m = 1, 2, 3, ...; thus the condition (6) is satisfied. Since the conditions 
(a) and (6) are both deducible from (c), it follows that the condition (c) 
is sufficient for the convergence of the product. 

Let m = 1, then the condition (c) shews that | a^^-^ ~ 1 | < 77, and 
thus, since 77 is arbitrary, we have lim (a„ — 1) = 0. Writing = 1 + c„, 

n~oo 

we have lim c„ == 0 ; and it is consequently convenient to consider the 

n'^co 

product in the form (1 -h cf) (1 -f c^) ... (1 -f c„) ... , where lim c„ = 0 is 

n-^oo 

a necessary condition for the convergence of the infinite product. 

* Math, Annalen, voL xxxm (1889), p. 119. 
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It is clear that we may so far relax the condition that 1 + c„ be positive 
for all values of n, as to admit the case in which it is negative for a finite 
set of values of n. Those factors for which this is the case may be removed 
without affecting the convergence or divergence. 


40. // ^ 0, for every value of n, it is necessary and sufficient for the 

convergence of the infinite products 

(1 -f «i) (1 -f ^ 2 ) (I + ^ 3 ) ••• (f + ®n) ••• > 

(1 - af) (1 - a^) (1 - af) ... (1 - aj ... , 

00 

that the series should he convergent. 

1 

Consider first the product (1 4- aj) (1 + 02 ) (1 + •••• We have 

> 1 -f «! + ^2 4- ... + CL and consequently must converge to a 
value less than P, the limit of p ^ ; thus the condition is necessary. 


Again 


00 . 


= (1 + On+l) (1 + «n+2) ••• + ®n + m) 

n+m / n+m \2 / n+m \in 

<14“ 2 u^4"( 2 ny|4“...4~( 2 

r-n+l \r-n+l * \r««n+l / 

n+w 


If S a^ is convergent, n may be so chosen that S a,. < e, for all 

r-l r-n+1 

values of n\ thus 


_ 1 < e 4 . ^2 4 . ... + < 2 f, 

Pn 1 - e ’ 

provided € be chosen to be < ^. Since this holds for all sufficiently large 
values of n, and since € is arbitrarily small, it follows that p^ converges 
as n 00 . 


Consider next the product (1 — aj) (1 — ag) ••• (f — <^n) •••• will be 
assumed that a„ < 1, for all values of n, for if the product be convergent, 
this condition will be satisfied if a finite set of terms is removed, and if 

00 

2a„ is convergent this is also the case. 

1 


We have then 


(l_a,)(l-a 2 )... (1-aJ 


> (1 4 - a^ (1 4- a^ ... (1 4- On) 

> 1 4- Uj 4- U-2 * • * "i" • 


If the series is divergent, we therefore have 

lim (1 ~ aj) (1 - af) ... (1 - aj - 0, 


and the product diverges to zero. Therefore it is necessary for convergence 
of the product that the series 21 should be convergent. 


Next, if San is convergent, n can be so chosen that 

^n+l ^n+2 ■f' ®n + rrt 
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for m = 1, 2, 3, ; and 

(1 — (f ®n+*) > 1 — ((i'n+1 ^n+2)> 

(1 ~ <3^n+l) (1 “ ®n+2) ^n+z) > 1 “ (^n+1 + ®n+2 + ^n+z)* 

and generally 

(1 — (l„+i) (1 — Cifi^z) ••• (1 ~ ®n-f-»n) > 1 — {^n+1 + ••• + ®n + w) > 1 — 

and therefore 

I (1 - (1 “ ••• (1 - «n + m) “ 1 | < e. 

The condition for the convergence of the product is therefore satisfied. 
The condition that Ea„ should be convergent has thus been shewn to be 
sufficient for the convergence of (1 — a^) {I ~ a^) 

41 . It can be shewn that if a^^O, for all values of w, and the order 
of the factors of the product be rearranged, in accordance with any 
prescribed law, the type of the infinite product being unaltered, then the 
new infinite product converges to P, the limit of the infinite product in 
the original order. When this is the case for any infinite product which 
converges, the product is said to converge unconditionally. 

Let pn' denote the product of n factors when the new order is taken. 
Let the factors 1 + «!, 1 + 1 -h occur in p^ ; thus 

Pn ^ PmQm. where p^,, = (1 + a^) (1 + a^) ... (1 4- a„,), 
and denotes 

(1 + Ua,) (1 4- UaJ ... (1 -I- whcrc aj < ag < ... < 
thus . It is clear that, a,s n oo ^ also tIj oo . 

Now ^(14- aa,) (1 4- (1 4- ... (1 4- aa„^) 

Pa,_l 

The integer n can be chosen so large that n^ is sufficiently large for the 
inequality - — 1 < e to hold, provided w' ^ rii . It then follows that 

^ 1 4- €; and therefore jp„' hes between p^^ and Pn^{l 4- e), provided 
n is sufficiently large. Since e is arbitrary, it follows that lim p^ = lim Pm- 

It has thus been established that: 

// Oi, ^ 2 , ... ... are all ^ 0, and the infinite product 

(1 4- ^i) (1 4- ... (1 4- fltn) ••• 

is convergent, which is the case when H^a^ is convergent, then the convergence 
of the product is unconditional, 

42. When a^, a^, ,,, are not all positive, the infinite product 

(1 4* ai) ... (1 4- ««) ••• convergent if the product 

(1 4- I I) (1 4- 1 ttg I) ... (1 4- 1 an I) ••• 
is convergent, that is if H | a„ | w convergent. 
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The converse of this theorem does not hold good ; thus 
(1 4- di) ... (1 + CLn) ... 

may be convergent whilst (1 + | |) ... (1 -f* | I) ••• is divergent. 

To prove the theorem, we have 

(1 4- (1 4- an+ 2 ) ••• (1 + — 1 — + ®n+2 + ^n-hl<^n+a + 

hence 

I (1 + ttn+l) (1 + a^+a) ••• (1 + ttn+m) “ 1 1 

- I I + I «^«+2 I 1 <^n+l«n+2 I + ••• 

^ (1 4- I ttn+l 1) (1 + I ^n+2 I) ••• (1 + I ^n+m \) ~ ^ 

< 

for all values of n that are sufficiently large, and for m = 1, 2, 3, ... . Thus 
the condition of convergence of the product (1 4- a^) ... (I 4- cl^) ... is satis- 
fied. In particular, ii a^, ,,, are all positive and 

(1 4- Ui) (1 4- ••• (i + ®n) ••• 

is convergent, so also is 

(1 __a^) (1 ... (1 -aj ... . 

The convergence of the product (I -I- a^) (I + 02 ) ••• (i + ^n) ... is said 
to be absolute, in case the product (I + | |) (1 + | ^ 2 1) (i + I |) ••• 
is convergent, which is the case if the series D | | is convergent. 

It can be shewn that : 

An infinite product which converges absolutely is also unconditionally 
convergent, and conversely, if the convergence is unconditional it is absolute. 

Let pn, Pn denote the product of the firvSt n factors in the original and 
the new orders. Choosing any value of n, a greater value n^ can be so 
chosen that all the factors in p^^' are contained in p ^^ ; we can regard n^ 
as a function of n. If p ^ , Pn ^^re the corresponding products when | | 

is taken in each factor instead of , we see that all the factors in are 

contained in . Since ^ — 1 consists of the same terms as ~ 1, but 
Pn Pn 

with all the terms positive, we have 

Pni 1 I < Pn, 1 

Pn I Pn 

Since p^* ^ pf we have 

I Pnx Pn I = Pnx ”” Pn • 

On account of the absolute and unconditional convergence of 
(1 4- I 0-1 1) (1 4 - I a^ |) ... , 

we see that | — p^' | < c, for all sufficiently great values of n. Now p^^ 

differs from p by less than c, if n be taken sufficiently large, hence p^ 
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differs from jp by less than 2€, for all sufficiently large values of w, and 
thus lim Vn • The convergence of the absolutely convergent 

H'-^OO 7l'»-00 

product has thus been shewn to be unconditional. 

Next, let it be assumed that the product converges unconditionally. 
Let those factors for which a„ = 0 be denoted by 

1 ~l“ 1 ~f" ^2 5 •••) 1 > *••> 

and those for which a„ < 0, by 

1 c j , 1 C2 ) • • • j 1 Cg , .... 

By hypothesis the product 

(1 + (1 + 6,) ... (1 + K) (1 - c,) (1 - c,) ... (1 - c.) 

converges to a definite number p, when to r and s are assigned the corre- 
sponding values Tn, 6*„ in any two divergent increasing sequences rg, ... 
and 6*1 , ^2 , . . . ; the number p being independent of the particular sequences 
chosen. If (1 -f ^1) (1 f 62) ... (1 +6,.) diverges as r co , it is clear that 
(1 — Cj) (1 — C2) ... (1 — c,) diverges to zero as 5 — 00 , for otherwise the 
product (1 + ^i) ... (1 -f- 6y) (1 — Cj) ... (1 — Cg) could not be convergent; 
and thus both the series are divergent. When this is the case, it 

can be shewn that sequences of values of r and 5 can be so chosen that the 
product converges to any assigned value A which may differ from p, and 
thus the given product is not unconditionally convergent. Let be the 
smallest value of r such that (1 + (1 -h 62) ... (1 + > A, and the 

smallest value of s such that 

(1 + b,) (1 + 62) ... (I + M (1 - c, ) (1 - Cg) ... (1 - CgJ 
is < ^ ; then let rg be the smallest value of r such that 

(1 + b,) ... (1 + (1 - c,) (1 - cg) ... (1 - > A, 

and 52 the smallest value of s such that 

(1 + 61) ... (1 + 6J (1 - Cl) ... (1 - cj 
is < u 4 . Proceeding in this manner we obtain a sequence of the numbers 
(1 + 61) (1 + 6,) ... (1 + bj (1 - Cl) (1 - c,) ... (1 - cJ, 

where n = 1 , 2 , 3 , 

The ratio of 

(1 + b,) (1 + 62) ... (1 + bj (1 - €,) (1 Cg) ... (1 - cJ 
to A is less than 1, and greater than (1 — c,^). Since converges to zero 
as n ^ ao , on account of the convergence of the product, it follows that 
the ratio converges to 1 ; hence a sequence of products has been obtained 
which converges to the arbitrarily chosen number A. This is inconsistent 
with the assumption that the product converges to p^ whatever sequences 
of values are assigned to r and s. It follows that the product 

(1 + b,) (1 + 62) ... (1 + 6,) ... 
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is convergent, and thus that the series 26^ is convergent. Also 

must accordingly be convergent, and consequently the series Sc, is con- 
vergent. It now follows that the product (1 -f a^) (1 -h a 2 ) ... is absolutely 
convergent, since S | a„ | = S6„ 4- Sc„. It has thus been shewn that an 
unconditionally convergent product is also absolutely convergent*. This 
is the analogue of the theorem of § 25. 

It follows from the above theorem that, if is ^ 0 for all values of n, 
and the product (1 — a^) (1 ~ ag) ... (1 — a„) ... is convergent, then the con- 
vergence is unconditional. 

By a modification of the process in the above proof it can be shewn 
that the terms of a conditionally convergent product can be so arranged 
that the new product either diverges, or so that it oscillates with assigned 
limits of indeterminancy, as in the case of conditionally convergent series 
(see § 26). 


43. The following theorem will be established, which is due to Cauchy f : 
If the series is conditionally convergeyit, then the product 
(1 + aj) (1 -j- a^ ... (1 -f a„) ... 

is convergent, or diverges towards zero, according as the series is con- 
vergent or divergent. 


Employing Maclaurin’s theorem (§ 142) we have 

log (1 + a„) = a„ - — - where 0 < ^„ < 1. 

Hence S log (!+«„)= S a„ - ^ S 


a ^ 

If a„ be positive ^i^d if be negative, it must, except 

possibly for a finite set of values of to, be > - 1, so that 

1 + e„a„ > 1 + a„>g, 
a ^ a ^ 

and thus In case 2a„2 is convergent, it is now clear 

[1 “h t7„a,j g 

a 2 

that 2 ^ ^ is convergent, and it then follows that 2 log (1 a n) 

is convergent, and thus the product (1 4- a^) (1 -f (Xg) ... is convergent. 

* The proof of this theorem given by Pringsheim in Math. Annalen, vol. xxxiri (1889), p. 140, 
oon tains a hiatus. He argues that, if an unoonditionally convergent product is split in any manner 
into two such that lim = U, when , n, diverge to infinity independently of one 

another, then | I <^» if ^ »* ^ This amounts to the assumption that 

converges to U, not only for all pairs of sequences of values of and n„ but alaottai/orf)i/;y 
for aU such pairs of sequences; that this is the case does not appear to be immediately obvious, 
t Conrs d" Analyse algdbrique (1821), p. 663. 
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We have also, when is divergent if a„ is positive, 

(l+Mnf>(r+'a;)^ 
where !+«„<(?, for all values of n. Since a„ must be positive for an 

d ^ 

infinite set of values of n, it follows that 1. , , " ,, is divergent, and 

(1 + dna^Y 

therefore the series Slog(l4-a„) diverges to — oo , and the product 
(1 +a,)(l + ttg) ... diverges to zero. 

It is clear that, if is convergent, the series S log (1 + and 

therefore also the product (1 + ^i) (1 ^ , oscillates or diverges in case 

the series 21 a„ oscillates or diverges. 

A proof has been given of the above theorem by Pringsheim, in which 
the series of logarithms arc not employed {loc. cit. p. 150). 


EXAMPLE. 


If a > 0, the product + 2 ) w) product 


are both divergent, since 2 is divergent. 

n - 1 


The series 2 jlog ( 1 + 


a\ a| 




is convergent, as has been shewn above; thus 


(-9 ‘-{-9 
1 1 1 

ice + 2 + ^ 


") 

71 / 


1 + - ) e ^ 


converges as m ~ 00 . Since ^ ^ ^ converges to a fixed number (7, it 

r,\ / / 

follows that n~“ ( 1 + 

The product , , ^ . v 

(a + 1) (a + 2) ... (a + n) 

to be the Gaussian function n (a). 


n" n ! 


is convergent, 
is accordingly convergent as n ~ 00 ; it is defined 


THE SUMMABILITY OF SERIES. 

44. Various definitions have been introduced in recent years of what 
may be termed the conventional sum of an arithmetic series. Such a con- 
ventional sum should satisfy the consistency condition, that its value for a 
convergent series coincides with the ordinary sum of the series, whilst the 
conventional sum should have a definite value for oscillating series 
belonging to some class wider than, but including, the class of convergent 
series. The value of the introduction of such conventional sums will be 
clearly exhibited when we consider the case of series of which the terms 
are functions of a variable, as for example, in the case of Fourier’s 
series, or in that of power series. 
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Assuming that the consistency condition is satisfied by a particular 
conventional sum of a series, the utility of such conventional sum will be 
affected by the fact of its possessing or not possessing various simple 
properties which appertain to the ordinary sums of convergent series. 
Examples of such properties are the following: 

i u,. -f E ^ I (a. + 

ri=l 71 “1 n = l 


oo oo 

A: E = E ka^ 

n " 1 w *“ 1 

0 -\- di (i^ -T d I a 2 -f- U3 -h ...) 

+ <^2 -f* ... ~ Uj -f- {d^ ^3 4 " ...). 

It can be seen that all these properties hold good for the conventional sum 
as defined by Cesaro, which will be considered here, but the last of them 
is not necessarily satisfied* in the case of Borel’s definition (§ 46); for it 
can be seen that the series of which is the first term may be summable, 
but not that of which d^ is the first term. None of the conventional sums 
have the property denoted by 

di ■+' ^2 4 U3 + ... ~ (ci\ 4 - <^2) 4 - (U3 -f- ^4) - 1 - ... ; 
which holds good for the ordinary sums of convergent series. 

The simplest definition of a conventional sum of an arithmetic series 
is that involved in the summation by arithmetic means, which has already 
been treated in some detail in §§ 27, 28. This definition has been extended 
in two different manners by Holderf and by CesaroJ. Taking Holder’s 

method first, let -4. be denoted by 

n 


( 2 ) (&) 
be denoted by /in ; and generally let denote 

- 1 ) 






"4 ^ n 


n 

(k) 

where k is any positive integer. In case lim has a definite value, for 

n~oo 

some integral value of k, the series E is said to be summable in accord* 

n - 1 

ance with Holder’s definition, of order k, or to be summable (H, k), and 

(A:) 

the value of lim hn is said to be the sum (H, k) of the series. 

ri'^oo 


Ces^ro’s own extension of the method of arithmetic means is as follows : 
Let be denoted by let 5 4 - « 2 ^^ 4- ... 4- be denoted by 5^ and 
generally let 8i~^^ + -i- ... 4 - «n be denoted by Sn\ for each 

positive integral value of k. 


* See Hardy, Camb. Phil. Trans, vol. xix (1904), p. 300. 

t Math. Annalen, vol. xx (1882), p. 536. % Bulletin d. Sc. Mat. vol. xiv (1890). 
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Let 
k, lira 


= sjf*; then if, for some positive integral value of 

has a definite value, the series is said to be summable (C, k). 


71-^00 

that is to be summable l>y Ces^ro’s method of order k ; the sum (C, k) of 
the series is then taken to be the limit of (7^^ , as ?i oo . 

It can easily be shewn by means of the theorem given in § 6 that, 

* (fc) 

when the series is convergent, so that lim cS„ -- s, both lim and 

U'^cc 

(k) 

lim hn exist, and have the value s. 

«'N-00 

^ -r (k) ^ 1)! (fc-l) 

hor, if «n -= 1 _ 1) ! ’ ^ 

Pn ~~ Pn-i - __ Y) ! • converges, as n ^ cc ^ so also 

does Cn\ and the two limits are the same; letting k have the values 
r, r ~ I, ... I, successively, we see that if (7^ ^ converges, so also does (7^^ 
and both have the same limit. 

Again, if - n, we have «„ - a,,-! -- - Ai-i ^ i 

and thus, if converges, as n oo , so also does }in \ ^nd the two limits 

are the same; letting k have the values r, r — 1, ... 1, successively, we see 
that if h^n \ or converges, so also does }in \ and the two limits are the 
same. 


It was first shewn by Knopp* that a series which is summable (//, k) 
is necessarily summable (6^ k). The converse was established by Schneef 
and by FordJ. The simplest proof of the complete equivalence of the two 
definitions of summahility of order k is that given by Schur§; this will 
be given in a modified form in § 55. A proof has also been givenjl by Hahn. 
In view of this complete equivalence it is unnecessary to consider any 
further Holder’s method. The method of Cesaro, in an extended form, in 
which k is not necessarily a positive integer, will be dealt with below. 


45. Another method of summation was introduced by M. Riesz. Let 
[n] denot/e the greatest integer less than a positive variable n, and let A (n) 
denote a positive monotone function of n, which diverges to oo with n. 



then, if has a definite limit as the continuous variable n is increased 

♦ Gremwerte von Reihen bei der Anndherung an die Convergenzgrenze, Inaugural Dissertation, 
Berlin, 1907. 

t Math. Annalen, vol. Lxvn (1909), p. 110. 
t Amer. Joum. of Math. vol. xxxn (1910), p. 315. 

§ Math. AnnaleUf voL Lxxiv (1913), p. 447; see also a memoir by Knopp in the same volume, 
p. 469. 

!1 Monatshefie f. Math. u. Phyaik, vol. xxxra (1923), p. 135. 
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indefinitely, the series + ... is said to be summable {R, A, r), 

or summable by Riesz’s method of order i . The order r is not necessarily 
a positive integer ; but may have any value > 0. 

The simplest and most important case of Riesz’s method is that 
which A (n) ^ 7i; in this case 

w »• 0 V ^ / 


if has a definite limit as the continuous variable n is indefinitely in- 
creased, we shall say that the series S Un is summable (R, r ) ; r denoting 

n = 0 

any positive number. It will hereafter be shewn (§ 58) that this method 
of Riesz is completely equivalent, for positive values of r, to that of 
Cesaro, when the latter is extended to include non-integral values of 
r. Another important case of Riesz’s general method of defining a 
conventional sum is obtained by taking A (n) = log^n. Riesz’s method 
has received an important application* to the case of Dirichlet’s series 
S or more generally to the series E a^e-^n^ where Aj, Ag, ... is a 

n“ 1 ^ ^ n- 1 

diverging sequence of real increasing numbers. 


46. A general modef of defining conventional sums of a series depends 
upon a principle which may be stated as follows : 

If a repeated limit of a function of two variables has a definite value X, 
but the repeated limit taken in the reverse order has no definite value, it 
may be agreed to consider X as the conventional value of the second 
repeated limit, A method which was employed by Poisson in connection 
with certain series may be considered as an example of this method. Let 
us consider the repeated Umits of 

Uq -h u^h -h -f ... + Unh^y 

where 0^ h < 1 , as a function of the two variables n and k. It may happen 
that the series Uq u^h + , . , . is convergent for 0 ^ ^ < 1, 

and has S (h) for its sum ; thus 

S (h) = lim {uq + u^h -f + ... 4- Unh^). 

If S (h) converges to a definite number 5, as ^ 1 , we have 

8 = lim lim (Uq -f u^h -f -t- ... -f- u^h^). 

It may happen that the series Uq ... is not convergent, so that 

lim lim -f -h ... -f 'Wn^”) 

has no definite value. In that case s may be regarded as the conventional 
Poisson sum of the series -{■ + .... 

♦ See the Cambridge tract by G. H. Hardy and M. Bieaz on The general theory of Dirichkte 

seriest p. 21. 

t See Hardy, Quarterly Journal, vol. xxxv (19CNi), p. 22. 
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As another example of the principle, the conventional value of 
lim lim f f (*, n) dx, or lim [ / {x, n) dx, 

ri'^oo J 0 n~<JO 0 

fh 

may be taken to be the value of lim lim / (x, n) dx, assuming that this 

ft~oo n~QO J 0 

latter repeated limit exists. 

If / {x, n) = e-* (a^ + a, + . . . + a„ * 

f X ot^ x^\ 

we have j^e~=‘[a(, + a, j7 + ® 2 ^ + 

~ Uo + <2-1 + U'2 4- • • • . 

Thus the conventional sum of the series S a„ is taken to be 

n° 0 

lim lim / Uq + Uj _ , -f ... + a„ — , dx, 

A~oo 71— oo ./ 0 V A I Tl!/ 

X X^ 

If now the series Uq -h a i j“| + ... + "| + ••• converges for all values of x 

in the interval (0, h), we have (see §214(1)), since the convergence is uniform, 

lim [ (a„ + a, + ... + ) dx 

n-oo.' 0 \ A i 71 I / 

= JV- (a„ + a, f, + ...+a„f, + dx. 

Thus the conventional sum of the series + ag 4* • • • will be taken 

to be 

where it is assumed that this integral exists. 

We have thus the method of Borel, in accordance with which the con- 

f co 

e~^n {x)dx, provided 

0 

this integral exists ; where u {x) denotes the sum of the series 

X x^ 

^0 4- o 1 Ti H- ... 4- «n “■ I 4- ...» 


which is assumed to be convergent for all values of x. 

It is necessary to shew that this holds good in case -h ^2 + ••• 

is convergent, and that the conventional sum then agrees with the ordinary 
sum. For a general theory of this method of summation, and for its rela- 
tions with other methods, reference may be made to a treatise by Borel*, 
where, however, the question of consistency is not considered. 


* Lemons sur les siriea divergenies, Paris (1901), p. 98. See also a memoir by G. H. Hardy 
and S. Chapman, Quarterly Journal, vol. xm (1911), p. 181, and further, a memoir by 
G. H. Hardy and Littlewood, Proc, Lond. Math. Soc. (2), vol. xr (1911), p. 1. See also Brom- 
wich’s Theory of Infinite Series, pp. 267-273. 



70 


Sequences and Series of Numbers [ch. i 


EXTENSION OF CESAro’S THEORY OF SUMMABILITY. 


47 . The theory of summability introduced by Cesaro (see § 44 ) has 
been extended by S. Chapman*, and Knoppf to the case in which the 
order of summability may be any number, not necessarily integral. 

It is convenient to denote the series by Uq + + ^2 4- ... + 

and ao, ao + Uj, ... , ay + + ••• + t)y .Sq, ... 

Let denote 

fr\ /r 4 - 1\ /r 4~ 2\ fr 4- n — 1\ 

which is equivalent to 


where 


(r 4- fr 4- 2\ , /r 4- n\ 

«'n 1 j ( 2 j 4- ... 4- ^ ^ 

rr) 


•( 2 ) 


denotes 


(r + 1) (r + 2) ... (r + s) 
aT ’ 


r(r + s + 1) 
r(« + 1) r(r + 1)' 


We then define to be equal to ^ ; where r may have any 

real (or also complex) value, except that negative integral values are ex- 
cluded. In the following investigations r will in general be confined to have 
real values > -- 1. If, for any such value of r, lim Cn^ has a definite value, 

n~oo 

that value is said to be the Cesaro sum, of order r, of the given series, or 
to be the sum (C, r) of that series. 

It will be seen that when r is a positive integer, this definition is in 
agreement with that of § 44, allowance being made for the difference of 
notation. 


A series which is summable (( 7 , 0) is by definition convergent ; and such 
a series may be summable (C, r) for values of r which are negative. The con- 
sideration of such cases may be expected to throw light upon the nature 
of the convergence of such a convergent series. 

In case | is bounded for all values of n, the series is said to be 
bounded (C, r). 


Taking Stirling’s J asymptotic value of F (1 + x), which is 
e -“=35 (2ttx)^ (1 + €»), 


* Proc. Lond. Math. Soc. (2), vol. ix (1910), p. 369. 

t Inaugural Dissertation, Berlin, 1907. Also Arc^ti’ d. Math. u. Physik vol. xii (1907). 
A very complete treatment of the Cesaro method for unrestricted orders is contained in 
A. F, Andersen’s work, Studier oiyer Ceadrd'a SummabilileUtmethode^ Copenhagen, 1921. For the 
case of double series see C, N. Moore, Trans. Amer. Math. Soc. vol. xvi (1913), p. 73. 
t A proof of Stirling’s theorem is given in Bromwich’s Theory of Infinite SerieSy p. 461. 
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where ~ 0, as a: ~ oo , we have 

/r + w\ 1 r (r + w + 1) w’’ M I r ^ 

V w 7 “ r (r + 1) T (n + rr ^ r '(r + 1) ^ ^ 
where ~ 0, as w ~ oo . It thus appears that 

oM 

Cr -=r(r+l)'^^^- (1 +C,/), 

where — 0, as n -- x . Accordingly, has a definite limit, when the 

series is summable (C, r ) ; and it is bounded when the series is bounded 
(C, r). 


48 . Since the series 

I + Qx+ ^ + ^)x" + ... 

is absolutely convergent when | x [ < 1, and has the sum (1 — x)~^, if the 
series is multiplied by the finite series f -[ .s* 2 .r 2 + ... + the 

Cauchy-product series is absolutely convergent, and has for its sum the pro- 
duct of the sums of the two series that are multiplied together. The coeffi^ 
cient of x^ in the product series is Hence 

(.So I -f ... -f S,fX^) (1 ~ x)-^ 

is the sum of an absolutely convergent series, of which the first n -f 1 
terms are 

rfr) (j(r) , a(^) 9 , , « 

^0 4- aSi X I- S 2 x^ H- ... -I- x". 

No assumption is here made as regards the convergence of the infinite 
senes H aS,, x^^. 

n 0 

It follows that Sq 4 s^x -4 ... + is the product of (1 - xY into the 
sum of the series of which the first n f 1 terms have been stated. Therefore 


Un 


G)«'. 




(3) 


and this holds for every value of 71 , In case r is a positive integer, the series 
stops after r -f I terms, if ?^ > r. In a precisely similar manner, by the 
employment of the series for (I - it is found that 


Q,ir) 


r 4 - 

1 


air) 

-r 


r 4 - 

2 


') 


qir) 

^ 71-2 


4 - 


'-"■Ci')**'’--'*’ 


where the series stops after r + 2 terms, in case r is a positive integer <n — \. 

When I X I < 1, it has been shewn that the sum of a certain absolutely 
convergent series of which the sum of the first w. +- 1 terms is 

,Sr -I- sVr ... + is (1 - ar)-’' W + s^x ... + s„x”}, 

which is equal to 

(1 - X)-!’--’-') {(1 - X)-’^' («o + SiX + ... + «„*")}. 
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This last expression is the product of (1 — x) into the sum of an 
absolutely convergent of which the sum of the first w -f 1 terms is 


The Cauchy -product of this last series and the series for (1 — is 

a series of which the sum of the first n \ terms is 


o(»-) 

^0 


+ sTx + 




There cannot be two different series in powers of x which converge, for 
I a: I < 1 to the same sum (see § 134); it follows that 


I 




fr ™ r 


I -h ... 

-f n — 1> 
n j 


a(r') 
bo . 


.(5) 


We shall assume that r' < r, in this expression. In case r' > r, we have 
|\ //•' — 

^ Ihe formula becomes, on inter- 

change of r and r', 

f - ’■>r . + f - ... + (- ')■ (' 

(«) 


where we assume that r' < r. In case r — r' is an integer less than n, the 
expression breaks off after r - r' -f 1 terms. 


If, in (5), we have r > 0, we may take r' = 0, and the formula reduces to 
(1) in § 47. If r > 1, we may take r' = — 1 ; and since = the formula 
reduces to (2). 

If, in (6), we take r > 0, r' = 0, the formula reduces to (3) ; and if r :> - 1 , 
r' = — 1, it reduces to (4). 


49. If, in (6), we write r + 1 for r, and r for r', we have 

^r) o(r + l) oCr+l) 

~ ^n-1 • 

Taking also the relation 

/r -f n\ _ /r + + 1\ _ /r -f n\ 

[ n )”[ n j “ U - ir 

it is seen, by employing Stolz’s theorem given in § 6, that: 

If a series is summable ((7, r), where r > — 1, it is also summable 
(C,r+1). 

For we have only to write ~ theorem of 


§ 6 . 
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This theorem is only a particular case of the more general theorem * 
that: 

If a series is summable (C, r), it is also summable ((7, r'), where r, r' are 
any real numbers such that r' > r > — 1; and the sums {C, r), {C, r') have 
one and the same value. 

In order to prove this theorem, the following theorem, due to Ces^ro, 
will be established : 

{Pn) sequences of numbers such that ^ converge respectively 
to definite limits a, P, as n ^ <x> ^ then 

l- + «2^n-l + ... + T (r + 1 ) F (s -f 1) ^ 

provided r and s are numbers both > — 1. 

Let a„ “ an^ (1 + pn = P^^ (1 + ^n); then, since both con- 
verge to zero as % 00 , they are both bounded ; thus | [ < ^ , | ^„ | < j5, 

where A and B are fixed numbers. 


/r-\-n\ n’* .. . (s n\ n* ,, , s 

( n ) “ r"(r + 1) ( n j “ T (s + 1) ^ 


where 


€n, S„ converge to zero, and are therefore bounded for all values of n, 
we have 


== r 


(r + 1) a (1 + €„') = r {«+ 1) iS (1 + 8/) 


where are bounded; and thus | | < A', I 8„' I < B\ We now have 

Uipn f UzPn-i + ••• + anPi — F (f 4- 1) F (« + 1) ap 

■ ' \ /I .S' . fr t\ fs + n - t + l\ 


Since 2 

t^i 


v' /I . ' \ /I .S' . fr t\ fs + n - t + l\ 

X 2^(1 + e,) (1 + 8. ^ ). 

(r + if j (5 + n ^ , being the coefficient of in the pro- 


duct (1 — (1 - or (1 — x)~<'’+*+ 2 )^ is equal to ^ 


'r + 5 + n + 


we see that the part of 

€p , 8 n-t+l i® 


obtained by omitting 


r (r + 1) r (s + 1) ajS ( 


r + s + « + IN 1 


.. 

/ n'^+’+^ * 


which converges, as » ~ oo , to + 

.V, , /r + A /« + n - < + 1\ 


f-n /y. M / 

Consider next the sum 2 6/^ ^ j 


n ~ t 


we may choose 


• See Knopp, Inaugural Dissertation, Berlin (1907), p. 46; also Archiv d. Math. u. Physik (3), 
vol. XII (1907); the theorem is also proved by Chapman, Proc. Lond, Math. Soc. (2), vol. ix 
(1911), p. 377, See also Ottolenghi, Qiorn. Battaligni (3), vol. xlix (1911), p. 239. 
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the integer m so that | «,' | < for t> m\ and we may take » to be 
greater than m. The part of the sum taken from <=lto< = wis less 

than^''‘s ('■ + ') (" ^), or than 

+ <N (« - < + !)» 


A' S 

i 


icr) 


r(« + 1) 


(1 + 


when this is multiplied by 


1 


it converges to zero, as ~ oo , the 


integer rn being kept fixed. The part of the sum from ^ ^ m + 1 to ri 
is numerically less than 2 ^ ^ ^ ^ ’ when this is 

multiplied by it converges, as n oo , to a fixed multiple of rj. 

The sum S C ^ ^ ^ ^ divided into two parts 

\ t J \ n - t + i J 

by taking m so that | | < for t < n - m, and considering 

separately the sums for ^ = 1 to ??/ — m — 1 , and from t ~ n — rn to f ~ n; 

as before, when n ^ cc , the sum when multiplied by , converges 

to a fixed multiple of rj. 

We have lastly to consider 

1 /r + /\ /^ 4 n - ^ f 1 

i )[ n-t+i 

this is numerically less than 
1 


D, 1 '^-,”1 , I /r + A /« + n - « -f- 1\ 

l[ t )[ n-t+1 J’ 

and this has been shewn to converge to a fixed multiple of r/. Since 
? . 1 has been shewn to have upper and lower limits 

which differ from ^ by a fixed multiple of the arbi- 

trarily chosen number rj, Ces^ro’s theorem has been established. 

(r) 

In this theorem, let denote Sn , where is assumed to converge 

sir) 

to the definite limit j,, 5 series being taken to be summable ((7, r) ; 


and let 
1 


r (r' — r) 


n. - f 

when r' — r — 1 = 5 , and r' > r. 


r 4- ^ — 1 
n 


)■ 


o 

and is thus such that converges to 


By employing the expression (5), of § 48, for Sn , we see that 
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converges to therefore Sn ^ j ^ ^ j converges to s^'^\ the 

sum (Cy r) of the given series. 

The particular case of Cesaro’s theorem which arises when r = 0, 
5 = 0 is that : 

If {Pn} seciuencea of numbers which converge to a and p, 

respectively, then f f converges to ajS. 


50. If a series is divergent (C, r), where r > ~ I, it is also divergent 
{G,r+ 1). 

By divergent {C, r) is meant that the (Jesaro sum {C, r) is + oo , or — x . 
The condition of the theorem is that lim — ~ 


lim 

n'^oo 


o(r+l) Mr + l) 
— ^^n-1 


n + r 
n 


+ X , or — X , or 


71 -f r -h 1 
n 


\ _ /n -I- r 

) U - 1 


X , or — X . Applying the theorem of § 6, it 


^(r+l) 

follows that lim ^ + x , or — x ; therefore the given series is 

n~oo f n H- 7* ~t' 1 ' 


, ni + r ~f 1> 
V n j 


divergent (C, r + 1). 


Now, if r ^ 0, it follows that, if the given series is divergent, the sum 
(C, 1) is infinite. This has already been shewn to be the case in § 27. It 
now follows, by letting r successively have the values 1, 2, 3, ..., that the 
Cesaro wsums of all integral orders are infinite. By employing the theorem 
of § 49, it now follows that the series cannot be summable for any positive 
value of r, for if it were so it would also be summable of order the integer 
next greater than r. Hence we have the theorem that: 

If a series is summable (C, r), for any positwe value of r, the given series 
either converges or oscillates between finite or infinite limits, but it cannot be 
divergent. 

In case the series Ea„ is summable (C, k) for k > r, but not summable 
{0, k) for k < r, the number r may be called ^he index of summability of 
Ea„. If the series is summable {C, r), the index of summability is said to 
be attained. Clearly the index of summability of a series may be zero, 
and yet the series may not be convergent, the index zero being in that 
case unattained. 


51. The following multiplication theorem due to Knopp, and of which 
Chapman has given a simpler proof, is applicable to the Cauchy-product 
of two series which are summable {C, r) and (C, s) respectively. 
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If S a„ is sumrtuMe (C, r), and S is summable {C, s), where r > — 1, 

n-0 n-0 

s> — \, the series 2 c„, where c„ = -f ... + ao^n> summable 

n- 0 

((7, r -f 5 -f- 1). In particular, if both the given series are convergent, Sc„ 
is summable (C, 1). The Cesdro sum (C, r + 5 + 1) of TtC^ is the product of 
the sums {C, r) and {C, s) of the series 


Cesdro established this theorem for the case in which r and s are both 
positive integers, or zero. To prove the theorem generally, we employ 
Ces^iro’s theorem given in § 49. Let an = Sn\ for the series 21a„, and let 
Pn = for the series then since S^njn'^, S'^^jn^ converge to 


r(r+ 1) 


lim C'n^ respectively, 


r (5 + 1 ) n 

o(^) Q/(^) , ail") rf/(®) , 

^ 0 T- 1 + - 

^r+a+1 

converges to lim . lim C'n^ll' {r s 2). 


nir) a, is) 

Oo ^ n 


The product (Oq + a^x -f ... + anX'^) (1 — is, when arranged in 

powers of x, an absolutely convergent series, for | a; | < 1, of which the 
first 71+1 terms are x + ... + Sn^x'^; and a similar statement 

applies to the product (b^ b^x -j- bnX^) (1 — 

The first ?i + 1 terms of the Cauchy-product of the two series are 
2 + ... + the Cauchy-product series 

m-O 

being absolutely convergent. This series has the same sum as the Cauchy- 
product series of the two series for 


(Uo + aia;+ ... -\-anX^){\ — x)~^^+^\ (6^ + a; + ... + x”) (1 -a:)-^*"^^), 

and the first 7^+1 terms of this series are the same as the first ri + 1 terms 
of the series for (Cq + Cj a: + ... + c„a:”) (1 — and are thus 


S Cr+s+l) 0^71 

0 + a: + ... + On X" 

where refers to the series 2 c,^. Consequently we have 

n-O 




^(r+»+l) 


A>n 


Qli^) QfiS) CfiS) . . oC**) QtAS) 

^ 0 + On-dOi + ... + Oq ^ n ’ 


It now follows that lim 

n-^oo 

tablishes the theorem. 


o(r+a)+l 

On 


/7i + r + 5 + 1> 
V n J 


= lim Cn^ lim C'n^; which es- 

n— Qo n— 00 


52. If 2 a„ is summable (C, r), where r has a value > — 1 , then — o (ti’*), 

n - 0 ... 

where r' has any value < r. Also, if 2 an is bounded (C, r) then =^0 (n^), 

n-O 

where r' < r. 

This general theorem was given by Andersen*, but particular cases 


* Loc* cit. p, 11. 
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were known previously. In case r > — 1, we can take r' = ~ 1 ; and in 
case r > 0, we can take /*' = 0. We thus have : 

// r > — 1, then = o (n’'), or = 0 (n’'), according as the series 

2 a„ is summable (C\ r), or bounded (C, r), // r > 0, then ^ o (n^), 

n«0 

or ^ O (n’’), according as the series is summable, or is bounds (C, r). 

In order to prove the general theorem, we employ the relation (6) of 
§ 48. We have 



where the series stops after r — r' I terms in case r ~ r' is an integer < n. 
When the series is bounded (O, r), with U and L as the upper and lower 
limits of indeterminancy, we may write 

y]^h(U + L)+i{U-L)e„ + 

where | I ^ converges to zero, as n ^ cc , and is accordingly 

bounded. 


The part of Sn ^ which involves ^ (U + i>) is 

/7i 4 r 




7 ‘) 


+ ... + (“ 




the series in the bracket is the coefficient of a;” in the product of the series 
for (1 — xy-^' (1 — x)~^, where | a: | < 1, or in the series for (1 — x)~'^\ 

and it is thus equal to ^ ^ When multiplied by we see that this 
part of Sn ^jn'*' converges to zero, since ^ is bounded. 

The remaining part of Sn is 

r>-Vi)'X' ['■ "’r r’)(‘ 


If r — r' is an integer less than n the series stops after r — r' + 1 terms 
and the last term does not occur. When this is the case the expression is 
less for all values of n (> r — r' -f 1) than a fixed number, since Bn-py 
^n~py in-p bounded; and thus Sn^jn^ is bounded. 


If C7 = Z/, since lim = 0, for each of the r — r' + 1 values of p, it 

n-oo 

is clear that Sn jn'^ converges to zero, as n cx> . 


Next let it be assumed that r — r' is not integral ; we then have to 
consider the whole of the above expression, the number of terms being 
now no longer independent of n. 
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) 


F 


^r-r'+l 


, where iC is a fixed 


number; hence ^ ) I < which converges to zero, when 

\ n J \ ® 

r 4- 1 > 0, r — r' > 0, as n oo ; it thus appears that the last term in 
the above expression converges to zero; it may therefore be omitted. 

{t) ( 

If r > 0, the part of Sn Irf^, is, since f 1 — - 1 <1, numerically less than 

where m (< ??) and n are so chosen that | | , | | are less than an 

arbitrarily chosen positive number 8, for p ^ 0^ 1, 2, ... m ; and K' is a 
fixed number. 


r ^ '1 

V 

1 



vs 

\ p J 

1 p-^mlll\ P /\ 


The series 


?;-.() IV P ) 


is convergent, when r ~ r' > 0 ; hence 
is less, for all values of m, than a fixed number, independent 

^ ^ ) 1 < S. It thus 


p “-m I / y y' 

s f 

p-0 I V 

CO 

of n. Also m can be chosen so large that D 

J) ■ 7rt + 1 I 

appears that | | is bounded; and, if U - L, it is less, for all suffi- 

ciently large values of n, than a fixed multiple of 8; consequently it 
converges to zero, as n --- oo . 

If o > r > — 1, we divide the expression for jiV into three parts; 
the first of these is 


j p - m 

r{rTi )„?« L 




+ Cn-p} 


where m is a fixed number less than \n, and n is so large that | v I » 
I I are < 8, for p = 0 , 1, 2, ... m. We have then and 

as before, this expression is seen to be bounded; and when C/ L, it is 
less than a fixed multiple of 8; the number m being kept fixed. 

We next take the summation from ^ = m f 1 to p ^ [I^Jj which 
denotes \n or | (/i — 1). The number m may be so chosen that it satisfies 

< 8; the part of the expression under con- 


the condition 2 

m-\- 




[in] 


r;') 


sideration is then numerically less than a fixed multiple of II 

m+l. 

which is < 8. The last part of the expression is less than a fixed multiple 
VY 1 

^ ~ n) which is less than a fixed multiple of 


of L 

P-[in] + l 


i_ (1 “ , 


I’--’’ j* 


^r-r'+l * 
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and this converges to 0, as n oo . It has now been shewn that, for r > — 1 , 
r-~r' > 0, is bounded, or converges to zero, when jn^ is bounded, 

or is convergent. 

53. //S is either summable {C, r), or hounded (C, r), where r > 0, and 
is a sexjuence of nuinbers, then S is convergent provided (1), 

W"- 0 

and (2), is absolutely convergent; and. the sum of 

21 a^v^ is that of the series 2/.Sn ^ , which is absolutely convergent. If 

the condition (1) be replaced by (\)\v„ = 0 f , and (2) remains unchanged , 
the series 2 a^v,, is bounded. 


'• ' ” in') • 


is here 


The sum of the series ’’n - i *) ®" + l + 2 ') " 

denoted by It is infinite when r is not integral, and it may be 

regarded as a generalization of the definition of differences of integral 
order. This series is convergent because 


1 + 


(r -1- 1\ 


/r + 1\ 

K 1 ) 

+ 

( 2 j 


-f- . . . 


is convergent and 1 | is bounded. Since = 2 ( — 1)M ) 8^1 1 , the 

< 0 \ t J 


n- m 

finite sum 2 a.^v,, is equal to 

n“0 




The coefficient of 8^^ differs from by 


(- 1)^-” 


+1 




+ 


which is, in absolute value, less than 


1 


1 


+ ... 


or than 




Kvm, 

((m — n + 1)^^^ (m — n -f 2 )^+^ ••• j" » 

; where K and K' are fixed positive numbers, and 


1 


(m — ny^^ 

I \<Vmi values of p^m. When n = m, the absolute difference 

is < •••V which is less than — We now see that 

\^lr+2 2^ + 2 J 


2 a,jV„ differs from 2 by less than 
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or by less than Lrj^y where L is a fixed positive number, independent 




(r) 


of m, provided 
multiple of rrf, ioT p ^ m. 

Ifm, 


is bounded, in which case | S^p | is less than a fixed 


n-m, n-m, 

rg mj ^ m, £ a„?;„ differs from £ 8^ by less than 2Lrj^. 

n-mi n-Wj 

If is absolutely convergent, so also is 'LSn and if 




” ^ ^ (wO ’ arbitrarily small, for a sufficiently large value of m. It 

then follows that, provided ^ m, where m is sufficiently large, 

71 ' ' 7/1, 

£ a^Vn is less, in absolute magnitude, than an arbitrarily chosen 

71 -mi 

positive number c ; and therefore £a„i;„ is convergent, although not neces- 
sarily absolutely convergent, and it converges to the sum of the series 

£ Vn . If the condition which satisfies is ^ O is bounded, 

and £ a^Vn differs from £ 8^ by less than a fixed number; 

71-0 n-0 

consequently the series £a„?;„ is bounded. 

As a particular case, let » where s > 0, then the con- 

(n 4' i)^ 

dition (1) is satisfied when s> r, and the condition (1)' is satisfied when 
s ~ r. It will be shewn that, in either case, the condition (2) is satisfied. 


We have 




1 


(n -f 1)^ 


-rt') 


1 

(n + 2)* 


+ ... 


1 Too 00 /T" _L 1 \ 


since, when the factors (—1)"” are omitted in the integrand, the new inte- 
grand converges to a function that is summable in (0, oo ), in accordance 
with a criterion given at the end of § 214, term by term integration is 
permissible. It has thus been shewn that 


f e“tn+l)x^a-l n _ g-«)(r+l) 

r(5)Jo 

which shews that has a positive value, decreasing as n increases. 

We have 

71-771 1 fao n-m 

£ (1 — (fa;, 

n-O 1 {^)Jo n-0 

which is less than 

M f (1 — g-(n+l)a! 

Jo 0 V ^ / 
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where M is a fixed positive number; and this expression reduces to 

rcc 

M x^~^e~^dx, or J/r(5). The absolute convergence of the series 
Jo 

S has now been established. From the general theorem we now 

71 0 

obtain the following special theorem ; 

If is hounded {C, r), or summable {C, r) where r > 0, the series 

S — where s>r, is convergent, and the series S r is hounded, 

, (71 -4" 1 Y {n + A Y 

The first part of this theorem and the corresponding part of the general 
theorem were established by Chapman*. 

54. It has been shewn in § 52 that, if S is summable {C, r), then 

n-«0 

O'nln^ converges to zero, as n increases indefinitely. This may be expressed 
by the statement that the summation (C, r) is inapplicable, for ail values 
of r, if I a„ I increases too rapidly with n; for example, if (X„ (— 1)”^", 

where k> the series S (— 1)”/:" is not summable (C, r) for any value 

n“ 0 

of r. It can, however, also be shewn that the method of summation may 
also be inapplicable in case | | diminishes too rapidly as n is increased. 

This appears from the following important theorem, which is due to Hardyf : 

oo 

If is hounded, the series S cannot be summable {C, r), for any 

n ~ 0 

positive values of r, unless the series is convergent. 

In particular, if lim na^ — 0, the series cannot be summable (C, r) 
unless the series S a„ is convergent. We may take r to be an integer, 

n-O 

Let it be assumed that | (n f 1) | is less than a positive number k, 

for all values of n, and let (a -j- 1) a„ — We have 

(r) /r -f 1\ /r + 2\ /r n\ 

^71 2 J ^ ^ 2 / ^”“2 ^ 

^71 ^ I y ^n-1 ^ ^ 2 / 2 ^ ^ J 

where we take r to be a positive integer ; this involves no Joss of generality 
since r can always be replaced by the next greater integer. We may define 
by 

n-’ -'•.+(;) + (T) + • + f r >»• 

and it can easily be verified that -f- == {n + r + 1) Sn ~^\ and 

that Tn^i ^ = (w ~f 2) 

* Proc. Lond. Math, Soc. (2), voL ix (1911), pp. 382-387. 
f Proc, Lond. Math. Soc. (2), vol. vm (1909), p. 301. 
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^(r-l) _ r -V n ^(r) 


n(r-l) 


(n + r + 




from which it follows that, if the series E a„ is summable (0, r), the 

n-O 

necessary and sufficient condition that it should be also summable (O, r — 1) 


is that lim ^ 0. 


Tl'^OD 

We have 


I ^2 

^ + 2 + 3 + - + n 


1 ’ 


and remembering that + ... -i- we have 

v^n-l fQ. / 1 \ 

E Af -i-) f - , 

r-O V^' + 1/ 7? + 1 

where A/ (x) denotes f (x) — f (x + 1). Proceeding in the same manner, 
we have 

I' « w - 2 


and generally 

=- 


i'‘=n-r 

y. ^ 



/p(0) 

* n 

n 4' 1 ’ 

„-0 



It can be easily verified that 


t: 


,(0) 


1 o(l) 


n f 1 ?i + 1 

These are particular cases of the identity 

v-0 + 1 — v/ 

which may be proved by induction. Assuming it to be true for r = 2 ^, it 
will also hold for r = p I ii 

p\ {n + I ~ p)l ^py {p + 1)] (n - p)\ ^(p+i) „(») 1 

(n + 1) ! {n + lyi ^ 


_ ^ I?**' 

(w + ■ 


r\{n + I - r)\ (r) 
(n+ 


. 7’**’* A J> - 

n - i — p 


since A*^ 


p\ {71 — 2 >) f 

^ it has to be shewn that 


n I — p (n + 1)! 

(n + 1 - 7)) stlp - (2> + 1) ^:-ply = T^tp, 

which is obtained by writing n — p — I for n, and p I for r, in the 
identity + ^n+i ^ = (w + 2) Sn+V^ Since the relation (B) holds for 
r = 1, it holds generally. 
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From (A) and (B) we have 

r ! (w + ] - r) ! ^(r) 


► -0 Vv + 1/ 


(n + 1)! 

and from this it follows that the necessary and sufficient condition that 

°° (r- 

the given series is summable (0, r) is that the series 'L 

I'-O 

should be convergent. It will be shewn that, if the condition 

lim = 0 


‘■’"’(.-ii) 


is not satisfied, this series cannot be convergent, it being assumed that 

1 K I < k. 

Let it be assumed that converge to zero ; then, for 

arbitrarily large values N , of n, we have T% N^, or else 

where k^ is a positive number which we may take to be < k. The second 
inequality is reduced to be first by changing the sign of , for every value 
of n \ consequently we may assume that T% k^N^, for an infinite set of 

values of N. Let be the least integer such that ^ N ; thus 

< N, and increases indefinitely as N does so. We may take N^^k^N 
and Ni < k^N, where k 2 < k^< 1 . 

Let Nj n ^ N, then the value of 


s-^N 

S 

and since 
we have 


{s + !)«,(' 


r + N — s 
N -s 
r f- N — s — 1 
N -s 


1\ / 
) - S (s -t- 1) a,( 
/ «-0 \ 

H 


fr -i- n — s 
n — s 


IS 

r + n — — 1 

n — s 


)■ 






fr -^-N ~ s ~ \ 


(8^N (. 

{.?.( 


~s 


) 




s-O 


n^~ s 


■)}■ 


The expression on the right hand side is equal to 

i-V' 

s-0 \ N - s ! 

/r + iV 


or than 


^ _ 1\ 

^ J , 

k(N-n)(N+ 1) (N + 2) ... (N + r- 1); 
and this is, for every value of n, less than 

k(l -k,)N'(l + 1) (l + ^) ... (l + ’^). 

k 

Since fcg « 1 ~ we have (1 — k^) k ^ \k^\ it follows that, for all suffi- 
ciently large values of n, | T% | < ^kN'^ where ^ is a constant 
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which may be taken to be greater than by as small a diflFerence as we 
please. 

Since T% it follows that > (k^ ~ \lc) \ thus 

for iV, ^ N, where Ic^ is a number which we may 
suppose less than k^ by as little as we please. 

We now have 






r-U 


V-iVi 




> lk,N^ E A" 

v-Ni 


v+l' 


and the expression on the right hand side is 

1 


p,iV^(r-l)! 

We have 


1 


(iVi-f l)(iVi + 2)...(iVi + r) (.V-f 2)(W + 3)...(iV + r + l) 
1 


}■ 


(N, + 1) (iV, + 2) ...W+T) > W ^ 

by as small a difference as we please, provided is sufficiently large ; also 

is greater 


{N + 2)(N + 3)...(N + r+l)'^N'' 

than ikiN' (r - 1) ! - ^1-,) , or than pi (r - 1) ! - 1 j . The 

number k 2 having been fixed, for sufficiently large values of iV, we may 
choose k^ so that k^^ < k^< I ; thus, for all sufficiently large values of N, such 

- exceeds a fixed positive 


Thus a-- 

--Nt 


+ 1 


that the value of S T" 


v-JV 




V + 


number. It is therefore impossible that the series E T[ 

t'-O 


(r-l) 


V ~f 1 


can 


converge; and therefore the given series cannot be summable (C, r). 


If lim = 0, and the series is summable (C,r) it has been shewn 

n~oo 

also to be summable (O^ r ~ 1). Thus, if is bounded, and the series 
E is summable (C, r), for any integral value of r, it is also summable 

n-O 

(C, r — 1), and therefore also it is summable ((7, r — 2), ... ; it is Conse- 
quently summable ((7, 0), that is, it is convergent. 

The theorem of Hardy which has now been established has been ex- 
tended by Landau* to the case in which is bounded on one side only ; 
thus: 


If nan or wa„ > ~ k, for all values of n, where k is some positive 
00 

number, then the series S cannot he summable (C, r) unless it is con- 

n-O 


vergent. 


♦ Pntc. maUnuitycznO‘fizycznyck, vol xxi (1910), p. 97. 
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EXAMPLES. 

(1) If 2 a„ is bounded, or summable, (C, r), where r is any real number, shew that 

n~0 

2 - is summable (C, r - 1 ). This theorem was given by Chapman* ; the case when r is a 

n" 0 w + 1 

positive integer, and the series is summable (C, r) had been given by H. Bohrf and M. RieszJ. 

(2) If r is a positive integer, and 2 is bounded (C, r), shew that 2 ^ is summable 

n - 0 n 1 

{C\ r), provided « > 0, whether s be integral or not. This theorem is due to H. Bohrf. 

(3) If 2 is summable (C, r), where r is a positive integer, prove that 2 is 
summable (0, r - s), where 5 > 0. This result was given by M. Rieszf. 

(4) If§ the series 2 is bounded (C, r), and summable {C\ r + 1), where r > - 1, 

n-O 

show that the series is summable (6\ r + 3), provided 6 > 0. 

(6) Prove that the series P - 2* + 3* - ..., is summable (C, r), provided r> 8. The 
number a may have either sign. This theorem was given by Chapman H. It had been shewn 
by Bromwich^ that, when s is integral, the series is summable (C, »+ 1); and by the same 
method it could be proved that it is bounded (C, <f). 

(6) If the series 2 is bounded (6\ r), where r > - 1, and the series 2 is bounded 
n-0 71 = 0 

(C, «), where s > - 1, then the Cauchy-product 2 c„ is bounded {C,r + s + 1). 

n«0 

THE EQUIVALENCE OF CESARO’S AND HOLDER’S METHODS OF SUMMATION. 

55. The notation of § 44, in which the given series is taken to be 
-f flg + ••• + + ••• > will be employed here. If Xj, Xg, ^3, , be an 

infinite set of variables, and {anm} ^ set of numbers such that a^m ^ 
when m> n, and ^ 0, for m ^ n, let us consider the set of equations 

2/n = «nl^l + On2^2 ••• + (^nm^n, n ^ I, 2, 3, ... . 

Denoting the matrix 

a^i 0 0 0 

®2l ^22 ^ ^ 

^31 ®32 ®33 


by u4 , we may regard the set of variables {y„} as obtained from the set 
by means of the operation .4, and this fact may be expressed by {y) = A (x). 
If, whenever lim has a definite value, lim has also the same definite 

n«-Qo n-'-oo 

value, the operation A is said to be regular. 

The set of equations by which ajj, ••• ^n> ••• expressed in 

terms of yi^y^, ••• yn> ••• define an operation which may be denoted by 

• Loc. cit. p. 388. § See Andersen, loc. cit. p. 56. 

t Comptes RendtiSt vol. cxliii (1909), p. 75. |! Loc. cit. p. 397. 

f Ibid. p. 1658. More general theorems are there given. ^ Theory of Infinite Series^ p. 317. 
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thus (a:) = (y). If A and A-^ are both regular, A may be termed 

a reversible operation. 

If a third set of variables are obtained from the variables yn by means 
of an operation B, or 

6ii 0 0 0 

^21 f^22 d 0 


so that z ^ B (y), the operation by which the variables are obtained from 
the variables may be denoted by BA \ thus {z) = BA (j:). In case 
AB = BA, the operations A and B are said to be interchangeable. 

If A and B are two regular operations, AB is also a regular operation. 
Moreover the operation a A + ( 1 ~ for which the constants are 

-f (1 — «) regular. Also AB is reversible if A and B are 

reversible operations. 

If two operations A, B are such that, when y ^ A (x), z ^ B {x), 
for every sequence {x^} the sequences {y„}, { 2 :„} are either both convergent, 
with one and the same limit, or both non-con vergent, the operations A 
and B are said to be equivalent. Since (y) = AB~^ ( 2 ), ( 2 ) = BA~^ {y), 
the operations A and B are equivalent only if AB-^, BA~^ are regular 
operations. 

The identical operation E represents the set of equations x,^ ^ , 

for which = 1, = 0, when m ^ n. 


56. If we take ^ for m n, ^ 0, for m > n, we have 

/i(i) M (. 9 ), — M ... — M and thus (, 9 ), in 

accordance with the definition of Holder’s means, given in § 44 ; where 
M denotes the operation with the matrix 
1 0 0 0 

J I- 0 0 

i i J 0 .. 


In accordance with the definition of Cesaro’s means, given in § 44, 
we have 






(r-1) , (r-1) (r~l) 

^Si 4-^2 -f... 4-<-9n 


(r) , ir-l) 

^n-l "t" *^n 


and therefore ^ +4 “ C[ 


(n 4 r 
r 

and this can be written in the form 


m > 


.(»+'- 2) cf», + (" +: 7 ') dr'. 

from which we have rCn~^^ = (r — 1) — (w — 1) C'n-i- 
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It then follows that 








(r - 1) 


Cf + 


or 


+ 


-f , ^(r) 

I > 


which may be written in the form 

rM = (r- 1)M + (C(% 

or M = /Sr where >SV denotes the operation ^ iS' + ^1 — If. 

Since - (/n\ we have - M (A^D) - Also, 

since the operations /S'g, ... are clearly interchangeable with and 

with one another, we obtain 

(A(3)) - M (A(2)) = MS^ (0(^)) - 6\M (C(^)) ^ ((7(3)); 

and proceeding in this manner we find that 

where denotes the operation 828^ ... 8^.^ 

Now Jf is a regular operation (see § 55), and consequently 82^8^, ... 8^ 
are regular operations, and therefore P^ is a regular operation. Conse- 
quently, if lim Cn^ exists, so also does lim A^\ and the values are the same ; 

n-^oo n^ao 

thus one part of the theorem of equivalence has been established. 


In order to prove the second part of the theorem it is necessary and 
sufficient to shew that the operation P^ is reversible, for every value of r; 
and in order to prove this it is sufficient to show that the operation 

8 r ^ - E ^1 — AT is reversible. Writing a for it will be shewn* 
that, ii 0 < a ^ 1 , and the limit 


lim 


■ax„ + (1 - a) 


X-^ -f- X2 

n 


^n] 


exists, as a definite number, then lim exists, and the two limits have 

n'^Qo 

the same value. 


Denoting by , we see that, if a:„ < X„, then 

71 

> X„; that, if x„ = X„, then X„_i = X„; and that, if a;„ > X„, then 
X„-i < Xn. These results follow at once from the identity 

= -X^n + (» - 1) 

It has been shewn in § 27 that, if lim = -f qo , or lim a;„ = — 00 , 

n'^ao n^^oo 

then lim X„ = -f- 00 , in the first case, and lim ^ , in the second 


* The proof of this part of the theorem given here is a modification of that given by Knopp, 
Math. Annahn^ vol. lxxiv (1913), p. 469, in a remark upon Sohur's proof of the complete theorem 
given in the same volume. The limit was first investigated by Mercer, Proc. Land. Math. Soc. (2), 
vol. V (1906), p. 206. 
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case. It then follows that, since 1 — a S 0, lim {aa;„ + (1 — a) is + oo 

in the first case, and is — ao in the second case. It has thus been shewn 
that the sequence {X„} cannot be divergent, and must therefore, unless it 
converges, oscillate between limits, either of which may be finite or infinite. 
Let it be assumed, if possible, to oscillate. Let P and Q be two numbers 
such that 

lim > P > 0 > » 

n'^QO n'^QO 

whether the upper and lower limits be finite or infinite. If N be an arbi- 
trarily chosen integer, there is an infinite set of values oi n {> N) such 
that > P, and there is also an infinite set of values of n (> N) such that 
Xn < Q. If, for every value of n (> N)y we have Xn_i ^ 

and thus the sequence {X„} is monotone non-increasing, for n > N, and 
it therefore converges, since it cannot diverge. Since 4- (1 ~ a) 

both converge, as n ^ oo , it follows that converges. Similarly, if , 

for every value of n {> N), it can be shewn that Xf^ converges. The case in 
which there is only a finite set of values of n (> N), for which x^^ X^y 
or that in which there is only a finite set of values of n (> N) for which 
Xn > X „ , can be reduced to the above, by proper choice of N. We have 
therefore only to consider the case in which there is an infinite set of values 
of n (> N) for which x^^ X^, and also an infinite set for which Xn> X^. 
The integer m (> N) can be chosen so large that, amongst the integers 
JV + 1, -f 2, ... m, there are values of n for which x^^ ^ and also 
values for which Xn> X„. Let m be also so chosen that X^ > P\ifx^> X ^ , 
we have x^> P and therefore ax^ -h (1 — «) X^ > P. If, on the other 
hand, x^^ ^ X^, we have ^ let be the greatest integer < m, 
and necessarily > N, for which x^^ > X^^. We have then 

Y > Y > > X 

^mi •= ^mi+\ *= 

and x^^ > Xfn^ > X ^^ ; therefore x^^^ > P. It has thus been shewn that a 
value of n, greater than the arbitrarily chosen integer N, exists, such that 
Xn > P, and also > P. 

For this value of n, ax„ + (1 — a) > P. In a similar manner, 
taking x^ < Q, it can be shewn that a value of {> iV') exists, for which 
aXn + (1 — a) Xn < Q. Since N is arbitrary, the results are incompatible 
with the convergence of ax^ + ( 1 — a) . It follows that must be 
convergent, as n -- oo , and therefore x^ converges, as n oo . 

The reversibility of the operation P^ having been established, if the 
sequence {^n^} converges, so also does the sequence {&n}y Iwo 

limits are the same. The equivalence of the two modes of summation has 
now been completely established. 

67. It may be remarked that, in the theorem that has been proved 
above that, if ax^ + (I — a) X^ converges to a definite limit, x^ also does 
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so, the condition 0 < a ^ 1 may be replaced by the wider condition 0 < a. 
In fact the theorem can be very easily established in the case a > 1, and 
this, taken together with the case 1, shews that it holds for 

0 < a. 

Let -w,, = aXn + (1 — a) X„, or ccx^ = + (a — 1) X„, we then have, 

if a > 1, a lim ^ lim (a — 1) lira X„, and also 

n-^oo n~ao 

a lim Xn = lim + (« — 1 ) lim . 

n~oo n-^Qo n~oo 

It follows that 

a (lim — Im Xn) ^ (lim — lim uj + (a~l) (lim — lim X„) ; 

n~Qo Ti'^oo n~oo ri’^oo n-'^oo 

and we have (see § 27) 

lim x^ ^ lim X„ ^ lim = lim x ^ , 


and thus 


lim x„ — lim x^ ^ (lim — lim u „) ; 


it then follows that, if lim exists, so also does lim x ^ . The theorem is 

n->-QO n.'^co 

a particular case of the following general theorem, due to Knopp* : 

CO 

If bn ^ 0, and S 6„ is divergent ^ and a > 0; then if 

n-O 

+ ••• + 

+ ( 1 — «) i 1 i 

” ^ ^ ^0 + ^1 + ••• +^n 

is convergent, so also is x„ , and the two converge to the same number. 

The theorem can be proved in exactly the same manner as in the case 
bn — I, established above. 

In the memoir by Knopp (loc. cit.), the following theorem is given: 

If, for a given sequence the relation 




holds for a particular integer k 0) a?td a particular integer p (^ 0), then 
it also holds when k is replaced by a greater integer, or when p is replaced by 
any integer (^ 0), or when both cJuxnges are made. 

This theorem and the foregoing are employed by Knopp to obtain a 
new proof of the equivalence of Ces^iro’s and Holder’s methods of sum- 
mation, and to obtain a new proof of Hardy’s theorem (see § 54), that if 
a series 2a„ is summable {C, r), and if na^ is bounded, then the series is 
convergent. 

♦ Math. Zeitschr. vol. xix (1924), p. 99, In the proof there given, the possibility that Xn and 
Xn niay both diverge to + oo , or to - oo , is left out of account. 
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THE EQUIVALENCE OF CESIro’s AND RIESZ’s METHODS OF SUMMATION. 

58. If we denote by a*, (oi), where the sum S (a> — r )^ ; 

r<w 

00 

in accordance with Riesz’s method of summation (§ 45) the series S 

r-O 


is summable if lim 




has a definite value; where co is a continuous 


variable, and not merely a sequence of integers. If lim 


n(k) 


in) 


has a definite 


value (§ 47), the series S is summable {C, k). It will be shewn that, 

r- 0 

if either of these limits exists, then the other exists, and both have the 
same value; and thus that the two methods of summation are equivalent. 

Throughout the following proof, when a relation (f> (n) o {ip (n)} is 
employed, where (n), ip (n) involve one or more parameters besides n, 
it will be understood to mean that, if € be arbitrarily chosen, then for each 
fixed set of values of the parameters, can be so chosen that 

\<Pin)\ 


iP{n) 


< €, for n > Uei 


but that Tie cannot necessarily be so chosen as to be independent of the 
values of the parameters. A similar remark applies to a relation 

<P(n) = 0{^(n)}. 

If lim = s, by changing Uq into — 5, we see that lim — = 0; 


g(k) 

similarly if lim — exists, it is seen that, by changing the value of Uq, 


the limit becomes zero. It is therefore sufficient, in order to prove the 
theorem of equivalence, to shew’*' that, if either of the two limits exists 
and is zero, then the other exists and is also zero. 


Some preliminary propositions, required in the proof, will be first 
established. 

(a) If A^x^ denote the differences 

a;* - (a: - 1)*, x* - r (a; - 1)»= + (x - 2)* I)*- (x - r)*, 

for r = 1, 2, 3, ... , where x — r > 0, then 

A^x^ k {k — 1) ... (A; — r -f 1) + O (x^-^-^). 


♦ The proof here given is founded upon that indicated by M. Riesz, Comptes Rendtis, vol. CLii 
(1911), p. 1651, and it has been supplemented by reference to a letter written by Riesz, containing 
further details of the proof. 
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I 

It is easily seen that may be expressed in the form 

/•x CUx f^r-i 

A; (A; — 1) ... (A; — r -f 1) I du^ j d^g...) 

J X-l Jux-1 j 

where x — r>0. Thus | — k (k ~ 1) {k — r 1) x^~^ | is expressed by 

A; (A; — 1) ... (A: — r + 1) [ duy^ [ du^,,A''^ {x^~'^ — du^, 

J x-i Jut-i •'Wr-i-i 

The integrand x^-^ — is positive and less than x^~'^ ~ {x — 
since Uj. is in the interval {x — r^x); and this is less than 


'-('-ri 


which is equal to 0 Therefore 

A^x^ — k (k — \) ... (k — r 1 ) x^-'^ = O (x^~^~'^). 

( 6 ) + = 

n\ 

From Stirling’s theorem we find that 

lim + n) ^ 1_ 

nl« nl 'n^“"r(A:-fir 


thus 


(k+l)(k + 2)^..{k + n) I _ 

n\ ~ ^ 


Denoting the expression on the left hand side hy f (n), we have 


/(n) -/(n + 1) - 


(k + 1) ... (A^ 4- f, k + n + I 


n^n ! 


n + 
k 


- O (1) jl - (l + [l - — + O )i)] 

- » (i) ■ 


It follows that 

/(«) 


1 


r (fc + 1 ) 


2 ifim) -f(m+ 1)}; 


® 1 1 

and this is less than a fixed multiple of S , or of 

m-n ^ 


W - 1’ 


hence 


f{n) 




r (A; + 1 ) 


or 


r (w 4- A; + 1) 


n\ 




(c) If i is an integer, Sn expressed as a linear function of 

cTi (n), (Ti^i (n), cri _2 (^), ••• ^0 (^)- 
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We have ^ -/.+ 2) ^nd the 

r-0 ^1 

numerator of the coefficient is of the form (n — rf + Aj (n — r)^"^ -f ... + i ! ; 
where A^, A 2 , ... are integers dependent only on i. Thus we have 

^ {oTi (w) + Aiai_i (n) + ... + t !(To (w)}. 

^ j^\ (BT) (-K*) 

{d) aj, (w) can be expressed as a linear function of ,81 , Sn \ 
where K is the integer next less than and n < ld ^ n + 1 . 

We have a^ = ~ “■ ^ 'r where 

the series stops after K ^2 terms, or after r + 1 terms, whichever is the 
smaller of these numbers. Substituting this value of a,, in the expression 
Sa,. (co — r)*, we have 

r-O r’‘n-K 

X {(co-r)^-(Z+ l)(a>-r-l)"+...}, 

where the number of terms in the bracket is, for every value of r, 
n — r -\- 1. 

59. In order to prove the equivalence theorem, three lemmas will be 
required. Lemma I : 

If lim — ^ — 0, then lim = 0, where k' < k. 

n~.«> w* n* 


This has already been proved in § 52. 
We proceed to the proof of Lemma II : 


7/ lim 


Olc (to) 


q(^) 

On 


0, and i be any integer less than k, then lim = 0. 


w'^oo n~oo ^ 

The lemma will be first proved in the case in which k is an integer, so 
that i has any one of the values k — I, k — 2 , ... 0 . Let n be the integer 
next less than ca, so that n < w ^ n + 1. 

Let us consider 

(k - p) (k - p - 1 ) ( _ 2 \ 


(n) -(k-p) CT* (»» + ^) + 


2 ! 


a) ~ ••• 


where p may have the values 0, 1, 2, ... it — 1. 

The coefficient of in this expression is 

(M - r)» - (fc - p) (w + i - r) + -P) - 1) ^n+^-r^- ... ; 

and this is the coefficient of in — ( 1 c — p)e^ * ' -I- ... or in 


(— (e* — 1)*"*^. It follows that the coefficient of is of the 



68, 69] Cesaro's and Riesz's Methods of Summation 93 

form (n — r)^ + (^ — r)^~^ 4- ... + Aj,, where A^, A^, ... A^ depend 

only on k and p. It then follows that 

<T* (n) _ (fc _ p) a* (n + ^) + ... + (- I)*"' a* (n + 

has the form AqcTj, (n) + A^aj,_i (n) + ... + Aj,aQ (n). 

Let p == 0, this expression then becomes AqCTq (n) ; thus cjq (n) is expressed 
as a linear function of (n), *•* = L 

we have then the form A^u^ {n) 4- A^a^ (n), hence aj (n) can be expressed 
as a linear function of o-^ (n), cr* {n + j^}> •••• Letting p have the values 
2, 3, ... Aj — 1, we see that {n), (n), ... (n) are all expressible as 

linear functions of (n), aj^[n + ^ gj, (n + 1). 

Now has been shewn in theorem (c), of § 58, to be a linear function 
of CTo (n), CTi (n), ... a,, {n ) ; therefore is a linear function of 

if + ^k + !)• 


If 


(Tk (^) 


converges to zero, 


o-fc (n) 


/ 1 
r fc 


(jjfe (ti + 1) .. 

— — • all converge 

o(fc) 


to zero, since n < w n -h 1; it then follows that —r converges to zero ; 


q(0 




hence also, using Lemma I, converges to zero, where i is an integer 
less than k. 

Next let k not be an integer, and let K be the integer next less than k. 

It will be proved that 

A: (A: - 1) ... (k - K) 


(<i>) = 


J^! 


7: 


Integrating by parts, we have 




OK it) (to - dt. 

(to - <)*-g 


Ic-K 


I cr^ (0 — tY ^ ^ dt = 

Proceeding in this manner, we have, since (t) = K \ S a,., 

r<K 

f (tk (0 

Jo 

:rr f K \ Hi Uf. {w — tY~^ dt 


dt 


(k-K)(k-K + 1)... (fc-l) jo ,rs: 
(k-K)...(k-l)k 
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Thus or* (co) is a fixed multiple of I ok (t) Dividing the 

Jo 

integral in two parts, in which (0, n), {n, co) are the intervals of integration, 

rn 

respectively, we shall consider first (tk (0 ~ 

It can be shewn that gk (1) = M f uj/ {u) (t — du \ for 

Jo 

cTfc' (w.) k X aj{u — 
r<u 

and [ (u) {t — u)-^^~^'^du ^ k E a^. f (u — (t — du. 

Jo r<t J r 

Changing the variable in the integral on the right hand side to w, where 
t — u {t — r) the expression becomes 

k II ttr [ (t — r)^ (1 — w)^~^ dw 

r<t J 0 

which is a fixed multiple ^ of g^ (t). 

We now have 

r<rK (t) (oj - dl^ M Tica - dt f^G^' (u) (t - du 

Jo Jo Jo 

- M rG^' (u) du r(l - (w - dc 

Jo Ju 

the validity of the inversion of the order of integration following from the 
fact that the repeated integral exists when the integrand is changed into 
its absolute value (see i, § 429). 

Let I (t — (o) — dt be denoted by t/j {u) ; thus 

J u 

I (i) (<^ ~ dt ~ M \ Gjl (u) ijj {u) du. 

Jo Jo 

The function ift (u) diminishes as u increases, for it is the difference of 

f (t — (o) — t)^-^-^ dt and [ (t — (co — t)^-^-'^dt \ 

J u J n 

and the latter integral increases with u, whereas the former reduces, 
by substituting the new variable w, given by (t — u) ^ (oy — u) to a 
constant. 

Employing the second mean value theorem, we have 

[ (0 "" dt ~ JMf Ip ( 0 ) Gic ( t ) 

Jo 

where T is in the interval (0, n). To express 0 (0), we have 
^ (0) = 

J 0 
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Let t = nt\ we have then 

J 0 Jo 

Thus tjj (0) is bounded for all values of n ; or 
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^dt. 


I/; 


Ok (0 


< W, 


where t is in the interval (0, n), and A is independent of n and w. 

Let it now be assumed that lim = 0 ; if we suppose that 

I CTfc (t) 


lim 


ot'^ao ^ 

> 0, it is possible to choose a positive number rj, and a sequence 


of values of eo, so that 


<^k (Tb.) 

k 


value of T that corresponds to cd^. Now 


7), for all values of m, where is the 
Ok(r)\ 


< 7^, if T is greater than some 


fixed niimber and it thus follows that for all values of m ; and 

^dlich if 

I <^k(r) I 


then lim ^ 0, from which it follows that lim = 0; contrary to the 

00 


hypothesis. Hence lim 


m~oo 

must be zero, and therefore 


lim i [ GK {t) (o) - dt = 0. 

^.^00 J 0 

Next, let us consider ok (t) (oj — dt\ on successive integration 


by parts, this is equal to 


(0 


(o - 


-f (JK (0 


or to 

. . (cu — nY~^ , 
OK{n)—^-^+aK (n)^ 


{oj - 

{k-K){k-K^- 1) 
(cj — ny~^+^ 


-f ... + cr' 


(g) ~ 


r 1 

„.k\ ’ 


4“ ... O' 


^ (k-K) 

(w — ny 


iK) 


^ (k-K)...k^ 


K)(k-K f 1) 
and this is a linear function of gk {n), ok-i (^), ... o'o (^)- 

If we assign to a>, Z + 1 different values cog, ... o)K+iy all within 
the interval (n,n 1), we obtain X + 1 such linear functions. As the 
determinant of these linear functions is a multiple of 

1, Tij (^1 ny j ... (oij 

1 , 0)2 — n, (0)2 — ny, ... {0)2 — n)^ 

1 , <^K+i — n, (<*>g+i — n)^ 

which is a multiple of the product of the differences of pairs of 


<*>1,0)2, ... OJg+l, 
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the determinant does not vanish, and therefore the linear functions are 
independent. Therefore gk Mi otk-i M, ... (n) are all expressible as 

linear functions of the K -f 1 expressions | Vjs: (i) (co^. — dt. 

From theorem (c), is expressible as a linear function of 

Oo (»). <^i (n ), ... u, (w); 

and it follows that Sn , for all integers i ^ K < k is expressible as a linear 
function of the K^ \ expression f (t) (cd^ — dt. If now we 


tpression j ^ aK(t) (ojr — 

j n 

3, since lim - , f gk (t) (a> — dt ~ 0, we 

w ~00 ^ Jo 


assume that lim ~ 0, since lim [ ok (t) (ct> — dt ^ 0, we 

4U-0 a»-00 ^ J 0 

have lim f gk: (t) (oj - dt =-- 0. 

^ J n 

If, as ?i increases, oJ^, cu^, ... oix+i so increase that the differences 

^(0 

Wi ~~ n, 0^2 — wiTfi “ remain constant, we see that lim ^ 0, 
for all integers i < k; thus the Lemma has been proved. 

60. It remains t/O investigate Lemma III : 


If lim 0, for every integer i, less than k, then 

oo n 

/ / \ ... / 7 . 


CTfc (CV) SI 


0, where C; 


ik) ^ r (A: -Vjh + 1) 

~ r iAr -hiy^V! ' 


On account of Lemma I it follow^s that lim = 0, where K is the in- 
teger next less than k. 

Let denote the maximum of | S^J^^ | for r n ; it can be shewn 

^<<K) ^(K) 

that, if lim — ^ = 0, then lim = 0. A number v can be so fixed that 

n .^00 

I I I I 

— *— < for r > v; there exists a number M such that ‘ — < M, for 

jf>K yfc 

r = 1, 2, 3, ... V. We have then, taking n > v, 

Sn ^ maximum of \ Sr | , for r 


^ greater of the numbers e, M 


n can be so chosen that M 


:)*<■■ 


and therefore 


< € *, and thus lim = 0. 
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We have now 


97 


<T, (co) sr 




(k) 


a,M-6’i*>r(fc+ 1)1 


+ 


,(fc) /P + 1 ) 1 






and 


(fc)/r(^ + i) 1 


tf) 

.«■’ r (t + 1 ) (>. - J.) I -H I 

as is seen by employing theorem {h), and remembering that 

(*) r (i: + M + 1) 
r(k + l)n! • 

Employing (5), of § 48, we have 


S 


ik) 




and therefore 


I 


< 


1 j> -rt 

+ E 

/k - K -i- 2) - l\ 

p- 1 

\ p J 

( 

h — K ^ n\ ^fK) 

nfc-^i V 

71 ) 

i 

71 n* 



It has now been shown that 


/r(^+ 1) 1 \ 

^ V " 




<T, («>) - sjf’ r (fc + 1) 


Next, we consider 


. Employing theorem {d) 


and the formula (5) of § 48, we see that this is not greater than 


(a, - r)* - r (fc + 1) cly""-"’} 

to* I r»0 

+ [Sf ^0 (1) + sf\0{\) + ... + 8f\o (1)]1 . 

to 

nW) <5(«) «(«:) (AK) 

Since lim — ^ = 0, each of the K + ^ expressions " , — , ... — 

B_oo <t> “> CO* 

is o (1). In accordance with theorem (a), we have 

A^+i (to - r)* = ifc (Jfc - 1) ... (Jfc - iT) (co - r)*-«^-i + 0 {(to - r)*-«^-s} 

= fc (ifc - 1) ... (i: -K){n- r)*-*:-* + 0 {n - r)*-^-»}. 
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[CH. I 


Also 


and 


V(k+\) =k(k-\) ... {k - K) -I); 

I (<jj — — r (ifc + 1) I = 0 {(n — 


ioT r ^ n - K — I, from theorem (b). Thus we have 


^ 0(1) f a.-*=Nl''’*0(l) 

= 0 ( 1 ); 

where A denotes some fixed number. 

The Lemma has now been established. 

The equivalence theorem can be at once deduced from the three 
Lemmas. For, if it be assumed that lim = 0, we have, from Lemma II, 

n~oo 

(i) M 


s: 


lim -4- = 0, {i < k), and then, by Lemma III, lim = 0. If it be as 

n-ao 

sumed that lim = 0, by Lemma I we have lim -4 0, i < k, and 

n^wQD 91 n«s.ar) 91 


then, by Lemma III, lim 


(7*. (to) 


0. 


~ao to' 



CHAPTER II 


FUNCTIONS DEFINED BY SEQUENCES OR SERIES 

61. Let (a;), s^ix), (x), ... (x), ... be a sequence of functions 

defined for the values of x in some given set of points E. All the functions 
Sn (x) will, in the first instance, be taken to be single- valued functions of x, 
in the sense that, at each point of E, (x) has a single finite value, either 
finite, or -f- 00 , or - 00 . The function (x), when everywhere finite, is not 
necessarily bounded in the set E. The set ^ may be a linear set, or a 
p-dimensional set, in which case x symbolizes a point [x^ x^, ... Xj,), of 
the set. The set E is said to be the field, or domain, of the variable x, 
for which the functions are defined. It need not be assumed in the first 
instance to be restricted in any special manner; thus it is not necessarily 
bounded or closed. 

At any point of the domain of the functions, the sequence of numbers 
(^), ^2 ••• {i)> ••• may either (1), have a single finite limiting point, 

in which case the sequence (x)} is said to be convergent at the point ^ ; 
or (2), it may have a single improper limiting point oo , or — cao , but no 
further limiting point, in which case the sequence (x)} is said to be 
divergent at the point or (3), it may have a set of limiting points, either 
finite but containing more than one point, or infinite, which may include 
either, or both, of the improper points -f qo , ~ oo ; in this last case the 
sequence is said to oscillate at the point f . 

Let the function s (.r) be defined in the field E, for which the functions 
of the sequence are defined, by the rules that, at any point ^ at which the 
sequence {s^ {x)} is convergent, s (i) is the number to which the sequence 
converges ; at any point at which the sequence diverges, s (^) has the value 
H- oo , or — 00 , as the case may be ; and at any point at which the sequence 
oscillates, s (£) is multiple-valued, having for its stock of values those 
defined by the limiting points, finite or infinite, of the sequence {s^ (^)}. 

If U {^)y L (^) are respectively the upper and the lower boundaries of 
all the numbers (^^), the two functions U (x), L (x) are single- valued 
functions which may be termed the upper boundary function and the lower 
boundary function of the sequence (x)}. Either or both of the numbers 
U (i)y L (f) may be infinite. 

The set of values of s (x) at any point when it does not consist of a 
single point, necessarily consists of a closed linear set of points, the term 
closed set being extended, when necessary, to include cases in which one 
or both of the points 4- oo , ~ oo belong to the set. It should be re- 
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membered that if, for an infinite set of values of n, the values of (f) 
are all identical, their common value must be reckoned as belonging to 
the closed linear set of values of s (f). 

The upper and lower boundaries of this closed set, of values of 5 (^), 
may be denoted by s (f), s (^), where either, or both, of these may be either 
finite or infinite. The single-valued functions s (x), s (x) defined in the 
field F, as having at each point the values respectively of s (^)y s (^) 
are termed the upper limiting function and the lotver limiting function y 
respectively, or simply the upper and lower functionSy defined by the 
sequence (a:)}. 

At a point of convergence, or divergence of (a:)}, we have 

If € be an arbitrarily chosen positive number, and if (^), s (f) are both 
finite, (i) must lie in the interval (s (f ) ~ €yS (f ) -I- e), for every value of w, 
with the possible exception of a finite number of such values. If 5 (^) = oo , 
and s ii) is finite, only a finite set of the numbers {^) can be less than 

§ ii) - t- 

It is clear that, at every point Xy the relations U (x) s (x) (x) ^ L (x)y 

are satisfied. 

In case, at each point of the sequence {Sy^ (a;)} is convergent, 
s(x) = 8(x)y and the limiting function ${x) is single-valued and finite. If, 
at each point of Ey the sequence {6*„ (a:)} is either convergent or divergent, 
s (x) is also single -valued, but at each point of divergence of the sequence 
it has for its value either oo , or — qo , 8ts the case may be. 

If (Pj, p^y ... ...) be a sequence of increasing positive integers, the 

sequence {Sp^ (x)} may be said to be a sub-sequence of the sequence (x)}. 
Such a sub-sequence will have an upper function that is 5 s{x)y and a 
lower function that is ^s(x). If a sub-sequence be convergent, it may 
have for its limiting function either s (x) or s (x) or some function whose 
value at each point is a limiting point of {s^ (a;)} in the interval bounded 
by s{x) and s{x). When all possible sub-sequences of (^)} ^re taken 
into account, the totality of their upper functions may be spoken of as 
the set of upper functions of the sequence (a:)}. Similarly the set of 
lower functions of the sequence is defined as the totality of the lower 
functions of all sub-sequences. 


62. If the method of transformation given in i, § 219 be applied to the 
functions of the sequence (a:)}, defining the function (x) by 

(«) 


an {X) = 

s(x) 


1 + I a (a:) 


l + |Sn(a:)r 

, we observe the fact that, for any point 


and or (x) by a (x) == 
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corresponding to the set of values of 5 in (— ao , oo ), which is closed 
either in the ordinary sense, or in the extended sense in which + ^ and 
~ 00 are admissible points of the set, there exists a closed set of values of 
a (^) in the interval (—1, 1); moreover the converse of this holds good. 
Divergence of (f )} to -f implies convergence of (f )} to the 

point 1 , and divergence of (^)} to — qo implies convergence of {(7^ (^)} 
to the value — 1 . 

From this point of view, the distinction between convergence and 
divergence of a sequence, at a point, is unessential, whereas oscillation is 
essentially distinct from either. Thus, for example, if {.s,, (x)} be at all 
points of E, either convergent or divergent, the sequence {cr„ (a:)} is, at all 
points of E, convergent. 

In case -f- <» , or — oo , is the value of (x) at a particular point the 
corresponding value of (x) is 1, or — 1, as the case may be. 

It is sometimes convenient to modify the transformation just employed . 
If (x)} be a sequence of functions of which the values aU lie in the 

interval (- 1, 1), we may take (x) j ^ I ’ 

where {k^} is a monotone increasing sequence of positive numbers con- 
verging to 1, as limit. The advantage w^hich this transformation has, 
over the one above which corresponds to the case ~ 1, is that Sn (x) is 

k 

necessarily bounded, for each value of n, being numerically ^ . 

1 A^n 

63. If Ui (x), U 2 (x), ... Un {x), ... be a sequence of functions defined in 
a given linear, or p-dimensional, set of points E, let 

. 9 ,, {x) - {x) -I- U 2 {x) -f ... + (x); 

then the sequence {.9,^ (x)} defines, as explained above, the limiting function 
s (x). This function may be termed the sum -function of the infinite series 

Uj (x) + Wo W + ••• + W + •••• 

It thus appears that the theory relating to the sum-function defined 
by an infinite series, each term of which is a function of one or more variables, 
is identical with the theory of the limiting functions of a sequence of 
functions defined in the given domain E. Thus any theorem relating to the 
theory of infinite series of functions of one or more variables can be stated 
as a tlieorem relating to sequences of functions. The functions s (x), s (a:) 
may be termed the upper sum-function, and the lower sum-function of the 
given series. At a point of convergence or of divergence of the series, 
we have s (^) s {$) -= § (f), the number s (f) being finite at a point of 
convergence, and either 00 or — 00 , as the case may be, at a point of 
divergence of the series. 
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FUNCTIONS RELATED WITH A GIVEN FUNCTION. 

64 . In I, § 220, the maximal and minimal functions at a point x, of the 
domain of a single-valued function of a single variable, have been defined. 
These definitions can be extended to the case of a function 5 (ar), of any 
number of variables, when the function is not necessarily single- valued, 
but may have, at each point x, upper and lower boundaries U (x)j L (a;), 
and upper and lower limits u {x), I (x), each of which may be finite or 
infinite. The values of 6* (:r), for each x, form a closed set, when s (a:) is 
defined, as in § 61, by means of a sequence (a:)}; but in case s {x) is not 
defined in that manner it need not be assumed that the set of values of 
s (a:), at x, is closed. 

I.«et E denote the domain of the function s (a:), and let ^ be a limiting 
point of E which belongs to the set. The upper boundary of the numbers 
U (x)y for all points a;, of E, in a neighbourhood A, of f, converges as the 
span of A converges to zero, to a number M (^) which is the value, at 
of the maximal function M (a:), associated xvith s (x). Similarly, the lower 
boundary of the numbers L (x), for all points x, oi E, in the neighbour- 
hood A, of converges, as the span of A converges to zero, to a number 
m (^), which is the value, at of the minimal function m (x) associated 
with s (x). 

In these definitions, the values of x include f itself; but if the value ^ 
be excluded from the permissible values of x, so that the values of s (^) 
are irrelevant, we obtain, instead of M (f), and m (^), numbers A (^), a (^), 
the values of which are termed respectively those of the upper associated 
function A {x), and the lower associated function a {x). The number M (f ) 
is clearly the greater of the numbers U (f), A (f) ; and the number m (f) 
is the lesser of the two numbers L a (f). The definitions are applicable 
also to a point of E' , which docs not belong to E, and at such a point 
M {^) = A (^), and m (^) — a (|^). At an isolated point of E, the asso- 
ciated functions do not exist, but M (^) U (£), and m ^ L (^). 

The above definitions may be stated more explicitly in the following 
form : 

If ^ he a limiting point of the set E in which the single or multiple valued 
function s (x) is defined, and if he a sequenx^e of neighbourhoods of f , each of 
which contains the next, and which converge to the point f , then if U (A„J denote 
the upper boundary of U (x), for all points x, of E, in A„i, the non-increasing 
sequence {tl (A„t)} has a lower limit M (f), as m ^ , which is taken to he 

the value, at of the maximal function M {x). Similarly, if Z (A^J denote 
the lower boundary of L {x), for all points x, of E, in A„j, the non-diminishing 
sequence (L (A„i)} has an upper limit m ((), which is taken to he the value, 
cd f , of the minimal fiinction m (x). 
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If U (Arn) denote^the upper boundary of U (x), for all points x, of E, 
except f , in ; cind L {A^) denote the lower boundary of L {x),for all points x, 
of_Ey except in Ayn, the limits A (f), a (f) of the two monotone sequences 
[U (A,„)}, (L (A,„)}, define the values, at of the upper and lower associated 
functions A (x), a (x). 

It is easily seen that the four numbers defined are independent of the 
particular sequence, {A^^}, of neighbourhoods employed. For, if {A',„} be 
any other such sequence, and m be sufficiently large, A',,^ is contained in 
a neighbourhood A^^ ; and also A\f^ contains A^^*, if m" be sufficiently 
large; so that V (A'„,) lies between U (A„^') and U (A^^"). A similar argu- 
ment applies to all four numbers. 

It is seen from the definitions of the maximal, minimal, and associated 
functions that, at every point, they satisfy the conditions 
M (x) ^ A (x) ^ a (x) i rn (x). 

65. In accordance with the definition of M (f), having given an arbi- 
trarily chosen positive number e, a neighbourhood A, of can be so deter- 
mined that the upper boundary U (A), of s (x), for all points of E, in A, is 
< M (a -4' €, and that there exists one point x of E^ at least, in A, at which 
U (x) > M (^) - 6. 

Similarly A can be so determined that the lower boundary L (A), of 
s (x), in A, is > m (^) ~ €, and which contains at least one point at which 

L (x) < m (f) -f €. 

It is clear that M m {$) is the necessary and sufficient condition 
that 5 (x) should be continuous at the point This condition may also 
be expressed by s (f) A (^) a (^). It is also clear that the necessary 
and sufficient condition that s (x) should be upper semi- continuous at ^ 
is that Af (f ) 5 (^), and that m {^) = s (^) is the necessary and sufficient 

condition that s (x) should be lower semi-continuous at It is here 
assumed that s (^) has a single value. 

For the case of a single- valued function it has been shewn by W. H. 
Young* that the relation ^ (x) ^ 5 (x) ^ a (x) holds, except possibly at 
points of an enumerable set. 

It can be shewn that: 

The functions M (x), A (x) are both upper semi-continuous, and the 
functions m (x), a (x) are both lower semi-continuous. 

For if, in every neighbourhood of there are points at which 
M{x)>M (f ) -f €, 

for some fixed value of €, there must be points at which U (x) > M (^) -f €, 
♦ Quart. Journ. vol. xxxix (1908), p. 82, and Proc. Lond. Math. Soc. (2), vol. vm (1910), p. 119. 
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and this is inconsistent with the fact that M (^) is the value of the maximal 
function at A similar argument applies to the function A (x). The 
property of m (x) and a (x) is established in a similar manner. 

UNIFORM CONVERGENCE OF SEQUENCES AND SERIES. 

66. If, in any domain Ey of one or more dimensions, for which the 
sequence {5^ (x)}y of single valued functions (x), is defined, the limiting 
function s (x) has, at each point of the domain, a single finite value, the 
sequence (x)} is said to be convergent in the given domain. 

At each point of the given domain, the condition is satisfied that, 
if € be an arbitrarily prescribed positive number, | .5 (^) — (^) I < 

all values of n which are not less than some definite integer, dependent 
upon €y and in general also upon the particular point We may denote 
the smallest integer which satisfies this condition by n (e, ^). A very 
important case of convergence arises when the numbers n (e, i) have, for 
each fixed value of c, a finite upper boundary, when all points of Ey are 
taken into account. In this case, n{€)y or Ucy can be so chosen that, 
I 5 (x) — Sn (x) I < €, for n^riey everywhere in E. The convergence of the 
sequence (x)} is then said to be uniform in the given domain. We have 
thus the following definition of uniform convergence : 

If. in a given domain y of one or more dimensions, the sequence {<9,1 (x)} 
of single-valued functions, everywhere converges to the value of a function s (x), 
finite at each point of the domain, and if, corresponding to each arbitrarily 
prescribed positive number e , an integer Ue can be so determined that 

I « (a:) - «„ (3;) ( < C, 

provided n^n^, and for all values of x in the given domain, so that n^ is 
independent of x, the convergence of (x)} is said to be uniform in the given 
domain. 

The criterion of uniform convergence may be stated in the following 
form, in which the conditions of convergence and of uniform convergence 
are combined in one stat/Cment: 

If, in a given domain, of one or more dimensions, the sequence (x)} 
satisfies the condition that, corresponding to each arbitrarily chosen positive 
number e, a number n^ can be so determined that | s^ (x) — (x) | < e, 

provided n and n' are any pair of integers such that n^ne, n' ^n^, whatever 
value x may have in the given domain, the sequence (x)} is said to be uni- 
formly convergent in the given domain. 

In case the sequence consists of the partial sums of a scrips 
u^ (x) 4 - U2 (x) 4- tta (^) + ••• » 

where the terms are functions which have single definite values at each 
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point of a given linear or p-dimensional domain, the definition of uniform 
convergence of the series may be stated as follows : 

//, corresponding to each arbitrarily assigned positive number c, a value 
of n, independent of x, can be so determined that 

I K,l (x) |, I (x) I ... I (x) I ... 
are all less than c, for every value of x, the series u^ {x) -f (^) + • • • 
to converge uniformly in the given domain. 

In case the convergence of the series at each point of the given domain 
is assumed, the condition of uniform convergence may be stated thus: 

If the series u^ (x) u^ix) + ... u^ix) -f ... converge, for each value 
of x, in a given linear, or p-dimensional, domain, the series is said to converge 
uniformly in that domain provided that, corresponding to each arbitrarily 
assigned positive number €, a number n, independent of x, can be determined 
such that all the remainders R^ (x), Rn+i (x), ... are, in absolute value, less 
than €, for every value of x in the given domain. 

In case a sequence {5^ (x)} converges uniformly in a set E, it is clear 
that the sequence also converges uniformly in any part , of E, But if 
{E^, JSJg, ... ...) be a sequence of sets, each one of which is contained 

in the next, and of which E is the outer limiting set, a sequence { 5 ,^ (x)}, 
defined in E, may converge uniformly in each of the sets E,,, and yet may 
not converge uniformly in E. If ti (r, c) be the least integer such that, at 
every point of E,., | s (x) — s^ (x) | < c, provided n^n {r, c), it may happen 
that, for some value of e, n {r, e) has no upper boundary for r — 1 , 2 , 3 , ... ; 
in that case there exists no integer n (e) such that | s (a:) — s^ (x) | < e, for 
n^n{€), and for all points of E\ the convergence is in that case not 

X 

uniform in E. For example, let s {x) — (x) = in the infinitely great 

semi-closed linear interval (0 x). In any interval ( 0 , h), where h > 0 , 

I 5 (a:) ~ s„ (x) I < c, if n > h/e; but there is no value of n for which 
I s (x) — Sn (a:) I < € in the whole interval 0 ^ a;. Thus, although the se- 
quence converges uniformly in every finite interval ( 0 , h), it does not 
converge uniformly in the infinite interval (0 ^ a:). 

SIMPLY UNIFORM CONVERGENCE. 

67 . A mode of convergence of a series, or sequence, in a given domain, 
less stringent in character than that of uniform convergence, has been 
considered by Dini and by other writers. This mode of convergence has 
been termed by Dini ‘‘simple uniform convergence,” and has been defined 
by him* as follows : 

The series Ui (a:) -f U2 {x) -f- W3 (a:) -f ... which converges at each point x, 
of a given domain, to the value s (x), is said to be simply-uniformly convergent 
* See Dini’s Orundlagen, by Liiroth and Schepp, p. 187. 
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in the domain if, corresponding to each arbitrarily assigned positive number c, 
and to each arbitrarily assigned integer m\ at least one integer m, not less 
than m\ can be so determined that, for all values of x in the domain, 

I (^) I < 

The condition of simple-uniform convergence is less stringent than 
that of uniform convergence, in that, in the latter case, all the remainders 
after a certain one are numerically less than e, whereas in the former case, 
not necessarily all the remainders are, for all the values of x, numerically 
less than €. 

As regards the above definition, it should be remarked that, if there is 
one integer m m') such that | R,n (^) | < ^ > ^for all the values of x, there 
must be an infinite set of such integers. For we have only to ascribe to m' 
successively values which increase indefinitely, and for each of these there 
exists a corresponding value of m. 

Let €i, eg, € 3 , ... be a sequence of diminishing positive numbers wliich 
converges to zero. If (x) be a simply-uniformly convergent series, 
nj can be determined so that | (a;) | < Cj, for all the values of x) then 

an integer ^2 (> ^1) so determined that | (a:) | < eg? then 

W 3 (> n^) so that | i?,,, (x) ( < € 3 ; and so on. 

It follows that the sequence s^^ (x), s^^ (x), s^^ (x), ... converges uni- 
formly to 8 (x). If now the first n^ terms of the series be amalgamated into 
one term, then those after the first n^ up to, and including u„^ (x), and so 
on, the series is transformed into 

«». (^) + [«n. (^) - «m (^)J + K, (*) - -Sr.. (*)] ••• : 

and in this form the series is uniformly convergent. 

It has thus been shewn that: 

A simply-uniformly convergent series can be changed into one which is 
uniformly convergent, by bracketing the terms suitably, in accordance with 
some norm, and taking each bracket to constitute a term of the new series. 

It thus appears that, if {s^ (x)} is a convergent sequence, it is simply- 
uniformly convergent provided it contains (^)}> == L 2, 3, ...), a 

sub-sequence which is uniformly convergent in the domain. 

It should be observed that, when the sequence {s^ (a:)} does not con- 
verge ever 3 rwhere in the domain of x, it may still be possible to determine 
a sub-sequence {s„^ (x)}, p = 1, 2, 3, ... which converges uniformly in the 
domain of x. 

If each term u^ (x) of a uniformly convergent series be replaced, in 
accordance with some norm, by the sum of functions, such that 
(*) = (x) + U„,t{x) + ... + U„,r„ (a:), 
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then the new series 

^ 1,1 (^) + ^ 1.2 (^) + ••• + (^) + ( x ) + ... 

is not necessarily convergent, but may at any point of the domain be 
oscillatory. If, however, the series be convergent in the domain of x, it 
converges at least simply-uniformly. In any case the series is reducible 
to a uniformly convergent series by introducing a suitable set of brackets 
and amalgamating the terms in each bracket. It thus appears* that the 
distinction between uniform convergence and simply-uniform convergence 
is less fundamental than might at first sight have been supposed. 

68. A series which converges for every value of a: in a given domain is 
certainly simply-uniformly convergent in that domain in case there exist 
an infinite set of values of n such that (x) =■ 0 for all the values of x. 

Let us next suppose that there are at most a finite set of values of n 
such that Bn (x) — 0 for all these values of n, and for all values of x, in E. 
It will be shewn that the definition of simply-uniform convergence can, 
in this case, be reduced to a simpler form, viz. that, for each e, a number n 
can be determined so that | (x) | < c, for every value of x, and such that 

Bn (x) does not vanish everywhere. Let us denote by Bn the upper boundary 
of I Bn (x) I in the domain of x ; Bn may be either infinite or finite. Let it 
be assumed that there exists one value of n, such that | Bn (x) | < €, and 
such that Bn (x) does not vanish for all values of x in the domain ; we have 
then Bn ^ Let us take a positive number less than Bn , and also less 
than all of those numbers ••• ^n-i which do not vanish. By hypo- 
thesis there exists an integer % , such that | Bn^ (x) | < < e, and such 

that Bn^ (x) does not everywhere vanish. This number rii cannot be one of 
the numbers 1, 2, 3, ... n; for it is always possible to determine a value 
of X for which | (x) | is arbitrarily near its upper boundary, and is 

thus > cj . Similarly it may be shewn that an integer ^2 (> ^i) exists which 
has the same property such that | (x) | < e. Thus an indefinitely great 

set of values of n can be so determined, for which | Bn (x) | < e, for every x; 
and the condition in Dini’s definition is satisfied. We have accordingly 
the following modified form of Dini’s definition : 

A series which converges for every value of x in a given linear, or p-dimen- 
sionaly domain is said to converge simply-uniformly either, (\) if there are 
at most a finite set of values of n for which Bn (x) 0, for all the values of x, 

and if, corresponding to each arbitrarily assigned positive number e, an integer 
n, independent of x, can be so determined that | (x) | < c, for all the values 

of X, whilst Bn (x) does not vanish for all the values of x, or (2) if there be an 
indefinitely great set of values of n for which Bn (x) = 0 for all the values of x. 

* See Arzel&, Bologna Rendiconti (6), vol. viu (1899); also Hobson, Proc. Lond. Math. Soc. 
(2), vol. I (1904), p. 376. 
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A series which is uniformly convergent is also simply-uniformly con- 
vergent, but the converse does not hold. 

If the series be simply-uniformly convergent, but be not uniformly 
convergent, there must, corresponding to each sufficiently small e, be an 
indefinitely great set of values of n for which the condition | (x) | < e, 

for aU the values of x, is not satisfied ; for if there were only a finite set of 
such values, n could be taken greater than the greatest of these, and thus 
the condition for uniform convergence would be satisfied, which is con- 
trary to hypothesis. 

If all the terms of a series (^r) be non-negative for all values of x 
in the domain of the variable, and if the series (a;) is simply-uniformly 
convergent, then it is necessarily uniformly convergent. For in this case 
{Sn (x)} is a monotone non-diminishing sequence, for each value of x. If 

I s (a:) - s„ (x) I < e, 

for any value of n, and for all the values of x, it follows that the inequality 
holds good for all greater values of n, and therefore the convergence is 
uniform. 


UNIFORM DIVERGENCE AND UNIFORM APPROACH. 

69. Let it be assumed that, in a set Rj , the sequence {.9„ (x)] diverges 
at each point, either to 4- or to — oo . 

If, corresponding to each arbitrarily assigned positive number A, an 
integer um can be so determined that, at each point of , one or other of 
the conditions {x)> N, {x) < — N, according as the divergence is to 
-f 00 or to — 00 , is satisfied provided the number /ijv being inde- 

pendent of X, whatever point x may be, in E^ , the sequence is said to 
diverge uniformly in E^, 

If E^ be a part of a domain E, for which the functions of the sequence 
{Sn (x)} are defined, and that sequence converges uniformly in E — Ei, 
whilst it diverges uniformly in E^ , then the sequence is said to approach 
s (x) uniformly in E, The term uniform approach may be taken to include 
uniform divergence and uniform convergence. 

The definition of uniform approach may be stated as follows: 

//, corresponding to each arbitrarily assigned pair of positive numbers 
A, €, an integer n (A, e), independent of x, can be so determined that, at each 
point of convergence of (x)}, | ^ (x) — s^ (x) | < c and at each point of 
divergence s^ (x) > A, or (x) < — A, according as the divergence is to <x> or 
to — , provided in each case n^n (A,€), the sequence is said to approach 

s (x) uniformly in E, it being assumed that the sequence is not oscillatory at 
any point of E. 
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The justification for this terminology is to be found in the fact that, 
if the transformation (x) ^ employed, the sequence 

{o’n (^^)} is uniformly convergent in E, in accordance with the definition 
of § 66, provided (a:)} approaches s (x) uniformly in E. 

To prove the theorem, let t) be an arbitrarily chosen positive number, 
and let, A and € be such that (1 A)~^’< t], €<\r]. At a point at which 

Sn (^) > A^ for n^m we have 


i - (^) I = 


(^) 


< 


1 


< 


1- + (^) I 1 -f ^ 

and similarly, at a point at which Sn{x)< — A, we have \ — I — <r), 

for n ^ m. At a point at which | 5 (2:) — 5,, (a;) | < e, for n'^m, we have 
I cr (2:) ~ or„ (2:) I < I (x) — Sn (x) \ < € < Tjy provided | ^ (x) | > e, in which 
case s (x) and (x) have the same sign. If, however, | 6* (x) | r; e, we 
have I cr (2:) — On (x) | < I «n (a;) [ + I s (a;) I <c 3e <c 7 j. It thus appears that 
{on (x)} converges uniformly to a {2:) in the set E, since, for the arbitrarily 
chosen number rj, | a (x) — (^) i < n and for all points x, in E, 

The converse of this theorem does not hold good. If it be assumed 
that {cr,i (2;)} converges uniformly to < t ( x ), although it can be inferred 
(see I, § 219) that {Sn (2:)} converges or diverges, at every point x, to 5 (2;), 
the approach of the sequence to the limiting function is not necessarily 
uniform. 


Uniform approach of the sequence {s^ (x ) } to s {x) has been defined* 
otherwise by Hahn, as subsisting whenever {a„ (2:)} converges uniformly to 
a (2;). There is however a certain arbitrariness in this definition, as it 
depends upon the employment of a special transformation. 


POINTS OF UNIFORM AND OF NON-UNIFORM CONVERGENCE. 

70. Let the sequence (2;)} converge at each point of a domain Ey 
of one or more dimensions, to the value of s (2:). Let n (e, 2;) denote the 
least value which n can have, for a particular point x, such that 
I Sn (*) -«(*)!, ! S„+i (*) - S (X) |, I (X) - S (X) |, ... 
are all < e ; thus n (c, x) has a definite value for each value of e, and for 
each point x, of E, For a fixed value of e that is sufficiently small, it may 
happen that n (e, 2;) has no upper boundary in E ; this will be the case 
when the convergence of the sequence is non-uniform in E, 

In accordance with the theorem of i, § 213, there must be at least one 
point f , of Ey in case E be closed, such that, in an arbitrarily small neigh- 
bourhood of f, n (c, 2;) has no upper boundary. There may be a finite, 
or an infinite, set of such points and in an arbitrary neighbourhood of 
any point of this set, n (c, x) has no upper boundary, and thus has values 
* Theorie der reelien Funktionen^ vol. i, p. 247. 
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greater than an arbitrarily chosen positive number A. Nevertheless 
n (e, x) has a finite value at each point of E, for otherwise the sequence 
would not converge at the point. 

A jx)int for which, for each lvalue of e (> 0), there is some neighbourhood, 
dependent in general on c, in which n (e, x) has a finite upper boundary, is 
said to be a '}x>int of uniform convergence of the sequence. 

A point, in the neighbourhood of which n (e, x) has no finite upper 
boundary, provided e be fixed, sufficiently small, is said to be a 'jx)int of 
non-unifor7n convergence of the sequence. 

If the domain E be not closed, the point ^ in the neighbourhood of which 
n (€:,x) has infinity for its upper boundary, need not belong to E, although 
it must then be a limiting point of E, and would thus belong to the closed 
set E^ = M (E, E'), obtained by adjoining to E those of its limiting points 
which do not belong to the set. Thus we should have to consider points 
of non-uniform (convergence which belong to Eq but not to E. Although 
the most important case is that in which the domain E, for which the 
functions of the sequence (:i:)} are defined, is closed, being a closed linear 
interval, or a closed continuous domain of any number of dimensions, we 
shall, for generality, consider the case of any domain E which is not 
necessarily closed. 

The above definitions are equivalent to the following: 

If, for a point of E, or of E', there exists, for each positive value of e, 
a neighbourhood (f — ^ de) (linear or p-dimensional) such that, for 

n a number dependent on e, | s (z) - - (a:) | < e, for all points x in 

that neighbourhood, the point ^ is said to be a jx)int of uniform convergence 
of the sequence (a:)}. 

If, for a sufficiently small value of €, no such neighbourhood exists, ^ is 
said to be a point of non-uniform convergence of the sequence (x)}. A point 
of E', which does not belong to E, may be a point of non-uniform convergence. 

The definitions may also be stated in the following form: 

At a point of E, or of E', the convergence is uniform or non-uniform 

according as | (x) | has, or has not, the unique double limit zero, as x 

n'^ oo . 

71 . It is convenient in this definition to take a neighbourhood 
~ df , f -f df), of which ^ is the middle point, in the case of functions of 
a single variable ; and it is convenient to take a square or cubic neighbour- 
hood in the case of functions of two, or of three, variables. In general a 
neighbourhood 

(fW - de, _ de, ... - de; -f de, ^ -f d„ ... + de), 

represented also by (i — de, f -f de), can be taken in the case in which 
f is a point ... of a p-dimensional set. If | ^ (a:) — (f) | < e, 

for n ^ ne, in a neighbourhood (i — de, ^ de), there will be an infinite set 
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of values of dt for which the condition is satisfied. This set will have a 
maximum value rft, such that, at any point within the neighbourhood 
(f — (fe, ^ + dt), the condition | (x) — 6* (x) | < c is satisfied for n ^ 

If we give to dc the value \ de, for example, we have a rule for determining 
a neighbourhood, definite for each point f , in which (including its boundary) 
the condition is satisfied. 

At a point of uniform convergence, the number dt will in general 
depend upon the value of € ; and if e -- 0, and Ue increases indefinitely, the 
numbers dt will converge to a number which is either positive (say = d') 
or is zero. In the former case there exists a neighbourhood (^ - d'\ $ + d"), 
where d" .< d\ in which the convergence is uniform; points of con- 
vergence for which this is the case were considered by Weierstrass*, 
and spoken of as points in the neighbourhood of which the sequence 
converges uniformly. He proved that, for a closed domain E, if every point 
has this property, the sequence converges uniformly in E. In case de 
converges to zero with e, the point f, of uniform convergence, has no 
neighbourhood in which the sequence converges uniformly; such a point 
has been termed by Pringsheimf a singular point of uniform convergence. 
8uch a point is in general a limiting point of a set of points of non-uniform 
convergence. When the functions (x) are discontinuous, a point of 
uniform convergence may even be an isolated point of the set of all points 
of uniform convergence! (see § 95). The definition of a point of uni- 
form convergence was given explicitly by W. H. Young §, and later by 
Van Vleck||. It was given implicitly by other writers, for example, in the 
first edition of this work. 

In the case in which the domain E is linear, a distinction may be made 
between uniform continuity, at a point on the right and on the left. 
If the condition | ^ (x) — (x) | < €, for n ^ Ue, is satisfied for all points x 

in an interval (^, f -I df), and for all values of c, the point f is one of 
uniform continuity on the right. By employing intervals (^ — de, f), 
uniform continuity on the left is defined. A point is of uniform con- 
vergence if it is uniformly convergent both on the right and on the left. 
A similar distinction might be made when the domain has two or more 
dimensions. 

72. It has been shewn that if, for some sufficiently small value of €, 
n (€, x) has no upper boundary in a closed set E, there must be at least 
one point of non-uniform convergence, which belongs to E. It follows 

* See Werke^ vol. ii, p. 202; also Du Boi 8 -Re 3 anond, Crelle*3 Journal, vol. c (1887), p. 335. 
f MUnch. Sitzungaber. for 1919, p. 419, where some remarks of a historical kind will be found, 
t See W. H. Young, Proc. Lond. Math. Soc. (2), vol. i (1903), p. 90, but it is in agreement with 
Du Bois-Reymond’s definition of “stetige Convergenz” at a point. 

§ Proc. Lond. Math. Soc. (2), vol. i (1903), p. 89; see also (2) vol. vi (1908), p. 36. 

11 Trans. Amer. Math. Soc. vol. vra (1907), p. 204 footnote. 
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that, if every point of the closed domain is a point of uniform con- 
vergence of the convergent sequence (rr)}, the sequence is uniformly 
convergent in E, This does not hold good if E is not closed. 

If a point of E, or of E\ be such that a sequence ng, ... of 

increasing integers exists such that ^ is a point of uniform convergence of 
the sequence (a:), (a;), (x), ..., without necessarily being a point 

of uniform convergence of the convergent sequence (a:)}, the point ^ is 
said to be a 'point of simply uniform convergence of the sequence (a:)}. 

It is clear that, if the sequence {c9„ (a:)} is simply- uniformly convergent 
in a closed domain Ey every point of E is one of simply uniform convergence 
of the sequence. For we have only to apply the fact that, if {.9^^ (.r)} con- 
verges uniformly in E, every point of is a point of uniform convergence 
of that sequence. 

The converse theorem that, if every point of JE' is a point of simply 
uniform convergence, then the sequence converges simply uniformly in 
Ey does not hold. For the datum only ensures the existence of an integer 
sequence n^y Tig, n^, as in the definition, for each point of E, but there 
may exist no one such sequence which applies to all the points of E. 

73 . If (^)} is divergent, say to + qo , and the condition is satisfied 
that, for each positive number a neighbourhood of the point dependent 
in general on Ay exists, such that at every point x in that neighbourhood, 
Sn (x) > Ay for n ^ n^y the point ^ is said to be a point of uniform divergence 
of the sequence (a;)}. It is seen at once that, when the transformation 

S i3c\ 

(Tn (^) = 1 p- I is applied, a point of uniform divergence of {s„ (x)} 

1 + I (x) I 

is a point of uniform convergence of {cr„ (x)}. 

It now follows that, if every point of the closed set E is either a point 
of uniform convergence, or a point of uniform divergence, of {s^ (x)}, the 
sequence {a^ (x)} converges uniformly in E, 

74 . The definition of uniform convergence of a sequence {.9„ (x)} at 
a point ^ may be stated in the following form, in which the convergence 
of the sequence is not presupposed : 

If the functions of a sequence {s^ (x)} are defined in a domain Ey the 
sequence is said to be uniformly convergent at a point of Ey or of E', if, 
corresponding to each arbitrarily assigned positive number €, a neighbourhood 
(f — de, f 4- de) can be so determined thaty for every point x, of E^ in that 
neighbourhood y the condition | s^ (x) — v (^) I < n^n^y n' ^n^, is 

satisfied; where n^ is some integer dependent on e. 

That the definition*, in this form, implies the convergence of the 
sequence at the point in case f belongs to Ey is seen by taking x = ^ 
in the condition that is satisfied. It is, however, not necessarily the case 
♦ This definition is given in Hahn’s Theorie der reellen Funktioneny vol. i, p. 247. 
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that, when the condition is satisfied, the sequence should converge at any 
point in a neighbourhood of except at the point ^ itself. This definition 
is accordingly applicable to any sequence {5,^ (x)} not assumed to be con- 
vergent ill E. It is thus more general than in the form, given in § 70 , that 
the double limit of | (x) | at the point (^, oo ) should exist and have the 

value zero. For (a:) need not exist except at f , in case ^ belongs to E, 

This definition may be expressed in the following equivalent form : 

// the functions of a sequence {.9^ (a:)} are defined in the domain E, the 
sequence is said to be uniformly convergent at a ixyint of E, or of E', if, 
corresjxjnding to each arbitrarily assigned 'positive number e, a neighbourhood 
A, of can be so determined that, for every 'point x, of E, in A, the conditions 
I {^) “ (^) \ < e, I (x) — s (.r) I < € are satisfied, for n 7h , where 

s (:r), s (x) are the upper and lower limits of s^ (;r), as n oo . 

To prove that this form follows from the first, choose A so that, in A, 

I (a") - (x) I < i e, 

for n 'Z iit , n' Z lu . By giving to n the values in a properly chosen 
sequence, {x) converges to ,7 (a;), and by a different sequence it converges 
to s (x) ; hence | s„ (.r) - s (x) | < e, | (x) — s (.r) | < c. To prove that the 

first form of the definition follows from the second, choose A so that 
I (x) ~ 'S (a:) I < J f , I S„ (x) - s (x) | < J e, 
for n Z n , . It now follows that, if n Z Ui , n Z 7ie, | s^ (x) — 6V (x) | < €. 

75. A more stringent (jondition than the one contained in the above 
definition would be obtained by assuming that | (x) - (x') | < €, 

for nZUe, n' Z7if, and for every pair of points in the neighbourhood 
(i — de, i I d() of the point When this condition is satisfied the sequence 
is said to be continuously convergent at the point f . This condition may be 
stated in the form that s^ (x) should be continuous with respect to (x, n) 
at the point (^, oo ), so that (x) has a unique double limit, as x 
n ^ oo . 

It is clear that, if the sequence is continuously convergent at the point f , 
it is also uniformly convergent at that point, but the converse does not 
in general hold good. 

Consider, for example, the case of a discontinuous function s^ (x) defined 
for a finite linear interval containing the point x = 1 , by (1) = 1, (x) = 

n 

for X ^ 1. We have then s (1) = 1,5 (x) = 0, for x 1. The condition of 
uniform convergence, that, in a sufficiently small neighbourhood of the 
point 1, \ $n' {x) — 8n (x) | < €, for 71 ^ Ut, n' Z Ue, is satisfied, but the 
condition | 5^/ (x') — 5„ (x) | < c, is not satisfied, as is seen by taking x == 1. 
Thus the sequence converges uniformly, but not continuousl}^ at the 
point 1. In fact the double limit of (x), at (1, c» ) is zero, but that of 
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8n (x) is not 5(1). It can, however, be shewn that, if an infinite number of 
the functions (x) are continuous at the point and the convergence at 
that point is uniform, it is then also continuous. From the condition 
of uniform convergence it is seen that s (f) exists and has a finite value. 

A neighbourhood A', of and an integer Ue , can be so chosen that both 
the inequalities | (x) — (x) | < ^ , | 5„ (f ) — 5 (^) | < e, hold for n^Ue, 

n' provided x is in A'. Let n Ue) have a fixed value such that 

5„ (x) is continuous at then a neighbourhood A", of contained in A', 
can be so chosen that, if x is in A", for the fixed value of n, we have 
I {X) - 5„ (^) I < e. From the three inequalities it is seen that, in A", 
I V (*) - « (^) I < 3c, for n' and therefore | {x) — 5^,- {x') | < 6c, 

for every pair of points x, x\ belonging to E, and in A'", and for all values 
of n', n" that are ^ ne. Since c is arbitrary it follows that the convergence 
of the sequence is continuous. 

If the sequence {s^ (ic)} is ccmtinuously convergent at the point f , the 
functions s (x), s (x) are both continuous at the point where they both have 
the value s (^), in case ^ is a point of E. 

Since, in a certain neighbourhood A, of f , | s^ (^) — s^ (x) | < c, for w ? Tit , 
by giving to n a sequence of values such that Sn {x) converges to s (x), as 
n has the values in the sequence, we have | 5 (f ) — 5 (x) | c ; thus s (x) 
is continuous at and in a similar manner it is seen that s (x) is continuous 
at f ; in fact s (x) — s (x) converges to zero, as a: 

76. If the terms of a convergent series ItUn (x) are all continuous at 
a point and consequently all the terms of the sequence (x)} are 
continuous at that point, and if s (x) be discontinuous at that point is 
one of non-uniform convergence of the series (see § 86), and may be said to 
be a visible* point of non-uniform convergence. But if s (x) is continuous 
at that point may still be a point of non-uniform convergence, and may 
be said to be an invisible point of non-uniform convergence. At every 
invisible point of non-uniform convergence, (a;) is, for each value 
of Ti, continuous with respect to Xy but (x), considered as a function of 
x and Ti, is discontinuous at (^, qo ) with respect to (a:, n). 

When some, or all of the functions u^ {x) are discontinuous, there are 
still two classes of points of non-uniform convergence, the visible ones, 
at which one or more of the functions s (x), {x), (x), ... are discon- 

tinuous, and invisible ones at which they are aU continuous. That the 
discontinuity of a single function w,. (a;), at will entail the existence of 
a point of non-uniform convergence at if aU the other functions are 
continuous, is seen from the consideration that — (a;) is the sum-function 

of the series u^ (x) -f ... -f u^^^ (x) — 5 (a:) -f Wr+i (^) + •••• 

♦ See W H. Young, Proc. Land, Math. 8oc. (2), vol. i, p, 93. 
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TESTS OF UNIFORM CONVERGENCE. 

77. The following test, known as Weierstrass’ test, is frequently suffi- 
cient to establish the fact that a series is uniformly convergent in a given 
domain of the variable. The domain may be of any number of dimensions. 

// S w.,, (x) denote a series of functions defined in a given domain of x, 
and if Un denote the upper boundary of | u^ (x) | in the domain, then if the 
series u^ + ^ • • • + + * • • convergent, the series S (x) is uniformly 

convergent in the domain, and is absolutely convergent for each point x. 
Moreover S | u^ (x) | is uniformly convergent. 

We have 

I (x) + M„4 2 (a;) + ... + (x) I *=: + ... + 

for all values of x in the given domain. From the condition of convergence 
of if follows that, if e be an arbitrarily prescribed positive number, 
n may be so chosen that the sum Un^i f + ••• + i« < for all 
values 1, 2, 3, ..., of m. Thus, with this value of n, | m (^) | < c, for 
all values of x in the given domain, and for m = 1, 2, 3, .... Therefore, 
in accordance with the definition of § 66, the series ^u^ (x) is uniformly 
convergent in the given domain, 

(Since 

I (x) I f- I w„H2 (a-) I + ... + I (a:) [ £ + ... + 

the uniform convergence of the series S | u^ (x) | can be established in the 
same manner. 

78. If all the terms of the series (x) are ^ 0, for all values of x in a 
given domain, of one or more dimensions, and if the series converge uniformly 
in that domain, then any series of type cj, obtained by rearranging the order 
of the terms, is also uniformly convergent in the domain of x. 

That the new series, obtained by the rearrangement of the order of 
the terms, is convergent at each point of the given domain, and has the 
same sum as the original series, has been proved in § 8. Considering the 
first n terms of the given series, and the remainder (x), there exists, 
corresponding to ti, an integer n' such that the first n terms of the given 
series all occur amongst the first n' terms of the new series. If {x) 
denote the remainder after n' terms, of the new series, we have 

0 ^ i?V (^) - K {x) < 

provided n is so chosen that R^ (:r) < €, for all values of x in the given 
domain. It is clear that, if JR'n' (^) < then also Rn'+m (^) < for m = 1, 
2, 3, since the remainders clearly cannot increase as the index increases. 
It follows that the new series converges uniformly. 
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If the series | Wj (ar) | + | ^^2 (^) I + ... + | Wn (^) I + ••• converges uniformly 
in a given domain of x, then the series {x) + (^) + ••• + (x) + ... 

also converges uniformly in the same domain. Moreover any other series of 
type Wy obtained hy rearranging the order of terms of the latter series y is 
uniformly convergent. 

In accordance with the theorem of § 25, the second series converges 
at each point of the domain of x. If n be so chosen that the remainder, 
after n terms, of the first series is < e, the absolute value of the remainder, 
after n terms, of the second series is also less than e. Therefore the second 
series is uniformly convergent. Since, from the last theorem, a rearrange- 
ment of the order of the terms of the first series does not affect its uniform 
convergence, it follows that a corresponding rearrangement of the terms 
of the second series does not affect its uniform convergence. 

The converse of this theorem has been established by Birkhoff*, and 
may be stated as follows : 

If the series (x) be tiniformly convergent in the domain of x, and if 
all the series obtained by systematic rearrangement of the order of the terms 
be also uniformly convergent j then the series \ u^ {x) \ is uniformly convergent 
in the domain. 

79. It may be shewn that: If Zu^ (x) is uniformly convergent in a given 
domain y the terms of the series may he so bracketed that the resulting series is 
absolutely convergent for all values of x in the domain. 

It is easily seen that a sequence , . . . n,. , . . . of increasing integers 
may be so determined that 

I (*) - (*) I < 2r-l’ 

for r = 1, 2, 3, ..., and for all the values of x. It then follows that the series 
«n. (*) + K, (*) - «n, (*)} + ...+ K, (x) - (a;)} + ... 

is absolutely convergent for all the values of x. 

The following theorem is sometimes useful : 

If the terms of the series u^ (x) -f Wg (x) -f . . . be continuous in a perfect 
domain of a?, either lineary or in any number of dimensions^ and if the terms 
are all ^ 0, for all the values of x, then if the series converge throughout the 
perfect domain to a continuous sum-function s (x), the series ccmverges uni- 
formly in the domain. 

Let be any point of the domain, then 

s{x)-s (x^) - (x) - s^ (z^)} -f {J?,, (a;) - (arj)}. 

The point z^ being fixed, corresponding to an arbitrarily assigned positive 
number c, n can be so determined that (aji) < This value of n being 

♦ See Annala of Math. (2), vol. vi (1905), p. 90. 
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fixed, a neighbourhood {x^ — 8, + 8), of x^ can be so determined that, 

if X be in this neighbourhood, both | 5 (a:) — « (a:j) | and | (^r) — (^i) I 

are < this follows from the continuity of s (x) and (.t) at x^. We 
now see that, if x is in this neighbourhood, the condition E„ (x) < e is 
satisfied; and since the terms of the series are never negative, it follows 
that Rn+rn (^) < e, for m = 1 , 2 , 3 , . . . . It has thus been shewn that x^ 
is a point of uniform continuity of the series; and since x^ may be any 
point whatever of the given perfect domain, the convergence of the series 
is uniform in (a, b). 

It is clear that, if the sequence {s^ (^)} of partial sums is monotone 
non-diminishing, .s (x) is the sum-function of a series of which all the terms 
are ^ 0. Thus the theorem may be stated as follows ; 

A sequence of functions {6‘„ (a::)} which are all continuous in a perfect 
domain, and which sequence is mo7iotone non-diminishing {or non-increasing), 
and converges to a cxfntinuous function s (x), converges uniformly in the 
perfect domain to s (a:). 

80. The following theorem * provides a test of uniform convergence 
which can be frequently employed : 

Let Ui (a:), {x), ... u„ (x), ... be defined in a given perfect domain, of 

one or more dimensioJis, and u^ (x) = 0, for all values of n and x, and further 
(x) ^ (a:), for all mines of n and x. Also let it be assumed that w, (a;), 

and consequently u^ {x), is bounded in the given domain. Then, if S a^ 

n>= 1 

be any convergent numerical series, the series D a^u^ (a:) is xiniformly con- 

n - 1 

vergeni in the given domain. 

Moreover, if ^ a^ do not converge, but oscillate finitely, then, provided 

71 ’ 1 

the additional condition is satisfied that the functions u^ (x) are all continuoxis, 
and that lim {x) --=■ 0,for each mine of x in the doinain, the series (x) 

7l~Xi 

is uniformly convergent in the perfect domain, and its sum is consequently 
continuous (see § 86). 

In the usual statement of the second part of the theorem it is 
unnecessarily presupposed that Un (x) converges uniformly to zero in the 
domain. It will be seen that this uniform convergence is a consequence 
of the conditions stated. 

When the domain of x contains one point only, the theorem reduces 
to a theorem given in § 24, of which one part is duef to Abel and the 
other to Dirighlet, 

* See Hardy, Proc. Lond. Math. Soc. (2), voL iv (1907), pp. 250, 251. 
t See Whittaker and Watson’s Course of Modem Analysis, 3rd ed. (1910), pp. 17, 50. 
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In case the series is convergent, the partial remainder Rn,m (^) 
of the series 'La^Un (x) being 

(®n+l “i" 4" ••• “f" (^n+m) ‘*^n+wi + l (^) 

4" 2] (dfi+i 4" CLfiri 4- •.* 4- ®n4r) {'^n+r {x) 

'^^n+r + l (a:)}, 

r=l 

we see that, by choosing n so great that all the partial remainders of the 
series after the nth term, are numerically less than the arbitrarily 

prescribed positive number e, the condition | Bn,m (^) | < (^) is 

satisfied. Therefore, since all the differences u^+r (^) — '^n+r+i (x) are ^ 0, 
for every value of x in the domain, we have 

I K.m (a;) I < fU, 

where U is the upper boundary of Uj (x) in the domain. Since eU is arbi- 
trarily small, the condition of uniform convergence of (x) is satisfied. 

When oscillates between finite limits, K can be so determined that 
+ ®w +2 4- ... -f I < K, for all values of n and r. Then we have 

I (*) I < ■«■ I Mn+1 (a;) |. 

Since the sequence {Un (a;)} is monotone, non-increasing, and converges to 
the continuous limit zero, in the perfect domain of x, and (x) is con- 
tinuous, it follows from the third theorem of § 79 that the convergence 
of the sequence to zero is uniform ; and thus, if n be sufficiently large, 

I «n+i (a;) I < ^/K, 

for all the values of x; and therefore | Rn,m (^) I < The uniform con- 
vergence of the series has thus been established. 

The first part of the theorem can be extended to the case in wliich 
Ui, ... a„, ... are functions of x, provided converges uniformly in 
the given domain. The second part can also be extended to the case in 
which aj , ag , ... a„ , ... are functions of x, provided the partial sum is 
numerically less than some fixed number K, for all values of n and x. 

EXAMPLES. 

(1) Let* Un {x) = X" (1 - a:), 0 ^ a: ^ 1. In this case^ (a:) = a:,for0 ^ x< 1; but5 (a;) = 0, 
for a: = 1 ; and the series converges non-nniformly in the neighbourhood of the point a; = 1. 

(2) Let* Un (x) ~ {I ~ If | a: | < 1, we find s {x) ~ — also 5 (1) — 0; whereas 

lim«(a:) = oo. The series converges non-uniformly in the neighbourhood of the point 1, 
a:- 1 

and its sum-function has an infinite discontinuity at that point. 

(3) Let Un {x) — - 2 {n - 1)* + 2n®a;6“"***. Here s (x) ~ 0, for every value of 

x; Rn{x) - 2n^xe~^*^*; and at a; — ^ ~ . The series converges non-uniformly 

Tl \ W/ 6 


* Arzel^, Memorie di Bologna (6), voL vm, p. 139. 
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in every neighbourhood of a: = 0, since arbitrarily large values of | (a:) | exist in such 

neighbourhood; but the sum-function is continuous at ar — 0. 


(4) Let* e„ (x) = (x) + (2! x) + — + ^ <t>n (k\x)+ ... 

where 4>n{^) = \/2e.w sin® Trar.c'^*®**^*"^® The series which defines s^ix) converges uni- 
formly, since | (A:! a:) | < 1; and thus (ar) is a continuous function of ar. The sum-func- 

tion s (ar) is also a continuous function of ar; but the convergence of the functions (z) to 
5 (x) is non-uniform in every sub-interval of the interval (0, 1). 


(5) Lett '« 2 n-i (^) - ^ 2 n (^) — “ ~ / ^ i \ •! » where 0 ar < 1, and 

i (w + 1 ) !J 

(raTT) !' 

The series 2% (ar) is simply- uniformly convergent in (0, 1), but it is not uniformly con- 
vergent. 


(6) Consider t the series 

1 4 5ar a- (ar + 2) 71^ 4- ar (4 - ar) % 4- 1 - ar 

2 ( I 4- ar) ^ ‘ ^ n (7i + 1 ) {(ri - I ) ar 4- 1} (iiar 4- 1 j ^ 

Here (ar) -r. f? + — ,v - f ^ ,1; thus six) - 3, unless ar ~ 0, when 

(n - 1) ar 4 1 J L” 4- 1 war 4 1 J 

s (0) -- 1 ; and the sum-function is therefore discontinuous at the point 0. 

Since R„(x) ~ ^ , f — , we find on equating this to f, and solving for w, 

7i -f- 1 war -f 1 ’ ^ 

w - {ar f 2 ~ ( (x 4 1)4 4 2 - f (x 4- 1)}^ 4 4fX (3 - x)J)/2€X; 

thus, for a fixed (, the value of w increases indefinitely as z approaches the value 0. 


(7) The series § 


^ 1 4 1 + X* (1 4 X^-)2 (14 X^)^ ^ {1+ X^^f "• 

is uniformly and absolutely convergent in any interval (->1, B). For (x) = 0, 

X“ 1 

^ 2 w 4 i(^) = ( ar2) » * hence •^ 2 n 4 i ^ therefore the series converges uniformly to 

the sum zero. The series 


x2 - x^ 4/ - 


x^ x-® x^ x^ X- 

r + — - - ...7. - , » 4 


' 1 4 X2 ' (1 4 1 4 X=^ ■ (1 4 X^ (1 + X^f (1 4 X^)^ » 

obtained by rearranging the terms of the given series, is however non- uniformly con- 
vergent in (- -4, J5), the point 0 being a point of non-uniform convergence. For 

lit. J. 

(14X2)2«-!* ’ 

and for x = ± (2n-i - 1)^, s.^n-i (*) = i- 

The given series does not satisfy the condition stated in the second theorem of § 78, 


^3n-l (a-) ^ 
1 


* Osgood, BuUdin of the American Maih. Soc. (2), vol. in (1896), p. 70. 
t Volterra, Oior. di Mat. vol. xix (1881), p. 79. 

X Stokes, Math, and Phya. Papers, vol. i, p. 280. 

§ Bocher, Annals of Math. (2), voL iv (1904), p. 159. 
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that the series whose terms are the absolute values of those of the given series should be 
uniformly convergent. For the series 


+ 


X* X* X* 

rrr* * r+'^* (rr*v ■" 


has its sum discontinuous at the point x = 0, and therefore does not converge uniformly in 
an interval ( - A, B). 

X , , - X 


(8) Let* ttjn-i (x) = ; 


nx* 4- (1 - ?ix)** (n + 1) x^ + (i - (n 4- 1) x}** 

In this case, the series converges for all values of x, and 

X 


« (x) = ^ 


{^) = 0, (x) = U^n-i (X). 


In an interval (a, i3), which contains the point x = 0, the series converges simply-uniformly, 

but it does not converge uniformly, since i? 2 n -2 however great n may be, and thus 

Bn{x) has not the unique double limit zero, at x=0, and that point is accordingly one of 
non-uniform convergence. 



y\fix 

(9) Lett Sn (x) - — - , 5 (x) = 0, for 0 < x ^ 1. This series converges non-uniformly 

1 4-n®x’* 

in the neighbourhood of the point x = 0. The approximation curves y - (x) have peaks 

of height which increase indefinitely in height as n is increased. At the same time, the 

point at wliich the ordinate is a maximum, continually approaches the point 0; and 
rr 

thus, in any neighbourhood of the point 0, x and n may be so chosen that (x) is 
arbitrarily great. At the point x = 0, we have (x) = 0, for every n. 
fix 

(10) Let 8^ (x) = ^{x) = 0, O^x ^ 1. The curves y - 8^{x) have peaks all of 

the same height at the points ^ As in the last example the point ^ ~ below the 

peak, continually approaches the origin as ra is increased. The convergence is non-uniform 
in the neighbourhood of x - 0. 

♦ Tannery, Thdorie des fonctiona^ p. 134. 

t Osgood, Amer. Journal of Math. voL xix (1897), p. 156; also G. Cantor, MatK Annalen, 
voL XVI (1880), p. 209. 
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Let 4>k(x) = *"<*) = + ^'/>«i(*) + 31 '/'siW + ••• = 2 

The series which defines 8^ (x) converges uniformly, and thus 8„ (x) is a continuous function 
of z. In the neighbourhood of any rational point x = pjq^ the curve y — 8^ {z) has peaks 

arising from the term ~ , (x), where k is the smallest integer such that k ! is divisible 

by q. The series converges to the limit 8 (x) = 0, non-uniformly in any interval whatever 
(a, 6), taken in the interval (0, 1). 



81. The following special theorem, which follows from the general 
theory given in § 85, can sometimes be usefully employed*: 

If H Un (m) be a series which converges uniformly to f (m), for all 'positive 

n-l 

integral values of m (or for all continuously varying positive values of m) 
and if each limit lim u^ (m) exists, then lim / (m) exists, and the series 

m~Qo wi'^oo 

S lim Un (m) is convergent, and has lim / (m) for its limiting sum. 

n*»lm'^Qo W'^oo 


For, if c be an arbitrarily chosen positive number, we have 


f(m) - E M„ (m) 


< €, 


provided the integer N is large enough. It follows that 

n^N 


lim / (m) - S 

W'^Qo n-l 


- e, 


n--N 

\im f{m) - E 

m'^oo n-l 


where Vn denotes lim u^ (m). It is then seen that 

m-xoo 

I lim / (m) — lim / (m) j ^ 2e ; 


and since e is arbitrary, lim/ (m) == lim/(m); or lim/(m) exists as a 

m^^ao m— '00 

definite number. 


See Osgood, Lehrhuch der Funkiitmentlteorie, voL i, p. 521, 
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^ €, for all values of N greater than 


n-'N 

Further, since lim / (m) — 2 I 
rri'^oo n-1 I 

an integer dependent on e, it is seen that S is convergent, and has 

n» 1 

lim / (m) for its limiting sum. 


In applying the theorem, in case m has positive integral values only*, 
it frequently happens that, for each value of m, the series 2 (m) has 

ri” 1 

only a finite number of terms, that number being dependent on m, and 
increasing indefinitely as m does so. Such a finite series is, of course, a 
particular case of an infinite series, which arises when all the terms after 
a fixed one are zero. 

EXAMPLES. 

(1) If a: be any fixed real number, and m a positive integer, we have 


1 1 

1 + ■ = 1 + X + 

rn/ 




• + ... + 


2! r! 

the series having m + 1 terms. 

For a fixed value of r, the (r + l)th term of the series is numerically less than ~ | x j'', 

and this is the {r + l)th term of a convergent series. Thus the condition of uniform con- 
vergence in the above theorem is satisfied. The se^ries formed by taking the limit, as w ^ cao , 
of each term of the above series, is the convergent series 


i + x + + 


x** 


It follows that lim 


1 + 


exists, and is the sum of the convergent series 

l + * + 2! + - + r-! + -- 


(2) It can be shewn by an elementary process that 


1 




+ (- ir 


'sin xfm\^ 

j cos"' 


xlm ) \m) 


(2r)! 


V xjm 


'Im 

m 


■© 


+ .. 


where m is a positive integer, and the series stops after a finite number of terms, so that 

x*" 

2r - 1 < m. The general term of the series is numerically less than » which, for each 

fixed value of w, is the general term of a convergent series of positive terms. Assuming the 

( 3> \ sin X jlTt 

~ ) = 1, and the theorem that lim = 1 we obtain 

w/ W1...00 xlm 

at once, by applying the above theorem, the result that, for each value of x, 

, x2 x« 

^ 2! ^4! ** 

converges to cos x. 

The series for sin x may be obtained in a similar manner. 

* In this case the theorem is practically equivalent to a theorem given by Tannery, 
Fonctions (Tune variable, 2nd ed., vol, i, p. 292. 
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THE CONTINTTITY OF A SUM-FCTNCTION AT A POINT. 

82. Let the series 2 m„ (x) converge in a domain E, of one or more 

n-= 1 

dimensions, to the sum-function 8 (x). Let ^ be a point of E at which all 
the functions (x) are continuous; a sufficient condition will be obtained 
that 8 (x) may be continuous at the point We have, since 

.S (X) - 8n (X) -f (X), 

at every point of E, 

I 5 (x) - 5 ii) I j 5,, (x) - 8 „(i)\-\-\ (x) - R^ ii) I 

- I (^) - «« (f) I + I Rn I + 1 K (^) I • 

Let it be assumed that an integer n exists such that a neighbourhood , 
of can be so determined that, at every point of it- that belongs to E, 

I ^4 (x) I < Since 8 „ (x) is continuous at a neighbourhood Dg, of 
can be so determined that, in it, at every point that belongs to E, 

I (i) I < 

A neighbourhood i), of can be determined, all the points of which 
belong both to Dj and to Dg . It follows that, at every point x of E, that 
is in D, the condition | 5 (a:) — 5 (f ) | < c, is satisfied. If I) can be deter- 
mined, corresponding to any value of e (> 0) whatever, 8 (x) is continuous 
at f . The following theorem has thus been established : 

If a 8 erie 8 S (a:) converge to a function s (x) at the 'points of a domain 
1 

E, of one or more dimensions, and the point of E, he a point of continuity 
of all the functions u^ {x), it is a sufficient condition for the continuity of s {x) 
at the point f , that, corresponding to any arbitrary rj, an integer n should exist 
and also a neighbourhood of such that 

i «n (*) - « (a;) I < ■»?, 

at every point x, of E, in that neighbourhood. 

It will be observed that the neighbourhood depends upon both n and rj. 
It should be noticed that the condition in the theorem is satisfied when 
^ is a point of uniform convergence of the series, and also when it is a point 
of simply uniform convergence; but either of these latter conditions is 
more stringent than that in the theorem. 

When 7 ] is prescribed, the condition in the theorem asserts that it is 
sufficient for one value of n and a neighbourhood A, dependent on rj, to 
exist, in which | (a:) — 5 (a;) | < 17. But when the point f is one of uniform 

convergence, a neighbourhood A (77), dependent on rj, exists in which 

I «n (X) - « (X) I < 1J, 

for every value of n greater than some integer dependent only on rj. 

When the point f is a point of simply uniform convergence, a neigh- 
bourhood A (77), dependent on 77, exists in which ( s^ (x) — 5 (a;) | < 77, for 
a divergent sequence n^, ... of values of n, only. 
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It thus appears that the following criterion is sufficient for the 
continuity of a sum-function at a point : 

If a series S (x) converge to a function s (x) at the points of a domain E, 

w= 1 

of one or more dimensions, and the point of E, be a point of continuity of 
all the functions u^ {x), it is a sufficient condition for the continuity of s (x) 
at the point ^ , that the point ^ be a point of simply uniform convergence of the 
series. A fortiori, it is sufficient that ^ be a point of uniform convergence of 
the series. 

83. In order to determine necessary conditions for the continuity of 
5 (a:) at we see that, since {5„ (f)} converges to s (f), an integer N exists 
such that I s (^) — s„ (f) | < for every value of n that is > iV^. Taking 
any one such value of n, a neighbourhood of ^ can be determined for which 
I Sn (X) - S„ ii) I < Je, where x is any point of E, in that neighbourhood. 
If s (x) is continuous at a neighbourhood of ^ can be determined such 
that I 5 (a:) ~ s (^) I < Jc, for all points of E in that neighbourhood. It 
follows that a neighbourhood of f can be determined, in which both 
I s (x) — s (^) [ and | Sn (x) — s^ (f) | are < for all points of E in that 
neighbourhood. It now follows from the three inequalities that 

I s (x) - S„ (x) I < e, 

in that neighbourhood. Taking this result in conjunction with the first 
theorem of § 82, we have the foDowing: 

If a series 'Lu,^{x) converges to s (a:) in a domain E, of one or more dimen- 
sions, the necessary and sufficient condition that s (x) should be continuous at 
a point $, of E, at which the functions u^ (x) are all continuous, is that, having 
assigned an arbitrarily chosen positive number €, an integer Ne should exist, 
such that, for each value of n that is> Nc, a neighbourhood (f — ^ ^ dn,e) 
of i exists so that at every point of it that is in E, the condition 

I S (a;) - «„ (a;) I < C 

is satisfied. 

It will be observed that the neighbourhood of f depends not only upon 
the value of c, but also upon that of n , it may accordingly be denoted 
by A (^, €, n), where n > Ne. This mode of convergence is accordingly 
less stringent than that in which the point ^ is a point of uniform 
convergence, and in which the neighbourhood depends only upon e, pro- 
vided n be > Ne, and may be denoted by A (f, e). 

Another formulation of necessary and sufficient conditions for the 
continuity of s (x) at ^ is the following : 

It is necessary and sufficient for the continuity of s {x) at the point ^ that, 
if Ni be an arbitrarily chosen integer, and c an arbitrarily chosen positive 
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number, an integer n^ (f , e, (> N^) can be determined, and also a 

neighbcmrhood of A (^, €, Nf), such that 

i (a;) - {x) I < e, 

for all points of E in that neighbourhood. 

Since the neighbourhood depends not only upon e but also upon , 
and may thus be denoted by A (^, €,N^), this mode of convergence is less 
stringent than that in which the point is a point of simply uniform 
convergence of the series, and in which accordingly the neighbourhood 
depends only on e, and may thus be denoted by A (|, e), and can be 
taken to be the same for all values of n in some infinite sequence. 

The sufficiency of the condition follows from the first theorem of § 82. 
Its necessity follows from the last theorem. 

Conditions of continuity substantially identical with those formulated 
above were given* by Dini. It may be remarked that the term simply 
uniform convergence is, by some writers!, applied to the mode of conver- 
gence indicated in this theorem. 

84. It is frequently convenient to transform the function {x), of 
{n, x), into the function R (x, y), of (x, y), where y =- Ijn. In R (x, y), the 
field of y consists then of the set of reciprocals of the positive integers. 
At a point of convergence of the sequence or series to which R {x, y) is 
related, we have lim R {x, y) == 0. For a prescribed e, there is, for a point 

l /~0 

X, of convergence, a certain range of values of y, for all of which, without 
a gap, \ R {x,y)\ < e ; and the upper boundary of these values of y may 
be denoted by <f>e (x) : but there may be other greater values of y 
separated from </»e (x) by values of y for which the condition is not 
satisfied, for which the condition \ R {x,y)\ < e, is also satisfied. At a 
point Xi of non-uniform convergence of the series, the lower hmit of <f>€ {x), 
for the values of x in any neighbourhood of x^, is zero, provided € be 
chosen sufficiently small; whereas, for a point x^ of uniform convergence, 
a neighbourhood of Xj , in general dependent on c, can be found for which 
the lower Hmit of (x) is greater than zero. 

The distinction between the three classes of points in the interval (a, b), 
viz. (1), those at which the series is uniformly convergent, (2), those at 
which the series is non-uniformly convergent, but at which the sum- 
function is continuous, and (3), those points at which the sum -function is 
discontinuous, may be illustrated by means of figures^ which indicate the 
regions of (x, y) in the neighbourhood of {x^, 0), at which | R {x, y) | is 
less than an arbitrarily chosen e. 

* See Orundlagen, pp. 143-146. 

t See Hahn’s Theorie der reeUen Funktionen, pp. 282, 283. 

X See Hobson, “ On modes of convergence of an infinite series of functions of a real variable,” 
Proc. Land. Math. Soc. (2), voL i (1904), p. 378. 
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Fig. 3 represents the neighbourhood of a point P at wfiich the con- 
vergence of the series is uniform. The blackened lines represent those 
portions of the lines whose ordinates are 1/n, \j{n + 1), l/(/i + 2), ... at 
which I (^) |> I ^n+i (•^) I ••• are ^ e. These portions consist of all those 
parts of the lines which are bounded by the curve y = 0c (^), there being 
also possibly such pieces outside the curve. An area, for example semi- 
circular, can be drawn, bounded by a portion of the ;r-axis containing P, 
and such that for every point within it | P (a:*, y) | < e ; and that this should 
be possible for every value of € is the condition that R (.r, tj) be continuous 
at the point P with regard to the domain of (x, y). 



o p ^ 

Fig. 3. 


Fig. 4 represents the neighbourhood of a point P at which the function 
s (x) is continuous, but at which the series is non-uniformly convergent. In 
this case the function 0e (x) is for all values of e, less than some number cq, 
discontinuous at P. The value of 0e (x) at P is itself finite ; but the func- 
tional limits 0f + 0), 0f — 0) at P are both zero. The breadth of 
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the blackened portions of the straight lines parallel to the a:-axis, which 
represent the portions of those lines at which | {x) | e, diminishes 

indefinitely as y approaches the value zero at P. In this case no semi-circle 
can be drawn with P as centre, for all internal points of which \ R (x, y) \ < 
and thus the point P is one of non-uniform continuity. In the figure, the 
convergence is non-uniform on both sides of P; it is clear however in what 
manner the figure must be modified for the case in which the convergence 
is non-uniform on one side only of P. In case the measure of non-uniform 
convergence (see § 90) be indefinitely great the figure will be essentially 
similar to the above figure, whatever value of e be chosen; otherwise the 
figure applies to an € which is less than the measure of non-uniform 
convergence, viz. the saltus at P of | P {x, y) | in the two-dimensional 
continuum. 



Fig. 5. 


Fig. 5 represents the neighbourhood of a point P at which s (x) is 
discontinuous, the value of e being less than the measure of non-uniform 
convergence of the series at P (see § 90). In this case, as before, <^r (x) is 
finite at P, and (f>€ (cTj f 0), </>e (x — 0) are zero; but, on the parallels to 
Ox intersecting the ordinate at P, there are no intervals near P inter- 
secting the ordinate, at which | P (x, ?/) | < e. but only points on the 
ordinate through P itself. 

EXAMPLE. 


As an example we may take the case in § 80, Ex. 10, Rj^ 


R (x, y) = 


j^y _ 


nx 
1 -h 


and thus 


and we may suppose the domain of x to be the interval (0, 1). In this case, the point 
X = 0 is a point of discontinuity of R (x, y), and we find that if c < the condition 

\R(x,y)\< (, 

is satisfied for the space bounded by the x-axis, and by the straight line 


fl 

I'l 

1*1 

12*" 


' J* 
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The same condition is also satisfied for the space between the y-axis and the straight line 

and thus the point a; ~ 0 is a point of continuity of the function s (a;), although the con- 
vergence is non-uniform at that point. If e > then | jR (x, y) | < 6, for the whole space 
between the axes; and thus the measure of non-uniform convergence at the point a: = 0 is J, 
the upper double limit of R (ar, y) having the value | (see § 90). 

85 . In case the domain E is linear, the two sides of a point ^ may be 
considered separately, the neighbourhoods of the point being taken on the 
two sides separately. It is sufficient to consider the case of a point ^ wliich 
is a limiting point of the domain on its right, and to assume that the 
functions (f) are continuous on the right. Further we may consider the 
functions f 0) instead of (^), it being assumed that the point ^ is 
excluded from the domain of which it is a limiting point on the right. 

We thus obtain necessary and sufficient conditions that s -f d) may 
exist and that the series f 0) may converge to .9 (f f 0). The 

following theorem contains these conditions: 

A necessary and sufficient condition that the sum s (a:) of the convergent 
series Su (x) may have a definite limit 5 (£ f- 0) af the limiting point ^ of 
the linear domain of x to which the series -h 0) may converge, the terms 

of this series being assumed to have definite values, is that, corresponding to 
each arbitrarily chosen positive number e, and to each integer n, which is 
greater than some fixed integer dependent on e, a positive number 6 (^, e, 7i) 
can be determined, such that, for every value of x in the domain and in the 
interval (f, ^ + S), the condition | (x) | < c is satisfied; the number d being 

dependent in general upon n as tvell as e. 

In case 0 is, for each value of c, independent of n (> Ne), the point £ is 
a point of uniform convergence on the right, therefore uniform convergence 
at ^ on the right is a suffiicient condition that s (a + 0) may have a definite 
value and that the series 'Lu^ (a + 0) may converge fo s (a f 0). 

This theorem is a particular case of the first theorem of § 83, but 
it may also be obtained from that of i, § 305. For, let n Ijy, then 
Sn (x) becomes a function s (x, y) of the two variables x and y, and the 
condition in the theorem is equivalent to the condition that the repeated 
limits 

lim Um s {x, y), lim lim s {x, y) 

should both exist and have the same value. 

By employing the last theorem of § 83, or that of i, § 306, we obtain 
the following theorem : 

Necessary and sufficient conditions that the sum s (x) of the convergent 
series Hu (x) may have a definite limit a -f 0) at the limiting point ^ of Us 
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linear domain are (1), that Sn (f + 0) should converge to a definite limit as 
U'^ oo and (2), that, corresponding to emh arbitrarily chosen positive number e, 
and to each arbitrarily chosen intejger Ni , there shotdd exist a value of n (> N-f), 
and also a positive number 6 (^, e, n), such that | (a:) | < € for every value 

of X belonging to the domain which is in the interval ^ + 0 ). 

In this formulation the condition (1) is not included in (2), and must 
therefore be stated separately. In case the number 9 depends only on e, 
and not also on n, the point ^ would be one of simply uniform convergence. 
However, in general 9 will depend upon the value of n as well as upon c, 
and thus the Condition is less stringent than that of simply uniform con- 
vergence at the point. 


THE CONTINUITY OF A SUM-FUNCTION IN A DOMAIN 

86. It will now be assumed that the functions u-^ (x), (^)j ^3 (^)> *••5 

of one or more variables, are all continuous in E. The following theorem 
will be established : 

If the series (x) converge simply -uniformly in the domain E, the sum- 
function s (x) is continuous in E, A fortiori, the condition that the series 
converges uniformly in E is sufficient to secure that the sum-function may be 
continuous in E. 

It should be observed that the condition in the theorem is sufficient, 
but not necessary, for the continuity of the sum-function. 

Since the convergence of the series is simply- uniform, a value n^ of n, 
corresponding to an arbitrarily chosen positive number e, can be so deter- 
mined that I Rn, (^) I < i €, for all points x, in E, Consider a point f , of E ; 
a neighbourhood (^ — 8, + 8) of can be so determined that for every 

point X, of E, in that neighbourhood, | s^^ (x) — s^^ (^) | < | e, since s^^ (x) 
is continuous at 

Since 

I 5 (^) - 5 (a;) i S I (() - (*) I + I (^) I + I Ji„, (x) ( < €; 

provided x is in ~ 8, -f 8). Since e is arbitrary, it follows that s (x) is 
continuous at 

The above proof suffices to establish the following more general 
theorem : 

If the functions u^ (x) be all continuous at the point f , but not necessarily 
elsewhere, the condition of simply uniform convergence of the series in some 
neighbourhood of ( is sufficient to ensure thut s (x) is continuous at 

It has already been proved, in § 82, that, if the sum-function is any- 
where discontinuous, the convergence cannot be either uniform or simply 
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uniform, but the following additional proof of this important fact may be 
given. 

If the function s (x) be discontinuous at the point there exists a 
positive number a such that points x exist in every neighbourhood of 
however small, for which | 5 (x) — (f) | > a, or 

I -Rn (r) - -H„ ii) + S„ {x) - s„ (i) I > a. 

It is impossible to choose n so that | (a:) | < Je, for all values of a:, 

consisting of all points of E in some neighbourhood of provided € 
is sufficiently small ; for we should then have 

> I (x) - ii:„ (^) I > a - I (x) - s„ {$) I . 

For any value of n that might be chosen, ^ could be so taken that 

1 «n (X) - S„ (i) I < |c, 

and thus €> a. Since € can be chosen to be < a, the impossibility of choosing 
n so that | (x) | < Je, for all points a: in a neighbourhood of is demon- 

strated. Therefore, in this case, the convergence of the series is neither 
uniform nor simply uniform, and the point f is not a point of uniform 
convergence. 

87. It has long been known that the sum of a convergent series of 
which all the terms are continuous is not necessarily itself continuous. 
The statement has often been made that the important discovery that 
discontinuity, when it occurs, is due to non-uniform convergence of the 
series was made by Stokes*, Seidelf, and WeierstrassJ, independently of 
one another. A critical discussion has been given by Hardy§ of the treat- 
ment of the matter, undoubtedly independently of one another, by these 
three Mathematicians. Hardy shows that the above statement requires 
considerable modification; he points out that the conception defined by 
Seidel, in 1848, is that which has been called in § 71, uniform convergence 
in the neighbourhood of a particular point, whereas Stokes, in 1847, defined 
a mode of convergence equivalent to what is here described as simply 

* Camb, PhiL Trans, vol. vin (1847), pp. 533-583; also Mathematical and Physical Papers^ 
vol. I, pp. 236-313. 

t MUnch. Ahhand. vol. vii (1848), pp. 381-394; also Ostwald’s Klassiker der exacten Wissen- 
schafteny no. 116. 

t Ahhandlungen aus der Funktionerdehrey pp. 69-101. 

§ Proc. Camb. Phil. 80 c. vol. xix (1918), p. 148. It should be observed that, although what 
is there called quasi-uniform convergence in an interval is identical with what is called in § 67, 
simply uniform convergence in the interval, and what is there called quasi-uniform convergence in 
the neighbourhood of a point agrees with what is here understood by simply uniform convergence 
in the neighbourhood of a point, nevertheless what is called quasi-uniform convergence at a point 
is not equivalent to simply uniform convergence at a point, as defined in § 72, but is equivalent 
to the mode of convergence given in § 83, in the second form of the necessary and sufiicient con- 
dition of continuity. On the history of the discovery see also Reiffs Oe^h. der unendl. Beihen, 
p. 207, and also Pringsheim's article in the Encykl. d. Math. Wissensch. n, A L 
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uniform convergence in a fixed neighbourhood of the particular point. 
Stokes gave a valid demonstration that his condition is sufficient to ensure 
continuity of the sum -function at the point, but his attempted proof that 
the condition is necessary for continuity is invalid because he failed to dis- 
tinguish his condition from that given in the second statement of necessary 
and sufficient conditions in § 83. Both Stokes and Seidel confined their 
attention to a fixed neighbourhood of a particular point, whereas Weier- 
strass was familiar with the conceptions of uniform convergence in a linear 
interval and of uniform convergence in the neighbourhood of a point, as 
early as 1841 or 1842. That uniform convergence in the neighbourhood of 
every point of a linear interval involves uniform convergence in the interval 
was first proved* by Weierstrass in 1880. Under the influence of Weier- 
strass, the great importance of the notion of uniform convergence in the 
Theory of Functions became fully recognized. 

The question whether non-uniform convergence necessarily implies 
discontinuity in the sum-function remained for some time an open one. 
It was decided in the negative sense when Darboux and Du Bois-Reymond 
constructed examples in which the series are non-uniformly convergent, 
and yet nevertheless have continuous sum-fimctions. 

88. In order to determine necessary and sufficient conditions for the 
continuity of the sum-function of a series of continuous functions in the 
whole domain E of the convergent series, it is sufficient to consider the 
case in which E consists of a closed set. Let c be an arbitrarily chosen 
positive number, then, if n be sufficiently large, there exist points of E 
at which | (x) | < e. If we assume that s (x) is continuous in E, since 

Sn (x) is by hypothesis continuous in E, it follows that | R^ (x) | is con- 
tinuous in E^ and therefore the set of points at which | (x) | ^ e is 

closed relatively to E, and the set at which | (x) | < e is consequently 

open relatively to E ; let this set be denoted by Each point of E belongs 
to all the sets of the sequence {0„}, from and after some value of n dependent 
on the particular point, since R^ (x) converges to zero, as oo , for each 
value ol x. If m be an integer chosen arbitrarily, employing de la Vall6e 
Poussin's extension of the Heine-Borel theorem (i, § 75), a finite set of the 
open sets ... exists such that every point of E belongs to one 

at least of these open sets, which we may denote by 0^+,^, ... 

On the assumption that s {x) is continuous in Ey it thus appears that 
I R, (x) I < € at every point of Ey provided that s has one of the values 
m -h , m -f ig , . . . w -f v , that value being dependent on the particular 
point. 

Conversely, if it be assumed that this last condition is satisfied for 
every value of e, then, remembering that m is arbitrary, any particular 
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point X, of E, is such as to belong to each of the open sets , 0^, , . . . where 

52> is some increasing sequence of integers, dependent on the 
particular point A neighbourhood of ^ can be so determined that all 
points of E contained in it are points of 0,^; and this for each value of p; 
and, in this neighbourhood, | wi < €. This is the condition of § 82, 
that 8 {x) should be continuous at Hence the condition is sufficient for 
the continuity of s (x) at every point of the closed set E, 

The following theorem has now been established : 

The necessary and sufficient condition for the continuity in a closed set E, 
of any number of dimensions, of the sum s (x) of a series (a:), each term 
of which is continuous in E, and which converges throughout E, is thxit, 
corresponding to each arbitrarily chosen positive number e, and to each 
arbitrarily chosen integer m, the condition | (a:) | < e is satisfied for every 

point X in E, provided s has one of a finite set of values, all ^m, the value of 
8 being dependent in general upon x, but being constant for all points x which 
are in one of a finite set of sets of points all of which are open in E. 

89 . The particular case of the above theorem which arises when the 
set E consists of a linear closed interval (a, b) was first established* otherwise 
by Arzel4. 

In this case the mode of convergence in the interval (a, 6) is charac- 
terized by the condition that | (x) | < e, for every^ point of (a, b), where s 

has one of a finite set of values all ^ n, the value of s being constant in 
each of a set of open intervals, two of which however may be half closed 
by the addition of the end-points a and b ; where e is an arbitrarily chosen 
positive number, and w is an arbitrarily chosen integer. This mode of con- 
vergence has been denoted by Arzel^l by the term convergenza uniforme a 
tratti (uniform convergence by segments). This term would not appear to 
be appropriate, because the intervals are dependent in number and length 
upon €, and there does not necessarily exist any interval in which the 
convergence is uniform. Uniform convergence, and simply uniform con- 
vergence are special cases of this mode of convergence ; for in these jcases 
the finite set of intervals which corresponds to given c and n reduce to 
a single interval, viz. the whole interval {a, b). 

EXAMPLES 

(1) The series 1 + a; + ^ ^ 

z ! o ! n\ 

is convei^gent in any finite interval (o, h) whatever. It is shewn in elementary treatises 
that the series converges to e*, for all rational values of x. In order to extend the proof 
of the exponential theorem to the case of an irrational value of x, we observe that the above 

* Jfem. della B. Accad. d. Set. di Bologna, ser, 6, vol. vm (1900). A proof very similar to 
that in the text was published by Hobson in the Proc, Land, Math. Soc, (2), vol. i (1904), p. 380. 
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— < , where A: is a fixed number 

nil ni 

greater than | a | , and | ft | ; and hence, in accordance with the theorem of § 77, since 

J^n 

2 is convergent, the given series converges uniformly in (a, 6). It follows that the sum- 

function s {x) of the series is continuous in (a, h). Further, the function e* has been defined 
for an irrational value of a:, by extension (see i, § 38) of the function as defined for rational 
values of x; and it was shewn that the function c*, so defined for the whole domain, 
is single-valued at the irrational points, and therefore it is continuous. The two functions 
e*, 8 (x) are both continuous in (a, b), and have identical values at the rational points; there- 
fore, in accordance with the theorem of i, §215, they are identical everywhere in (a, b). 
Therefore c* is the sum-function of the series in any finite interval (a, b). 

(2) It is proved in elementary treatises that, for a value of x which is numerically less 
than unity, the binomial series 


1 + nx 4 - 


n {n - 1) 

.... - 2 f ■ 


n{n - 1) r -f 1) 


X’" 4- 


converges to a suitable value of ( 1 -i- x)“, when n is a rational number. To extend the theorem 
to the case in which n may have an irrational value, consider an interval (74, Wg) of n, 
where and are rational numbers. 


We have 


n («. - 1) ... (n - r 4- 1) 



r ! 


< 1) I ^ I 


where N is the greater of the numbers | | and | Wg |. The number x remaining fixed, we 

thus seje that, for all values of n in the interval (n^, Wg), each term of the series is numeri- 
cally less than the corrc^sponding term of the convergent series 


1 + iV 1 X 




therefore the series converges uniformly for all values of n in the interval { 71 ^ , rig). Hence 
the sum -function of the series, for a fixed value of x, is a continuous function of n in the 
interval (Wj, rig). The function (1 4- x)"^ of n, was defined in i, § 38, for irrational values 
of n, by extension of the function considered as defined only for rational values of n; 
and it was shewn that the function so obtained by extension is single-valued, and it is 
therefore continuous. As in example (1), it now follows that, for the fixed value of x, 
numerically < 1, the sum of the series is for all values of ?i in (Wj, rig) represented by the 
suitable value of (I -1- x)”. The interval (nj, Wg) is arbitrary. 


THE MEASURE OF NON-UNIFORM CONVERGENCE 

90. If a series 2 (a:) converge at all points of a set E, of one or 

n-l 

more dimensions, to the function s (x), finite at every point, it is convenient 
to employ the functions s (z, y), E {x, y) obtained from (x), (x) by 

changing the variable integer n into Ijy. These functions s (x, y), R (x, y) 
defined for x in E, and y the reciprocal of a positive integer, or zero, may 
be termed* the transformed sum-fumtion and the transformed remainder- 
function respectively ; we may define (x, 0) to be s (x), and R (x, 0) to be 0. 
The function R (x, y) is continuous with respect to x in E, for y = 0, since 

♦ See Hobson, Proc. Lond. Math, Soc^ (1), voL xxxiv (1902), p. 247. 
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it is everywhere zero, and it is continuous with respect to y, for x = 
but it is not necessarily continuous at (^, 0) with respect to (x, y). 

In accordance with the definition in § 70, the sequence is 

uniformly convergent at the point f, if, corresponding to each arbitrarily 
chosen positive number e, a neighbourhood of the point (f , 0) exists defined 
by the two-dimensional, or (p -f 1) -dimensional, cell 

(f - de, 0; f 4- de, ye) 

exists such that | (x, y) | < £, for every point (x, y) in this neighbourhood. 

If we denote by U (f, d, y) the upper boundary of | E (x, y) | in the 
neighbourhood — d,0\ f f d, y) of (f, 0) tliis function’ U is monotone 
non -increasing as the number d is diminished, and also as the number y 
is diminished. Consequently it has a lower limit d, y converge to zero 
in any manner, independent of the particular mode in which the con- 
vergence takes place. In case the point ^ is one of uniform convergence, 
this limit is zero. When the limit is not zero, the point is one of non-uniform 
convergence. 

The limit lim U (^, d, y) which may have a finite value, or may be oo , 

d-O 

j /~0 

when it is not zero, is said to be the measure of non-uniform convergence of 
the sequence {^9,^ (x)} at the point f. Denoting this measure by ^ (^), the 
function ^ (x) is a function of x which may be termed the convergence- 
function. 

The definition of p (f ) may be stated as follows : 

If the series (x) converge to s (x) in the linear, or p-dimensional, 
domain E, and the upper boundary of | (x) | , for all values of n ^ m, in a 

neighbourhood {^ — d, ^ d) of the point $ be determined, the limit of this 
upper boundary, as the numbers d converge to zero, and m ~ oo , defines the 
measure ^ {$}, of non-uniform convergence of the sequence at the point 
In fact p {$) = lim | R„ (x) [. 

n-^oo, 

In case p (^) is finite, a neighbourhood — d, ^ d) of can be 
determined, and an integer Ue, such that, in that neighbourhood, 
I « (x) — Sn (x) \ < P (^) -f e, for all points x in ~ S, ^ + S), and for all 
values of n> ne , where e is an arbitrary positive number. 

Moreover there must exist in every neighbourhood of f , points at which 
I 5 (x) — Sn (x) I > ^ (£) - €, for some value of n (> Ue), whatever positive 
number € may be. In case p (f ) is infinite, corresponding to an arbitrarily 
chosen positive number N, a neighbourhood (f — d, ^ 4- d), and an integer 
can be so determined that there exist in that neighbourhood points 
at which [ E^ (x) [ > N, for values of n that are > 
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91. In the case of a linear domain the measure of non-uniform con- 
vergence may be defined separately for the right and the left of the point 
The neighbourhoods employed in the definition will be taken to be neigh- 
bourhoods (^, + d), (f - d, on the right and left respectively. Thus 

two functions {x), (x) will be defined, which have the values, at any 

point of the measures of non-uniform convergence at on the right 
and on the left respectively. If (f ) = 0, (f ) > 0, the point is one of 
uniform convergence on the right; a corresponding definition holds for 
the left. The measure.^ (f ) is the greater of the two numbers (f ), (f ) ; 

and at a point of uniform convergence, {^) = (^) 0. 

The earliest definition of the measure of non-uniform convergence 
was given by Osgood* for the case of a linear interval. The term “Grad 
der ungleichmassigen Convergenz’’ was employed by SchoenfliesI who 
uses Osgood’s definition. The term ‘"Convergence function” was also 
employed by Schoenflies. 


THE DI8TRIBITTTON OF POINTS OF NON-UNIFORM CONVERGENCE 

92, Assuming that {^9,^ (x)} is convergent in a domain it will first 
be shewn that: 

The convergence Junction is upper semi-continuous in the domain of 
convergence^ of the series. 

It must be shewn that a neighbourhood of a point ^ exists such that, 
at every point in it that belongs to the domain E, ^ (x) < ^ (f) 4- 17, 
where rj is an arbitrarily chosen positive number, and ^ (^ ) is supposed to be 
finite. For, let it be supposed that in every such neighbourhood there 
exists a point at which ^ (x) ^ ^ (^) 4- 77. In an arbitrarily small neigh- 
bourhood of such a point there are points at which | (^r) | ^ jS (^) 4- 

for sufficiently large values of n, and such neighbourhood can be chosen 
so as to be interior to any assigned neighbourhood of the point Therefore 
in an arbitrarily small neighbourhood of ^ there are points at which 
I (a:) 1 S ii) 4- 77, for sufficiently large values of n, and this is incon- 
sistent with the fact that the measure of non-uniform convergence at ^ is 
jS (f ). In case ^ (^) is infinite, ^ is certainly a point of upper semi-continuity. 

Employing a theorem given in i, § 230, which is applicable to any closed 
domain of any number of dimensions, we have the following theorem : 

If the domain E, of the. functions be a closed set of points, and a be any 
positive number, the set of points of E at which ^ (x) ^ a is closed, relatively 
to E, and therefore absolutely. 


♦ Amer. Journal of Math. vol. xix (1897), p. 1^6. 
t See Bericht, toI. i, p. 226. 
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If we denote this closed set by and assign to a the values in a 
diminishing sequence {<7„} which converges to zero, each point of non- 
uniform convergence belongs to all the sets , from and after some value 
of n. Thus the set of all points of non-uniform convergence of the series 
is the outer limiting set of the sequence of closed sets relatively 
to E. The set Ga may be non-dense in or it may be dense in the whole, 
or, in a part, of E. Therefore the points of non-uniform convergence may 
be either non-dense in Ey or may be dense in the whole, or in a part, of E. 
It will, however, be shewn that in case aU the terms of the series or sequence 
are continuous in E, the set G^^ is necessarily non-dense in E, This is 
formulated in the following theorem : 

//, in the closed domain E, of any number of dimensions^ the functions 
Sn {x) which converge in E to s (x) are all continuous in E, the closed set of 
points G „ , for which the measure of non-uniform convergence is ^ o-, a positive 
number y is non-dense in E. 

Let it be supposed that, if possible, G^ is not non-dense in E) there 
must then exist a closed pait E ^ , of Ey such that every point of E^ belongs 
to Ga, The set E^ can contain no isolated points, because an isolated point 
is one of uniform convergence; thus E^ must be a perfect set. Let be a 
point of El ; we take a neighbourhood Z>, of ^y such that every point of Ey 
in Dy belongs to Ei , and also an arbitrarily chosen integer N . If a' be a 
positive number < a, there exists in i) a point of Ei , such that 

I « (f ) - (^') I > <7', 

for some value of that is > N, Since the sequence {^,1 (^')} is convergent 
at an integer rig > rij exists such that | (f') — s^^ (^') | > cr'. 

On account of the continuity of s^.^ (x)y (x) at a neighbourhood Z>i 
contained in D, can be determined so that, at every point of Ei in Di we 
have I s„, (z) - s„, (z) ( > cr'. 

Taking a point f", of Ei, interior to in a similar manner a neigh- 
bourhood Z>2 , contained in , can be so determined that at every point 
of El y in Dg we have | s^^ (x) — s^^ (x) | > a', where 714 > rig > Wg > > N, 

Proceeding indefinitely in this manner, we obtain a sequence {D^} 
of neighbourhoods, all containing points of and such that, in 
we have | s^^^^ (x) — (x) ( > a', at every point of Ei in ; where 

> ^2m-i > '^2Tn-2 Thcse ucighbourhoods {Dj^} can be so 

determined that only one point f of Ei is in all of them; at this point 
f, we have | Sn^^(^) — -Snam-i (f ) I > values of m; this is contrary 

to the condition that the sequence (f )} is convergent. It has thus been 
shewn that G^ must be non-dense in E. 

93. Since G^ is non-dense in E, it follows that the set G, of all the points 
of non-uniform convergence of the sequence (a:)} of continuous functions, 
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is of the first category in Ey and consequently (i, § 96) that the set of 
points of uniform continuity is everywhere dense in E. We have thus 
established the theorem that : 

If the functions of a sequence (a:)} which converges everywhere in a 
closed set E to the function s (x), are all continuous in Ey the set of points of 
non-uniform convergence is of the first category in Ey and the convergence is 
accordingly uniform at points of a set which is everywhere-dense in E. 

This theorem was first established by Osgood*, for the case in which 
8 (x) is continuous. 

Since s {x) is certainly continuous at every point of uniform convergence, 
it follows that! : 

If {5^ (x)} convergers y in a closed set E, to s (x), and the functions s^ (x) 
are all continuous in Ey the function s (x) is at most point-wise di8cx)ntinuous 
(i, § 238) with respect to Ey and the points of continuity are accordingly every- 
where-dense in E. 

94. Those points of the closed domain E at which the measure of non- 
uniform convergence is infinite, when such points exist, are of special 
importance in some parts of the theory of series. It can be shewn that: 

When the convergence function p (x) is unbounded in the closed domain E, 
there exists at least one point at which P (x) is infinite. 

For, in accordance with r, § 213, there must be at least one point 
of Ey in whose arbitrarily small neighbourhood p {x) is unbounded. The 
value of p (f ) cannot be finite, because this would be inconsistent with the 
fact that p (x) is upper semi-continuous. 

It can now be shewn that : 

The set of points of infinite measure of non-uniform convergence is closed. 

For, let ai, o-g, ... (t„, ... denote a divergent sequence of increasing 
positive numbers, and let denote the closed set of points at which 
p (x) ^ < 7 „ . The set of points at which the measure of non-uniform con- 
vergence is infinite is the inner limiting set of the sequence {e„} of closed 
sets each of which contains the next; and in accordance with i, § 67, this 
inner limiting set is closed. 

It is necessary and sufficient in order that there may be no points, in the 
closed set E, at which the measure of non-uniform convergence is infinite, 
that, from and after some fixed value of n, | (x) | should be bounded as a 

function of (n, x) for all such values of n, and for all points x, in E. 

* Amer. Journal of Math. vol. xix (1897). A proof, free from this restriction, was given by 
Hobson, Proc. Lond. Math. Soc. (1), vol. xxxiv (1902). Other proofs were given by W. H. Young, 
Proc. Lond. Math. Soc. (2), vol. i (1904) and by Dell’ Agnola, Rend. Lincei, vol. xix (1910). 

t This theorem was first established in a different manner, by Baire, Ann. di mat. (3), 
vol. ra (1899). For another proof see W. H. Young, Mesa, of Math. (2), vol. xxxvn (1907); 
see also DeU’ Agnola, Rend. Lomb. vol. xli (1908). 
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That the condition is sufficient is clear, since if | (a;) | is bounded, 

so also is ^ (x). To shew that the condition is necessary, we observe that, 
in the {p + 1) -dimensional domain, a neighbourhood of each point x, of 
E, can be determined such that \R (x,y)\< j9 (x) -f t, in that neighbour- 
hood. These neighbourhoods form an infinite set of cells, each of which 
contains one or more of the points of the closed set E, in its interior. 
Employing the Heine-Borel theorem in its generalized form (i, § 74) 
a finite set of these neighbourhoods exists, such that every point of E is 
interior to one or more of them. It follows that there exists a value of 
y, the leftst linear dimension in y of the cells of the finite set, such that 
I B (x, y) I is bounded, provided y < yi- Hence there exists a value , 
of n such that | B^ {x) | is bounded as a function of (n, x) for and 

for all values of x in E. 


EXAMPLE 

Let* Wj (z) — 0 , at all points of the interval ( 0 , 1 ), except at the point J, where (z) - 1. 
Let ^2 (^) = ” b at ^ and U 2 (x) = 1 at a; J, and U 2 (z) — 0 , everywhere else; 
let u^{z) — - 1 , at a: = J, J, and u^{z) = 1 at J, f, and {z) = 0 at all other points of 
the interval; and so on. Thus {z) is zero, except at x = |, where (1) — 1 ; ^2 (^) i® zero, 
except that «2 ii) = S 2 {}) = 1 ; ^3 (z) is zero, except that 5 , (J) = Sg (|) - ^3 (i) = 1 ; and 
so on. The function s (x) is ever)rwhere zero, and therefore is continuous in (0, 1); but the 
series converges non-uniformly at every point of the interval, since, in the neighbourhood 
of every assigned point, there are discontinuities of of measure 1 . 


It has hitherto been assumed that 8 (x) is everywhere finite ; this 
restriction may be removed by employing the transformation 

l+\s(x)\’ 

of § 62. A point of continuity of a (x) corresponds to a point of continuity 
of 8 (x), or to a point of continuity in the extended sense, according as 
I <7 (a;) I < 1 , or I cr (x) I = 1. We have accordingly the theorem: 


If the 8equence {s^ (x)} i8 convergent or divergent (to + 00 , or <0 ~ cc ) at 
every point of the closed set E, and the functions s„ (x) are all continuous^ at 
least in the extended sense, at every point of E, the points of discontinuity of 
s (x) form a set of the first category relative to E, and the points of continuity 
of 8 (x), at least in the extended sense, are everywhere-dense in E, 


95. If the functions s„ (x) are not all continuous in the closed set E, 
the closed set of points at which the measure of non-uniform is ^ or 
may be everywhere-dense in the whole, or in a part of E ; and then this is 
also true of the set of all the points of discontinuity of s (x). In any case 
the set of points of continuity of s (x), when it exists, forms an inner 
limiting set. 


See W. H. Young, Proc, Ixmd. Math, Soc. ( 2 ). vol. i (1903), p. 94. 
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It has been shewn by W. H. Young* that, for the case in which E is 
a linear interval, when the functions (x) are point- wise discontinuous 
functions, the visible points of non-uniform convergence may be dense in the 
whole or in a part of E, and the invisible points of non-uniform convergence 
form a set of the first category relative to E. He has shewn how to construct 
a series of point- wise discontinuous functions, for a given linear interval, 
which have an assigned inner limiting set F for the set of its points of uni- 
form convergence of the sum-function, and such that the sum-function 
is non- uniformly convergent at all points of C (F). 

96. The following general theorem has been established by Hahnf : 

If E he a set in any number of dimensions it is necessary and sufficient 
in order that a sequence (x)}, convergent in E, may exist which converges 
non-uniformly at all points of E ^ , a part of E, and uniformly at aU points 
of E ~ El, that El should be the outer limiting set of a sequence of sets which 
are closed relatively to E. 

The proof of this theorem requires the theorem or assumption^ that 
every set of points which is dense in itself can be normally ordered. With- 
out assuming this, the following less general theorem, also given by Hahn, 
can be established: 

If E be a set of points in any number of dimensions, and F be a part 
of E which is of the first category relatively to E, a sequence {f^ (ic)} of 
functions such that 0 /„ (x) ^ 1 can he defined, which converges everywhere 

in E to the limit zero, the convergence being non-uniform at every point of F, 
and uniform, at every point of E — F. 

A part El of a set E, of points in any number of dimensions is said to 
be closed, relatively to E, if every limiting point of Ei that is in E, is a point 
of El itself. This is a generalization of the definition in i, § 55. The set E^ 
is closed in the absolute sense in case E is closed. 

The complement E — Ei, relatively to JS*, of a set Ei , closed relatively 
to E, is said to be open relatively to E, If is a part of E which is the outer 
limiting set of a sequence of sets, each of which is closed relatively to E, 
and non-dense in E, the set F is said to be of the first category relatively to E, 
This is a generalization of the definition given in i, § 93. 

First, let F be closed relatively to E, and non-dense in E. Let the 
continuous function Xn (1) defined for all non-negative values of the 
continuous variable t, by the prescriptions, Xn (0 === when t ~ 0, and 

when t^~; y „ (t) == 1 , when t Xn (1) ^ ^1 in the interval (o, A; 

n n \ nJ 

fl 2\ 

(<) = -«< + 2, in the interval 

• Loc, cit; see also Proc.. Land. MaiK Soc. (2), vol. i (1904), p. 356. 
t See Theorie der reellen Funktumen, vol. i, p. 274. % Ibid. p. 200. 
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If X be any point of E, and d (x, F) be its distance from F (see i, § 104), 
then 8n {x) is defined to be Xn The function (x) is continuous 

with respect to Ey and vanishes at all points of F; also 0 ^ (a;) ^ 1, 

and lim Sn (x) = 0. 

n~Qo 

Let f be a point of E that does not belong to Fy then d (f , JF’) > 0 ; a 
neighbourhood A, of can be so determined that, for all points of E in that 
neighbourhood, d (x, F) > ay where a is some fixed positive number. 

In A, we have (x) ~ Xn {ft {Xy F)} = 0, provided d (Xy F) > ^y which 

2 

condition is satisfied if n ^ ; therefore the convergence of Sn [x) to zero 
is uniform at the point 


If ^ be a point of F, in any neighbourhood A, of there are points x, 
of Ey which do not belong to Fy for which d (x, F) has some value ^ {> 0), 
and for each such point there is a value of n for which {x)> \ \ for there 


is at least one value of n, such that 




^ be sufficiently small. Such a value of n increases indefinitely as the 
distance of x from ^ is diminished. It follows that the convergence of 
{Sn at the point f is non-uniform. Thus the theorem has been estab- 
lished for the case in which F is closed relatively to Ey and non-dense in E, 


Next let F be the outer limiting set of a sequence of sets F ^^ , each 
of which is closed relatively to Ey and non-dense. Let s^n (x), where 
n== 1, 2, 3, is the sequence, defined as above, corresponding to F^; 

and let us consider the double sequence of functions - (x), where 

m and n have all integral values. This double sequence can be arranged 
as a single sequence {fp (a:)} ; and it will be shewn that this single sequence 
has the required properties. If e be any prescribed positive number, it is 
impossible that, at any point /„ (f ) ^ e for an infinite set of values of p. 

For we have 0 < -~ if w > - , and for all values of n ; if a 

rn e 

be the greatest integer which does not exceed - , the only values of m for 

which — s^n ii) ~ e, are 1, 2, 3, ... a; for each of these values there are only 
m 

a finite number of values of n for which ~ (f) « therefore only 

m 

a finite number of values of n for which this condition is satisfied for any 
of the values 1, 2, ... a, of ?n. It follows that, except for a finite set of 
values of p, we have /p ($) < c. Since e is arbitrary, {/p (f )} converges to 
zero. 
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Since the sequence “ ^mi (^)> ^^rn 2 (^)> ••• is ^ of fhio sequence 

{/j, (x)}, the upper boundary of /j, {x), in the neighbourhood A of a point 
of Ey cannot be less than the upper boundary of the first sequence. When f 
is a point of this upper boundary converges, as A — 0, to a value greater 
than zero, hence the same must hold for the sequence {/^ {x )} ; and this 

must be the case for each value of m. It is therefore the case for any 

point f, of the convergence of {fj, (x)} at ^ is therefore non-uniform. 

If ^ be a point of ^ ~ i^, in a properly chosen neighbourhood A, of 
we have /p (x) < c, for all values of p greater than some fixed number 

dependent on e. Since ^ (x) < €, for all values of n, provided m > - , 

we need only consider those values 1, 2, 3, ... a, of rn, for which a ^ ^ . For 

each of these values r, of m, ^ (x) < e, for n provided A is 

properly chosen. 

Hence if ne be the greatest of the numbers we have ^ Sj^n (^) < e, 

for m = 1, 2, ... a, and for n> Ue, Thus fp (x) < €, in A, for all values of p, 
except a finite number; therefore f is a point of uniform convergence of 
the sequence. The theorem has now been completely established. 


FUNCTIONS INVOLVING A PARAMETER 

97. The theory of uniform and non-uniform convergence of sequences, 
or series, may be extended, by a slight modification, to apply to the case 
of a function / (x, a), defined in a domain of x, of any number of dimen- 
sions, for each value of the parameter a which is in an assigned linear 
interval, closed or open. Let it be assumed that / (x, a) is defined for 
values of a such that Oq < a ^ «o + If at a point f , of the domain of x, 
there is a definite value of lim / (f , <r), a varying continuously, the function 

/ (x, a) is said to be convergent at the point as a converges to Oq , 

In case a diverges to oo , we shall suppose / (x, a) to be defined for all 
values of a greater than, or equal to, some fixed number C. 

The following definitions of uniform convergence in the domain E, 
of X, are precisely similar to those in which a is confined to have values in 
a sequence, given in § 66. 

//, as a f(x, a) converges to a definite number <f> (x), the convergence 
is said to be uniform in E, provided that, if € be any arbitrarily chosen positive 
number, a number K can be so determined that | / (x, a) — <f> (x) | < e, for all 
values of x, in E, provided a lies in the interval (ao> -f he). 
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If Oq is infinite^ and f {x, a) converges to a definite number <f) (x), for each 
value of X, in E, and if € be an arbitrarily chosen positive number^ then 
f {Xy a) is said to converge uniformly to (x)y as ^ provided a number 

Ce can be so determined that | <f) (x) — f {Xy a) \ < e, for a > Ce, and for all 
values of x. 

The definition of a point | of uniform convergence of / (x, a) to f> (x) 
is then precisely similar to that in § 70, a neighbourhood of ^ being 
employed. 

The theorems of §§ 82, 83, relating to the continuity of <f) (a;) can readily 
be stated so as to apply to the functions / (x, a). 


THE UNIFORM CONVERGENCE OF INFINITE PRODUCTS 

98. If Wj (x)y U 2 (x)y ... Un (x)y ... bc a sequence of functions defined in 

a domain of one or more dimensions, the infinite product II {1 -}- (a;)} 

w -1 

is, in accordance with § 39, convergent at a particular point x if, corre- 
sponding to each prescribed positive number €, the condition 

(x)} ... (1 4“ (^)} ^ I ^ ^ 

is satisfied form= 1, 2, 3, ..., provided n is greater than some integer Ue, 
dependent on e. 

In case the infinite product converges at each point .x of a domain E, 
if the integer Ue corresponding to each value of €, can be so chosen as to 
be independent of Xy then the infinite product is said to converge uniformly 
in the domain E, 

The theory of imiform and non-uniform convergence of infinite products 
is similar to that of infinite series, and indeed may be deduced from it by 
the method of taking logarithms. It is the particular case of the theory 
of uniform and non-uniform convergence of a sequence { 5 ,^ (x)} which 
arises when s^ (x) has the special form 

{1 -f (X)} (1 + U 2 (X)} ... {1 + (x)}. 

On account of the importance which this method of representation of 
functions has in Analysis, a short statement will here be given of the 
properties of infinite products in regard to their uniform convergence. 

In analogy with Weierstrass’ test for the uniform convergence of series, 
the following test may be applied to the case of infinite products : 

//. in the domain E, of x, | u^ (x) v^y where the infinite product 
n (1 -f- M convergent, <hen the infinite product H {1 -f- (x)} converges 

n-l n«l 

uniformly in E. 
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For 

I {1 + ^/nfl (^)} {1 -f ^n+2 W} ••• {1 + ^n+m {^)} “ 1 | 

- (1 + ^n + l) (1 + ^n+ 2 ) (1 + '^n+m) “ F 

Since r?.c can be so chosen that, for n> Ue, the expression on the right 
hand side is < e, it is seen that the condition for the uniform convergence 
of the infinite product II {1 f (x)} is satisfied. 

n^l 

It is easily seen, as in § 78, that: 

If the infinite product 0 {I -f | {x) | } converges uniformly in a 

n ~ 1 

domain of x, so also does the infinite product FI {1 Un (a:)}. 

n - 1 

The definition of a point of uniform convergence of a product 

II {1 + u„ (j:)} 

n - 1 

at a point f of a closed domain E is similar to that of § 70 for the case 
of a series : 

//, for a point f of the closed domain E, linear or p~dimensional, a neigh- 
bourhood -- dt, $ + df) (linear or p-dimensional) exists such thM, for 
n ~ Uf , a number dependent on e, 

I {1 + Mn (a;)} {• 4- ,1 (x)) ... {1 + M„+„ (x)} - 1 I < € 

for all values of m, for all points x in (^ — f -f A), the point ^ is said 
to be a point of uniform convergence of the infinite j/roduot 11 {1 + (oj)}. 

n - 1 

The following theorem corresponds to the theorem of § 8 1 : 

If the infinite qyroduot FI {I + (m>)} is uniformly convergent for all 

positive integral values of m (or for all positive continuously varying values 
of m), and if lim (m) has a definite value for each value of n, then if 

m~oo 

f (m) denotes the limiting value of FI {1 -f (^)}> fim/(m) has a definite 

n-l m'^oo 

value, and the infinite product 11 (1 -f v„) convergent and has lim/ (m) 

n-l m~oo 

for its value, 

n^N 

We have, for all the values of m, f (m) — FI {1 + (w)} < €, 

n-l 

provided N is not less than some fixed integer Nc, dependent on c. It 

n- V 

follows that lim/(m) — FI (1 + ^ e, from whence we deduce that 

n-l 

I lim/(m) — lim /(m) 1:5 2c. Since c is arbitrary, it follows that hm/(m) 

n-iV 

exists. Again we see that lim / (m) — FI (1 + t;„) ^ e, for iV^ ^ iV'f ; hence 

m— 30 n-l 

FI (1 + V,,) converges to lim / (m). 

n-l m'^oo 
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EXAMPLE 

It can be shewn that, if m is an even integer, 


sin 

wsin 


( sin® ^ \ / sin® ^ \ / sin® ^ \ 

1 2 (i ^ 1 2. 

sin® ^ / \ sin® ^ I I sin® / 

m' ^ m ' m 


where r = ^ {m - 2). Let 0<a;<(5+l)7r, and is a fixed integer < r. We can write 
the above result in the form 

1 1 sin® ^ \ / sin® ^ \ / sin® ^ \ / sin® ^ \ 

I i ... 1. . 

I sin® ^ / \ sin® / V 81^2 / I sin® j 


m sin ^ cos ^ 
m m 


Since - diminishes as 6 increases from 0 to J, 
a Z 


< ., »» where s + I ^ p < r. 

,pir pV 


1 + 


Keeping x and s fixed, the product on the right hand side is less than the convergent product 

Thus, for the fixed value of z, the above theorem is applicable; hence the infinite product 

x® 




(« + 2)2,rV ■■■ 


converges to the limit, asm cc , oi the expression on the left hand side, which is 
sin I / 

X 


Therefore the infinite product ar ^1 - ^1 - • • converges to sin x, 

( 42:®\ / 42:® \ 

In a similar manner it can be shewn that ( 1 - \ f 1 - p ~2 ) *** converges to cos x. 


THE CONVERGENCE OF A SEQUENCE IN A MEASURABLE DOMAIN 

99. If the domain E, of any number of dimensions, be measurable, 
and have its measure finite, and the functions of the sequence {x)} be 
all measurable, the following theorem expresses the condition that (;r)} 
should converge to a function s (x) almost everywhere in E, that is, at every 
point with the possible exception of the points of a set of which the measure 
is zero. 

If E be a measurable set {in any number of dimensions) of finite measure Z, 
the necessary and sufficient condition that a sequence {s„ {x)}^ of measurable 
finite functions, should converge to a finite function s {x), almost everywhere 
in E, is that a set contained in E, and of measure grecUer than Z — f , 
where f is an arbitrarily chosen positive number, exists, such that (x)} 
converges uniformly in to s (x). 
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This theorem was given by Egorof!*. That the condition is sufficient 
is clear, for if, however small ^ may be chosen, there is a set of measure 
>1 — ^ in which the sequence converges, the set of all points of convergence 
has its measure >l-C, for all positive values of and therefore its 
measure is 1. 

To prove that the condition is necessary, let {e,.} be a monotone sequence 
of positive numbers wliich converges to zero. Let denote the set of 

points of E, at each of which | ^ (:r) — (x) | < ^ Ij 2, 3, .... 

Considering the sets ..., it is clear that each of these sets is 

contained in the next. Each point of E, with the exception of a set 
of measure zero, belongs to all the sets of the sequence {e,,}, from and 
after some value of n dependent on the particular point. The set of 
all such points of E, of measure Z, is the outer limiting set of the 
sequence {c„}. Let 'rjn, ... be a diminishing sequence of positive 

numbers whose sum converges to the arbitrarily chosen number 
There exists a least value of n such that m (c„) > I -- rjj. (see i, § 131); and 
let this set be denoted by The sets ... denote the sets 

Fr which correspond to rj.^, ... respectively. We have m (i^i) > I — 'qil 
m (F^) > I — 7]2i ni (i^g) > I - .... There exists a set of measure 

> I — — yjs — •••, 

or > Z — of points each of which belongs to all the sets F^, F 2 , In 

this set //^, of measure > I -- we have j s (x) — {x) | < for each 

value of r, provided m is not less than some integer dependent on the value 
of e,.. Therefore the sequence converges uniformly in the set and thus 
the necessity of the condition in the theorem has been established. 

100. In the above theorem it has been established that, if be a 
diminishing sequence of positive numbers which converges to zero, there 
exists a sequence of sets, such that m > Z — , so that 

lim m{H^J == Z, 

71 -^no 

in each of which sets the convergence of the sequence is uniform. This 
mode of convergence has been termed by Weylf, essentially uniform 
convergence {wesentlich gleichmdssige Convergenz). Thus the theorem of 
Egoroff establishes the equivalence of the convergence of the sequence 
almost everywhere in the measurable set with essentially uniform con- 
vergence in that set. It can be shewn that the sets can be so deter- 
mined that each one is contained in the next. For let in = Cn 
for all values of n, and consider a sequence of sets, such that 

m {KcJ > i — in y Q^nd such that the convergence is uniform in . Let 

* Comptea BenduSy vol. cm (1911), p. 244. 
t Math. Annaleny vol. lxvii (1909), p. 225. 
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be the set of points common to all the sets > •••• clear 

that the convergence of the sequence is uniform in ; also 
7Yl, > Z ^n + 1 ^ I , 

and is contained in ^ . Thus the sequence has the required 
property. 

Egoroff’s theorem cannot be applied when the domain is measurable but 
of infinite measure. To see this, let such a domain E be the outer limiting 
set of a sequence where yn (E^) is finite, and E^ is contained in ^n+i* 
Let {x) -- 1 in the set - E^y and (a;) 0 for all points not in 

that set. The function 6- {x) exists at every point of E, and has the value 
zero, but it does not converge uniformly in any set of infinite measure 
contained in E. 


Egoroff s theorem has been extended by \V. H. Young* to the case in 
which the sequence {.9„ (a:)} is non-convergent in the measurable set E of 
finite measure. The main results of his investigations may be stated as 
follows : 

If {Sn (a:)} be a sequence of functions defined for all points of a measurable 
set E, of finite measure, and the upper {loiver) function of the sequence is 
finite at ahnost all points of E, then (1), there exists in E, a set E^ of measure 
> m [E) — so that in E^ the sequence (a;)} has uniform oscillations of the 
first kind (§114) ; and (2), there exists in E a set Ezy of measure > m (E) — 
in which the sequence has uniform oscillations of the second kind; also (3), there 
exists a set E^y of measure > m (E) — in which the sequence has uniform 
oscillations both of the first and of the second kinds. 


101. Egoroff’s theorem may be applied to obtain the following pro- 
perty! double sequences : 

If E be a measurable set of points, of finite, or of infinite, measure, and 
{-^mn (^)} ^ double sequence such that lim s^n (^) exists and has a value s^ (z) 

n~QO 


almost everywhere in E, for each value of m, and such that lim s^ (x) exists, 

Tn.'^oo 


and has a value s (x), almost everywhere in E, then two increasing sequences 
{mj, {n,} of integers can be so determined that (a:)} has the unique limit 
$ (x), almost everywhere in E, as i is indefinitely increased. 

By employing, when necessary, the transformation 




^mn (^) 


1 + hmn (^) I ’ 

the theorem can be reduced to the case in which all the functions s^ (x), 
8 (x) are bounded ; thus it will be sufficient to assume this to be the case. 


* Qmrt. Joum, Math. vol. xuv (1913), p. 129; and Proc. Lond. Math. Soc. (2), voL xn (1913), 
p. 363. 

t See Fr^chet, Pend, di Palermo, vol. xxn (1906), p. 16, where the theorem is established 
for the case in which F is a finite linear interval. 
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Let E be the outer limiting set of a sequence of measurable sets, 
each of which is contained in the next, and each of which is of finite 
measure. If E has finite measure, we may take all the sets Ei to be 
identical with E. 

In E, there exists a set of measure > m {E^) — , where is arbi- 

trarily fixed, in which (a:)} converges uniformly; thus there exists a 
least integer iw, , such that | ^ (a:) — s^i (x) | < e, , in the set ; where 
{ej is a diminishing sequence converging to zero. 

The integer irii being fixed, there exists a set L, , in of measure 

> m (£',) — 2^,, and a least integer n, (> such that 

I ^mi {x) ^mirtt (^) I 

in L^. Therefore, in the set L,, we have | ,9 (a:) — {x) | < 2e,. Now let 

the sequence be so chosen that where ^ is an arbitrarily 

r »• 1 

chosen positive number. The part D (L^ , Ej) of the set that is in 
E^, where ^ ^ > p, and is chosen arbitrarily, has its measure 

> m (Ep) — 2Ct; and all these sets have, for a fixed value of a common 

00 

part, of measure >m(Ej,) — 2 S In this set, contained in E^, we 

have I <9 (a:) — (^) I < for the measure of this set is less than 

m (Ep) by an amount which can be made arbitrarily small by taking 

sufficiently large. It follows that, in Ey,y the sequence (x)} converges 
to s (x) almost everywhere. Since this is the c‘ase for each value of p, it 
follows that (a:)} converges to s (x) almost everywhere in E. 

The following theorem for double sequences is a simplification of the 
above theorem, of less generality: 

If {Smn (^)} ® double sequence, defined in a set E, of any number of 

dimensions, then if, for each value of m, the sequence (a;)} converges 
uniforrrdy in E to a function (a;), and the sequence { 5 ,^ (a:)} converges 
uniformly in E to a function s (x), sequences {mj, (tiJ, can he so determined 
that the single sequence (a:)} converges uniformly in E to s (x). 

If {€,} denote a diminishing sequence of positive numbers which con- 
verges to zero, a least integer m, can be determined, such that 

I « {X) - (X) I < «i. 

at all points of E. 

Again, when m^ has been fixed, a least integer n^ can be determined, 
such that I s^ (a;) — s^^m (^) I < «»» points of E. We have then 

I « (a:) - Srnim (^) I < ^ at aU points of E ; and since | ,9 (x) - s^juj i^) | < €, , 

for j ^ i, at all points of E, it follows that the sequence {s^^^ (a:)} converges 
uniformly in E, to the value s (x). 
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MONOTONE SEQUENCES OF FUNCTIONS 

102. A monotone sequence of functions {<?„ (x)} defined for a domain E, 
of any number of dimensions, is such that, for every point x, of Ey 

+ l (^) - (^) 

for every value of n : or else such that (x) ^ (x) for every value of n. 

In the former case the sequence is said to be monotone non-diminisliing, 
and in the second case it is said to be monotone non-increasing. It is clear 
that, at every point there is a single-valued sum-function, since, the 
sequence {5,^ (f)}, being monotone, either converges to a definite limit, 
as 71 ~ 00 , or diverges. Thus the sequence cannot oscillate at any point 
of E. We need only consider the case in which the set E is dense in itself, 
so that every point is a limiting point. We shall here consider monotone 
sequences of functions which are either continuous, or semi-continuous, 
functions in the set E, and also certain less simple types of functions which 
occur in this connection. The following preliminary proposition* is of 
fundamental importance in this theory : 

A monotone non-increasing sequence (a;)} of functions which are all 
upper semi-continuous at the point of the domain Ey dense in itself y is such 
that s {x) is upper semi-continuous at 

In case s (^) is finite, n can be so determined that s^ (i) < ^ {$) + le; 
and since s^ (^) is upper semi -continuous at a neighbourhood D, of 
can be so determined that, for every point x, of E, that is in I), the condition 
s^ (x) < (^) + (^) + € is satisfied. Since « (x) ^ s^, (x), we have 

5 (x) < 5 (^) -f- €, for all points Xy of Ey in D. Therefore s (x) is upper semi- 
continuous at 

In case 5 (f ) = — oo , for a sufficiently large value of n we have 
(^) < — Ny and a neighbourhood of ^ can be so determined that, in that 
neighbourhood, 5,, (x) < 5,1 (f) 4- t; < — N 4- 17 ; where 17 is arbitrarily 
chosen. It follows that, in that neighbourhood, 5 (x) < — A 4 - 7^ ; and since 
E and 77 are both arbitrary, s (x) is upper semi -continuous at f . 

If 5 (^) = 00 , which involves (f) = , for all values of ti, the point 

f is regarded as one of upper semi-continuity of s (x). 

If we consider the sequence (x)}, we observe that it is a non- 

diminishing sequence of functions all of , which are lower semi-continuous 
at the point f, and its sum-function — s (f) is lower semi-continuous at f ; 
we thus deduce the theorem that : 

A monotone non-diminishing sequence (x)} of functions which are all 
lower semi-carUintums at the point f is such that s (x) is lower semi-continuous 
at f . 

♦ See Baire, BvU. Soc, Math, de France, voL xxxn (1904), p. 126; also W. H. Young, Mesa, of 
Maih. voL xxxvn (1908), p. 148. 
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103. If the functions (x) be all continuous at the point f , we deduce 
from the above theorems, since a continuous function is both upper semi- 
continuous and lower semi-continuous, that : 

If the functions of the monotone non-increasing sequence (a:)} be all 
continuous at the 'point the function s {x) is upper semi-continuous at f . 
If the sequence be monotone non-dimiaishing , and all the functions s^ (x) 
are continuous at f , s {x) is lower semi-continuous at 

From the theorems that have been established, the following at once 
follow : 

If the sequence { 5 ^ (x)} be monotone non-increasing, and the functions 
Sn (x) are all upper semi-continuous in their domain E, which is dense in 
itself, the limiting function is upjjer semi-continuous. 

If the sequence be monotone non-diminishing, and the functions s^ (x) 
are all lower semi-continuous in their domain, the limiting function is lower 
semi -continuous . 

The limiting function of a non-increasing monotone sequence of con- 
tinuous functions is upper semi-continuous, and that of a non-diminishing 
monotone sequence of continuous functions is a lower semi-continuous function. 

104. If the domain E be perfect, the following theorem may be 
established : 

If a monotone non-increasing sequence of upper semi-continuous functions 
converges in the perfect domain E (of any number of dimensions) to a con- 
tinuous function, the convergence is uniform in E. 

The corresponding result holds for a non-diminishing sequence of lower 
semi-continuous functions, if the limiting function be continuous. 

Let s (x) be continuous, and suppose the sequence to consist of upper 
semi-continuous functions, and to be non-increasing. If f be any point of 
E, an integer n can be so chosen that s,^ (^) ~ 5 (f) < Je; and a neighbour- 
hood Dj of $ can be so determined, that s,^ (x) < s„ (^) -h Je, for all points of 
E that are in , where e is an arbitrarily chosen positive number. Again, 
a neighbourhood Dg, of can be so determined that s (x) > s (i) - 

for all points of E in since s (x) is continuous at f . If a neighbour- 
hood D, of be chosen that is interior both to and we have 

(x) < (^) + a^nd 5 (x) > 5 (^) — ^€, for all points x, of E, that are 

in 2>jj; hence s^ (x) — s (x) < s„ (f) — ^ (f) + fc < e, for all points of E that 
are in D: and this must hold for all greater values of n. Thus the point 
f is a point of uniform convergence of the sequence { 5 ,^ (x)}, and since it 
is an arbitrary point of E, the sequence is uniformly convergent in E. 
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105 . The converse of the theorem that a monotone sequence of con- 
tinuous functions has for its limiting function a semi-continuous function 
may be stated as follows: 

Every function defined for a set E. of one or more dimensions y which is 
lower semi-continuous in E, is the limit of a non-diminishing sequence of 
continuous functions. If the function is upper semi-continuous y it is the 
limit of a monotone non-increasing sequence of cojitinuous functions. 

This theorem was first established by Baire*. Proofs have also been 
given by W. H. Youngt, TietzeJ, and Hahn§ and by Caratheodory ||. The 
proof here given is essentially that wliich has been given by Hausdorff^. 

It is sufficient to prove the first part of the theorem, as the second part 
is then immediately deducible. 

It will in the first instance be assumed that the lower semi-continuous 
function s (x) is bounded in E. At a point Xy of E. let s^ (x) be defined as 
the lower boundary of the function s (x') nl) (Xy x'), with respect to 
x'y for all points in E, where 1) (Xy x') denotes the distance between the 
points X and x\ It will be shewn that the function s^, (x) is continuous in 
E. Let Xi be a point so chosen that I) (x, x^) < h. 


We have then (xi) s {x') -{ nD (xj, x')y for every point x\ in E : 

also D {x^y x') D (x, x') 4 I) (x, x^) < h 4- D {Xy xf). Thus 

Sy, (Xi) < nh 4 - {s {x') 4 - nD (x, x')}; 

and since x' may be so chosen that s (x') 4- nD (x, x) < (rc) hy we have 
(^i) < (x) + {n 1) h. Since it may be shewn in the same w’^ay that 

< (^i) {n ^ 1) hy we see that | {x^) — (x) | < (n 4- 1) hy 

provided D (Xy xf) < h. Since h is arbitrary, the continuity of s^ (x) at 
the point x has been proved. 


It is clear from the definition of s^^ (x) that s^ (x) E s^^^ (x), and that 
Sy, (x) cannot be less than the lower boundary of s (x) in E. Thus {^ 9 ,^ (a:)} 
forms a non-diminishing monotone sequence, and it has a limiting function 
ijj (x). Also, since (x) ^ s {x') 4- nD (Xy x'), we have (x) ^ s {x). 

If a point Xn satisfies the condition s (xf) 4- nD (x, xf) < Sy, (x) ^ , 


we have D {Xy a:„) ^ ^ Q (^) “ where I is the lower boundary of 

8 (a;) in E. It follows that D (Xy x„) converges to zero as n^^ (x> ^ or the 
sequence {a:^} converges to x. Since s (x) is lower semi-continuous, we 


* Bull. Soc. Math, de France, vol. xxxn (1904), p. 125. 
t Proc. Camb. Phil. Soc. vol. xiv (1908), p. 523. 
t Crelle's Journal, vol. cxlv (3914), p. 9. 

§ Wien. Sitzungsher. vol. cxxvi (1917), p. 100. 

II Vorlemngen iiber reelle Funktionen, p. 401, 

^ Math. Zeitschr. voL v (1919), p. 293. 
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have s {x) 5 : lim s (x^) " lim (x) + -1 ^ ip (x); but since {x) .5 s (x), 

we have tp (x) "■ s {x) ; and from the two inequalities we have s (a:) == 0 (x), 
aud thus {.9„ (a:)} converges to s {x). If x is an isolated point of E, x^ will 

coincide with x, from and after some value of n, and s (x) < (x) -h 

and then, as before, s {x) ' 6'„ (x). 


The above proof is applicable even if .9 (x) have no upper boundary, 
provided it have a finite k)wer boundary. In order to remove this restriction 

we employ the transformation (7 (x*) ^ then ct (x) is in the 

interval { 1 , 1 ), and is lower semi-continuous provided s (a:) be so. 
Applying the result already obtained, a (a;) is the limit of a sequence of 
continuous functions (j,^ (x), where | a,, (a*) | ^ 1 in the set E. The functions 


(^) - which are all continuous, at least in the extended 

^ - I I 

sense, converge as -- oo , to <9 (a:). 


If the function 9 {x) be finite, although unbounded, it is possible to 
determine (a ) so that it is finite for each value of n, and cH>nsequently 
continuous in the ordinary sense; whereas when cr„ (a:) has one of the 
values 1, — 1, (a:) has the value oo or — qo , and is therefore continuous 
only in the extended sense. 

If any of the functions cr„ (x) have the value 1 or — 1, so that s„ (x) 
has the value oo , or - oo , we can modify the transformation so as to ensure 
that (a:) shall be finite for each value of n. Let {e„} be a sequence of 
increasing positive numbers which converge to 1. Instead of the sequence 
{dn (x)} we may employ the sequence (a:)} which converges to a (x), 

6 O’ ( a^) 

and is monotone increasing; then (x), being defined by - ^ 

1 — I cr„ [X) I 

lb e 

lies between finite boundaries ~ , and has the required property. 


106. In case the set E consists of a closed linear interval (a, b), a simple 
proof of the above theorem can be given which includes the fact that the 
continuous functions can be so chosen as to be polygonal, and thus possess 
derivatives on the right and on the left which are continuous except for 
a finite set of values of the variable. Thus : 

7/ a function f (a;) he upper semi-continuous in the interval (a, 6), and 
have a finite upper boundary y it is the limit of a rnonotone non-increasing 
sequence of continuous polygonal functions. 

Also if th>e function be lower semi-continuous y and have a finite lower 
boundary, it is the limit of a monotone non-diminishing sequence of continuous 
polygonal functions. 
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It will be sufficient to establish the first of these theorems. Let a system 
of symmetrical nets with closed meshes be fitted on to {a^b); we^ may 
suppose the breadth of each mesh of the net of order n to be (6 ~ a)j2^. 
Let the values of (x) at the ends of the meshes of the nth net be defined 
thus: Let (a) be the upper boundary of / (a;) in the mesh with a at its 

end ; let the value of <f>„ (x) at the point a f be the upper boundary 


of / (x) in the interval 




i)(i_ 

2 ” 


a) 


a I 


2 ” 

2n' 




and let the 


value of <f>n (a;) at the point b be the upper boundary of the function / (a:) 

in the mesh ^6 — b'] . Let the continuous polygonal function (x) 

be defined by its values at the end-points of the meshes, as thus specified. 
It is clear that <f>n{x) ^ (x); so that {(/>„ (x)} is a non-increasing 

sequence of continuous functions. 

If f be any point in {a, b), a neighbourhood of f can be so determined 
that / (x) < /{^) + €, for every point x, of that neighbourhood. For a 
sufficiently large value of n, the interval 

{r -2){b - a) (r + 2) {h - a)\ 

2 ” ’ “ ^ 2 " 




is contained in this neighbourhood of where ^ is contained in 

2 -- .a4 j. 

The values of (f>n (x) at the points 


a r 


(r --])(/; - a) 




r (b — a) 


(r -f 1) (6 - a) 


2n ’ 2” ’ ' 2^ 

are between / (f ) and / (^) + € ; hence also <f>n (f ) lies between / (^) and 
/(f) + e. Thus the function (^) differs from / (f) by less than c. It now 
follows, by considering a sequence of values of e, converging to zero, that 

lim (f) =/(f); 


and thus the theorem is established. 


107 . The following theorem was established by Hahn*: 

If be functions y defined for a domain Ey of any number 

of dimensions, s^^^(x) being lower semi-continuous , and s^^^x) upper semi- 
continuous , and such that s^^^x) ^ there exists a continuous function 

s (x)y such that ^^^x) ^s (x)^ 

Let X (0 = when t > 0, and y {t) == 0, when f =*? 0 ; this function 
X (t) is a continuous, monotone non-diminishing function of the real 
variable t, as t increases in the indefinite interval (— oo , oo ). 

* Wien, Siizungeher, vol. cxxvi (ira) (1917), p. 103. The proof in the text was given by 
Hausdorff, Math. Zeitachr, vol. v (1919), p. 295. 
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The functions are, in accordance with the theorem of 

§ 105, the limits of sequences {«n\a;)}, of continuous functions ; the 

first sequence being monotone non-diminishing, and the second monotone 
non -increasing. 


Since Sn\x) -- /^(x) ^ Sn\x) - sl\i(x) ^ (x) - (x), 


for n 1,2, 3, 
X (x) - 


. . . , we have 

(0 / X-V r (w) . » 

•V (*)} - X (^) 


c, (*)} 


4+1 (*) 


4+1 (^)}. 


The series 


4'(-r) + X {4“\a:) - s^ix)} - X {«i“\a;) - 4^*)} 
+ X {4“* W - 4* (a:)} - X {4”’ (a:) - 4’ (a:)} 


+ ... 


of which the terms are continuous in E, and of alternate signs, after the 
first term, is such that each term, after the first, is numerically not less 
than the next, for each fixed value of x; and it is seen that the general 
term converges to zero. The series is accordingly convergent at every 
point X, of E\ the partial sums of even order form a monotone non- 
diminishing sequence which accordingly converges to a lower semi- 
continuous function, and the partial sums of odd order form a monotone 
non-increasing sequence which must converge to an upper semi-continuous 
function. The sum-function of the series, being both upper and lower semi- 
continuous, is a continuous function, s (x). It will be shewn that s (x) 
satisfies the conditions of the theorem. 


At a point at which ,9^^^(x) = s^^^(x)y we have 

- .s-n\x) ^ 0, - 4^+1 (x) ^ 0; 

and thus s (x) = (x) + {4^^^ (a:) — 

whence s (x) = lim 4!^ (3^) = = 8^^\x). 

ri'^oo n~oo 

At a point x, at which let the first term with negative 

argument, of the series which defines .9 (x), be x ~ (^)} ; then s (x) 

is given by the finite series 

sT{x) + - 4’(a:)} - {«T\x) - 4’(a:)} + ... - {«m-i(^) - 4\a;)}, 

or s (x) sill (x); then s^^\x) ^ s^ix) ^ ^ 5^“)(x), and thus 

5^^)(x) ^ s (x) ^ 5<**^(x). 

Similarly, if the first term with a negative argument in the series which 
defines s (x) be x (^) ~ (^)}> 5e seen that s (x) == 5^^ (x), and 

thence, as before, that s^^\x) ^ s (x) ^ s^^\x). 

Thus the theorem has been established. 
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THE EXTENSION OF FUNCTIONS 


108. From the last theorem, the following theorem, due to Tietze, may 
be deduced : 

If H be a closed set contained in the set E, and s (x) a function defined in 
H, and continuous relative to H, then a function exists in E which is con- 
tinuous in Ej and has the value s (.r) at every point of H. In particular, a 
function exists which is continuous in the whole linear, or p-dimensional 
space, and has at all points of the closed set H, the values of an assigned 
function s (x), continuous relative to H. 

Let U and L denote the upper and lower boundaries of s (x) in II ; 
U and L will at first be assumed to be finite. The function s^^'> (x) defined 
in E by the conditions s'^^'^{x) — s (x), in H, and ^ U, in E — H, 

is lower semi-continuous in E; also the function defined by the 

conditions (a:) = s (x), in H, and L,\n E ~ H, is upper semi- 

continuous in E. Since s^^^x) ^ 5 ^“) (a:), in E, a function / (ar), continuous 
in E, exists, such that s^^^ (x) ^ f (x) s^^*^x). This function f (x) has 
the value of s (x) at every point of H ; and is the function which has the 
required properties. 

In case U and L are not both finite, so that s {x) is continuous, in H, 

s ( x\ 

only in the extended sense, we employ the transformation (j{x) = 

Then a (x) is bounded and continuous in if F{x) be the function which 
is continuous in E and = a(x) in H ; the required function / (x) may be 

defined to be , 

1 - I F (a:) ! 


109. A direct method of constructing a function / (;r) which satisfies 
the conditions of the last theorem has been given by Hausdorff {loc. cit.). 
The method may be applied to the construction of a function which satisfies 
a less restricted condition as regards its values in the closed set //. The 
following general theorem* is relevant to the theory of Jordan curves: 

If E be any set of points in one or more dimensions, and, H be a closed set, 
contained in E ; then, if s (x) be any function defined in II, a function f (x) 
can be defined in E which has the value s {x) at each point of II, and is con- 
tinuous at all points of E — H, and also at each point of H at which s (x) 
is continuous relatively to H. 

It will in the first instance be assumed that s (x) is bounded in H, 
so that U ^ s {x) ^ L, in H. Let / {x) = s (x), in //, and let / {x) at each 
point X, oi E — H, have the value of the lower boundary of 

S (x') + - 1 

^ d(x) 

* See Pal, Crette^s Journal, vol. cxuu (1913), p. 294; also Brouwer, Malh. Annalen, vol. lxxix 
(1918), p. 209. 
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for all points x', of H\ where D (x, x') denotes the distance between the 
points X, x\ and d (x) is the lower boundary of D {x. x') for all points x\ 
of H. Consider a point Xy of the set E — H, which is open relative to E ; 
it will be shewn that / (x) is continuous at x. We need only consider points 
x'y of Hy for which 

, D(XyX') , , JJ(x,x') ,, , 

" + dix) - 1 </(*) + or < 6 - L f 2, 

which may be written D (Xy x') < kd (x). Let ^ be a point of ^ in a 
neighbourhood of x for which D (Xy is less than an arbitrarily chosen 
positive number hy and which contains no points of H. The point x\ of 
H y can be so chosen that 


5 (x') 


and that D [XyX' 
We have 


kd {x). 

D (f , X') 

dW 


D (Xy X') 

d (x) 


) </(x) + //, 


<f(x) + J, 


D (Xy x') 

d (x) 


1 


/ V / X') — D (X X) 7 7 / V 

:S(x) + h+ irf (a 


d (x)] 


< f ('■<:) H h 1 


d{^) 


d{x)-dii) 

d{^) 


:/W 


1 4 - -^^'1 

d{$)) 


:f{x)+h{l 




where a is a positive number dependent on the neighbourhood of x in 
which ^ is taken. This liolds for all points f in that neighbourhood. It 

( k ~j~ 1 \ 

1 -f (a') ) ‘ 

arbitrary, it follows from the two inequalities that / (x) is continuous at 
the point x, of E — H. 

Next, let a; be a point of H which is on the boundary of H relative to 
E ~ H 'y consider a point of E — H, such that D (x, ^) < h < 1 . Let x' 

D x') 

be a point of H such that <! + /*, then 




D ii, X') 

d{^) 


1 < s (x') + 7i. 


Since d D (x, i) < h, we have 

D {x, x') D {X, i)+D x’)<h + (l+ h) h < 3A. 
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If now a; is a point of continuity of s (x) relatively to Hy we have 

5 (x') < 8 (x) + 77, 

where 7] and h converge to zero together; therefore f (^) < s (x) ri h. 
As before, in the definition off(^) we need only consider points x'", of H, 
for which D (f, x") < kd (f) < khy or for which 

D {Xy x") < D {Xy $) + D (iy x") < {I + k)hy 

and for all such points 5 (a:") > 5 (rc) — 7;', where 77' converges to zero with h. 

Then f ($) is the lower limit of 5 (a:") + ~ ^ which is ^ the lower 

limit of s (x'')y and this is > 5 (x) — r)\ Since / (^) lies between s (x) — rj' 
and 5 (a:) + 77 + A, where 77, 77', h converge together to zero, it follows that 
f (x) is continuous at the point x, of Hy at which s {x) is continuous relatively 
to H, 


If a: be a point of H that is not a limiting point oi E — Hy f (x) is 
continuous at a; if 5 (x) is continuous at x relatively to H. The theorem has 
now been established. 


The theorem can be extended to the case in which s (x) is unbounded 

S (iC ) 

by employing the transformation a (x) = 

1 “I" I (ar) 


j , and applying the 


theorem to the bounded function <j (x ) ; continuity will then be understood 
in the extended sense. 


110 . The method employed in § 109 can be used to establish the following 
theorem due to Tietze (Zoc. cit.)\ 

If s (x) he defined in a set Ey and is continuous with respect to E at every 
point of the closed set H contained in Ey a function f (x), continuous in Ey can 
he defined such that, in E, f{x) ^ s (a:), and in H, f (x) ~ s (x). 

When s {x) is bounded, the required function can be defined at a point 

D (x x') 

Xy oi E — Hy as the lower boundary of s (x') H points a:', 

of Ey and / (a;) = 5 (a;), at every point x, of //. That this function is con- 
tinuous can be shewn as in § 109 . The extension to the case in which 
8 {x) is unbounded can be made as before. 


The following theorem is also due to Tietze : 

Every functim s (x) defined in the set Ey and lower semi-continuous in E, 
but continuous with respect to E at every point of the closed set Hy contained 
in Ey is the limit of a sequence of continuous functions {5^ (a;)} such that 
Sn (x) == 8 (x)y in H, 

In the first instance s {x) may be taken to be bounded in Ey and the 
result may afterwards be extended. In accordance with the last theorem, 
there exists a continuous function f{x)^s (x), such that f {x) s (x) 
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in N, By the theorem of §105, s (x) is the limit of a non-diminishing 
monotone sequence {/^ (a:)} of continuous functions. Let (x) at each 
point, denote the greater of the two numbers (x), f(x); the sequence 
(a:)} is then monotone non-diminishing, and its limit at each point 
must be the greater of the two numbers s (x), f (x); that is s (x). At a 
point X, of Hy we have (x) == s (a;). 


CLASSES OF MONOTONE SEQUENCES 

111. With a view to application to the theory of integration the 
properties of functions formed by taking a succession of monotone se- 
quences, the first of wliich sequences is a monotone sequence of continuous 
functions, have been investigated by W. H. Young*. 

In a domain E, of one or more dimensions, which may be taken to be 
dense in itself, a function which is upper semi -continuous in E is termed 
a i^-f unction; as has been shewn in § 105, a ^^-f unction is always represent- 
able as the limit of a monotone non-increasing sequence of continuous 
functions. Similarly a lower semi-continuous function is termed an 
Z-f unction, and is the limit of a non-diminishing sequence of continuous 
functions. 

It is easily seen that the sum of two i^-functions is a ?/-function, and 
that the sum of two Z-functions is an Z-function. A similar statement may 
be made for the product of two w-fimctions, or of two /-functions, provided 
both functions are ^ 0. 

It is also easily seen that, if we have two semi-continuous functions of 
the same type, the function which has at each point the value of the 
greater of the two functions is also semi-continuous, and of the same type. 
Also the function which has at each point the value of the lesser of 
the two functions is semi-continuous, and of the same type. It is clear 
that this statement may be extended to apply to any finite set of semi- 
continuous functions, all of the same type. 

A monotone non-diminishing sequence of upper semi-continuous, or 
i^-functions, converges to a function which may be termed a lower-upper 
semi-continuous function, or shortly an Zu-f unction. Similarly, a mono- 
tone non-increasing sequence of lower semi-continuous functions con- 
verges to a function which may be termed an upper-lower semi-con- 
tinuous function, or wZ-function. Thus an ascending sequence is spoken 
of as lower y and a descending sequence as uppeVy in consonance with the 
fact that an ascending sequence of continuous functions converges to a 
lower semi-continuous function, and that a descending sequence of con- 
tinuous fxmctions converges to an upper semi -continuous function. 


♦ Proc, Land, Math, Soc. (2), vol. ix (1910), p. 16. 
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In accordance with § 103, an upper-upper semi-continuous function, 
or unction, is a ^^-function ; and similarly an //-function is an /-function. 

The ti/-functions and the /a-functions are both functions of new types, 
but each of them includes both ti-f unctions and /-functions as sub-classes. 

By considering monotone sequences of ^/-functions and of /i^-functions, 
we appear to obtain functions of the four types uul, hd, ulu, llu. 

It can however be shewn that only the /w/ functions, and the ulu- 
f unctions are of new types; in fact it may be shewn that a uul-function 
is a ul-f unction, and that an Uu-fimction is an lu-f unction. 

Let 5 (x) ^ lim s,^ (x), where s^ (x) s„.^j (x), for all values of n, and 

Tl'^oC 

where (x) = lim (a:), where (x) " (or), for all values of 

r/i — 30 

n and w, and the functions s^j^ i^) 2^-functions, so that s„ (x) is 

an Zw-f unction, and s (x) is an //?i-f unction. 

Let cr„ (x) denote the function which has at each point the value of 
the greatest of the functions .Si„ (x), 6*2n (^), ... ^'nn then (x) is a 
tfc-f unction. 

Since Sr„ (x) 6V.«+i (•^)> ^orr = 1, 2, 3, ..., it is clear that cr^ (x) (x). 

Thus the limit of the monotone sequence {a,, (a:)} is an /ii-f unction, and it 
will be shewn that this limit a (x) s (x). Since s„„^ (x) ^ s„ (x) *■ s (x), 
for all values of n and in, it follows that (x) s (x), and therefore 
a (a:) i s (a;). A value /ij , of n, can be so determined that (x) > s (x) — e, 
and a value nii, of m, can be so determined that 

(^) > Sn, (x) -€>S (x) - 2€. 

If ar,^(x)^ s,,^,,,^(x) > s (x) - 2€. If 

wii > Ui , (x) ^ (x) > s(x) — 2c. In either case an index n can 

be so determined that cr„ (x) > 5 (x) — 26 ; since e is arbitrary, it follows 
that (7 (x) 6* (x). It now follows that a (x) = s (x), and thus that ^(x) 

is an Z2i-function. Similarly it may be shewn that a wwZ-function is a 
i^/-function. 

It is easily seen that the sum of two functions of the same type lu, 
ulf lul, or ulu is a function of the same type, and that the product of two 
functions, both of which are S 0, and of the same type, is also of that type. 

It can also be shewn that the function which has at each point the 
value of the greater (or of the lesser) of two functions of the same type, is 
also of that type. 

It is clear that, proceeding from the /^/-functions and from the ulu- 
functions, new classes of functions may be obtained, but these are not 
of importance in the theory of integration, although they are of interest 
in connection with the classification of functions. 
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112. Let {6*„ (:r)} be any .sequence of lower semi-continuous functions, 
not necessarily (convergent, defined in a set K, Let {x) denote the 
function which has as its value at each point x the greatest of the numbers 

(X), .S*2 (X), ... {X). 

The sequence {]^„ (x)} is a monotone non-diminishing sequence of 
lower s(‘mi -continuous functions, and it must convccrge to an Z-function 
fTj {x). At ea(;h point x, ]\\ (x) has the value of the upper boundary 

of all the numbers s^ {x), (x) The function (x) is formed in a 

similar manner from the functions (:r), (.r) The sequence 

is a monotone non-increasing sequence of Z-functions, and it 
converges to the upper function s (:r), which is therefore a ?/i-f unction. 
If the functions (x) w(cre all ?/-fun(ctions, the functions V„ {x) would all 
be ?/-functions, and the function IK,, (.r) would be an Z //.-function ; it then 
follows that ,s (.r) would be a 7iZ// -function. 

In a similar manner, a non-dirninishing monotone .sequence {?/;„ (r)} can 
be formed, which converges to (x)\ and it can be .seen that, when the 
functions (x) are all //-functions, the function s (x) which is the limit of 
the non-diniinisliing monotone sequence {iv^ (.'r)}, is an Z?^-function; and 
when the functions {.s‘„ (x)} are Z-functions, s (x) is an Z7/Z-function. 

The monotone descending seqiieiK'.e { (a:)}, w^hi(;h converges to 
s (x), and the monotone a.sc;ending sequence {?/;„ (a:)} which converges to 
f (a:) may be termed the monotone sequences associated with any sequence 

(a')}, whether the functions s^ (a) are seini-c.ontinuous or not. 

Since a continuous function is both an Z-funetion and a w-function, it 
follows that : 

The upper function s (a), of a sequence (a:)} of continuous functions, 
is a ul-f unction, and the lower function s (x) is an lu-f unction. If the sequence 
{6*„ (a;)} of continuous functions is convergent (even in the extended sense which 
includes divergence), the limiting function s (x) is both a ul-f unction and an 
lu-f unction. 

113. If a sequence (x)} of id-functions converges uniformly to a finite 
limitinq function s (x), the function s (x) is also a ul-f unction. If a sequence 
of lu-f unctions converges uniformly to s (x), then s (x) is also an lu-f unction. 

It will be sufficient to prove the first part of the theorem. It will be 
shewn that s (x) is the limit of a monotone non -increasing sequence of 
t/Z-f unctions, and is therefore a i/i/Z-function, that is a 7/Z-function. 

If {€^} be a diminishing sequence of positive numbers which converges 
to zero, integers {Up} can be so determined that | 5 (a) — s^^ (x) | < €p for 
all values of p, and for all points x, in E. We have now 

^np (x) + s (x) 4- (x) -f < 5 (a) -f 3€^4 .i; 
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if now we have (a:) + 2ej, > s (x) + Choosing the 

sequence {e,,} so that this condition is satisfied, the monotone decreasing 
sequence (x) + 2e^} has the limit s {x), and (x) + 2€j, is a unction. 
Therefore s {x) is also a uZ-f unction. 

This theorem is a particular case* of the general theorem that : 

The limiting function of a uniformly convergent sequence of functions all 
of the same type, is also of that type. 


UNIFORM OSCILLATION OF A SFQUENCI] OF FUNCTIONS 

114. The theory of uniform convergence may be generalized so as 
to apply to a sequence (:r)} of functions defined in a set E, of any 
number of dimensions, the sequence being in general, at least, non- 
con vergent. If p be the number of dimensions of the domain E, we may 
regard Sn (x) as a single valued function in the (p + l)-dimensional domain 
O', which is constituted by x in E, and n in the integer sequence 1, 2, 3, .... 
If the transformation n ^ Ijy be employed, s^ (:r) becomes s {x, y), 
which is defined for the domain defined by 

{x in E, y in the sequence (1, I, I, ...)}. 

Denoting by s {^) the multiple- valued function defined, as in §61, 
as having the values of the limiting points of the linear sequence {.9,^ (^)}, 
the values of s {$) consist of the values of lim s^ {$), or of lim s(^, y), 

n^ao 2/~0 

and they fonn a closed linear set, of which s {^), § (^) are the upper and 
lower boundaries, either of which may be either finite or infinite. We 
may suppose that s (f, 0) has for its values all the values of s (^). 

Let us consider the associated functions, defined, as in § 64, with 
reference to the function s (x, y) at the point (f, 0), or of 6',^ {x) at the point 

(f, ). 

These functions A associated with the sequence 

{x)}, will be defined, at each point as the upper and lower double 
limits of s (x, y), or of (a:) at the point (^, 0) of or the point (f, qo ) 
of <^o. 

Stated more explicitly, the numbers A [{«„}, f], a [{5„}, i] are defined 
as follows : 

If A be a neighbourhood of the point and n^ a value of n, and the upper 
boundary of (x), for all points x, of E, in A, except the point for all 
values of n that are ^ n^ be considered, the lower limit of this upper boundury, 
as A converges to f , and n^ diverges to oc , defines the value of A [{«„}, ^]. 

♦ See W. H. Young, Proc, Lond. Math. 80 c. (2), vol. xn (1913), p. 357, where a different 
proof is given. In Halm's Theorie der reeUen Funktionen, vol. i, p. 334, a proof similar to that 
above is given. 
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If the lower boundary of (x) in the neighbourhood A, with the same re- 
striction, for all values of n^n^ be considered, the upper limit of this lower 
boundary, as A converges to and ^ oo , defines the value of a [{i9n}> f]* 

In case, in the above definition, the point ^ itself were not excluded, 
functions M [{ 5 ^}, x], m x] would be defined, which, at any point 
would have the values of the maximal and minimal functions associated 
with the sequence (a:)}. 

The two functions A [{ 5 ,,}, x], a [{«„}, x] were defined by W. H. Young, 
who gave to them the names peak function and chasm function respec- 
tively. It is accordingly frequently convenient to denote them by p (a:) 
and c (x). 

It is clear that, at the value of the maximal function for the sequence 
is the greater of the numbers p (^), s (^), and that of the minimal function 
is the lesser of c (f) and s (^). 

The function p (x) is upper semi -continuous, and c (x) is lower semi- 
continuous. A similar statement applies to the maximal or minimal functions. 

That this is the case can be established as in § 65. If we denote 
by <f} (x) the function A {s (x), x} associated with the function s {x), and 
by ip (x) the function a {f (x), x} associated with the function s (x), it is 
easily seen that p <f) (f) i (f ) ^ c (^). For, at each point x of the 
neighbourhood A, of the upper boundary of s^ (x) for all values of n 
that are ^ rij is ^ 5 (x), and the lower boundary of (x) is s (x). 

115. More than one mode of generalizing the conception of uniform 
convergence at a point, or in a set E, syo as to apply to a sequence which 
oscillates, is possible. 

In accordance with the definition of uniform convergence of a sequence 
{Sn (x)} at the point f, at which s ^ s (^), given in § 70, having given a 
positive number e, a neighbourhood A and an integer Ue exist, such that, 
at every point x, of E, in A, the two inequahties 

S,, (x) < ^ (x) -f- £, 5,, (x) >s(x) - € 

are satisfied provided n^n^. In case the first condition is satisfied for 
every value of e, but not necessarily the second, the convergence of the 
sequence at ^ may be said to be uniform above, it being assumed that the 
sequence is convergent at f . If the second condition is satisfied, but not 
necessarily the first, the convergence may be said to be uniform below 
Uniform convergence at where s (^) exists, occurs when the convergence 
is uniform both above and below. 

If the sequence be oscillatory at f , it is said to be uniformly oscillatory 
above, in case, for each c, a neighbourhood A exists, and an integer ne, 
such that Sn (x) < S (x) e, when for all points of E,inA. Similarly 

if the condition s^ (x) > s (x) — e is satisfied, for n ^ the sequence is 
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said to be uniformly oscillatory below. If both conditions are satisfied 
the sequence is said to be uniformly oscillatory at 

The sequence (a:)} is said to oscillate uniformly above in the set E, 
if, € being an arbitrarily chosen positive number, an integer n, exists such that 
Sn (^) < s (x) -f e, at all points of E, provided n ^ n^. If s^ (x) > s (x) — e, 
at all points of E, the sequence is said to oscillate uniformly below in E. 
When both conditions are satisfied the sequence is said to oscillate uniformly 
in E. 

This definition was given by W. H. Young, who developed the theory 
of uniform oscillation. In view of a different definition to be considered 
below*, this mode of oscillation Avas termed by him uniform oscillation of 
the second kind. It will here be spoken of simply as uniform oscillation, as 
it appears to be the simplest and most direct generalization of uniform 
convergence as defined in § 66. In case the sequence is convergent, the 
uniform oscillation becomes uniform convergence. 

It can be shewn, as in § 70, that, if the set E be closed, and the sequence 
be not uniformly oscillatory in E above (below), there must be at least 
one point of E, at wliich the sequence is not uniformly oscillatory 
above (below). 

For, at each point of E, we have (a:) < s (x) 4- e, provided n is ^ some 
integer dependent on x \ let (e, a:) denote tliis integer for the point x. 
If 01 (€, x) is bounded in E, for each value of €, it is clear that the function 
is uniformly oscillatory above at every point of E, If, however, there 
exists a value of e, such that 0^ (e, a:) is unbounded in E, there exists at 
least one point of E, in the arbitrarily small neighbourhood of which 
01 (e, x) is unbounded. At this point f, there exists no neighbourhood A, 
such that Sn (a:) < s (x) in it, for all values of n greater tkan some 
fixed integer; thus the oscillation above, at is not uniform. 

It has been assumed that s (x), § (x) are both finite at each point of E. 
If, in a part E^ , of E, we have .v (a:) — + oo , whilst s (x) is finite, the sequence 
is regarded as uniformly oscillatory in Ei, in an extended sense, if it is 
uniformly oscillatory below in E^, When this condition is satisfied, 
employing the transformation in § 62, we see that {cr,^ (x)} is uniformly 
oscillatory in Ei . 

A similar definition applies to the case in which E contains a part E ^ , 
in which s (x) is finite and 5 (x) = ~ oo . If in a part E^, of E, we have 
^ (x) = 4* 00 , ^ (x) = — 00 , the sequence is uniformly oscillatory in E ^ , in 

* Proc. Lond. Math. Soc.. (2), vol. xii (1913), p. 346, where, however, the statement of the 
definition requires amendment. The correct definition is given in Quart. Journ. vol. XLiv (1913), 
p, 132. Earlier investigations of uniform oscillation were given by W. H. Young in Proc. Lmd. 
Math. Soc* (2), vol. vi (1908), p. 398, and in Camb. Phil. Trans, vol. xxi (1909), p. 241. 
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the extended sense. In this case (x) < 5 (a:) -f c, (x) > a: (x) — e for 
all values of n, since a (x) ^ 1, iz (^) = -■ 1. 

The sequence is said to be uniformly oscillatory in E, in the extended 
sense, if it be uniformly oscillatory in each of the sets E^, and also 

in E — El ~ E^ — E ^ . 

116. The following property of a sequence that is uniformly oscillatory 
either above or below, or both, will be established. 

If the sequence (a:)} consist of functions which are lower (upper) semi- 
continuous at and the sequence oscillates uniformly above (below) y the upper 
(lower) function is lower (upper) semi-continuous at 

We have 

6^ (f ) - 6- (X) (^) - (i)} + {S„ (0 - (X)} + K (^) - i^)l 

A neighbourhood A, of can be so chosen that s^ (x) — s (x) < if x 
is in A, for ti ^ ; a value of n (^ n^) can be so fixed that 

(i) - (^) < ie. 

Also, a neighbourhood A^ , contained in A, can be so chosen that, for the 
fixed value of rt, s^ (f) — s„ (x) < ^e. It follows that, in Aj, we have 
s (x) > s (^) — €. Since € is arbitrary, s (x) is lower semi-continuous at 

It follows that: 

If the functions s^ (x) are continuous at and the sequence oscillates 
uniformly at s (a;) is lower semi-continuous, and § (x) is upper semi- 
continuous at 

A point ^ at which p (^) ^ s (f ) will be said to be a point at which the 
sequence {Sn (a;)} is continuously oscillatory above. A point at which 
c (^) ~ s (^) will be said to be a point at which the sequence is continuously 
oscillatory below. The point ^ wdll be said to be a point of continuous 
oscillation of the sequence {5,^ (a;)}, if both the conditions p ($) = s (f ), 
c (f ) = 5 (f) are satisfied. This definition may be stated in the form that: 

A point of continuous oscillalion of the sequence (x)}, is one at 
which s (^) is the upper multiple limit at (^, qo ) o/ (a;), and cU which s (f) 
is the lower multiple limit of s^ (x). The two conditions, taken separately 
denote continuous oscillation above and below respectively. 

The condition of continuous oscillation at ^ may be also stated in the 
form that M ^ (^), m [{^n}, $] = s (f). This is a generalization of 

the definition given in § 75, of continuous convergence, that 

p(^)-c (i) = ^ (i). 

117. //, in a set E, p (x) ^ s (x), at all points, the sequence is said to 
oscillate continuously above in E, and if c (x) ^ s (x) the sequence is said to 
oscillate ccmtinuously below in E. If both conditions are satisfied the sequence 
is said to oscillate continuously in E. 
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It can be shewn, as in § 115, that if a sequence does not oscillate con- 
tinuously above (below) in a closed set E, there must be at least one point 
of E at which the sequence does not oscillate continuously above (below). 
It will be shewn that: 

If the sequenc,e (x*)} consist of functions which are lower (ujpper) semi- 
continuous at f, and the sequence oscillates continuously above {below) ^ 
the upper {lower) function is upper {lower) semi-continuous at 

For we have 

lim s {x) = lim lim {x) 1 lim s„ {x) ^ p {^) 

n~co 

and since p (f) = s (^), we have lim s (a:) ^(^). and therefore s {x) is upper 

semi-continuous at 

From this theorem it follows that: 

If the functions s^ {x) are all continuous at and the sequence (a:)} 
osciUxUes continuously at s {x) is upper semi-continuous^ and s (j;) is 
lower semi-corvtinuous at 

These results are in contrast with those of § 110, relating to uniform 
oscillation, as the resulting properties of s {x), s {x) are reversed in the two 
cases. 

It follows that, if the functions s,^ {x) are all continuous at the 
sequence (a:)} cannot be both uniformly oscillatory and continuously 
oscillatory at ^ unless both s {x) and ^9 (x) are continuoTis at In order 
to obtain a more precise knowledge of the relation between continuous 
and uniform oscillation of sequences, we require the following theorems: 

If {Sn (a;)} oscillates uniformly above, at the j)oint and s {x) is upper 
semi-continuous at then the sequenc^e oscillates continuously above, at the 
point 

If (a;)} oscillates continuously above, at the point $, and s {x) is lower 
semi-continuous at then the sequence oscillates uniformly above, at the 
point 

To prove the first theorem, we have, for points of in a neighbourhood 
A, of i, Sn {x) < s {x) -^ € < s (f) -f 2c, for n ^ Ue, provided A be taken 
sufficiently small. Hence the result, since e is arbitrary. 

To prove the second theorem, we have s^ {x) < s {^) + e < s (a:) -f 2c, 
for n ^ Ut, in a sufficiently small neighbourhood of Thus the condition 
for um’form oscillation above, at f , is satisfied. 

From these theorems it follows that, if s {x) is continuous at and 

(a;)} is either uniformly convergent above, or continuously oscillatory 
above, at f, it is both. A similar result holds as regards § (x) for uniform 
and continuous oscillation below. Thus we have the theorem : 
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If s (x) is continuous at uniform oscillation above, and continuous 
oscillation above, at are equivalent to one another in the sense that the exist- 
ence of either entails that of the other. Similarly, if § (x) is continuous at 
uniform oscillation below, and continuous oscillation below, are equivalent 
to one another. 

Even in case the functions s^ (x) are all continuous, we cannot infer 
that a point at which the sequence is uniformly oscillatory is also one at 
which it is continuously oscillatory imless it is known that the functions 
s (x), 8 (x) are both continuous. In fact the condition satisfied at a point 
where the oscillation is continuous is more stringent than the condition 
satisfied when the osciJlation is uniform. 

118. We proceed now to connect with the theory the monotone 
sequences {W^ (a;)}, {Wn (a:)}, of § 112, associated with the sequence (x)}, 
which converge respectively to s (x), § (x). It will be shewn that: 

The peak functions for the two sequences {s^ (x)}, (a:)} are identical, 

and the chasm functions for the two sequences {^9,^ (a:)}, {w^ (a::)}, are identical. 

Denoting by p' (x) the peak function for {W^ (a;)}, since s^ (x) ^ (x), 

it follows that p {x) f: p* (x). Let (nj, {a:,.} be sequences of n and of x, 
where {Xr} converges to x, and n,, increases indefinitely with r, such that 

lim W„^ {Xr) = p' (x). 

r—oo 

Since (x^) is the upper boundary of all the numbers 

^nr (^r)> •••> 

an integer n'^ (S n^) exists such that (x^) > W„^ (x^) — c,., where {ej 
is a descending sequence of positive numbers which converges to zero. 
The sequence {s^y (^r)}^ as r qo , has all its limits ^ p' (a;); it thus follows 
that p (x) ^ p' (x). Since also p (x) p' (x), it is seen that p (a;) = p' (a:). 
The second part of the theorem can be proved in a similar manner. 

The following theorem exhibits clearly the fact that uniform oscillation 
is an extension of uniform convergence : 

It is necessary and sufficient in order that a sequence may oscillate uni- 
formly above {below) at a point or in the whole domain E, that the descending 
{ascending) associated monotone sequence {br„ (a:)} should converge uniformly 
at the point, or in the domain, to the upper function s (a;) (the lower function 

§ W)- 

To shew the necessity of the condition, we see that, if s^ (a;) < 5 (a:) -h e, 
for n^ Ue, either in a neighbourhood Ae of the point f , or in the whole 
domain E, then also (x) ^ s (x) -{■ e, for n^n^, since (x) is the upper 
boundary of (x), (a:), .... This is the condition of uniform con- 

vergence of {W„ (a;)} to s (x). Conversely the first inequality follows from 
the second, since s^ (x) ^ Wn (a:) ; thus the condition is sufficient. 
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If we denote by {x) the function which has as its value at each 
point the largest of the numbers {x)y s^+i (x), ... sequence 

Vn,i (x), F „,2 Wj •••» is monotone non-diminishing, and converges to (r). 
It will be shewn that: 

It is necessary and sufficient in order that a sequence of continuous 
functions (a:)} in the domain E should oscillate continuously above, that 
the sequence Vn,i{x), g (a:), ..., should, for each value of n, converge 
uniformly to (x). This condition may be applied either at a point 
of E, or in the whole domain. 

To shew that the condition is sufficient, we observe that, as all the 
functions s^ (x) are continuous at or in the domain E, the functions 
(^)y ^n .2 (^)> •••> contiiiuous iu the same sense. If the con- 

vergence of this sequence to (x) is uniform, it follows that (x) 
is continuous, either at or in the domain E, as the case may be. The 
function s (x) is accordingly upper semi-continuous, at or in E. 

We have (i) — s (^) < e, for n ^ n ^ ; and choosing a first value of n 
which is ^ n^, we have \\\ {x) — (f) < e, provided x is in a certain 

neighbourhood of therefore 1T„ (or) — .9 (^) < 2e, for this value of n, 

and for all greater values. It now follows that p' (^), the upper multiple 
limit of (a:) as n oo , a: is ^ s (f) -f 2€. Since € is arbitrary, we 

have p' (^) ^ s (f). Again, since W,, (f) — s (f) ^ 0, and 

(x) - ($) > - e 

in a certain neighbourhood of dependent on the value of n, we have 
Wn (x) -- s (^) ^ ~ €] it now follows that p' (f) — s (^) ^ ~ e, or 

V (^) - (^)» 

since e is arbitrary. From the two inequalities we see that p' (f) — (0- 

Since now p' (^) = p (f), we have p ^ s (f) and therefore, at the 
oscillation of {s„ (a;)} is continuous above. 

To prove the necessity of the condition in the theorem, let it be assumed 
that p {$) == s (^). Then we have 

M < P (i) -i- € < (i) -f- €, 

provided a: is in a neighbourhood Af , of i, and n^ne,m having any value. 

A neighbourhood A'e, contained in Ae can be so chosen that 
(^) + €< Wr (i) -f €, 

provided r ^ n, and n has one of the values 1, 2, 3, ... — 1. From the 

two inequalities, it follows that, in A'e, (x) < (^) 4" €, for all values 

of n, provided r ^ n. Since (x) is the upper boundary of s^ (x), s^j^^ , 

it follows that {x) £ (f ) + e. Hence the function (^) is upper 

semi-continuous at or in the whole of E, fCs the case may be. But 
Wr (x) is lower semi-continuous, since it is the limit of an ascending 
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sequence of continuous functions. Therefore (x) is continuous, either 
at or in E. Since the monotone sequence of continuous functions 
Vr, 2 (x)y ... converges to the continuous function Wr(x), either 
at one point, or in Ey the convergence is uniform either at the point, or in 
the set Ey as the case may be. 

119. A mode of defining uniform oscillation of a sequence in a domain, 
or at a point of the domain, has been given* by W. H. Young, and has 
been termed by him uniform oscillation of the first kind, and by Hahnf 
secondarily uniform oscillation (sekundar-gleichmassig oscillirend). 

Denoting by r (^) the function which has, at each point Xy the 
value of the greatest of the numbers (^), «§«+! (x), ... (a:), we have 

(a;) - lim Vn,r W; where (x) has, as in § 111, the value of the 

r~oo 

upper boundary of the numbers (x), (x), .... 

When the convergence of the sequence {Vn,r (^)} (x) is, for each 

value of n, uniform at a 'point or in the domain E, the sequence (o;)} is 
said to be uniformly oscillatory above at the point f , or in the domain E. 

In the case of continuous functions, when this definition is satisfied, 
it has been shewn in § 1 1 8 that the sequence oscillates continuously above. 
Uniform oscillation below is defined in a similar manner, by employing the 
sequence (x)} and the sequences {v^^ (a:)}, when v^, r (^) denotes at 
each point the least of the numbers s^ (x), s„^i (x), ... (x). 

When the sequence has both upper and lower uniform oscillation at a 
pointy or in the domain, it is said to be uniformly oscillatory at the point, or 
in the domain. 

In case the sequence converges uniformly, {x) converges for each 
value of n, uniformly to W^ (x) ; and also W^n (x) converges uniformly to 
s (x), or s (x)s It can however be seen that, when the sequence is convergent, 
but the functions (a:)} are not continuous, the sequence can satisfy the 
definition of uniform oscillation without necessarily converging uniformly. 

FAMILIES OF EQUI-CONTINIJOUS FUNCTIONS 

120. Let a family of continuous functions / (a:) be defined in a given 
interval, or cell (a, b), the number of functions in the family being infinite, 
and not necessarily enumerable. If e be an arbitrarily prescribed positive 
number, then in virtue of the theorem of i, § 217, the interval or cell can 
be divided into a finite number me , of sub-intervals or sub-cells such that 
in each one of them, all of which may be taken to be closed, the fluctuation 
of a continuous function is less than e. In case the family of continuous 

♦ Proc. Lond. Math. Soc. (2), vol. xii (1913), p. 359. 

t Theorie der redlen Funktionen, vol. i (1921), p. 257. 
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functions is such that, for each value of c, a single set of sub-intervals or 
sub-cells can be so determined that, for every function / (x), of the family, 
the fluctuation in a sub-interval, or a sub-cell, of the set, is less than e, 
the family is said to consist of equi-continuous functions. When \ f (x) \ < K 
for every point x, and every function / (a:), the family is said to be bounded. 

The following fundamental property of a family of bounded equi- 
continuous functions was given’*' by Arzela, for the case of a linear interval : 

If {f (:r)} he a bounded family of equi -continuous f unctions defined in a 
linear interval (a, b), or in a cell (a, 6) of any number of dimensions, there 
exists a sequence {/„ (x)} of fuyictions, all of which belong to the family , which 
is uniformly convergent, and therefore converges to a continuous function <f> (x). 

The positive number being arbitrarily chosen, let (a, b) be divided 
into m intervals or cells, such that, in each of them (taken to be closed) 
the fluctuation of every function / (2:), of the given family, is < Let 
x^,x.j,, ... x^ be the centres of the m cells or intervals, then, if / {x) be any 
function belonging to the family, we may regard (/ (xj), f (xf), 
as defining a point in 7M-dimensional space. Assuming the family to be 
bounded, the set of all such points, when all the functions / (x) are taken 
into account, has at least one limiting point, and a sequence (x)} of 
functions, all of which belong to the given family exists, such that the 
points (^2) (^n)) converge to a limiting point; it follows 

that |/(”) (x^) {xfj I < 61, for r = 1, 2, 3, ... m; provided n and n' 

are both greater than some positive integer n ^^ . 

If x be any point in the cell, or interval, of which x^ is the centre, we 
have I {Xr) — (x) | < for all values of n; and it thus follows that 

l/W (a;) -/(”') (ar)| < , provided n > , n' > n^^ . 

Now let denote a sequence of decreasing numbers which converges 
to zero. It is convenient to denote the sequence (2:)} which has been 
determined, by [f^n (^))j where n L 2, 3, — By the same reasoning as 
before, a part (^)} of the sequence {/i„ (2;)} can be so determined 

that I (^) — (^) I < 3^2, for all points x, in the given interval, or 

cell, provided n and n' are not less than some integer ne^. Proceeding in 
the same manner, the sequence { ^ (2:)} contains a sequence { ^ (2:)} , 
such that I (x) — (x) | < Seg, provided n and n' are not less than 

some integer ne ^ ; and so on indefinitely. 

Let us consider the sequence of functions 

/ll (*). fp,.2 (*). fp,.2 (*) —fpp.n (*)> •••; 

it will be shewn that this sequence converges uniformly in the given 
interval or cell. Taking a fixed integer m, if n is greater than m, ^ {x) 


Memorie Acad. Bologna (5), vol. v (1895), p. 55, and (5) vol. vm (1899), p. 176. 
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is equal to , {x), for some value of r (S n). Hence we have, if n’ > w, 

(*) I = \fpm.r (^) -fpm.r' (^) I < , prOVided T and t' 

are both ^ that is provided n and n' are both not less than some 
integer dependent on Since this holds good for every value of m it 
follows that the sequence {fvn,n (^)} uniformly convergent; and it there* 
fore converges to a continuous function <f> {x), which may, or may not, 
belong to the given family of equi-continuous functions. 

HOMOGENEOUS OSCILLATION 

121. If, not only the sequence has a certain property, but also 

all the sub-sequences (see § 61) have the same property, the sequence 
{/n (^)} is said to be homogeneous in respect of that property. Thus, if 
{/„ (a:)} and all its sub-sequences oscillate uniformly at a point, or in a set 
of points E, the sequence (/„ (a:)} is said to oscillate uniformly and homo- 
geneously at the point, or in the set E. In the same way, if (^r)} and all 
its sub-sets oscillate continuously, the sequence is said to oscillate con- 
tinuously and homogeneously. A similar statement applies if the continuous 
oscillation, or the uniform oscillation, is above, or is below. The term 
homogeneous was introduced by W. H. Young, who has investigated* the 
properties of sequences which oscillate uniformly and homogeneously. 
Any oscillating sequence (a:)} has the following property: 

If all the functions of the set of lower functions of the sequence {s^ (ir)} are 
lotver semi-contmuotis ^ then all the upper functions are also lower semi- 
continwous. 

By changing the signs of all the functions, we see that if all the upper 
functions are upper semi-continuous then all the lower functions are also 
upper semi-continuous. 

To prove the theorem, let u (x) be the upper function of a sub-sequence 

(a:)} ; we can then choose a sub-sequence of {s^^ (a;)} which converges 
at the point ^ to the unique limit u (^). The upper function u (x) of this 
last sub-sequence is u (x), and u {^) = u (f). Denoting its lower function 
by I (x), we have, since I (x) is lower semi-continuous, 

u ^ u ($)==- i ii) lim / (a;) lim u (x) lim u (x) ; 

and it follows that u (a:) is lower semi-continuous at f . Since f is an 
arbitrary point, u (i) is a lower semi-continuous function. 

It is easily seen that the semi -continuity assumed may be on one side 
only, and the semi -continuity proved will be on that same side. 

* See Cambridge Phil. Trans, vol. xxi (1909), p. 241; also Proc. Land. Math. Soc. (2), vol. \aii 
(1910), p. 353. 
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122 . We proceed to establish the following theorem : 

If either all the upper functions, or all the lower functions, of a sequence of 
functions, are continuous functions, then, in any subsequence, a subsequence 
can be determined which converges to a continuous function. 

The theorem holds good if the continuity presupposed is on one side 
only, the same side for all the functions, and the limiting function whose 
existence is asserted will then be continuous on the same side. 

Let us assume that all the upper functions are continuous. Let an 
enumerable set of points f i f 2 > • • • > • • • be so defined as to be everywhere 
dense in the domain of the functions of the sequence. 

A sub-sequence (x)} can be so chosen as to converge at the point 

to a unique limit. Omitting the function (;r), a sub-sequence {s^n (^)} 
belonging to the sequence (^)> ^13 (^), • •• be defined, which converges, 

at unique limit. Proceeding indefinitely in a similar manner, we 

obtain a set of sub-sequences (a:)} , { 52 n (a;)} , (a:)} .... The sub-sequence 

^11 {^)» ^22 ^33 i^)> ••• ^nn (^) ••• bas unique limits at , ^ 2 . ••• ••• ; for 

it belongs to {Sj^n (^)} ^.nd therefore has a unique limit at , it also belongs 
to {s^n (ic)}, and therefore it has a unique limit at ^ 2 ^ and so on. Since the 
set of points f is everywhere-dense, the values of the unique limits deter- 
mine at most one continuous function having those values at the points 
Since the upper functions of the sequence {s^^ (a;)} are continuous, and 
therefore upper semi-continuous, it follows from the last theorem that its 
lower function is upper semi-continuous. Denoting by u {x), I (x) the upper 
and lower functions of the sequence {Snn ( 3 :^)} » we have, since I (a:) is upper 
semi-continuous, I (x) ^ lim I (f ) = lim u ^ u (x), since u (x) is con- 

tinuous. But I {x) ^ u (x), and therefore I (x) ^ u (x), or the sequence 
{Snn (^)} is convergent at x. Thus (a:)} has everywhere a unique limiting 
function, and this is continuous, since all the upper functions are continuous. 

123. The following theorem is an extension of, and includes, Arzel^i’s 
theorem given in § 1 20 : 

If a sequence of continuous functions {s^ (a;)} oscillates continuously and 
homogeneously, then all the upper functions and all the lower functions of ike 
sequence are continuous, and in every subsequence there is contained a 
sequence of functions which converges to a unique limiting function which is 
continuous. 

The oscillation may be taken to be continuous and homogeneous on 
one side only, then the continuity is on that side only. 

Since the sequence oscillates continuously, from a theorem proved in 
§ 117 it follows that s (x) is upper semi-continuous, and that § (x) is lower 
semi-continuous. From the theorem in § 120, it follows that s (x) is lower 
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semi-continuous, hence it must be continuous. Similarly it can be shewn 
that 8 [x) is continuous. As this may be applied to any sub-sequence it 
follows that all the upper functions and all the lower functions are con- 
tinuous. The second part of the theorem then follows from § 122. 

In order to exhibit the connection of this theorem with that of Arzeli, 
let it be supposed that the sequence is such that, for a fixed point and 
for each arbitrarily chosen positive number e, a neighbourhood A, of 
exists such that, for each function (x), of the sequence, the upper bound- 
ary of Sn (x) in A exceeds 6',^ (^) by less than c. It then follows that 
p — 8 (i) ^ €; and since e is arbitrary, p (i) ^ s (f), or the sequence is 
continuously oscillatory above at If the neighbourhood of can be so 
determined that the lower boundary of (u:) in A is, for every value of n, 
less than s {^) by less than €, it follows that c (^) s (^). When both these 
conditions are satisfied the sequence oscillates continuously. As the same 
argument can be applied to any sub-sequence, the continuous oscillation 
is homogeneous. 

When the field of the functions is a continuous interval or cell, all the 
points of that field are, by the Heine-Borel theorem, interior to a finite 
set of the neighbourhoods A corresponding to all the points of the field. 
Accordingly, every interval, or cell, of length or span less than a number 
rf, dependent only on c, may be taken to be the neighbourhood A of the 
point which is its centre. When the conditions are satisfied, the fluctuation 
of each of the functions (x) in every such cell or interval is < 2e. Hence, 
the theorem reduces to Arzela’s theorem. 



CHAPTER III 


POWER-SERIES 

124. A series of which the (n 4- l)th term is anX^ is said to be a power- 
series for the variable a;, when the coefficients are assigned in accordance 
with some norm. It will be shewn that : 

If Oq a^x + ... be a prescribed 'power -series, then 

either (1), there exists a positive number R such that the series converges 
absolutely for every value of x for which | x | < R, and does not converge for 
any 'value of x such that \ x \ > R, or (2), the series converges for each value 
of X, 'positive or negative, or (3), the series does not converge for any value 
of X, except zero. 

The cases (2) and (3) may be regarded as arising from ( 1 ) when i? = -f QO , 
or = 0, respectively. 

It has been shewn in § 13 that, in accordance with Cauchy’s test, the 

1 

series | I + I 1 + ... + | a^x^ | + ... is convergent if hm | < 1, 

n—co 

1 1 

and is divergent if lim | (" > 1. Writing lim | | ^ == i?, and assuming 

first that 0 < i? < 00 , the series + aiX -f ... -f a^x^ -f ... is seen to be 

/I I A” 

absolutely convergent if | a; | < i?. If j a; | > R, I o„a:" I = f ( a^R" | 
and therefore lim j a„a:” | == oo , and thus the series 

n~oo 

Oq 4- a^x 4- ... 4- ar,x^ 4- ... 

cannot be convergent when | a; | > .R, but must be divergent or oscil- 
latory. In case Hm j | ^ = oo , the series Oq 4- a^x 4- ... 4- a^x'^ 4- ... is 

n--“O0 

-L 

convergent for every value of x. In case lim | a„ | ^ = 0, the series cannot 

n'-oo 

converge when | a: | > 0. 

X 

By writing ^ instead of x, the series may always be changed, provided 

0 < < 00 , into a series which converges when \x \ < 1, and is non- 

convergent when | a: | > 1 . 

The interval {— R, R) is said to be the interval of convergence of the 
series a^x ... 4-a„a:^4- .... This interval must be in general re- 
garded as an open interval, since the question of the convergence of the 
series when x ^ R, and x = — R remains undecided, until further in- 
vestigation, in any particular case. 
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124, 125] 


It will be shewn that: 

// a„ = 0 where k is a fixed number, and the series S a„ be 

0 


divergent or oscillating^ the series 2 has the interval (— 1, 1) for its 

n=- 0 


interval of convergence. 

Jf X have any fixed value numerically less than 1, the series 2 n’^ \ x 

n - 0 


is convergent, since lim 

n-^cT) 



tSince each term of the series 


2 a„x^' is less, in absolute magnitude, than a fixed multiple of the corre- 

n - 0 

spending term of the convergent series 2 n^ \ x from the last theorem 

n- 0 

in § 24 it follows that 2 is absolutely convergent. Since 2a^ is not 

n - 0 

convergent, the interval of convergence is not greater than (~ 1, 1); hence 
it must be (— 1, 1). 


125. It will now be shewn that, in the case of a power series with a 
finite, or infinite, interval of convergence: 

The series converges uniformly in any interval interior to the interval of 
convergence. 


It is sufficient to consider the cases in which (~ 1,1) or (—go, 00 ) are 
the intervals of convergence, since any finite interval of convergence 
may be reduced to (- 1, 1) by a change of the variable x. 

If (a, be any interval interior to the interval of convergence, a 
point p, exterior to (a, may be chosen, so that p is greater than | a | 
and \ and is itself interior to the interval of convergence. 

If X be any number in the interval (a, P), we have | xjp | < 1 ; and the 
partial remainder 


(x) = + ... 4 - 

© n p rn /^\n-^p~l 

=(■- PI, 4 - ""-wcr* 

If w be chosen so large that | ^n,p (p) | < €, for = 1, 2, 3, ... , we have 


I K.m (a:) I < « I 



X 

n 


2 * 


X 




p 


-f € 

^ — - 

P 


p 



\ p) 

1 - 

Ic 

P 

1 - 

X 

P 

I- 



I X I 

- is less than some fixed positive number less than 1, for all 
P I 

values of x in the interval (a, jS), it follows that | (a;) [ < Ae, for all 
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values of x in (a, and for all values of m, the value of n having been 
chosen when € has been assigned; the number A is fixed, being dependent 
only on ce, and p. Since is arbitrarily small, the condition for uniform 
convergence of the series in the interval (a, p) is satisfied. 

Let ( — 1, 1) be the interval of convergence for the series 

Uo + a^x + a2X^ + ... , 

and let it be assumed that the series is convergent at the point x = 1. 
In the transformation used in the proof of the last theorem we may then 
take p = 1, and thus 

I (X) I < £ (1 - X) I + e, 

for ( a; I < 1, if ri is so chosen that | Jin,m (1) 1 < m = 1, 2, 3, .... 

Let X be any point of the closed interval (— a, 1), where a is positive and 

] — X 

< 1. We have ' , , 1, if a: is such that 0 a; < 1, and if x is in the 

1 - I x| 

1 ““ X 1 ~f" (X 

interval (— a, 1) we have , — t i ^ — ; therefore in the closed inteiwal 

1 — I a: I 1 — a 

(— a, 1), we have | En,,n (^) | < ^ 3, ... , provided n has 

a sufficiently large value. It follows that the series converges uniformly 
in the interval (— a, 1). 

In case the series converges when a: = — 1, the series 
«(, — a^x + ^ 2 ^^ “ ^ 3 ^ + •.. 

converges when a: = 1. Applying the result obtained to this series, we 
see that, in case the series aj, -f a^x -f -f ... is convergent when 
a; = — 1, it converges uniformly in the closed interval (~ 1, jS), where 
p<h 

If the series is convergent both for a: = 1, and for a; = — 1, it is uni- 
formly convergent in both the intervals (— a, 1) and (— 1, j3), where 
a and ^ are positive and less than 1; since these intervals overlap one 
another, it follows that the convergence of the series is uniform in the 
closed interval (— 1, 1). It has now been established that: 

If {— I y 1) be the interval of convergence of a j)ower series, then, if the 
series converge when x = I, the convergence of the series is uniform in any 
interval (a, 1), where a> — 1; if the series converge when a: == — I, the series 
converges uniformly in any interval (— 1, j8), where ^<1; and if the series 
converges both when a: = 1 and when x ^ the convergence is uniform in 
the inierval (— 1, 1). 
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126. Since a series, all the terms of which are continuous, has a sum 
which is continuous in any interval of uniform convergence of the series, 
it is seen that : 

A 'power series 4- a^x 4 ^ 2 ^^ + ••• ® ^ (^) 'f^hich is con- 

tinitous at any point interior to its interval of convergence. 

Moreover, if (—1,1) be the interval of convergence, and the series 
be convergent for x ^ I, the sum-function s (x) is continuous in any interval 
(a, 1), where a > — 1 ; the continuity being reckoned only on one side at 
the point 1. A proof of AbeFs theorem* has thus been obtained, that: 

// (- 1, 1) />e the interval of convergence of the power -series 

«() 4 aiX 4 a^x^ 4- ... ; 

6’ {x) denoting the smn- function, and if a^ + + a 2 4 ... is convergent, having 

s (1) for its sum, then lim s (x) ^ s (1), ^vhen x converges to 1 through values 

< 1 . 

Abel’s theorem may also be deduced from the theorem in § 80. For 
we have for 0 " a: ': R\ hence, since the series S a^ is, by 

% a. « 0 

hypothesis, convergent, it follows that the series S aj,x^ is uniformly 

7? 0 

convergent in the interval (0, R) ', and thus the sum-function is continuous 
in that closed interval. 

It should be observed that Abel’s theorem has been established only 
for a series in whi('h tlie powers of the variable are ascending, and that it 
is not necessarily true in any other case. For example, the series 

^ F - ••• 

is convergent within the interval (— 1, 1); and as the series is absolutely 
convergent, for such values of x, the series 

a: 4- - ^x^^ 4- r Ix'^ — {x^^ 4 ... 

has the same sum-function log^ (1 + x), as the original series within the 
interval. At :r = 1, the series 1 — J 4- J — ... is convergent, and in accord- 
ance with the theorem, its sum is log^ 2; but the series 
1 4 - I — J 4 4 - I - J 4- . . . , 

although it is convergent, has the sum :j log^ 2 (see Ex. 1, §26); which is 
not continuous with the sum of the series x 4 ^x^ — ix^ 4 ... for a: < 1. 


127. With a view to the extension of AbeFs theorem, the following 
lemma will be established : 

If E a^x^, E both converge tvithin the interval (— 1, 1), being 

n 0 n •• 0 

QO O 

positive and such that E is divergent, and if — oscillates between the 

n =>■ 0 

♦ Crdle'a Journal, vol, i (1826), p. 314, also (Euvres, vol. i, p, 223. See also Pringsheim, 
Mllnch. Sitzungsber, vol. xxvn (1897), p. 344. 
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limits U and L, then the upper and. lower limits of , as x converges 

2 a„x” 
n-O 

Q 

to 0, are in the interval (L, U). In particular, if - converges to a definite 

f .... 

limit, as n oc ^ converges to the same limit, as x converges to 1. 

n 0 

B ^ 

If diverges to ao , so also does , as x ~ 1. 

2 a„x" 

71 “0 

Let Uyn, l^ denote the greatest and least (algebraically) of the numbers 
, ... ; and let > ^mn denote the greatest and least (algebraically) 

«o' «1 «m-l 

of the numbers where m < n, 

^m+1 

We have then 

^0 + + ••• + <u^{aQ + a^x + ... -f x^-i) 

"h ^fjin “h ... 4" af^X^) , 

therefore 

n 

+(u -u ) «o + « L^.r.- 

n ^ ^mn i \“^77» ^mn) n ’ 

i. S 

n-O n-0 

and similarly, we have 


2 p„x’' 

> Ln - {L» - L) 

S a^x^ 

71-0 


«0 + X + ... + gm-lig *"~^ 
2 a„x" 

n-0 


If € be a prescribed positive number, m may be so fixed that u^„ <U + e, 
l„„> L — f, for all values of n. Moreover — u„„, l„„ — l„ are numeri- 
cally less than fixed positive numbers. 

Keeping m fixed, let n ~ <» , we have then, if A and B denote certain 
fixed numbers, 

U + e + A «o + + ••• + 

2 a„x" 


2/3„x" 

2a„x« 

0 


> L — e + B 


do -I- diX 4- ... + 
2 a„x" 

n = 0 
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for all values of x such that 0 < a; < 1. Now let x converge to the value 1 ; 

n 

since 2) is monotone increasing both with respect to n and with 

71-0 

respect to x, the repeated hmits (see § 30) 


n n 

lim lim 2) liwi lim 2 

x^l n~oo 71 = 0 71—00 a;— 1 ti-O 

oo 

have the same value <x> ; thus lim llanX^ == qo . Accordingly, we have 

x-l 0 


C7 + € > lim ^ ^ lim ® > L — e ; 

0 0 

and, since € is arbitrary, we have 


U lim I ^ lim I ^ L, 
0 0 


It follows that if ^7 L 


O 

lim ^ = lim — . 


2 a^x** 
0 


Q 

In case ~ diverges to oo , as n ^ oo , can be so chosen that 

where is a prescribed positive number, for every value ol n. We have 
then, for x <\, 


.0 > N 

0 


1 - 


Op + gia: + ^am-xX'^ 

2a,*a:" 

0 


+ Z- 


2 a^x^ 
0 


D O 

where I is the lower boundary of all the numbers 

«o «1 

We have now lim ® ^N; and since N is arbitrarily large, it 

2a„a:’* 

0 

follows that ® - — diverges to ot , as a; 1. 

Xa-a?" 
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128. In order to apply the above lemma, let + 

power series of which the interval of convergence is (— 1, 1). 

(1) Let a„ = 1, = «(), Pi = 4- and in general, 

+ * • • + = -Sf, . 

00 

We have then the limit, as a: ^ 1, of -- -- , or of 

( I — 0 

It follows that, if is bounded for all values of n, with U and L as 
upper and lower boundaries, 

U lirn s (x) ~ lim s {x) ^ L. 

a~l 

Moreover, if diverges to oo, or to — oo , so also does lim s (x). 

x^l 

Thus, if the series a i f ... + a,j + ... oscillates between finite limits 

of indeterminancy, the wpjyer and loioer limits of s (x), as x ^ I, are in the 

interval formed by the limits of Han; and if the series diverges to f oo , or to 

0 

— 00 , then lim 5 (:r) -f oo , or — oo . 

This is a generalization of Abel’s theorem, which includes that theorem 
as a particular case. 

For the case in which > 0, for ^ 0, the last part of this theorem 
was proved by Abel’*'. 

(2) Let Sn^ denote, as in § 47, the sum 

«5n + «5n-i + ... + s^, OT a„ +- 2a„„i + 3a„_2 + ... 4- (n 4- l)aQ, 

and let = Sn \ = n 4- 1 ; we have then to consider the limit, as a: 1, 

^ S2^X^ ^ ^ , c(2) 2 . 

of 1 2x 4- 3x^ -f T f . — ’ ^ ^ 4- ...}, 

which is equal to a^ 4- 4- ^2^^ 4- ... . 

The Ces^iro sum of the series is defined as the limit of - , when 

n •{- I 

that limit exists. In accordance with the lemma we obtain the following 
theorem due to Frobenius| : 

If the series do 4- ai 4- ^2 + ... suminable {C, 1), then the sum-function 

cc 

s (x) converges, as x ^ I, to the Cesar o sum of S a„. 

n ** 0 

Moreover we obtain the following extension of this theorem : 

oo 

If the series H a^ is bounded ((7, 1), then the sum-function s(x),asx'^\, 

n-O 

has its upper and lower limits in the interval bounded by the upper and lower 
Cesdro sums of H a^^ 

n » 0 

* See CreUe's Journal, vol. lxxxix (1880), p. 262. 


t (Euvres, vol. n, p. 203. 
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(3) Let l^n denote, as in § 47, 


(r\ 

/r 4- 1 

\ 



+ ( 2 

J '5^-2 + 



then denotes j iiere be assumed that r has some 
value, not necessarily integral, that is ^ 0. 

(r) (T 71/'' 

Let , cfn = ( ^ 1 5 then the limit in the lemma is that of 


, or of (1 - .r«, 

^r + n.’ ^ 0 ” ’ 

0 V n ) 

which is equal to ao + ajO: + ... a^x'^ 

We thus obtain the following theorems which include as particular 
cases those given above in (1) and (2): 

// the series 4- Uj 4- ^2 + ••• summable ((7, r), for some value of 
r 0), the sum-fuTiction s (x) converges, as x to the sum, (C, r) of the 
series 

0 

If the series 4- 4- ^2 + ••• ^*5 bounded (C, r), for some value of 

T 0), then lim 5 (x) h/is finite limits of indeterminancy, in the interval 

hounded by the upper and lower sums {C, r) of 2 . 

n-O 

It should be observed that lim 5 (x) may exist in a case in which 
S is neither convergent nor summable {C, r) for any value of r. An 

71 -0 

example of this has been given by Landau*. 

Let /„ (x) = (1 b x)-”-! = £ (- 1)" (” ^ ”*■) x", so that 

lim (x) = ^ , and I /„ (x) I < 1, for 0 < a: < 1. 

X~1 ^ 

1 1 

Consider the function / (x), or - - defined by S f^ (x); it is 

l -j- X - 0 ' 

easily seen that, for | x | < 1,/ (x) — ap 4 - a^^x 4 - ... 4 - a^x^^ 4 - ... where 


(- l)"«n 


A 



It is seen that 


lim/(x) = lei; 

X-1 


Darstellung und Begriindung einiger neuerer Ergebnisae der Funktionentlieorie, Berlin, 1916, 
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but the series + «! + + ... is not summable (C, r) for any value of r; 

for if it were so summable, a„ = o (n'), for some integral value of r (S 0). 

«’•+! 


{{r+ !)!}»’ 


It appears, however, that (- l)^gn > y + 1 ) 

which is inconsistent with a„ = o (n^). It should be observed that the 
series forf^ (1) is summable {(7, m + 1), but is not summable (6\ m); and 
thus / (1) appears as the sum of terms which are summable (C, 1), (( 7 , 2), , 

respectively ; and thus the series for / (m) is not summable with any order. 
This principle of construction may be employed to construct other series 
which have the required property; for example, 

I 2 /y2 _i p'^ 3 '7*3 __ 


/ {x) = , 

(4) Let = a„, a„ = 

then lim [(1 — xy s (x)] 


+ 1 ) (p + n 
n ! 

a«7i ! 


1 ) 


lim 


-1 n^aoP(p + 1) ... (p 4- w - 1)’ 

provided the limit on the right-hand side exists. It is easily seen by 
means of Stirling’s theorem that 

Uin = r ip) lim 44 . 

n^oo r (71 + p) n^oo 

Thus we have the following theorem* : 

If p> Oy and lim = c, then lim [{1 — x)^ s (a:)] = cF (p). 


n^oo 

In a similar manner, by taking = 

it can be shewn that; 


(P + 1) (P + 2) ... (p + »), 


nl 


If p> 0, and lim 

n~oo 


?!» 

n^ 


= c, then hm [(1 

X — 1 


- x)^ 8 (x)] = cF (p -f I). 


These theorems express the mode of divergence of s{x)y as in 

the cases in which the coefficients satisfy the prescribed conditions. 

The following very general theorem has been established by Pi^ng- 
sheimf : 


Denoting (log uY^ (log log (log log log uY * ... by L (u); if 


lim ■ ^ ~ V 

n^oD L {n) 

where a ^ 0 , the indices aj, ag, ^ 3 , ... being such that n^L (u) tends to infinity, 

cF (a -h 1). 


then lim | s {x) 




* See Appell, CompUa Reridua, vol. ULXXvn (1878), p. 689; see also Pringsheim, Acta Math. 
vol. xxvra (1904), p. 11. 
t hoc. cit., p. 29. 
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Appell’s theorem is the case which arises when ... are all zero. 

A theorem closely related to the general theorem was given by Lasker*. 

Various theorems of a similar character will be found in Hardy's tract|, 
Orders of Infinity, p. 56. Reference may also be made to a memoir by 
BromwichJ in which various extensions of Abel's lemma are utilized. 

The converse of this general theorem has been proved by Hardy and 
Littlewood§, in the case in which all the coefficients are positive. Thus, 
for example, if lim [(1 ~ x)“ 5 (rr)] ^ k, a> 0 then 

1- Sn ^ 

lira " = ri / I -T" \ • 

n-'-oo ^ 1 (1 ~h d) 

The condition an ~ 0 is essential, as may* be seen, for example, by 
taking 5 (a;) = ( 1 — a:) ~ 1 ^ ( 1 + a ^ \ . 




129. It may be observed that the lemma of § 1 27, which has been applied 
in these cases, can be made wider in its scope. Instead of 

^0 -f- ^ iX + - • 

dQ -I- ajX -f d^x^ H- ... ’ 
oo 

we may take the equivalent form — , which is obtained by multi* 

s s'r*" 

n- 0 

plying the numerator and the denominator by (1 — Here Sn\ 

denote, as in § 47, the expressions 

rn 4“ “1 1) Pn —1 "h 2 Pn-2> *** > 

/ 1 \ (r + 1) (r + 2) 

«n + (^ + 1) ®n-l H 9 ®n-2 4~ ••• • 

Since Oq, a^, ag, ... are all positive, so also are S'[^\ S' 2 ^,,,, where 
r > 0. By applying the lemma, in the case in which lim exists, we 


n-oo ^ ^ 

have the theorem that : 

If TidnX^, ^oth converge within the interval (— 1, 1), an being 

00 

'positive and such that Sa„ diverges, then, if (r ^ 0) has a limit, finite 
^ S'n 




s 

or infinite, as n cc , lim ^ = lim ” 


r(r) 


0 


(r)* 


♦ Phil, Trans. (A), vol. oxcvi (1901), p. 444. 

t Cambridge tracts in Mathematics and Mathematical Physics, No. 12 (1910). 
X Proc. Land. Math. Noc. (2), vol vi (1908), p. 58. 

§ Ibid. (2), vol. xm (1914), p. 174. 
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In particular, if r = 0, lim = lim 

Sa„x" 

0 

the limit on the right hand side exists. 


Po Pi + 

Oq 4- ttx + 


'provided 


The particular case of the theorem was given by Cesaro. 


130. Abel’s theorem suggests the general question as to conditions 
under which the two repeated limits 

lim lim (a^ -f a^x lim lim (a^ -f a^x -f ... 4- a^x^^) 

n~oo iT— 1 ri'^co 

have one and the same value, where (— 1, 1) is the interval of convergence 

CO 

of the infinite series H a^x^. The first of these repeated limits is the single 

n •“ 0 

limit lim (Uq 4- «i 4- ... 4- a^), or lim 6‘„ (1); and the second is lim s (x), 

n~QO n-^co 

where s (x) denotes the sum-function of the infinite series. Abel’s theorem 
itself asvserts that, when lim (1) exists, as a finite number, or is infinite, 

n 

then lim s (x) exists, and has the same value as lim (1). The converse 

n^oo 

question arises, whether it is possible, with suitable restrictions to infer 
the existence of lim (1 ) from hypotheses concerning s (x) ? In connection 

n-^oo 

with this question, a series of investigations have been made, leading to 
theorems which are converse to that of Abel, or to its extensions; and in 
view of the fact that the earliest and simplest of them was given by 
Tauber, they are designated Tauberian theorems. 

If all the numbers Uq, a^, ^ 2 ) ••• ^re positive, the function 

Oq 4 - a^x 4 - ... 4 - a^x^ 

is monotone increasing, both with respect to x and with respect to 7^. In 
accordance with a theorem of § 30, the existence of either of the repeated 
limits involves that of the other, and the equality of the two. We have 
accordingly the following theorem : 

If Uq a^x -h ... a^x^ -f ... has (— 1, 1) for its interval of convergence, 
and all the numbers a^, a^, a 2 » ^ (1) = ^ (^)j 

rt~oo X'^l 

vided either of these limits exists as a finite number, or is infinite. 

It is easily seen that the theorem remains correct if, for a finite set of 
values of n, the condition a„ ^ 0 is not satisfied. 

The theorem first estabhshed by Tauber* is the following : 

//tto 4- -f ... 4- 4- ... have (— I, I) for its interval of convergence, 

and if na^ = o (1), then if lim s {x) has a definite value ^ (1), the series 

Oq 4- 4- ... -^ converges to s (1). 

* See MonaUheJte f. Math. u. Phya. vol. vni (1897), p. 273. 
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That the converse of Abel’s theorem does not hold without restriction 
is exemplified by the series 1 — x + a:® — + ... , for which s (x) = ^ "^x ’ 

and lim s (x) =- whereas lim s„ (x) does not exist, but oscillates between 

X'v.l 

0 and 1. In this case the theorem of Frobenius is however applicable, 
since the sum 0(1) of the series 1 — 1 + 1 — 1 -j ... is which is equal 
to lim s (x). Historically this example is of interest, as it was supposed 

by Leibnitz and subsequent writers that the sum of the series 

1 - 1 + 1 - 1 4- ... 
might in some sense be regarded as 4. 

To prove Tauber’s theorem, let m be so chosen that | a„ | < e, for 

I oci j CO g. ^ J 

n ^ m, then < Z < €, if x be chosen to be equal to 

\ m \ mn m \ - X 

1 — . Next we have 

m 


\m- \ oc I 

S a„ - Sa„x” < e + (1 - x) {| a, I + 2 I a,J + ... + (m - 1) | (i„_i |} 

' 0 0 I 

since | a,. { 1 — x^)\ < (1 — a:) r | a,. | . 

Using the theorem of § 6, Ex. 2, we see that, as 7i\ a^ \ o (1), we have 

m 1 I 

S n I a,, I 0 (rn ) ; and therefore, when a: == 1 — , 

1 ' ' ' m 

I /n - 1 / 1 \ i 1 7W - 1 

S a„ - 5 ( 1 - I < € 4- - S I a„ I < 2e, 
provided m be chosen sufficiently large. Letting m increase indefinitely, 

i oo I 00 

— lim s (.r) ^ 2e; and since e is arbitrary, Sa„ = lim 5 (a;), 
0 x~l I 0 x—l 

which establishes the theorem. 

This proof also suffices to shew that if lim s (x), lim s (x) are finite, 

X-^l X~1 

and different from one another, S a„ oscillates, and has these two numbers 

n« 0 

for its upper and lower limits. 

It has been proved that, when na^ = o (1), then 


lim 

m'^vi 


m-\ oo / 

S a„- S a„(l- J =0. 

n- 0 n*=0 V 


This suffices to prove the more general theorem that: 


oo GO 

If nan = (f )» if either of the limits 2 a„, lim E exists^ then 

n“0 x.^1 n-O 

the other exists^ and the two have the same value. Moreover if either 
00 

S a„ , lim S a;” oscillates between finite limits, then the other oscillates 

n-O x.^ln-0 

between ike same limits. 
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131. The following more general theorem is also due to Tauber: 

If Uj -f 2a^ + Sag 4- ... 4- na^ = o (n), and lim s (x) exists, then 2 a„ 

n»0 

converges to lim s (x). The two conditions are both sufficient and necessary 

X'V'l 

for the convergence of 2 a„ . 

n- 0 

Let = Uj 4- 2a3j 4- Sag 4- ... 4- wa„; then a^ = - (u^ - Wn~i)» where 

n 

n > 0, Uq = 0. We have then 

r-n r»n-l n, 

2a,x^= S “'a;’-- S 

r-1 r»l ^ ^ -f 1 


- X'^ 


1 n~l 

■■-U^x^ 4- 2 
n 


n-l 


Ur 


- J- ^ r a- I 

r -1 r (r + 1) r -1 »^ + I 


The series S M„a:" is convergent, since u„ ^ o (n) (§ 124), and thus 

n-l 

lim u^x^ = 0. It is thus seen that 

n'-oo 

00 ^ H ^ ti 

S ar*- = S -r- + (1 - a:) S -4-r a:^ 

r-1 r-1 r (r + I) r-l»- + 1 


Employing the theorem of § 128 (4), since lim ” = 0, we have 

n~oo ^ 


lim 

and thus it appears that 
lim 2 




= 0 ; 


M, 


“ “ J. n ^ ~ ®» • 

X~lf-1 ^ V + 1) X-1 

The coefficient in the series on the left-hand side is > 

Ur 


and therefore 


2 r ^ , converges to lim s (x) — a^ . 
r-ir(r 4- 1) ® x-i ' 


We have also 


1 


n- 1 


Ur 


«- = ®0 + - «« + S 

n r -1 r (r 4- 1) 

” r-ir (r 4- 1) ^ n 4- 1 ' 

and therefore lim == lim s (a:), which is the result to be proved. That 

n~ao x—l 

the conditions are necessary has been shewn in § 6, Ex. 1. 


132. The theorem of Tauber, established in § 130, that when lim s (a;) 

x-'l 

exists, and ^^a„ = o (1), then 2 a^ converges to lim s (x), was extended by 

n-O x--! 

littlewood*, who obtained the remarkable result that the condition 
na^ = o (1), can be replaced by nan = O (1). This result has been shewn by 
littlewood to be final, in the sense that, in na„ = 0 (1), 0 (1) cannot be 


Proc. Lond, Math. 8oc. (2), vol. rx (1910), p. 434. 
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replaced by 0 (n)} , where ^ (w) is any function which diverges to + oo 

as n ~ 00 . Ingham* has proved that, if <f) (w) be any such function, a 
function s {x) = S a„a:" can be so defined within the interval (— 1, 1) 

n-0 

that (1) 0 (2) lim s (x) has an arbitrarily assigned value, 

and (3) S is either not summable or has an assigned index of sum- 

n- 0 

mability. Littlewood had surmised the correctness of (3). 

The still more general theorem was obtained by Hardy and Littlewoodf 
that, in Littlewood’s theorem, the condition that should be bounded 
on one side may replace the condition na^ = 0 (1), in Tauber’s theorem. 
This result includes that of Littlewood as the special case when is 
bounded on both sides. It will accordingly be sufficient to prove the 
general theorem of Hardy and Littlewood. Tliis will be done in § 133. 

In the first instance the following theorem due to Hardy and Littlewood 
will be established % : 

00 

If the series S is convergent for 0 fi x < 1, and the coefficients a„ 

n-O 

s 

are all non-negative, then if lim {(1 ~ x) s (x)} = 1, the relation lim == 1 

X~1 H'-OO 

is satisfied, where -f 4- . . . 4- . 

This theorem is a particular case of the general converse theorem 
referred to in § 128. 

It is convenient to prove three Lemmas which can be employed in the 
proof of the theorem : 


Lemma I. If f (x) be a function which has a differential coefficient at 
each 'point of the open interval (0, 1), and if lim [(1 — xY f (x)] = 1, where 

a> 0 ; and if further f (x) contimvally increases with x, then 
lim [(1 — xY^^f (a;)] = a. 

Let X, Xi be two points such that 0 < a; < a:^ < 1 ; then, from i, § 262, 

/'(*)£/ (Mr/ (a-,). 

If Xi — X = X {I — x), we may suppose x and Xi to increase together 
in such a manner that A has a constant value ; then 


lim 

X'^l 


(1 




(1 - A)- - 1 
A 


* Proc, Lond. Math. Soc. (2), vol. xxiii (1924), p. 326. 
t Ibid. (2), vol. xm (1913). p. 188. 

t Proc. Lond. Math. Soc. (2). vol. xra (1913), p. 174. The form of the proof in the text is 
founded upon that given by Landau in his work, DarateUung und Begriindung einiger neuerer 
Ergdmi&se der Funktionentheorie, pp. 45-*55. 
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lim [(1 - (a;)] ^ & lim [(1 - a;)*+V' (a^i)]; 

for every value of A in the open interval (0, 1). Since lim — — = a, 

we have 

lim[(l - xY+^f (x)]^ a, 

X'^l 

and lim [(1 - (x,)] & ^^ X^ - ~ - xpr = “• 

Therefore 


lim [(1 — xY+^f {x)\ = a. 

x-^l 


Lemma II. If s (x) denote the sum-function of the series S a^x^, 

n “0 

convergent in the open interval (0, 1), and all the coefficients an non- 
negative; and if lim [(1 — xY s (x)] 1, where p > 0, then 

X'-^l 

lim [(1 — xY+^ Z a^n^x*^] = ^ -f 1) ... (^ + /* — 1), 

r—l n=0 

when r may have any positive integral value. 

If, in Lemma I, we write jS for a, and s (a:) for / (x), we have 

lim [(1 — xY'^'^ Z nUnX^] = 

ar~l n = l 

and thus the theorem holds good for r = 1. Assuming that it is true for 
r — 1, or that 

lim [(1 - Z n^-^anX^] ^ + 1) ... (B r - 2), 

x-^l n 1 

00 

by writing in Lemma I, a = jS4-r-'l,/(a;)= Z n^-^a^x^, we have 

X«1 

hm [(1 — Z n^a^x^] — ^ r — 1). 

X~1 71“ 1 

If we introduce, instead of x, the variable t, where x = e-\ then t is 
capable of having all positive values; and the lemma may be stated in 
the form 


provided 


lim Z ^ -f 1) ... + r), 

f-O 71-1 

lim Z a„e-”'J -= 1, a^-O. 

<-0 71-0 


Lemma III. If e (> 0) be a prescribed number, (m), <f >2 (m) can be 
determined as functions of m, which is restricted to be a positive integer, 
80 that <f>i (m) < m < (f >2 (m), m — <f>i (m) = o (m), (m) — m = o (m), and 
that 


s 

, em 1 

nm ^-nt ^ 

(»«)/< 


s 

W7n g-”* < ^ _ 

n>^, (»»)/< 

^771 + 1 » 
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for all values of m, not less than an integer nie dependent on c, and for 
0<t<l. 

The first summation is from n = 1, to the largest integral value of n 
riot greater than and the second is taken for all integral values 

of n greater than ^2 (^)- 

m 

We have, since x^e~^^ has, for 0< its maximum for x = - , 


t' } 

where it is assumed that (f>i (m) < m. 

Let it be assumed that (m) ^ m — m*, where 0 < A: < 1 ; we then 




log m f m log (f>i (m) — </»i (m) = log m + m [log m ~ 

— — 0 --- m + m^, 

and this is equal to log m -h m log m — m — — O or to 

(m + 1) log m — m — \ -f* O 

From Stirling’s theorem we have 

log m \ ^ m log m — m 0 (log m), 

QI* Yii \ — gfn log m-m+O (log m) . 

m ^ 

thus we have Z g-im2^-i+0(iogm)+o(m3*-2) 

If we take | < Z; < 1 , the exponential factor converges to 0, as m ^ 00 , 
since log ni o and O o An integer me can be so 

chosen that the factor is < e, provided me. The first part of the theorem 
has thus been established, the value of <f> (m) being m ~ m^y where k is 
any number such that ^ < A: < 1. 

To prove the second part of the theorem, we have 

2 + A + 

n>4>,(ni)lt V } 


where A is not less than 


;-n< < + A + A2 + ...}, 

( 1 ' + -r -, — I have then 

V <f>., {m)J 

(fn)\”‘ e-*'*™) 

2 n”*e-"‘ < , , • 

\ * / t A 

t i 

p — i <f c' P ^ <^>8 (wi) / 


; we have then 

^ t J 1-A • 


-i p^iim) 


i <!>% (»»)) 

let us take (^) = w -h m* — 2, where J < A; < 1 ; it is then sufficient 
. . _ 1 e , , . 


to take A = c a,nd thus 


1-A 1 


m* — 2 
m + m*' — 2 


< , where u denotes 

H' 


t, which is positive when m > 3, and is < L 
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The sum of the series is less than 
e (m + m*)” 


^ra+l _ 2 


^ g— m~m*+2 


and this is equal to +2-iog(»n* -2)^ 

r 


which is 


gO(log »n)+w» log tn— itn2*“i-t-0(m2t— a)— fn— +0(rna*~2)^ 


Employing again the expression m ! = gm log m- m+o (log m)^ ^0 ^00 f 

y y.mp-nt ^ «-ima*-i + 0(logrw)+0{ma*-2) ^ 5,^* 

provided w is sufficiently large, say ^ me , wffiere me may be taken to be 
the same number in both parts of the theorem ; the function <^2 (^) t>eing 
taken to be m + w* — 2, where k is between | and 1. 

It is clear that (m + 1) ~ (m -f 1)* > w — m*, for all values of m that 
are sufficiently large; also we have (m + 1) + (m + 1.)*^ — 2 < m 4- m^. 
In the theorem, we may change m into m -f- 1, then, employing these 
facts, we have the following corollary : 


2 


6 (m -f 1 ) ! 

^m+2 ’ 


where e is a prescribed positive number, provided m is not less than some 
integer, dependent on €, and k is a fixed number between | and 1. 

We are now in a position to prove the theorem of Hardy and Littlewood 
stated above. 

r«n r^n r-n qo 

We have s^ ^ 2 a,. ^ 2 a^e ^ ; therefore 2 a^e < e 2 a^e 

r-o r-O r-0 r-0 

_1 

hence Sn < es (e ^), or Sn = 0 (n). We may suppose that s^ < cn, where c 
is some positive number. Since 

00 I 

n-0 I ~ X 

where 0 < a; < 1, we have 

lim 1(1 — x)^ 2 s^x^ == 1. 
x-l L n-O 

Employing Lemma II, we have, for every integer m (> 0), 
lim [(I — y 4. i) j 


lim t”*^^ 2 = (m + 1) L 

L n-o J 
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The particular case when — 1, for every value of n, gives 
lim S n‘^e~^A =m!. 


If 1 denote the interval (m — m^)lt - n < (m we have, by means 

of Lemma III, and the corollary, 


and also 


L < 2cm ! ; 

1 n •“ 0 I I 

00 

S — liSnn^e-”* < 2c€ (m + 1) ! t~ 

n-O I 


since < cn. These results hold for all values of m not less than an 
integer me . 

For each value of m m^), there exists a number such that, for 
(1 ~ 3e) m ! < (1 + 3c) m ! 


and (1 — 3cc) (m + 1) ! < (1 + 3cc) (m -h 1) ! 

I 

Since «(„_„*)/< £ SsnW^e-"' £ «(„+„»>/, Sn”>c-"', 

II I 


we have 


1 H- 3cc m + 1 




1 — 3cc m + 1 

T+^ ‘ T~ * 


Since (m — m*)/^, as i converges continuously to zero, takes successively 
all sufficiently large integral values, we have, for aU values of n greater 
than some integer depending on c and m. 


1 — 3cc m + 1 


1 + 3cc m -f 1 


l + 3cm + m*^r^^ 1 — 3cm — 

If 7) be an arbitrarily chosen positive number, c can be so chosen that 


1 — 3cc , 1 + 3 c€ 

1 - ^ < j^3-- , 1 + ^ > ; 


then m can be chosen so that 


1 — 3cc m 1 1 + 3 c€ m 4* 1 

_ ^ < 1 ^ ^ 1 + ^ ^ 


It is now seen that, for all sufficiently large values of n, the in- 
equalities 1— 77<^<l+7y are satisfied. Since is arbitrary, it follows 

that lim — — 1. 
n 
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133. The important theorem of Hardy and Littlewood, already re- 
ferred to in § 132, will now be established; the theorem may be stated as 
follows : 

oo 

If the series D of which the sum-function is s (x)y converge for 

n- 0 

K 

0 X < 1 , and if lim s (:*;) has a definite value, then if an< , where K 
is a fixed number, for all values of n, the series 2 a^ converges to the value of 

n « 0 

lim s (x). 

x^l 

K K 

The condition a„ < ^ may be replaced by a„ > — , for we have only 

to change the sign of all the terms of the series to reduce the latter con- 
dition to the former one. There is no loss of generality if we suppose 
lim f{x) to have the value zero, as this only involves an alteration in the 

value of aQ, 

Besides the theorem of § 132, two further lemmas will be required. 

n-m CO 

Lemma I. If 2 = o (m), and si^x) — 2 where 

n 1 n - 0 

oo 

lim s (x) = I, then 'll an — 1. 

a-'-l n-0 

This has already been proved in § 1 30. 

Lemma II. If f (x) be a function, defined for 0 < x < 1, such that 
lim/(x) — 0; and if further f" (x) exists everywhere in the open interval, 

and is such that (1 — x)^f" (x) < K, where K is a fixed positive number, 
then lim [(\ — x)f (x)] = 0. 

X'^X 

Let x<x^<\, then / (a:i) - f (x) = (x^ - x)f (x) + J (x^ - x)^f" (i), 
where $ is in the interval (x, x^). Let Xi — x = X (I — x), where A is kept 
fixed as x, Xi vary continuously ; we have then 

(1 - Z)f (X) = ^ ^ ^ (1 - *)V'' (i) 

-f(x) ^ 

A 2 Vl - V 2(1 - A)**' 

If X converges to 1, we have, A being constant, 

\K 

[(1 - *)/' {x)] s - 27 n: Ay*’ 

and therefore since A is arbitrary within the interval (0, 1), we have 
Hm [(I - x)f' (a:)] £ 0. 
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Using the equation j {x^ -/(*) = (a^i - i»)/' (*i) - i (^i - (i')> 

where is in the interval (z. Xj), we find that 

/I \ I ^(1"“^)/! *\ p- . 


(1 -x,)f' (X,) 


{/(^x)-/W} + 


1 - xy 
1 - xj 


and hence lim [(1 — x ^) /' (* 1 ) i y\- before, we have 

lim [(I - Xj}f (a:i)] 0; 

and it is now seen that lim [(1 — x)f' (a;)] -- 0. 

a:~l 

K 

In order to prove the main theorem, if 6* (x) S a„a;”, where a„ < , 

and Jim s (x) =^./, we have 
1 

5"(a:)=:^ k n(n- l)anX'^-‘^< X k (n - 1) x^^~^ < K knx^-^< . 

n»2 n-‘2 n-1 

Since (1 — xY s'" (x) < K, we have, by Lemma II, lim[(l — x) s' (a:)] = 0; 

x-^l 

F CO 'jfl,(l 1 

and therefore lim [x (I - a:) ,s' (x)] 0, or lim (1 -- a:) D " — 0. 


This is equivalent to lim |^( 1 — x) S ^ 1 — ) a:”J == 1 ; and since 1 — 

f J n-m / Q \ I 

we have, by applying the theorem of § 132, lim < 2 1 -- 1, or 

m '^oD I n - 1 V Jx J ) 

m, ^ 71’^ ni 

S naA 0, which may be written in the form S na^ = o (m). 


oD (Wn-l 


Employing Lemma I, we have S — L Therefore D a„ converges to 

7t 0 n = 0 


lim S which is the theorem to be established. 

x~l n - 1 

It will be observed that the differentiation of a large number of terms 
of the series Sa„e"”‘ is the essential means by which this striking theorem 
is established. This process is exhibited in Lemma III of § 132; the reason 
for adopting it may be explained in general terms. The behaviour of a 

CO 

function S c„a:”, in the general theory of functions, when it converges for 

n’“0 

all values of a*, is more or less dominated by that of the maximum term. 
In case the interval of convergence is finite, this phenomenon of the 
maximum term does not naturally occur. By introducing a factor by 
means of differentiation a large number of times, we may obtain a series 
in which it does occur. For n^x^ has a steep peak, when m is very large, 
which naturally accentuates the importance of the far away terms. 
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PROPERTIES OF POWER-SERIES 

134 . A power-series with an interml of convergencey finite or infinite^ 
cannot be such that every interval (— S, 8), interior to the interval of con- 
vergencey contains a point Xy distinct from zeroy for which s {x) has the 
value zero. 

The function s {x) is continuous in any interval (— 8, 8), interior to 
the interval of convergence ; the number 8 may be so chosen that 

I 5 (:r) - ao I < €, 

if X is in the interval ( — 8,8), where e is an arbitrarily fixed positive number. 
If there be a value of x in (—8, 8) for which s (x) = 0, we have |a„i<e; 
and, since € is arbitrary, it follows that a^^ ~ 0. 

The series a^ + a,^x 4 - a^x"^ 4 - ... converges in the same interval as 
the original series, and its sum-function vanishes for some value of x 
which is not zero, and is contained in an interval (— 8', 8'). Hence, by 
the same argument as before, it is seen that == 0; proceeding in the 
same manner, it can be shewn that a^, a^y ... , all vanish. Thus no power- 
series with an interval of convergence exists which satisfies the prescribed 
condition. 

The following theorem is an immediate corollary from the foregoing : 

There cannot be two distinct power-seriesy each of which converges unthin 
some interval y such thaty in every interval (— 8, 8) interior to the intervals of 
convergencCy there is a pointy distinct from zerOy at which the sum-functions 
have an identical value. 

135 . Let us suppose that the series 

+ ••• 

ttji 4- a^iX -f a^^x^ 4- ... 4- 


Onl + + ••• + 

are all absolutely convergent at the point a; = 1, where n may have all 
the values in the sequence of positive integers. Each series is then abso- 
lutely and uniformly convergent in the interval 1, 1). 

Let Un (x) denote the sum of the nth series in the interval (— 1, 1), 
and let denote the sum of the series 

I ®nl I + I ^n2 I + ... 4- I I 4- .... 

If the series -h f72 + ... 4- 4- ... be convergent, the series 

% (a;) -f % (x) 4- ... 4- (x) 4- ... 

is, in accordance with § 77, uniformly and absolutely convergent in 
(— 1, 1); it follows that s (x) the sum of the series is continuous in the 
interval. 
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The series (a:) 4 - ^2 (^) + ••• + {^) + ••• can be arranged as a 

series of type cu^, by substituting the various power-series for 

(x), (x), 

and the series so obtained is absolutely convergent; for the terms of the 
series | | + | | -f ... 4 - 1 H " ••• + I <^21 1 + I ^22^ | 4 - ... are each 

less than the corresponding terms of the series obtained by putting 1 for 
x; and the latter series is + f/g 4 - , which is convergent. 

kSince the series (x) 4 - Uo (x) 4- ... is absolutely convergent when the 
power-series are substituted for Ui(x), u^ix),..,, it remains (see § 29 ) 
absolutely convergent when it is arranged in the form 

4 - b^x 4 - b:,x^ 4 - ..., 

where 61 = 4- + ^31 + ... 4 - a„i 4 - ... 

1)2 ~ ^12 4 " ^22 d' ®32 + ®n 2 4 " ... 


br “ 4 - 0,2r 4- ... 4- dyir + •••5 

and its sum is unaltered. It has thus been shewn that the continuous 
function s (x) can be represented in the interval (— 1, 1) by the power- 
series bj 4- 62a; -f b^x^ I- 

The following theorem has now been established : 

If Ui (x), U2 (x), ... (x), ... , be functions which can be represented by 

power-series that are all absolutely convergent at the point R, and therefore in 
the interval (— i?, R), and if the series (R) 4- ^^2 (^) + ••• + (^) + ... , 

where {R) denotes the sum of the series obtained from that for u^ (R) by 
replacing each coefficient by its absolute value, is convergent, then the series 
u^ (x) 4~ ^2 (^) + ••• (converges in the interval (— R, R) to a sum-function 
s (x) which is the sum of the power-series obtained by substituting the various 
power-series for the terms u^ (x), U2 (x), ..., and rearranging the resulting 
series as a single power -series. 

It should be observed that the absolute convergence of the series 
u^ (x) U2 (x) + a,t X = R, is not sufficient to ensure the convergence 
of the power-series obtained by substitution and rearrangement of the 
power-series for u^ (x), U2 (x), . . . , to the sum of the series u^ (x) + U2 (x) -j- .... 

For example, the series 

1— a:4-a;2~a;®4-...= — 

14-^ 

-l+2a,-te>+... 

(ll-x)^ 


1 — 3x -h 6x^ — ... 



194 


Power-Series 


[CH. Ill 


are all absolutely convergent when x 
1 _ _ 1 
1+ a; (1^ 
is absolutely convergent when x 


“ xY 


I, and the series 
1 


(l+x)^ ••• 

but the coefficients in the rearranged 
series are not definite, and thus the series cannot be rearranged as a single 
power-series. The condition required by the above theorem is that 

iT^ + f . — ~ + ... should be convergent when x and 

•A X X) (1 — X) 

this condition is not satisfied. 


THE MULTIPLICATION OF POWER-SERIES 

136. If the two power-series tto -i- a^^x a.j.x^ 4- 4- h^x 4- ^2^^ 4- ... 

both converge within the interval (— 1, 1), since their convergence is 
absolute, in accordance with the theorem of § 38, the Cauchy-product 
series 

Cq 4- CiX 4- C2X^ 4- ... 4- CnX^ 4- ... 

where 4- 4- ... 4- absolutely convergent when 

( a: I < 1, and (x) S 2 (x) = s (x), where Si (x), {x), s (x) denote the 

sum -functions of the three series. 

If all three series converge when a; = 1, their sums, in accordance with 
Abel’s theorem (§127) are lim 5^ (a;), lim Sg (^)) lim5(a:); consequently 

x^l 

we obtain the theorem, already established in § 37, that if the series 
2 a„ , 2 6„ , 2 c„ are all convergent, then the product of the sums of the 

n«0 n~0 n--0 

first two of these series is the sum of the third. 

Employing the extension of Abel’s theorem given in § 128 (3), that, if 
2 is summable (C, r), for any positive value of r, then lim (a:) exists 

n-O 

and is equal to this Ces^ro sum, we obtain the following theorem : 

If the two series 2 a„, 2 6^, are summable (C*, r), (C, s) res'pectively , 

n-O n*0 

then the product of the Cesdro sums of the first two series is the Cesdro sum 
((7, /* 4- <9 -f- 1) 0/ the third series. 

That the sum (C, r 4- ^ 4- 1) of the third series exists has been proved 
in §51. 

137. A special case of the multiplication of a power-series 

Uq 4- a^x 4- ^2^^ 4- ... 

which is convergent within a finite or infinite interval (~ A, A) arises when 
the series is multiplied by itself. If y denote the sum of the series when 
it is convergent, the series a^^ 4- 2aQaiX 4- (2aoa2 4- a^^) a:® 4~ ... formed as 
before, has the same interval of convergence as the original series, and 
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its sum within that interval is 2/^. Proceeding in a similar manner, series 
may be formed which represent ... within their intervals of con- 

vergence which are the same as that of the original series. 

It is sometimes of importance to possess sufficient conditions for the 
convergence of the series obtained by substitution of the series for 
Vy 2/^j ••• ill lii® terms of a series ^0 + + ^2?/^ + •••» which the 

interval of convergence is (— k), when the resulting series is rearranged 

as a series in powers of x. 


In accordance with the theorem given in § 135, it is sufficient for the 
convergence of the resulting power-series obtained by substitution of the 
series for y, 'ip, in + b^y + + ... , and rearrangement of the result, 

that the series | | 1 - 1 | '^? 4- | 62 1 -h ... should be convergent; where 

7 } denotes the sum of the series | | -f- 1 Ujo; | + | | 4- ... which certainly 

converges when | a: | < A. It is in fact clear that the series for 77, 77^, ... 
are obtained from the series for y, 7/^, ... by replacing all the coefficients 
Uq, «!, a2, ... by their absolute values. If 77 < A:, the series 

I ^0 I + I N 4 - I 62 I *>7^ 4- ... 

is convergent ; and thus | x | must be such that | a: | < A, and 
I Uq I 4 - I a^x I 4 - I a 2 X^ | 4- ... < k. 

Choosing a positive number p (< A), | | p” converges to zero as w 00 ; 

let then M be the maximum value of | | p^ for all values of n. 


The sum of the series | Uq ( 4- | «ia: | 4- | | 4* ... is then less than 


^0 1 4- 


4- 


I" XI. I 1 

4- ...K or than | | 4- 


cient that | a; | < A, and that | [ 4- 


M\x 


p-\x 
< A:, or I a: I < 


It is then suffi- 
(fc - 1 ^oDp 


P - \ X\ ■ ' M + k - \ a^y 

If I Uq I < A;, it follows that | a: | < p < A ; thus it is sufficient that 

\ Onl C k \ x \ < ~ - ^ ^ 

kp 

In case «« — 0, it is sufficient that I a; I < ^ - vr . In case k is Infinite, 
the condition I a; I < A is sufficient. 


The following theorem has been established : 

If the series Oq 4- ^la; 4- 4- ... of which the interval of convergence 

is (— A, A), and of which the sum-function is y, be substituted in the series 
4- 4- 62^* 4- ... , of which {— k, k) is the interval of convergence, and 

the resulting expression be rearranged as a power-series in x, the resulting 
series converges to the sum of the series in powers of y, provided | ag | < A: 

and \x \ < P some number < A and | | p^ S M, 
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for n = 1, 2, 3, .... In case =-= 0, it is sufficient that | | < . If the 

series + ... converges for all values of y, it is sufficient that 

X should be within the interval of conx^rgence of the series 

(Xq a^x 4“ a2X^ -+■.... 

As an example of the last case of the theorem, it will be seen that, since 
the power-series for e^ converges for all values of y, the value of 
may be expressed by rearranging as a power-series the terms of the series 

l+('£a„z’>) + -l,(i:a„x’')^+ 

n .‘0 n -0 


for all values of x for which the series S a„a;” is convergent. 

n - 0 

138. In order to obtain a power-series for _______ when 

X is within the interval of convergence of the power-series in the denomi- 
nator, let y denote the sum-function of the series a^x + a.^x^ -f .... Now 

1 1 f «/ ) 

can be represented by j 1 — 4- 2 ” * • • i » provided | y | < | Uq | . 

It now follows from the foregoing theorem that a power-series for 

1 

Uq -f a^x + a^x^ T ... 


1 


may be obtained by substituting in * ! 1 — 

( 


ment, if I a: I < 


I 


-}- -2 — . . . >, and rearrange - 
, where p is a number less than A, (—A, A) being 


^ 

AT -h I flo 1 

the interval of convergence of a^x a^x^ , and | a„ | Jlf, 
for 71 == 1, 2, 3, .... The precise range of values of x for which the resulting 
power-series is convergent can be obtained by employing the theory of 
complex variables. 


TERM BY TERM DIFFERENTIATION AND INTEGRATION OF POWER-SERIES 

139. Let 8 (x) denote the sum of the power-series aQ a^x azX^ + ... 
which converges at aU points within the interval {— R) of convergence. 
Provided | 2: -f A: | is less than R, the series 

Uo -f ( 2 ; + h) + (a: H- h)^ -f ... 

converges to ,9 (a; -f h). Assuming that x also is within (— R, R) it will 
be shewn that, if | a: | + \h\< R, the series may be rearranged in a power- 
series according to powers of h, without altering the sum; that series is. 
(^0 + ctiX + -f ...) + («! + 2a2X -f- ... -f- -f ...) h 

+ (^2 + SogX -f- ... + ^ -f ••.) 

+ .... 
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That this may be the case it is sufficient that 

I «o I + I I (I ^ I + I I) 4- I ^2 I (I ^ I + I + ••• 

should be convergent, which is the catse, since \x \ + | | < /?. The above 

power-series in h is convergent within the interval (— — |a;|) 
of h, and its sum is 5 (x -f ^). The coefficients of h are all absolutely 
convergent when | a; | < 7?. 

We have then 


^ _j„ 4- ... + na^x'^-^ -f ... + ^>2 (^) ^ (x) -f , 

where (x), (x), , are all continuous functions of a;, provided 

\x\<E, \x\ -i-\h\<B: 


For a fixed value of x the series Vg (x) h + (x) has for its sum 

a continuous function of A, which converges to zero as A 0. It follows 
that 


5 (a; 4- A) — 5 (x) 


4- 2a2X 4- ... 4- na^x^-^ 4- ..., 


and thus s (a:) has a differential coefficient s' (a:) which is the sum-function 
of the series obtained by differentiating the terms of the series 


Uo -I- a^x 4- Uga:^ 4- 


It has thus been shewn that: 


If s (x) be the sum-function of a 'power-series which converges within 
an interval, the function s (a:) has a differential coefficient s' (a:) at each point 
within the interval of convergence; moreover the power -series obtained by 
term by term differentiation of the given series converges at such a point to 
s' (x). 

By successive employment of this theorem it is clear that: 

If s (x) be the sum-function of a power-series, then s {x) has differential 
coefficients of all orders at any point interior to the interval of convergence of 
the given power-series ; moreover, if term by term differentiation of any order 
be applied to the given series, a power -series is obtained which converges at 
all points within the interval of convergence to the value of the differential 
coefficient, of the corresponding order, of s (x). 


140. If r<R, we have 5 (x) = 4- a^x 4- ... 4- 4- p (x), where, for 

all sufficiently large values oin,\p (x) | < €, for all points x in the interval 
(— r, r) interior to the interval of convergence ( — R,R) of the power-series. 
This is equivalent to the statement that the series converges uniformly in 
(— r, r) (§ 66). We have now 

I [ {s (x) — (Oq + diX 4- ... 4- UnX^)} dx\^ \ \p(x)\dx < eR, 

I J 0 I j 0 
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provided | a; | £ r. Since e is arbitrary it follows that the integrated series 

a^x + Oi 2 + ... + + - 

converges to / s (x) dx uniformly in the interval (— r, r). Thus we have 

J 0 

the result that : 

Term by term integration of a 'power-series 'produces a new 'power-series 

which converges to [ s (x) dx, for all points interior to the interval R, E) 
'0 

of convergence of the given series. 


jR2 i?3 

In case the series a^R a^ 4- ^2 ^ convergent, its sum, 

rx rli 

in accordance with Abel’s theorem, is lim s (a:) dx, or s (a:) dx. This 

x~R 0 ^0 

may be the case when the series + aji? + a^R'^ + ... is not convergent. 
In case the series a^R + a^ ~^ + ... is summable {C, r), (r > 0), its sum 

rR 

{C, r) is 5 (x) dx. 

' ft 


Taylor’s series 

141 . It has been shewn in § 139 that, if a function / (a:) be such that, 
within the interval (— R, R), it is the sum of the convergent series 

the differential coefficients f^^^x) exist, for all values of the integer r, 
and (a;) is the sum -function of the series 

1.2.3 ... ra,. 4- 2.3 ... (r -f 1) a^+iX 4- 3.4 ... (r 4- 2) a^-^^x^ 4- ... 

obtained by differentiating the terms of the given power-series r times, 
within the interval {— R, R). It has further been shewn that, if | a; | 4- 1 A | 
also lies within the interval (— R, R), the series obtained by arranging the 
series a^ 4- 4- h) -f ag (a; 4- 4- ... as a series in powers of h con- 

verges to f {x h). The coefficient of h'^ in this series is 

a, + (r + I).„..+ '’- + *>;'+"w= + - 

which converges to *' . 

It has thus been shewn that, if | a: ( and \ + \h \ are both less than 
jB, the series 

^2 Jit 

fix) + hf (x) + 2,r (^) + - + (X) + ... 

converges to the value f {x + h). 
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This theorem is a particular case of Taylor’s theorem for the expansion 
of a function f {x h) in powers of h, and has here been established for 
the particular case of a function / {x) which represents, in some interval, 
the sum of a convergent power-series. It has, moreover, been shewn that 
such a function possesses differential coefficients of all orders, within the 
interval of convergence of the power-series. 

We proceed to investigate the necessary and sufficient conditions that 
a corresponding theorem may hold for a function defined in a more general 
manner. 


142. The following theorem will be established : 

If a function f (x), defined in the closed interval (a, a 4- h), he such that, 
(1), the functions f (x), /' (x), /" (x), (x) are all continvious in the 

closed interval {a, a h), and (2), /<”) (x) exists at every point of the open 
interval (a, a -h h), being either finite, or infinite with fixed sign, at each 
point, then 

/ (a -I- h) = / (a) hf (a) -f ^ , 7" («) + ... 


+ 


J^n-l 

(n~l)\ 




(n 


h^ (1 - ey 


{a + Oh), 


for some value of 6 such that 0 < 6 < 1 ; provided the number v, not necessarily 
integral or positive, is such that n — v> 0. At the points a, a h, the 
differential coefficients are inter fyreted^ to mean the successive derivatives on 
the right and left respectively. 

It may be observed that the conditions (1) and (2) are not, as stated, 
reduced to the minimum number. 

Let F (x) =f(a + h) -f{x) -(a + k- x)f' (x) - - ... 

- /<"-*' {x)-{a + h- xY->K, 

where the number K is defined by 

;.n-i 

/(a + A) -f(a) - hf (a) - (a) - ... - (a) = 


In the closed interval (a, a + h), F (x) is continuous, since n > v; also 
F' {x) exists everywhere in the open interval (a, a h). Moreover jP (a) = 0, 
J?’ (a -f A) = 0, and therefore, in accordance with the mean value theorem 
(i, § 262), F' (x) has the value zero, for some value of x interior t o the interval 
(a, a 4- h). Let this value be a 4- dh, where 0 <0 < 1. We find on 
differentiation, 


F' (x) = 


(a + A — 
(^iji 


(x) A (n — v) (a + h — xy-^~^ K, 
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and thus K = 1) value of IC to 

the value by which it was defined, we have 
f(a + h)^f(a) + hf (a) + |!/'' (a) + ... 


+ 


A"-i 


(n - 1) (M - v) (n - 1) ! ■ 

In case the value of K, as defined, is zero, the proof remains valid; in this 
case we have (a 4 Bh) ^ 0. 


(1 - By 


-J-(a^~Bh). 


It is clear that a corresponding result holds for an interval on the left 
of a, provided corresponding conditions are satisfied as regards differential 
coefficients, the derivatives at a being in this case on the left. 


If the conditions of the theorem are satisfied for the interval (a, a + Z(), 
they are clearly satisfied for any interval (a, a f- A'), where 0 < h' < h. 

In case / (a:) be defined for the interval (a ~ a 4 ^i), the conditions 
of existence and continuity of f (x), f' (x), (x) in a closed interval 

being satisfied in the closed interval {a — a 4- h^), and (a:) being 
assumed to exist at every point of the open interval, the theorem holds 
for every value of h in the closed interval ( — , /? j ), the value of B depending 

upon the value of h. 


The theorem which has been established above is frequently spoken 
of as Taylor’s theorem, although that name was originally, and is still 
usually, applied to the case in which it is possible to suppose n to be in- 
definitely increased, so that the series becomes an infinite convergent one. 


j /” (a 4- Bh), where n : 


V, is spoken 


rru • j? h”(l~By 

The expression = _ 

of as the remainder in Taylor’s theorem.” In this general form it was 
obtained by Schlbmilch’*' and by Rochet. The particular case in which v 

is taken to be zero, ^ ^ (a + Bh) is known as Lagrange’sJ form of 

the remainder in Taylor’s theorem; another particular case, due originally 
to Cauchy §, of the general form given by Schlomilch, is that in which 

V is taken to be n — 1, or 


h'^ (I — B)^~^ 


in-})! 


143 . It was first shewn by Stolz|| that the theorem of § 140 can be 
extended to the case in wliich the functions /' (x), /” (a;), (x) are 

* Handbuch der Differential- und Inlegralrechnung, 1847. 

f Mim. de VAcad. de Montpellier, 1858. See also Liouville'a Journal (2), vol. m (1858), 
pp. 271 and 384. 

t Thdorie des fonctions, vol. i, p. 40. § Calcul Diff. p. 77. 

II See Qrundzilge, vol. i, p. 97. It should be observed that Stolz omits to state the restriction, 
necessary to his proof, that ► is not to be a positive integei less than n. 
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assumed to exist, and to be continuous, only in the half-closed interval 
a ^ X < a h, so that their existence at the point a + h is unnecessary. 
The following theorem will be here established: 


If a function f (a;), continuous in the closed interval (a, a 4- h), be such 
thaty (1), the functions f (x), f" (x), (x) are all continuous in the 

domain a^ x < a ^ /«, and (2), the function f^^'^ (x) exists y as a finite number y 
or as infinite unth fixed siguy at each jx)int of the open interval (a, a f //.), then 

f (a + h) =--} (a) -+- hf (a) + (o) + ... 


(¥^)! 


/<"-» (a) + 


fe" ( 1 - 6 >); 

{n ~ v) {n ~ 1) ! 


/" (a + eh). 


for some mine of 6 such that 0 < 0 < 1 ; where v may have any value < n, 
positive y negative y or zerOy and not necessarily integral y except that it may 
not be a, positive integer. 


We cannot in the present theorem take v to have the value n — 1, so 
that Cauchy’s form of the remainder is not here included in the result. 


To prove the theorem, let 

F (x) =f{x) -f{a) - {x - a)f' {a) - ~ /" (a) - ... 

“ - K ^ 4 , (x) - <l> (a) -{x-a) 4>' (a) 

where 6 (x) denotes a function which possesses finite differential coefficients 
of the first n orders in the closed interval (a, a + i^), and such that (x) 
is nowhere zero in the interior of the interval (a, a h). Let K have the 
value 

7,2 hn-l 

f(a + h) ~f(a) - hf (a) - (a) - ... - (a) 

7,2 7,n-l *’ 

4,(a+h)~<l>{a)- hf (a) -'^^ 4 ." (a) - ... - (a) 

it being assumed that the denominator is not zero. We have F (a) = 0, 
F (a h) ^ O'y hence, since F' (x) exists at every interior point of the 
interval (a, a -f h), F' (Xj) == 0, for some point x^ such that a < Xi< a h. 


Since F' (a) = 0, F' {x^) = 0, anij F" (x) exists at every point of the 
interval (ay x,), it follows that at some point ajg, siich that a < X 2 < Xj, 
F" (x^ = 0. Proceeding in this manner we see that jP” (xf) = 0, at some 
poipt == a -f Bhy interior to the interval (a, a + ^). 
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Thus we have /<"' (o + dh) — (a + 6h) — 0. It has now been 
shewn that 

f(a + h) -f(a) - hf (a) - I,/" (a) - ... - (a) 

4,{a + h)-i,(a)- h<i>' (a) -^ 4 ,” (a) (a) 

/(") (a +Jh) 

~ f "T(a + 0h) • 

In case K = 0, we have (a + Bh) = 0, and since (a + Bh) 0, the 
result holds good. 

Now let (f> (x) ^ {a + h ~ a:)"-*', where v may have any value whatever 
(< n), except the values 1, 2, 3, ... n — 1 ; then 

(a -f Bh) - 1)^ (n ~ v) (n - V - 1) [n - p - 2) ... 

(- !/+ + 6 >)-^ 

Since ri > v, the value of 

7,2 7,n~l 

^ (a + A) - (a) - (a) - ~ ^ («)-..•- (^) 

is - h - {!-(.-.) + r ' - >) ^ ... 

^ (w-l)! j’ 

and it can easily be shewn that this is equal to 

(- 1 Jn— ( n - V - 1) (n - V - 2) (n - V - 3) ... (- V + 1) 

^ ^ {n- 1)1 ' 

We have thus shewn that, subject to the conditions stated in the 
theorem, 

/(a + A) =/(a) + hf (o) + 1^/" (a) + ... 


+ (irriy,/'-^'>W + f- 


h” (1 - 0)" 

- p) (n - 1) ! 


/(") (o + 0h). 


144 , Let it now be supposed that f {x) is defined only in the open 
interval (a, a + A), and that all the functional limits 

/ (a + 0), f (a + 0), r {a + 0), ... /i’-« (a + 0) 
exist as definite numbers, and that also /*”>(a;) exists everywhere in the 
open interval, as a finite number or as infinite with fixed sign. The proof 
of the last theorem may be employed to prove that 


/ (o + A - 0) = / (a + 0) + (a; - a)/' (a + 0) + 
{x — a)"-i 


(X - a)* 


2! 


r (a + 0) + ... 

0 )" 


ly,/" (« + ^h); 
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where / (a -f A — 0) is any one of the limits of / (x) at the point a -f A. 
In case / (a + A — 0) is not unique, it is known that /' (x) takes every 
finite value within (a, a + A) (see i, § 266). 

Let us next suppose that (x) has no definite limit at a, on the right, 
so that it has a discontinuity of the second kind at that point, and that 
(x) is everywhere finite. Let F (x) be defined by 

F (x) - / {x) - Co ~ Cj (x - a) - Cg {x - ay - ... 

- Cn-i {X - a)”-i ~ K{x - ay, 

where iC.A” == / (a -f A) — Co — c^A — c^h‘^ — ... — c„_iA”-^; 

the numbers Cq, Cj, Cg, ... c,t_i being arbitrarily chosen, and / (a + A) 

being a definite number. 

We have F^^"^ (x) (x) — Kn\, where a < x < a -\- h. Now since 

Fin- 1 ) (a:) has a discontinuity of the second kind at a, and (x) exists 
in the open interval (a, a -}~ A) and is finite, it follows, by a theorem 
established in l, § 266, that F^^^ (x) has the value zero at interior points 
of the interval. Hence 6 can be so chosen that 

F^ (a 4- eh) =/(«) {a + Oh) - Kn \ ^ 0; 
and thence we have 

A" 

/(a 4- A) = Co -f CjA 4- CgA^ 4 - ... 4- 4- ^ (a 4- Oh). 

The following theorem has now been proved : 

// / (a;) be defined in the interval a < x ^ a + h, and (x) exists in 
the open interval a < x < a h, but has no definite limit on the right at a, 
and ifp^^ (x) exists in the open interval, being everywhere finite, then 

A” 

y (d 4“ A) = Cq 4" CjA 4“ C2A^ 4" ... 4- 4- dh), 

where c^, Cj, c^, ... c„_i are arbitrarily chosen numbers, and 0 is a number 
such that 0 < 0 < 1 . 

Theorems of a similar character have been given by W. H. Young*, 
based upon the lemma that, if / (x) is continuous in the open interval 
a < x < b, and that / (x) either has a differential coefficient, or else that 
there is no distinction between right and left vdth regard to its derivatives 
in the open interval, then there is a point x of the open interval such that 

f(b^0)-f(a + 0)^(b~a)f {X), 

where / (a 4- 0), f (b — 0) denote any two of the limits of / (x) on the right 
at a and on the left at b. It should, however, be observed that, unless both 
the limits f {b — 0), / (a 4- 0) are unique, /' (x) takes every finite value 


See Quart. Joum. vol. XL (1909), p. 146. 
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at points in the open interval (see i, § 266), and thus the lemma in that case 
is unduly restricted, unless either / (6 — 0) or f (a + 0) is capable of having 
all finite values. 


145. If / (:r) possess differential coefficients of all orders within a 
prescribed interval (a ~ A', a -f A), of x, then, provided Rn have the limit 
zero, when n is indefinitely increased, for each value of hy the series 

/(a) + hf (a) + (a) + ... + (a) + ..., 

where -- A' < h < A, is convergent, and has /(a -f- h) for its limiting sum. 
This is Taylor’s theorem in the original meaning of that theorem. 


It will be observed that the existence of the differential coefficients at 
the extreme points a ~ a X has, in § 143, not been presupposed, but 
only their existence everywhere in the open interval (a — A', a + A). If 
the condition lim = 0 be satisfied for each value of h within the interval 

n ~oo 

(— A', A), and if the series converge also for h ~ A, then since it is a power- 
series, it follows from the theorem of § 124, that, at h ^ A, it converges to 
/ (a -f- A), provided / (a:) is continuous on the left at the point a -f- A. 


The value of 6, in any of the forms of the expression for is in 
general dependent upon n ; and consequently it is not a sufficient condition 
of convergence of the Taylor’s series throughout the half- open interval 
0 ^ A < A that have the limit zero whilst 6 remains fixed, even if this 
be the case for each fixed value of 6 in the open interval (0, 1). In con- 
nection with the theory of non-uniform convergence of series, we have 
already seen, in § 84, that a function R^ (x) may have the limit zero, 
as n -- 00 , for each value of x in the interval, and yet that lim R^ (x) 

n~QO 


may not be zero when x varies with n. For example, if 

then Rn has the limit zero for each fixed value of d\ but if ^ = Ijn, Rn has 
the limit he-^. 


A sufficient condition for the convergence of the series, within a given 
interval of h, is that Rn, for each fixed value of h, within the given interval, 
should converge to zero, as n qo , uniformly for all values of 6 in the 
interval (0, 1). Thus, for each value of h, and each value of an arbitrarily 
chosen positive number e, a value Ue, ofn would exist, such that 


(1 -- oy 

(n — (n — 1) ! 


{a -f Oh) 


< €y 


provided n ^ rie, for every value of 6 in the closed interval (0, 1). 


Tliis condition, though sufficient to ensure the convergence of the 
series, has not been shewn to be necessary. An investigation, due in its 
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original form to Pringsheim*, will now be given of necessary and sufficient 
conditions for the convergence of Taylor’s series. 


146. The following lemma will be first established : 

///(”) (a:) he defined for every value of n, where x is in the semi-closed 
interval a x < a -V R, and if, for some fixed value of p which is a positive 
or negative integer, or which may be zero, the condition is satisfied that 


1 

(n + p)\ 


/(«) (a 4- h) 




converges to zero, as n cc ^ uniformly for all values of h and k such that 
0 ri h h ~{-k r, for each value of r tiiat is < R, then the same condition is 
satisfied when p Ims any other value which is a j>ositive or negative integer, or 
zero, and such that p 4 n> 0. 


Denoting ^ p) "*■ 

V » / _j_ ^ 1 

and hence, since k ^ r, we have 


(h, k), we have 

V, n (^9 9 


\R.^i.n(h.k)\<\F,,^(h, k)\, 

provided n + p + I > r. It follows that more generally 

Rp^Q,n ihi ^or q > 0, converges uniformly if (h, k) does so. 

Again, we have 

k) =- (^. Fp.r, (A, k + 8); 


if r (< R) be fixed, 8 can be so chosen as to be positive and such that 
r 4- 8 < jR. Hence, if 0 k r, 


I (A. k) I < + i^ I (h,k+S)l. 


f r \«+p~i n p 

If n be so chosen that - I9 and if | Fj,^^ {hy A:) | < c, 

for O^ih^. h k r f 8, and n^n^, we have then | (^9 A:) | < e, 

for 0 ^ ^ 4- A; r, provided n is not less than some integer n/ . This 

can at once be extended to shew that | Q^r A:) | < €, if > 0, pro- 

vided n is not less than some integer dependent on e. The lemma has now 
been established. 


For the above lemma given by Pringsheim another lemma, which 
does not involve the notion of uniform convergence, has been substituted 
by W. H. Youngt: 


* McdK AnncUen, vol. XLiv (1894), p. 57. See also MUnck. Sitzungaher. (1912), p. 137. 
t QtMrt. Joum. vol. xl (1908), p. 157, also his Tract, The FundameTUal Theorems of the 
DiffererUiai Cakulus, Cambridge (1910), pp. 57~8. 
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//, jor some given 'ixilue of 'p which may he a positive or negative integer, 
or zero, the condition is satisfied that 


\{n p) 


, /(") (a 4- h) 


for each value of r {< R) is less than some fixed positive number dependent 
only on r, for all values of h, k, n such that 0 ^ h ^ h k r, n p > 0, 
the same condition is satisfied when p has any other value, which is a positive 
or negative integer, or zero. 


The foregoing proof can easily be adapted to prove the second lemma. 
As before, if Fp,n(hyk) satisfies the condition, so does (^, A:); 

and if „ {h, k) satisfies the condition when r 4- 3 is taken instead of r, 
R'v-i,n (^j satisfies the condition. 


147. We proceed to investigate the necessary and sufficient conditions 
of convergence, which may be stated as follows : 


Necessary conditions that the series 'Lc^h'^ shall converge for every 

0 

positive value of h that is < R, are that, if f (x) denote the sum of the series 

00 

Sc„ (a: — a)^, where a is a fixed number, and 0 a: — a < R, (i),/W 
0 

possesses, for every value of x such that a x < a R, a definite finite value, 

(2) , that, for every value of x such that a < x < a R, f {x) possesses finite 
differential coefficients of every order, and at a, definite derivatives on the 
right, of every order; and (3), that, for each fixed value of p(> — n) which may 

be a positive or negative integer, or zero, — y y (a 4- h) converges 

uniformly for all values of h, k such that Q ^ h h k < r to zero, as n 00 ^ 
for each value of r (< R). Moreover if the condition (2) is satisfied, and if 

(3) is satisfied for any one value of p, this is sufficient to ensure the convergence 
of the Taylor's series corresponding to f (x) for the interval a x < R, 

Instead of the condition (3), the following condition may be substituted : 
(3)', that, for some value of p, a positive or negative integer, or zero, and 

for each value of r (< R), ^ ^ than some fixed 

number, dependent only on r, for all values of n (for which n p> 0) and 
for all mlues of h and k such that 0^h^h-\-k^. r. 

A similar statement holds as regards an interval on the left of a; 
and it is clear that the theorem can be so stated as to apply to the more 
general case of a neighbourhood which contains a in its interior. 

QO 

Assuming that E (a: — a)” converges for a ^ x < R, it follows from 
0 

§ 139 that its sum-function / (a:) is differentiable in that interval, and that 
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/' {x) is represented in the interval a x < a R hy the series obtained 
by term by term differentiation of the series (a; — ay. The same remark 
apphes to the function f'(x), and to the series which represents it, and then 
successively to the higher differential coefficients of f (x). We have 

oo 

therefore (x) = H n (n — 1) ... (n — s -i- 1) c„ (x — for all values 

of s ; hence / (a) c,, , and (a) -= n ! c„ , and thus 

00 1 rX) 1 

/ (a + A) = S ^ (a) fe", /(») (a + /<) = 2 (a) 

where 0 h < B. 


Since a power-series converges absolutely at all points within the 
interval of convergence, we see that the function cj) (x) defined, for the 

interval a ^ x < a ^ R, by <}> (x) i \ (x — a)^, has properties similar 

0 

to those of / (x ) ; and thus that 

00 '^1 

<f> {a f A) = ^ I <■.. I *■” =-• S — , (f>^’'^a) h”, 

0 0^1 


and + h) ^ X Jn ~^\ for 0 ^ h < R, 


nl 


p {n -p)\' ” ' 


The functions </> (a + A), f h) are continuous functions of h in 

the interval 0 h < R ; and for each value of 

\T^Ha + h)\- 1 -f /^)i. 

In order to prove that the condition (3) is satisfied it will be sufficient 
to prove that the corresponding condition is satisfied by the function 
{a -f h). 

If 0 5 h k < R, we have 

S {a + h + k) = i: {h + /fc)" = i; , (a + h) k”\ 

and it will now be shewn that the series S -f h) k^ converges 

uniformly for all values of h and k which are such that h + k^Vy 

where r is any positive number < R. 


Since the terms of the series are all positive, and the sum-function is 
a continuous function of (h, k), it follows from the theorem of § 78 that 
the series converges uniformly in the closed domain 0 .^ Ji ^ h + k^ 
where r < i? ; it is a necessary consequence of the uniform convergence 

that ^ j {a + h) k^ should converge to zero uniformly in the domain 
h~\-k^r, as n is indefinitely increased ; r being any assigned 
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positive number < R. It follows that the same 

property, and by using the lemma of § 146, it follows that 


also converges uniformly to zero, where p is any integer (> — n), positive 
or negative. Thus the condition (3) has been shewn to be a necessary con- 
dition. Moreover, when (3) is satisfied, the condition (3)' is also satisfied; 
thus (3)' is a necessary condition. 

In order to shew that, if (2) is satisfied, and if, for some particular 
value of p, (3) is satisfied, then the series converges to / (x), for all values 
of X such that a ^ x < a ^ R, we observe that, in accordance with the 
lemma, the condition (3) must be satisfied for every value oi p(> — n). Thus, 


if p be a positive integer < n, ^ /(") (a + h) converges uniformly 

to zero in the domain 0 ^ h h -f k < r. Writing dh for h, and (1 — 0) h 

for k, w^ see that |/”(^ + Oh) (1 — converges uniformly 

to zero in the domain 0 < ^ < 1, Referring to the expression 

/L (L in §142, we may take v n — p, and the 

(n — v) {n — 1) I 

expression becomes ^ ( 1 

written in the form 


0)^-p /” (a -f Oh) which can be 


(« - J. + ■) ■ {<« <' ^ 

For any fixed value of p this converges to zero as n -- oo , for every value 
of 0, and for 0 h ~i r. Consequently the remainder in Taylor’s theorem 
converges to zero for every value of h such that 0 ^ h < R. 

It is clearly sufficient for the convergence of the remainder that 


+ eh)(l - 

should be less than some fixed positive number independent of n\ thus 
the condition (3)' is sufficient, when (2) is satisfied. 


148. The necessary and sufficient conditions that Taylor’s theorem 
should hold for the function / {a + ^), where 0 ^ h < R, can be most 
simply expressed when Cauchy’s form of the remainder is used, and they 
may be obtained as follows: 

The condition as to the existence of differential coefficients of all 
orders being assumed to be satisfied in the interval 0 ^ h < R^ it has been 
shewn in § 147 to be necessary and sufficient for the validity of Taylor’s 
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1 

verge to zero, as n oo , uniformly for all values of h and k such that 
+ for each value of r (<R). Writing 6h for and 

(1 ~ 6) h for k, the condition takes the form that 


(1 _ + 6h) 

should converge to zero uniformly in the domain 0 < ^ < I, 0 r\ 

and this is Cauchy’s form of the remainder in Taylor’s scries obtained in 

§ 142. Jt is then necessary that (1 — + Oh) should 

converge to zero for each value of r such that 0 < r < B, uniformly for 
all values of 6 such that 0 < ^ < 1 ; moreover, this condition has been 
shewn in § 145 to be sufficient. The following theorem has now been 
established : 


In order that the function / (u + h), defined for all values of h such 
that i) h < R, may be represented for all the values of h by the series 
^ I .. . 

S ~ h*\ it is necessary and sufficient, (1) that f (x) have differential 

coefficients of all orders, for a < x < a + R, and definite derivatives on the 
right at a, of all orders, and (2) that Cauchy's remainder 

for each value, of h such that 0 h < R, converge to zero, as n oo ^ uniformly 
for all values of 6 in the closed interval (0, 1). 


149. In case Lagrange’s form of the remainder in Taylor’s theorem is 
employed, instead of that due to Cauchy, the necessary and sufficient 
conditions cannot be expressed in so simple a form. The following 
theorem has reference to this form of the remainder: 


In order that the function f {a -V h), defined for all values of h such that 

oo J^n 

0 ^ h < R, may be represented, for all the values of h, by the series L — (a), 

0 ^ • 

it is necessary, besides the condition of unrestricted differentiability previously 

Jin 

stated, that sl^uld converge, for each value of li such that 


0 ^ h < \R, to the limit zero, as n cc , uniformly for all values of 6 in the 
closed interval (0, 1). It is sufficient, but not necessary, that the expression 
should converge to zero, for each value of h such that 0^h< R, uniformly for 
all values of 6 in the closed interval (0, 1). 


In accordance with the theorem of § 147, it is necessary that 


hn 

^ A) 


should converge to zero, as w qo , uniformly for all values of {h, k) such 
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that 0 ^ h^. h + k r, where r is an arbitrarily chosen positive number 

< R. Writing h for k, and 9h for h, we see that this condition includes the 

hn 

condition that ^ ^ (a 4 Oh) should converge to zero, for each value of h 

such that 0 ^ h< uniformly for all values of 6 in the closed interval 

( 0 , 1 ). 

To shew that the convergence for each value of h such that 0^ h < R 
is not necessary, let us consider the function f{x) = (1 — defined in the 

interval 0 ^ a; < 1 . The Lagrangian form of the remainder is 

this converges to zero only when x < 1 — Ox ^ hence, if a; > | it does not 
everywhere converge in the interval (0, 1) of 0, but if a; < | it converges 
uniformly with respect to 0 in the interval (0, 1). This shews that the 
condition that the remainder shall converge for every value of h that is 

< is not always satisfied when the Taylor’s series converges in the 
interval 0 h < R. 

Jin 

160. It was remarked by (^^auchy* that the series D ^ be 

convergent in an interval, and yet that its sum need not be / (a f h). This 
happens whenever the remainder i?„, in Taylor’s theorem, which is defined 
as the difference between / (a -f- h) and the sum of the first n terms of the 
series, converges, for each value of x, to a limit which is different from 
zero, as n is indefinitely increased. 

Let the function/ (a:) be defined by f (x) ^ e for x^ > 0, and/ (0) ~ 0 ; 
it can easily be shewn that this function and all its differential coefficients 

exist, and are zero at the point a; 0; and that for > 0, the remainder in 

1 _ 1 

the Taylor’s series has for its limit e If now (f> (x) = e® -f e {x^ > 0), 

hn 

<f> (0) = I, and the series Z in the neighbourhood of the point 

a; = 0 be formed, then the series converges, not to the value </) (h), but to 
the value e*. 

EXAMPLES 


(1) Letfix) = (1 + x)^; then, in a neighbourhood of the point ar = 0, we have 

/(X) = 1 + ju. + . ... + ^ 

where can be expressed in Lagrange's form by 
p{p - 1) ... (/)-»+ 1) 

{1 + 


nl 


or in Cauchy's form by 


p^p ~ "-Jp ~ "j-jj (1 - - 


-1)! (1 + ftr)"-" 

♦ Oalctil Diff. p. 103; see also P. Bu Bois-Reymond, Math. Annalen, vol. xxi (1883), p, 114. 
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p(p - 1) ... Jp - m + 1), 


provided n> p. If | a: | < 1, the expression 

\p(p - 1) ... (p - n-t 1) I 
I in - 1)! "■ I 

continually diminishes as n is increast‘d: for, denoting it by we find 


\ p ■■ n 


x\ < ] 


where ( is a tixed positive number < 1 - | | > provid(‘d n be sufficiently great, and it follows 

that the limit of u„ is zero; and thus lim 0. The series therefore converges for all 
values of x such that \x\<i. 

\p(p - 1) ... (p - n I 1) I 


To find the limit of 


when n is indefinitely increased, suppose 


first that + 1 is negative, say k. We may write the expression in the form 

fc\ 


1 + 




and this is > 1 + ^ 

that 7) -f 1 is positive. Then the exjiression may be written in the form 


2 f thus th(5 limit is indefinitely great. Next suppose 


p{p ~ 1) ... (p - A + 2) 


I 

A 




(A - 1)! 

where A is the integer next greater than p + 1 ; this is less than 

p ip - 1) ... (p - A 4- 2) 1 

(A - 1)! 


p + 1 

n 




1 + 


p + 1 


or than 


pip ~ 1)- (p - > + 2) 

(x-i)! ; 


A 4 - 

1 






hence the limit, when n is indefinitely increased, is zero. If p = - 1, the limit is unity. 

If a: 1, Lagrange’s form of the remainder shews that the series converges if p > - 1. 
The series diverges if p < - 1, because the general term of the series increases indefinitely 
with n. The series oscillates if p - - 1 . 

If X -- - I, Cauchy’s form of the remainder shews that if p - 1 > - 1, or p > 0, the series 
is convergent. It is divergent if p < 0, for the sum of n terms of the series is 

^„_i iP ^){P - 2) .^. (p - n 4-J) 

(n-1)! 

where a > 1. For this function 


(- ir 


» (- 1)' 

(2) Lot* fix) ■= 2 ' 

r-0 ^ ' 


/ (0) = e-, /(" - ') (0) = 0, /(»‘) (0) = ( - 1 (2k ) ! 6-'’“*^+' ; 
thus the series for / (x) is 

2 (- 1 )*’ 

0 

which is everywhere convergent. 

The sum of the series, for x = 0, is / (0), but in every neighbourhood of x ^ 0, the sum of 
the series and the value of / (a;) are different except at most at a finite number of points. 
♦ Pringaheim, Milnchener Sitzungab&r.^ 1892, p. 222. 
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(3) Let fix) = 2 ^ 




,, where a> 1. For this function, the Maclaurin’s series 


is 2 { - J )* which diverges for every value of x except x -- 0. 

CO /_. J\M ] 

(4) Let* fix)- 2 ' , , where « > 1. This function is continuous on the 

right of the point a: — 0, and has derivatives on the right of all orders at that point; the 
Maclaurin’s series 2 (~ 1)" , a:" thus obtained, converges for all positive values of x, 

but does not represent the function / (x). 

CO 1 1 

(5) Let / (x) =2 - , where a > I. For this function the Maclaurin’s series does 

not converge in any neighbourhood of the point x - 0. 


MAXIMA AND MINIMA OF A FUNCTION OF ONE VARIABLE 

151. It has been shewn, in i, § 2G8, to be a necessary condition that a 
function f (x) may have an extreme at the point x 0, that the differential 
coefficient at that point should be zero, provided the function be such that 
a differential coefficient at a: ^ 0 exists. Let us assume the function to be 
such that the first n differential coefficients /'(a:), f" (x), ... f^^^x) all 
exist and are continuous, at every point x such that — b < x < h. Let us 
further assume that f' (0), f" (0), ... are all zero, and thus that 

(0) is that differential coefficient of lowest order wffiich does not vanish 
at a: = 0. 

We have then f (x) — f (0) ^ where 0 < ^ < 1, and x is 

such that — 8 < X < 8. Since P^^x) is continuous at x 0, a neighbour- 
hood (— 8\ S') of that point, interior to (— 8, 8), can be so determined that 
has the same sign as provided — 8' -5: x 8'. If n be odd, 

the sign of f (x) — f (0), in the interval (~ 8', 8'), depends upon that of x; 
and therefore / {x) has neither a maximum nor a minimum at the point 
X = 0. If n he even, the sign of f (x) — f (0) is the same as that of (0), in 
the whole interval (— 8', 8'), and therefore / (a:) has a maximum or mini- 
mum at a: = 0, according as (0) is negative or positive. The following 
theorem for determining whether a maximum, or a minimum, exists at a 
point at which the differential coefficient of a function / (a;) vanishes has 
therefore been established : 

If- the first n differ erUial coefficients of a function f (x) all exist, and are 
continuous at all interior jpoints of the interval (—8,8); and if (x) be 
the differential coefficient of lowest order which does not vanish at the poirU 
a: == 0, then (\), if n be odd, there is neither a maximum nor a minimum of the 
function f (a;) at the point a; = 0; and (2), if n be even, the point x — 0 is a 
maximum or a minimum of f (x), according as (0) is negative or positive.. 

* Pringsheim, Math. Annalen, vol. xm (1893), p. 161, and vol. xuv (1894), p. 64. 
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It is unnecessary for the application of the criterion given in this 
theorem that / {x) be capable of representation in a neighbourhood of the 
point a: = 0 by a convergent power-series. There exist functions with 
differential coefficients of all orders, which all vanish at the point x = 0. 

EXAMPLES 

1 

(1) * Let f (x) - - e and / (0) ^ 0. In this case /'(O) ~ 0, /" (O) - 2; and /'(x), 

f" (x) are continuous in any neighbourhood of a: = 0. The theorem establishes that / (x) has 
a minimum at x - 0, although / (x) cannot be represented by a power^-series in any neigh- 
bourhood of the point. 

(2) * The function defined by / (x) = e / (0) - 0, has a minimum at x - 0; and 
yet the theorem is not applicable, because the differential coefficients of all orders vanish 
at X - 0. 

1 

(3) * The function defined hy f{x)-xe /(0) = 0, ffiis neither a maximum nor a 
minimum at x = 0. As in (2), the above theorem is in this case inapplicable. 


Taylor’s theorem for functions of two variables 

152. Let us assume a function f{x,y) to be defined for all values 
of X, y in the domain defined by a — § ^ a: ^ a + 8, 6 — 8' y 6 -f- 8'. 
Under proper conditions as to the existence and continuity of the partial 
differential coefficients of / {x, y), of a finite number n of orders, it is 
possible to obtain an expression for f {a h, b h) — f {a, b) consisting 
of terms involving the first n powers of h and A:, together with a remainder 
analogous to the remainder in Taylor’s theorem, such expression being 
valid for values of h, k, such that | 7? | < 8, | A: | < 8'. It is however, for 
the present purpose, unnecessary to consider the least stringent set of 
conditions relating to the partial differential coefficients of the various 
orders, which are sufficient to allow the extension of Taylor’s theorem to 
the case of a function of two variables. It will here be assumed that, for 
all values of x and y such that a~8<a;<a + 8, 6 — 8'<y<6-f8', the 
partial differential coefficients of / (x, y) of the first n orders all exist, and 
are finite; and further, that they are all continuous, for this range of 
values of x and y, with respect to (x, y). In accordance with the theorem of 
I, § 314, the order of differentiation, in each of the mixed partial differential 
coefficients, is in this case immaterial. 

Taking values of h and k which are numerically less than 8, 8' 
respectively, let/ (a + th, b -h tk) be denoted by F {t)y the variable t having 
the domain (— 1, -f 1). The conditions contained in the last theorem of 
I, § 309 being in this case satisfied, the differential coefficient F' (t) of F (t) 

* These examples are given by Scheeffer, JIfeUk. Annalen, vol. xxxv (1890), p. 642. 
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( 0 0 \ 

^ dx^ ^ dyj ^ where x = a th, y b + tk. 


dy^ 

Similarly, it is seen that all the differential coefficients 
F" (0, F'" (t), F(-Ht) 


exist, and are continuous ; and that 

In accordance with the theorem of § 142, we have 
F(t)^F ( 0 ) -vW' ( 0 ) + ^^ F''{0) + ... ( 0 ) + 

where ^ is a number such that 0 < ^ < 1 . 


Since this holds for / 1 , w'e see that 

/(a + *, 6 + fc) =/{a, 6) + {h + k f>) 4 (/» 


... + 




da 


+ k 


4 eh,b + ek). 


This is an extension of Taylor’s theorem to the case of a function of 
two variables. It has been established for all values of h, k such that 
I A I < S, I I < S', on the hypothesis that f (x,y) and all its partial 
differential coefficients exist for all values of x and y such that 


a - S < a: < a f 8, 6 — 8' < y < 6 -f S', 

and that they are all continuous with respect to the two-dimensional 
continuum (x, y). 


MAXIMA AND MINIMA OF FUNCTIONS OF TWO VARIABLES 

153. Necessary and sufficient conditions have been stated, in the 
theorem of i, § 321, that the point (0, 0) may be a point at which a function 
f (x, y) has a maximum, or a minimum. The general theory of maxima 
and minima of functions of two variables has been discussed by Scheeffer*, 
Dantscherf, and StolzJ, the last of whom has extended Scheeffer’s method 
to the case of functions of any number of variables. The account which will 
here be given of the general theory is based upon the investigations of 
Scheeffer, as modified by Stolz. 

Let the function / {x, y) be such that either f {x, y) — f (0, 0) is repre- 
sentable in a neighbourhood of the point (0, 0) by a convergent series 

♦ Math, Anndlenf vol. xxxv (1890), p. 541. t vol. xlii (1893), p. 89. 

t Sitzungsber. of the Vienna Academy, vols. xcix (Ila), c(Ila); also Orundzilge, foI. i, p. 21 1. An 
account of the various theories is given in Hancock’s treatise. Theory of Maxima and Minima, 
Boston. 
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consisting of powers of x and y, or else that it is such that the theorem 
of § 152 is applicable, so that 

/ y) ~f (0, 0) - {x, y) + Rn^i {x, y\ 

where (x, y) consists of terms of dimensions not higher than n, in x 
and y \ and i?n+i {x, y) is either a convergent series of which the terms of 
lowest dimension are of the order n f 1 , or has the form of the remainder 
given in § 152, consisting of terms of dimension tz. 1 in 0x, Oy, where 

0 < ^ < 1 ; and in the latter case it will be assumed that the differential 
coefficients in that remainder are bounded in the whole domain. It will be 
shewn that, under a certain (condition, the problem of determining whether 
the point (0, 0) is a point at which / {x, y) has a maximum or a minimum 
is reducible to the solution of the corresponding problem relating to the 
rational integral function (x, y). The following general theorem will 
be established : 

The function f (x, y) having in the neighbourhood of (0, 0) the character 
above described, if an index n, and two 'positive numbers c, 8 can be so 
determined that (1), for all values of x such that 0 < | x | < 8, upper and 
lower boundaries of G„ (x, y), for a constant value of x, and for all values of y 
in the interval ( — x, x), are in absolute value not less than c | x |” ; and (2), that, 

\ y \ upper and loiver boundaries of (x, y),for a constant 

value of y, and for all values of x in the interval ( - y, y), are in absolute value 
not less than c\y\^; then the two functions f (x, y), G^ {x, y) have both either 
a proper maximum, or both a proper minimum, or both neither a maximum 
nor a minimum, at the point (0, 0). 

To prove this theorem, we first observe that Rn^i (x, y) can be regarded 
as a homogeneous function of x and y of degree n f 1, in which the 
coefficients depend upon x and y. By giving each of the coefficients its 
greatest possible value, for |x|<8, |y|<8, we see that 

1 RnM (*, y) I < ^ 0 1 ^ I”*' I- 1 a: I" I y I + ••• + ^„+i I y 1"+^; 

where Aq, A^, ... A^+i are positive numbers. 

If now I 2/ 1 - I ^ 1 1 we have 

I (-r, y) I < (Aa 4 A, + ... 4- -4„+,) 1*11*1"; 
hence we see that a number S' < 8 can be so chosen that 

I . 1 (^. y) I < € I * I". 

where e is an arbitrarily chosen positive number, provided | x | < 8', 

1 2 / 1 ^ I X I . In a similar manner we can shew that 8' can be so chosen that 
I -Rn+i {x,y)\<i\y I”, provided | * | ^ | y |, and | t/ 1 < 8'. 

Let now the upper and the lower boundaries of G^ (x, y), for a constant 
value of X, and for all values of y such that | 1 / 1 - | a; |, be denoted by 
Gn (x, ^ (x)), 6?n (x, <f> (x)) respectively. Also let the upper and the lower 
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boundaries of 0^ (x, y), for a constant value of y, and for all values of x 
such that I a; I ^ I y I , be denoted by (\jr (y), y), (yjr (y), y) respectively. 
We have then, provided | a: | < 8', and | y | | x |, 

(x, (x)) - € I a; I” < / (x, y) - / (0, 0) < (x, ^ (x)) f € | x ; 

also, provided | y | < 8', | x | ^ | y |, we have 

if (y)^ y) - f I 2/ 1” </(^» 2/) -/(O, 0) < Gn (f (y), y) 4 € | y |”. 

First, let us assume that G^ (0, 0) is a proper minimum of (x, y), and 
that the conditions of the theorem are satisfied. By the theorem of i, § 321 , 

(x, (x)), (^jr (y), y) are both positive, for sufficiently small values of 

X and y ; we may suppose 8' to be so small that these conditions are satisfied, 
provided | x | < 8', | y | < 8'. 

We have then G„ (x, 4> (x)) ^ c | x if 0 < | x | < 8', | y | 5 | x | ; and 

(f (y), y) £ C I y I", if 0 < y < 8', I x 1 ? I 2/ 1 . 

It now follows that 

(c - e) I z I" </(x, y) -/(O, 0), for 0 < | x | < 8', | y | S | x [, 
and that 

(c - €) I y I” </(x, y) -/(O, 0), for 0 < I y I < 8', | x | ^ | y |. 

Since e can be chosen so as to be less than c, we see that / (x, y) -- / (0, 0) 

is positive for all values of x and y such that 0 < | x | < 8', 0 < | y | < 8', 

and therefore / (0, 0) is a proper minimum of / (x, y). 

Next, let us assume that G^ (0, 0) is a proper maximum of Gn (x, y) ; 
then G„ (x, ^ (x)), G„ (y), y) are both negative, for sufficiently small 
values of x and y. We therefore assume that 

Gn (x, ^ (x)) ^ — c \ X I”, for 0 < I X I < 8', and i y | ^ | a; | ; 
and that G„ (y), y) ^ - c | y |", for 0 < | y | < 8'. | x | ^ | y |. 

We have then / (x, y) — / (0, 0) < - (c — e) | x |", for 0 < | x | < 8', 

and I y I i I X I ; and also / (x, y) -/(0, 0) < - (c - e) | y |", for 0 < | y | < 8', 

I X I *; I y I . Since e may be taken to be < c, it follows that / (0, 0) is a 

proper maximum of/ (x, y). 

Lastly, let us assume that 6r„ (0, 0) is neither a maximum nor a minimum 
of Gn (x, y). In this case we may, for example, assume that 

Gn (x, ^ (x)) ^ cx”, Gn (x, (f> (x)) — cx”, for 0 < X < 8. 

We have then, / (x, ^ (x)) ~ / (0, 0) > (c — e) x’*, 

and / (x, <p (x)) - / (0, 0) < - (c - e) 

provided 0 < x < 8'. Since c may be taken to be less than c, these two 
differences are of opposite signs ; therefore / (0, 0) is neither a maximum 
nor a minimum of / (x, y). 
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It should be observed that this theorem does not always suffice to 
decide whether the point (0, 0) is a point at which / (x, y) has an extreme 
value, or not. For it may happen that, for a given function / (x, y) of the 
assumed typo, no value of n can be determined, for which the conditions 
stated in the theorem hold, and therefore the theorem is inapplicable 
however great n may be taken. 

If / (x, y) -- [u (x, where u (x, y) vanishes at points of a locus which 
passes through the point (0, 0), then the function / (x, y) is one for which 
the theorem is inapplicable ; the point (0, 0) is in this case a point at which 
/ (x, y) has an improper minimum. 

In general the theorem is inapplicable in the case of any function which 
attains the value zero, at points other than (0, 0), in every neighbourhood 
of that point, but which has one and the same sign at all points at which 
it does not vanish. 

154 . The simplest case in which the theorem of § 153 can be applied is 
that in which the function Gn (x, y) is a homogeneous function of degree n. 
For such a function Gy, (x, ^), three cases arise. 

(1) If 6\i (x, y) be a definite form, i.e. if Gn (x, y) has one and the same 
sign for all values of (x, y) except (0, 0), then Gn (0, 0) is a proper minimum, 
or a proper maximum, according as that sign is positive or negative. 

(2) If Gn (x, y) be an indefinite form, i.e. if there are points in every 
neighbourhood of (0, 0) at which Gn (x, y) is positive, and others at which 
it is negative, there are other points besides (0, 0) at which the function 
vanishes, and there is no extreme of the function Gn (x, y) at the point (0, 0). 

(3) If Gn (x, y) be semi -definite, i.e. if 6r„ (x, y) vanishes at points other 
than (0, 0), but has a fixed sign at all points at which it does not vanish, 
then On (0, 0) is an improper extreme of Gn {x, y). 

It should be observed that, if n be odd, Gn (x, y) is necessarily an 
indefinite form. 

It will be shewn that, when (x, y) is definite or indefinite, it satisfies 
the conditiops stated in the theorem of § 153; accordingly /(x, y) has a 
proper maximum or else a proper minimum , when On (a?, y) is a definite 
form ; and / (x, y) has no extreme when 6r„ (x, y) is an indefinite form. 

When On (a:, y) is a semi-definite form, no conclusion can be drawn as 
to the existence of an extreme of the function / (x, y), as the conditions 
contained in the theorem of § 153 are not satisfied. 

If Gn (x, y) be definite, it is of the form 

Gn (X, y) = {{y - y^xf -f S,«x*}, 

r-l 
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where n = 2A:. Let us assume that A is positive ; then 


(a:, y)^ A U 8^2. 

r-l 

for all values of x and y \ it follows that the first condition of the theorem is 
satisfied. 

The case in which A is negative may be treated in a similar manner. 
Again 


{y - yr^Y -f ^(xVy/ f 8;^ 


Y' 

4 - SJJ 


82 


" y,“ + Sr^ "" y,= + ’ 

k 3 2 

n - • 

yY f 8,2' 


82 


hence | (a/t {y), y)\>\G„{^ (y), «/) | ^ | ^ | y" 0 


and therefore the second condition of the theorem is satisfied. 


Next let On (x, y) be an indefinite form ; in whic^h case (.r, y) has 
neither a maximum nor a minimum at (0, 0). Let {x\ y') be a point at 
which On (x', y') > 0 ; and first suppose that \ i/ \ Zi \ x' \ , so that | .r' [ > 0. 

Let x, y be such that yjx = y'jx', and let x, x' have the same sign ; we 
have On (x, y) > 0, and it follows that 

G„ (X, 4, {X)) S -j-frpP 1 I" > 0. 

Next suppose that | x' | ^ 1 1 /' |, so that | y' | > 0; we then shew in the same 
manner that 

where y has the same sign as y'. 

Since there are also values of (x\ y') such that On {x\ y') < (>, we can 
shew as before that 

G„ (X, (x)) ^ I * I” < 0, 

where x and x' have the same sign, and that 

where y has the same sign as y', Jt has thus been established that, when 
On y) is an indefinite form, the conditions of the theorem of § 153 are 
satisfied. 

The following general result has now been obtained : 

■V/ (*. y) -f (0. <)) of the form G„ (x, y) + (x, y), where G„ (x, y) 

is a homogeneous function of degree n, then, if n be odd, f (0, 0) is not an 
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extreme of f (x, y). If n be even, and On (x, y) be an indefinite form, f (0, 0) 
is not an extreme of f (x, y). If On (x, y) be a definite form, f (0, 0) is a 
proper minimum, or a proper maximum, of f (x, y), according as On (x, y) 
is positive or negative. If On (x, y) be a semi-definite form, no conclusion can 
be draum from the consideration of On {x, y) by itself, as to the existence or 
non-existence of an extreme of f (x, y) at the point (0, 0). 


155. When those terms in the expansion of / (x, y) in powers of x and y, 
which are of the lowest degree, give a semi -definite form, it is necessary to 
take a value of n greater than this lowest degree; we have therefore to 
consider the case in which On {x, y) is not homogeneous. We have then, in 
order to apply the theorem of i, § 321, to On (x, y), to determine the four 
functions On (x, <p (x)), On (x, <f> (x)). On (yjr (y), y), On (f (y), y). The values 
y === <p (x), y = (f>(x), may be either in the interior, or at the ends of the 
interval x, x). In the former case they must be such as to satisfy the 

condition ^ 0 ; in the latter case they will in general not satisfy 

this condition, although they may do so. The method of procedure, by 
which On {x, ^ (x)), On (x, (x)) may be obtained, is to determine the various 

solutions of the equation = 0, in which y is expressed as a series 

of fractional or integral powers of x\ only such values of y need be con- 
sidered as vanish for x — 0. 


Let y = Pi (x), y (x), y ^ (x) denote these series; we then 

form the expressions On (x, - x), On {x, x), On (x, Pj (x)), ... On (x, P^ (x)). 

It is certain that the two expressions On (x, ^ (x)). On (x, ^ {x)) must 
both occur amongst these r {- 2 expressions, and a comparison of the 
leading terms of these expressions will enable us to identify the two ex- 
pressions required. If the indices of the leading terms in (x, ^(x)), 
On {x, <l> (x)), are not greater than n, the first condition of the general 

theorem is satisfied. A similar method, in which the equation = 9 

is employed, will lead to the determination of On (y), y), On (y), y). 

The details of the investigation have been fully carried out by Scheeffer, 
who employs the somewhat more symmetrical, but practically less simple, 
method, in which x and y are expressed as series involving a single 
parameter. 

When, for any value of n, the result of this process is that On (x, y) is 
such that the conditions contained in the theorem of § 153 are not satisfied, 
a larger value of n in which more terms of / {x, y) are included in On {x, y) 
must be taken, and the process repeated until a definite result is obtained. 
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EXAMPLES 


(1) Let f {x, y) - /(O, 0) - + 2kxy + hy^ + {x, y). The form ax^ + 2kxy -f by^ 

is definite il ab ~ is positive; in this case / (0, 0) is a proper minimum or a proper 
maximum of / {x, y), according as a is positive or negative. If ab - W is negative, then 
ax^ + 2hxy + by^ is an indefinite form, and in that ca8e/(0, 0) is not an extreme of /(x, y). 
If ab - ~ 0, the form ax^ + 2kxy + by^ is semi-definito, and no conclusion can be drawn as 

to the existence of an extreme of / (x, y). It will be necessary in the last case to consider 
terms of order higher than 2 as included in (x, y). By taking » = 3, 4, . . . a function 

(x, y) may be determinable which satisfies the conditions of the theorem of § 153. 

(2) * Let/ {x. If) ay- i 2hrhj + cx* + ^5 (x, y), where a is positive; in this case we have 

^^4 rt / L 2\ 

dy ^ ^ 

and this vanishes for v - - ^ x‘^ . We have 
a 


6^4 (x, - x) - ax^ - 2bx^ + cx*, (x, x) - ax^ + 2hx^ + cx^. 


, n / b \ ac - b^ 

and Oa ixf — x^ ) - - x^. 

* \ a J a 

It follows that (?4 (x, - x) or (x, x) is the value of G^{x, cf) (x)), and that G^ ^x, - ^x*^ 

is that of (x, 0 (x)). If ac - be negative, the two expressions G^ (x, <j) (x)), G^ (x, <p (x)) 
have opposite signs; therefore / (0, 0) is not an extreme of / (x, y). If ac - 6* be positive, 
the two expressions are both positive, and the first condition of the general theorem is 
satisfied, since the indices of x in the leading terms are not greater than 4. 


dG 

We find that ^ = 0 has for roots x 
ox 


— v/-?- 


and X " 0; we thus form the 


expressions 


^'4 y) = Gtt/2, (± y, y) ^ ay^ -1- 2by^ + ct/. 


It is unnecessary to consider the roots x~ ± /y/ - * because, for sufficiently small 

values of y, I X I > I y I , and thus these roots could not give the extremes for | x | ^ | y | . 
Remembering that a and c are both positive, let b >0, then the value of G^(\jr(y), y) is 
oy^ + 2by^'^ + cy*, and that of G^(\lr(y}, y) is ay*; these values being both positive, we see 
that (?4 (0, 0) is a proper minimum of G^ (x, y). The same conclusion may be made when 
6^0, Therefore, when ac - 6* > 0, a > 0, since the conditions of the theorem of § 153 are 
satisfied, / (x, y) has a proper minimum at (0, 0). If ac - 6* > 0, a < 0, there is a proper 
maximum. If ac - 6* = 0, we have 

/{*. (“y + ***)* + A y)y 


hence (x, y) has an improper extreme at (0, 0), and no conclusion can be drawn as 
regards /(x, y). 

dG 

(3)t Let/ (x, y) = y* + x*y -f R^ (x, y). We find ~ = 2y + x®, and thence we have 

oy 

(?3(x, - Jx*) = - ix*; 

also G'a (x, x) ~ x* + x®, (x, - x) = x® - x*. 

It is clear that, in this case, (x, 0 (x)), Og (x, 0 (x)) have opposite signs, provided 
X be sufficiently small, therefore Q (x, y) has no extreme at the point (0, 0). Since 

(?3(X,0(X))=: - JX*, 

♦ See Stolz, QrundzUge, vol. i, p. 284. 


t Scheeffer, loc. cit. p. 673. 
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it is not the case that | (ar, (.r)) | ^ c | a: |®, for any value of c, in a neighbourhood of a; = 0; 
the theorem of § 153 is therefore not applicable. No information is obtained as to whether 
/ (Xy y) has an extreme at (0, 0), or not. It will in fact be shewn, in the next example, 
that + x^y + a:* has a minimum at (0, 0). 


(4) het f{x,y) 


hence 


y^ + x^y + X* + (a:, y). We find -- -- ^ 2y + x^, hence 

cy 

^^4 A • 1 2 

. - = 0 gives y ~ ~ \x^\ 

O^iXy - Ja:^) - 3a^ + 


also (x, z) = x^ + x^ ~h z^y G^ (ar, - a:) - a:^ - a:^ + a:^. 

In this case G^ {Xy (fi{z))y G^{Xy </)(«)) are both positive, and are greater than c | a: for a 
fixed c. It can be shewn that the other condition is also satisfied. It follows that / (a:, y) 
has a minimum at (0, 0). 


(5) Let / (a-, y) — - ^z*y^ + x^y^ ~ 3xy'^ + y® - }0x^^^y ^ 5a:^^ + i?j 3 (a:, y). 

dG 

In this case . - 0 has the three roots 

()y 

y — 5x* + V ^ y - 2x^ + + .... 

On substituting those values in G^^. (^» V)* forming also Gyi (a:, a:), (x, - x), we 

find that Qi^ ~ <t> (^)) is - x) or G (x, x), according as x is positive or negative; and 
the expression commences with the term x*. We find for G^^ (^» 0 (^)) expression 

~ 4x1® + .... Since G^^{Xy <p (x)), G^zi^y <^(x)) have opposite signs, it follows that (0, 0) 
is not a point at which Giz (^, y) has an extreme. Since the indices of the leading terms of 
Gi 2 4^ {^))> (^12 4^ (^)) ^re both less than 12, the condition of the theorem of § 153 is 

satisfied, and we can therefore infer that / (x, y) has no extreme at (0, 0). 


THE LIMITS OF A SERIES INVOLVING A PARAMETER 

156. A generalization of the theorems of Abel and Tauber relating to the 
convergence or oscillation of a power-series at the boundaries of its domain 
of convergence can be obtained by the consideration of series of the form 

a^tf) (t) 4 a 2 (f> (2t) -h ... -f (nt) -f ..., 

where (f> (t) converges to 1, as < 0. The following theorem will be estab- 

lished : 

If 4- ^2 h ... 4- + ... is a numerical series which oscillates between 

finite lirnitSy and the series a-^<f> (t) 4- (20 + a„(f> (nt) 4- ... con- 

verges, for each positive value of t, to a sum S (t), then the upper and lower 
limits of S (t) as ^ 0, are finite if <f> (t) satisfies the conditions that, 

(l)y <f> (t) converges to 1, < ^0, and to 0, as t ^ cc , (2), (0 exists for all 

positive values of t as a finite number, and is absolutely summable in the 

indefinite interval (0, qo ). In case 4- + ••• converges to a definite sum s, 

00 

lim a, an<f> (nt) = s. If <f) (t) steadily diminishes as t increases from zero 

n-l 

indefinitely, the condition (2) may be omitted. 
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The condition of convergence of S {nt), for ^ > 0, is satisfied 

n-l 

in particular if (/) is bounded for all values of t greater than 

some positive number c, where h is some number > 0. For, since S a„ 

»■=>! 

oo 

is bounded, is bounded, and S (nt) has each term a^<f> {nt) 

n^p 

numerically less than a fixed multiple of where, for a fixed 

00 

value of t, nt>c \ and thus, for each value of t, S (nt) is absolutely 

n- 1 

convergent. 

00 

The partial sum of the series 2 a„ may be expressed by 

n - 1 

^ (« + §) + i (« - «) 6„ + 

where 0^ is in the interval ( ~ 1, 1), 5 and § are the upper and lower sums 

QO 

of 2 a„ , and £„ is a number such that | | < 8, provided n is not less 

» - 1 

than an integer m, dependent on the arbitrarily chosen positive number 8. 


Since S (t) == 2 (s„ - s„_j) 0 (nt), and (nt) converges to 0, as 

n-l 

re ~ 00 , since s„ is bounded, S (/) can be expressed by 
S {(f> {nt) - ^ (re + !<)} 


or by -1- «) "A (0 + ^ - ?) H €«] {<}> (nt) - <f> (n + It)}. 

71“ 1 

00 771 00 

The sum 2 may be divided into two parts 2 , 2 , where |e„|<8, 

71-1 Tl- 1 71 = 771+ 1 

for n ^ m. The first part of the sum converges to 0, as ^ 0, since each 

m 

terra converges to 0, and the number of terms is fixed. Thus | 2 \ <rj, 

71-1 

provided ^ is < a number t, dependent on the arbitrarily chosen number t). 


The sum 2 may be written as 

n =77i + l 

- i (s - s) e„ + e„j f 

71 “ 771 + 1 • ’ 


(nhl)t 


nt 


4>' (t) dt, 


and this lies between the two numbers 


(«-«) + 8] Tlf (t)\dt 

Jo 

which, by condition (2), are definite. Since 8 is arbitrary, it now follows 
that S (t) has its upper and lower limits, for t ^0, in the interval defined by 
the two numbers 

i (« 4 - s) ± J (s - «) f I (0 I dt, 

J 0 

which establishes the theorem. 
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It will be observed that, in case <(> (<) steadily diminishes as t increases 
from 0 indefinitely, the sum 

s a (.V - s) e„ + e„] {4. (nt) - 4 (»r+ 1<)] 

n * m 4 1 

lies between the two numbers ± — s) -f 8] </» (m + 1<), which converge 

to the numbers ± I {s - as ^ ~ 0, 8 ~ 0. In this case the limits of S (<) 
lie in the interval {s, s). 

An important example of the above theorem is the case in which 
<!> (t) e K This function diminishes steadily as t increases indefinitely 
from the value 0, and the series is convergent when is bounded. 

It follows that the limits of the sum of the series a^e-^ -f -h 

as / — 0, are in the interval bounded by the upper and lower sums of 

1 (1-2 7 

Now let — r, and we obtain the following extension of AbeFs 
theorem, already proved in § 127 : 

If the series \ -f a 2 t ... is bounded y iherua^ f a^r + + •••> 

which is convergent for r < 1 , fms a sum s (r), such that the upper and lower 
limits of s (r), as r ^ 1, are in the interval bounded by the lower and upper 
sums of 'La n. 

A precisely similar theorem is obtained in the case <f> (t) = e~^'\ for 
the series L 

71 - 1 


157 . Another important example of the theorem of § 156 is the case 
in which 


<!> (t) - <!>' it) 


sin 2t 


2 sin - 1 


In this case f<f> (t) 1, \t^<l>' (t)\ < 3, for all values of t ; also (<) 

converges to 0 as f 0. 

The theorem is immediately applicable to shew that, when the series 
«o + + ^2 f ••• oscillates between finite limits, the limit, as ^ ^ 0, of the 

sum S (<) of the convergent series 


«0 + Cil 


sin t 


t 


') I «2 ( 


sin 2^-^ /sin nt 

2( ) + - 


+ ... 


is such that S (t), S (t) are both finite. 

In order to estimate the interval in which lim S (t) lies, in terms of the 
upper and lower sums of Sa„ , it is convenient to consider the series 
vrw- , Tf/sinntY /sinn+ltY 


independently of the investigation in the general theorem ; m being such 
that I 6„ I < 8, for n ^ m. 
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Assuming that t is so small that mi <-n, let s be the greatest integer 
such that st < TT -, and thus st < ^ (s + 1) t. If we divide the above 

S - 1 00 

summation into two parts, H and , it is seen that in the first part 

m + l s 


all the expressions 


/sinnH-lf\2 

— are positive, si 

\ nt J \ ^ ^ It J 


sm^ . 
since . dirnin- 
u 


ishes steadily as 0 increases from 0 to n. Therefore the sum 
*vVi /- \a , , f/sinwl “ /sin (w -)■ r<)\2( 

lies between H-. | i (^ - ?) + S] | ■ 

As ^ ~ 0, these numbers converge to L (cS — s) + S], since st con- 
verges to 7T, because tt — st t. 

In the second part of the sum, ~ written 

in the form 

sin t sin (2n + 1) ^ sin^ (?^ f 1) ^ 1 1 1 ) 

^ \n^ (n -f 1)^] * 


It now follows that 


f i “ L^) t- €n] 


lies between 


71^ (n -f 1)^ 


sin 7it\^ /sin 7i 1 1\^ 
nt ) \ ;rTT^ / 


± [j (« - $) + 8j rj i 

- ' s 


1 y 1 E J ^ - . L.- r 

< s g {n^ {n + 1)^1 J’ 


or between 




and these numbers converge to 

■j- i - «) (1 + i) • 

since st converges to 77 , as / — 0, 

It has now been shewn that the sum of the series 

* /sin nt\^ 

-si 

has for its limits, as t 0, numbers which are in the interval bounded by 
the two numbers i (« + «) ± i — f) -h - f . 


By Du Bois Reyrnond’*' this interval was given by the numbers 


J (« + f) ± i (^ “ «?) (2 + TT®) 


* Abh. der hayerisch. Akad. vol. xii (1876), p. 136. 
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A more exact estimate than that given above has led G. C. Young* 
to determine the numbers as J (s + s) db J (s — «) -i - g) * 

158. A more general theorem than that of § 157 may be obtained by 
considering the case in which the series 2 when summed by C^saro’s 

n-O 

method ((7, r), oscillates boundedly. The general theorem, which is similar 
to a theorem given! by Fejer for the case r — 1, may be stated as follows : 

+ ••• ^ series which, when summed (C,r), where r is 

a positive integer, oscillates boundedly, and ^ (t) he a function converging to 1, 
as t 0, and such that (t) converges to 0, as t ^ , and is also such that 

^0 (0 ^2^ (^0 

is convergent for every value oft, (> 0), having S (t) for its sum, then the upper 
and lower limits of S {t), as t ^0, are both finite if the conditions are satisfied 
that (1), (^) exists and is continuous for all values of t> Q, and (2), 

that t‘^+^+'^ <^(’■+1) (t) is bounded for all values of t greater than 1, where k 
is some number > 0. In case 2a„ is summable (C, r), the limit of S (^), as 
t ^ 0, exists, and is equal to the sum (C, r) of ^La^, 

Since oscillates finitely when summed {C, r), is bounded (see § 52) ; 

and the condition of convergence of the series 2 (nt), for ^ > 0, is satisfied 

in particular if </> {t) is bounded for all values of t>C>0, where 

A is some number > 0. Moreover, if a„ is bounded, it will be sufficient that 
t^^^ (f> (t) is bounded for all values of ^ > G > 0. The partial sum C (n, r) 

of the series 2 a^ is denoted by &n\ or by j 

Let - i (C(^) + C<'>) + I (C(') - G<'>) e„ + €„, where - 1 £ S 1, 
and I €n I < provided n m ; where denote the upper and lower 

limits of Cn\ as n — 00 . 

Emplo3dng the expression (4), of §48, the series ^ an(f> (nt) may be 

n-O 

written 2 <f> (nt) ^ i - 2 ™ * • - j » where the series 

in the bracket contains r -f 2 terms, or + 1 terms according as r is 
< n — I, OT r ^ n. 

The sum of n 4- 1 terms of the series 2 a,i(^ (nt) differs from the sum of 

n-O 

91+1 terms of the series 

+ ^ (^<) - ... + (- iri^(« + r+l <]...(!) 

* Mesa, of McUh. voL xlix (1919-20), p. 73. 
t Math. AnncUen, vol. Lvra (1904), p. 62. 
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by an expression of the form S S'n’-p <f> {n + qt), of which 

0, <jr - 1 

the number of terms depends only on r. Each of these terms is less 
than a fixed multiple of {n — pY <f> (n + qt), or of (n + qY 4 qt), which, 
for each value of t, converges to zero, as cx> . It follows that the series 
S a^<j> (nt) may be. rearranged in the form (1), without affecting its con- 

n ” 0 

vergence, or its sum. Moreover the coefficient of in the series (1) can 
be expressed by (X^), where is such that nt < Xn< (n r -j- l)t. 

The effect of substituting | + C^'^) for all the expressions 

the series 21 ^ (nt) is to reduce it to the form 

n- 0 


j> r+l.<r-^r I 1 


Sn-p <A 4- qt), of which 


I (C'<') + Qr)) s <f> {nt) 

n = 0 


_ rr 4- n 

rl n[ r ! (n - i ) ! 

(r + 1) r (?i -f- r -- 2) ! 


2! r\{n- 2)1 "'J’ 

the numerical coefficient of 0 (nt) is the coefficient of in 

(1 + a:)"+’- - (r + 1) (1 -f a:)'*+’-» 4- — (1 4 - x)"+’-2 - 
/ 1 

or in (1 4 -- j j > (1 + ^ '^nd this is equal to 0, 

except that, when ti = 0, the coefficient is 1. Thus this part of the series 
reduces to J 

We next consider the part | (0^^^ — On f of Cn\ and take the 
summation from n^O to n = m — I, where | | < h, for n ^ m. The 

limit of this part, as < — 0, is zero, since each term converges to zero, and 
the number of terms is fixed. 

Next, we consider the series in which the n is taken from the value m 
to p, where p is an integer such that (p r -\- 1) t 1 < (p 4 - r -h 2) /, 
it being assumed that t is so small that (m -h r + 1) ^ < 1. If /x is the 
maximum of the continuous function | (t) | within the interval (0, 1), 

this part of the sum lies between the two numbers 

± {J (CM - G«) + 8}^r+i Y -’' -t r-’- 


or between the two numbers 

- S'*'') + 8] + 

or between the two numbers 


p{p- 1) 


p + r {p + r){p + r-l) 


±{p + r)-+ir+» . [J - CW) + 8], 
that is between the numbers ± [J (C’*’’) — GM) + 8]. 



227 


158 ] Tfie Limits of a Series Involving a Parameter 


Lastly we have to consider the series 

i f j (CM - CM) ^ ' (- (Z„) 

n»p+i n\r\ 

The sum of this series lies between the two numbers 

-I- ri (g(r) _ (7(r)\ I 31 2 

where | | < iV”, for < > 1. 

Thus the sum lies between the numbers 




(r n)\ 1 

n\ 72,»'+*+i’ 


The sum L r A . i i® ^ A^'r<p, which holds 

2^ 

for all sufficiently small values of t; and this sum is less than 

It now follows that this part of the limit of the sum of the series to be 
estimated lies between the two numbers 


±[^{CW_CW) + S]^' 
since pt converges to the value 1 , as < 0. 


It has now been shewn that the limits of the sum of the convergent 
series -i- a (^) -h a (2t) -f- ... , as ^ 0, are between two numbers 

I (a<^) f ± A.|(5(-) 

where A is a fixed number ; since 8 is arbitrarily small. In case the series 
Sa„ is summable {C, r), the sum of the series -{■ a^tf) (t) + ... converges 
to GW. 


A special case obtained by taking ^ {t) = e~\ and then writing h == 
is the following, already obtained in § 128 (3). 

If the series % a^h + aji^ 4- ... is convergent, and have s (h) for 
sum, for 0 ^ h < 1, and the series Uq + cii + 4- ... is summable (G, r), 

then the limit lim s (h) exists and is equal to the C4saro sum of order r of 

A~1 

the series Sa„ . If the sum (G, r) oscillate between finite limits, so also does 
lim 8 (^). 

A-l 

More general theorems of a similar kind have been obtained by 
C. N. Moore*, by Bromwichf, and by HardyJ . 


♦ Trans. Amer. Math. Soc. vol. vin (1907), p, 299. 
t Math. AnnaleUf vol. Lxv (1908), pp. 359, 362. 

t Proc. Lond. Math. Soc. (2), vol. rv (1906), p. 247, and (2), vol. vi (1907), p. 255; also Math. 
Annalent vol. lxiv (1907), p. 77. 



CHAPTER TV 


F17NCTI0NS REPRESENTABLE BY SERIES OR SEQUENCES OF 
CONTINUOUS FUNCTIONS 

wetb:rstrass’ theorem 

159. The general question will be here considered what conditions 
a function of one variable, or of several variables, defined in a given domain, 
must satisfy, in order that it (;an be represented, in that domain, as the 
limit of a sequence of continuous functions, and therefore as the sum of 
an infinite series of which the terms are coi)tinuous functions. 

Before proceeding to the general case we sliall consider the special 
case of a continuous function of a single variable, the function being 
defined in a closed interval. 

The following fundamental theorem is due to VVeierstrass* : 

If a function f (x) be continuous in a given closed interval (u, b), and if 
8 be an arbitrarily chosen positwe number, a finite polynomial P (x) con be 
so determined that \ f {x) — P {x)\ < 8, throughout the interval [a, b). 

In order to prove the theorem, it is convenient first to consider certain 
special cases. Let a function y be defined, for the inttTval (— a, a), by the 
specifications y — mx, for 0 ^ ‘ a, and y — nix, for — a i 0; 

thus y is the continuous function which is represented geometrically by 
portions of straight lines which meet at the origin and are equally inclined 
to the a;-axis. 

The function is represented in the whole interval (— «, a), by 



where the positive value of the radical is to be taken. This expression 
for y can be expanded by the Binomial Theorem in a series of powers of 

^2 — 1 ; and this series converges uniformly in the whole interval (—.a, a) 

of X, In this manner, by taking two, three, four, etc., terms of the series, 
we obtain a sequence of polynomials which converges uniformly, in the 
interval, to the value of the function. Thus a particular case of the theorem 
has been established. 

Next, let the function y be defined, for the interval (a, 6), as follows: 
Let y ~ 0, for a^. x ^ c\ and y m (x — c), for c x ^ b; where c 

is a fixed number between a and 6. This function is represented geo- 
metrically by the portion of the a^-axis between the points a and c, and by 
the portion of the straight line y m (x — c), between c and b. The function 
♦ See the SUzungsbericktA of the Berlin Academy (1886), pp. 633 and 789; also Werite, vol. m, 
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159j 

may be represented by y \m (x — c) -^ \ (x ~ c) \ \ and since, as has 
been shewn in the last case, | \m {x — c)\ is representable as the limit of 
a sequence of polynomials converging uniformly, the same is true of the 
function now considered. 

Next, let (a, 6) be divided into a finite set of intervals 
(a, X^y (^1 > ^2)’ (^2? ^3)? •** (^n~l > j 

and let ordinates to the a;-axis be erected at the points a, rcj, 0*2, ... 6, 
the extremities of these ordinates being denoted by 

T i ^2) lyQ. 

Let the consecutive pairs of these points be joined by straight lines, 
an Open polygon P, Pj , Pg, Q being thus formed. It will be shewn that 
the continuous polygonal function (fy (ar), defined by the ordinates of this 
polygon, is such that a polynomial P (x) can be determined so that 

I <A (a:) - -P (a;) I < t?, 

for every value of x, in (a, 6) ; where t) is an arbitrarily chosen positive 
number. It is clear that i (x) can be expressed as the sum of n functions 
4*1 (^)> 4*2 (^)j ••• 4*n such that </)i (x) is linear in the whole of (a, 6), 
that <^2 (^) vanishes in the interval (a, x^), and is linear in (ari, 6); that 
<^3 {x) vanishes in the interval (a, x^), and is linear in (x.^, b); and generally 
such that (f>r (:r) is zero in the interval (a, ^nd is Linear in the interval 
b). Since polynomials P^^^ (x) satisfying the condition 

\4,^(X)- Pi^)(x)l<l 

can be determined for each of the functions c/y^ (x), ^2 ••• 4*n (^)» the 

theorem is established for the polygonal function <f) (x). 

In the general case in which / (x) is any function that is continuous in 
(a, 6), it follows from the known theorem (i, § 217) that /(a?) is uniformly 
continuous, that, if e be a prescribed positive number, the interval (a, b) 
can be so divided into parts (a, Xi)^ {x ^ , 3^2), ... -1 > b), that the fluctuation 

off (a:) in each part is less than e. 

If (a;) denotes the polygonal function considered above, which we 
take to be equal to f {x) at each of the points a, Xi, a:.^, ... 6, we see 

that \ f (x) — <f> (x) \ < €, in the whole interval (a, 6). As it has been shewn 
that a polynomial P (a;) exists, such that | ^ (a;) — P (a:) | < rj, it follows 
that I / (a:) -- P (a:) I < € + 7^. Since e, r) are both arbitrary, Weierstrass’ 
theorem has been established. 

If Sji, 82 ,...Sn>*'- ^ diminishing sequence of positive numbers 

converging to zero, a sequence of polynomials P^ (a;), Pj (a;), ... P„ (x), ... 
can be so determined that \fix) — P„ {x) | < for n = I, 2, 3, ... ; and 
for all values of x in (a, b). 
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Since the sequence {P^ (a;)} converges uniformly to / (x) as its limit, 
f {x) may be regarded as the sum-function of the uniformly convergent 
series 

P, (X) -f {P, (X) ~ P, (X)} + ... + (x) -- Pn.i (X)} + .... 

Thus the following theorem has been established : 

If f (x) be continuous in the linear interval (a, h), the function is the 
limiting sum of a uniformly convergent series, of which the terms are finite 
polynomials. 

The proof of Weierstrass’ theorem, given above, is substantially due 
to Lebesgue’*'. Other proofs have been given by Rungef, by PicardJ, 
by Volterra§, by Mittag-Lefiler||, and by Lerch^. We proceed to consider 
the extension of the theorem to continuous functions of any number of 
variables. Another proof of the theorem for a single variable will be given 
in § 300. 

The original proof given by Weierstrass depended upon the theorem 

lim f (z') e dx' = / (x), 

A--0 (nkp J -00 

where /(x) is continuous in the infinite interval (-- go, oo). It was deduced 
that a sequence of polynomials exists which converges to / (x) uniformly 
in any finite interval. 

weierstrass’ theorem for functions of two or more variables 

160. In order to extend Weierstrass’ theorem to the case of a con- 
tinuous function of two or more variables, defined in a closed cell, a proof 
by induction will be given. Other proofs have been given by Weierstrass** 
and by Tonellift. 

We consider the case of a continuous function of any number of 
variables, defined in a closed cell (a^^\ a^^\ ... a^^^; 6^^ ^(p)) Let 

it be assumed that the theorem holds good for a continuous function 
of p — 1 variables, defined in the cell a^^\ ... ... 6^^' ^)), 

it will then be shewn to hold good for a continuous function 

/(a:(i), 0:^2)^ ... ^^(p))^ 
defined in the p-dimensional cell. 

If 8 be an arbitrarily prescribed positive number, a net with closed 
meshes may be fitted on to the p -dimensional cell, such that the fluctuation 
of / in each closed mesh is < 8. Let Xo^\ x^^\ x^^\ ,.,x^m the successive 

♦ BvJktin d. Sc, Mat, (2), vol. xxn (1) (1898), p. 278. 

t Acta Mat. vol. vii (1885), p. 387 and vol. vi (1885), p. 236. 

X TraiU d'Afudyse, vol. i, p. 258. 

§ Bend. del. cir, mat. di Palermo, vol. xi (1897), p. 83. 

|j Ibid. vol. XIV (1900), p. 217, ^ Acta Mat. vol. xxvn (1903), p. 339. 

♦♦ Werke, vol. in (1903), p. 27, but not in the original memoir. 

tt Bend. del. cir. mat. di Palermo (2), vol. xxix (1910), p. 9. 
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values of on the boundaries of the meshes which are perpendicular to 
the r^^^-axis ; where xjf ^ If rj be an arbitrarily prescribed 

positive number, for each value 0, 1, 2, 3, ... m, of r, a finite polynomial 

in accordance with hypothesis, be so deter- 
mined that 

I PM (a:(*), ar< 2 ), ... *(*>->)) -/(*<», ... 4 "^*) | < r,. 

All these polynomials can be included in a single expression 

^<(>,,.0 . (4”’) ... 

where </] , < 72 , ... </p - 1 ecach has a finite set of integral values, including zero, 
and is zero when a particular term ^(p-i)®p-‘ 

does not occur in 

Let the functions (x^^'f) be defined for each set of values of 

< 7 i, ^ 2 > ••• 5 'p 1 so as to be linear in each of the m intervals (x^f, ^r+i)> 
so as to have the prescribed values when x^^^ has the values x^f, for 
r ^ 0, 1, 2, ... m. Since these functions are all continuous linear polygonal 
functions, in accordance with the theorem of § 159, if ^ be an arbitrarily 
prescribed positive number, finite polynomials 

determined that | Qq„q,....qp_, - <f>q,.q„...qp_, (x^^^) | < for all the sets 

of values of ^ 2 ^ ••• ^p-i* ^ denote the upper boundary of 

H I a:< 2 )^‘ ... | 

in the cell (a<^), ... ; 6 ^^', 5^^), ... 6 ^^-^)). Let us consider the 

polynomial 

E (x^^), a:\2), ... x^^)) - 2 Ga. /p-. ... 

We have 


I E (a:(i), ... x^^)) - ... | < 

If x^^'^ be in the interval (xl^\ x^^h), we have, for each set of indices of 


4> (a:i-)) 




Jp) 


and therefore 


Xr^-l 


JP'> 





( 

1 + ’■+1 

— X 

^ r +1 

~ X, 

(P) 

(p) 

a: — ; 

Xr 


( p) 

Xr-f. 1 

a:^ 


(p) 

,(p) 


-^(4"'); 


/>(r+l) (a;(l)^ X^^\ ... *(*’“*•) 


Jp) _ (P> 

^r+1 

= [/( 4 ‘ , 4 *>, ... + e,ri] 

^r+1 ~ 


|<i, |^2|<i. 


Xr+i - Xr 


where 
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Since ... =/(x<‘’, x‘*>, ... + B.h 

and ... x<*’-‘>,xr) + 0 ,S, 

where | ^3 | < 1, | ^^ | < 1, we have 

-^f(x(^K ... hO^S + O^S f e^'r} 4 - O^'rj, 

where | <^5 I < 1. I <^6 I < ^ I ^1' I < ^ I ^2' I < ^• 

It now follows that 

I R 2 ^( 2 ), ... .rW) - f (x^^\ ... [ < AZ + 28 4 - 27 ?. 

If € be an arbitrarily prescribed positive number, let 8 be chosen to have 
the value ^e. The number 8 having been fixed, the net can be determined, 
and 7? can be taken to have the value Je. The number ^ can then be chosen 

to have the value . It has been shewn that the polynomial 

X(2), ... X^P)) 

is such that, everywhere in the ^-dimensional cell, the condition 
|/(x^i),:r(2), ... x^p)) - R(x^^),x^'^\ ... i < 6 

is satisfied. 

Since the theorem holds for p -= 1, it is seen to hold for jo 2, 3 

We have thus proved the following theorem : 

A continuous function of any number of variables, defined in a given 
closed cell, is such that a finite polynomial in the variables exists which differs 
from the function by less than a prescribed positive number, at all points of 
the cell. 

161 . It has been shewn in § 79 that the terms of a uniformly con- 
vergent series can be so bracketed that the new series converges absolutely 
in the whole interval. We have therefore the following result: 

If f {x) be continuous in an interval, or cell, {a, 6), a series, of which the 
terms are finite polynomials, can be so determined that the series converges 
to f {x) absolutely at every point of the interval, or cell, and uniformly in the 
whole interval, or cell. 

It can be shewn that the sequence of polynomials {P„ (x)} can be so 
chosen that it is monotone. For let us consider the continuous function 

/ (x) — A A polynomial (x) can be so determined that 

|/ (a?) - f - -Pn (*) I < « ( 2 ^+-! - 2«y > 

for all points x in {a, b). It follows that (x) lies between the two numbers 

f ^ 2n ^ ^ ( 2^1 2"+^) 
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if we assume that this condition is satisfied by Pn (x) for every value of n, 
and observe that 

_ € / 1 _ 1 J \ 

2” ^ ^ 2’*+i ^ V2"+2 2”+v’ 

we see that (x) > Pn (x). We have accordingly the following theorem* : 

If f (x) be continuous in the interval, or cell, (a, b), a monotone sequence 
of finite polynomials cun be so determined that the sequence converges uni- 
formly to f {x) in the interval (a, b). 

It should be observed that, in Weierstrass’ theorem, in the case cf a 
function of a single variable, the polynomials may be so chosen that, at 
the points a and b, P^ (a*) has the same value as / (x), for every value of n. 
For if / (a) - P„ (a) - 77,,, / (b) - (b) - 77^', where 1 77,, | and | 77^' | are 

both less than the number €n, for which \f{x) — P„ (x) | < in (a, b), 
let P,/ (x) = P„ {x) 4- Ax -h B, where A and B are so chosen that 
Pn' {a)^f(a), Pn'{b)=^f(b), 

We have A a \ B ^ r^n, Ab -h B = rjn , and thus 

^ Vn qn 

b — a ' ~~ b — a ’ 

whence we have \Ax-\-B\< K^n. where Kissi fixed number independent 
of n. It follows that ( / (x) — Pn (x) | < €„ -f iiTcn, and thus that the 
sequence {P/ (x)} converges uniformly to f {x). Since Pn ^ f Mi 
Pn M -^f Mi the sequence {P/ (x)} satisfies the prescribed condition. 

A sequence of polynomials which converges uniformly to the con- 
tinuous function/ (x), in a given interval or cell (a, 6), may be so chosen 
that each of the polynomials is less in absolute value, at any point of the 
cell or interval, than the upper boundary U, of \ f (x) | in (a, b). For. if 
the sequence {P„ (x)} converges uniformly to /(x), and thus 

\f{x)- Pn (x) I < 

for n ^ Uf, in (a, b), let the sequence {k^P^ (x)} be considered; where {kn} 
is a sequence of increasing positive numbers which converges to the limit 1. 

Since \fix) - k„P„ (a:) j < \f{x) - P„ (x) | -t (1 - l\) | P„ (x) | 

< + (1 - (C + €„) < 3e„ , for w £ w. if ^ . 

It follows that, if this set of values of kn be chosen, the sequence {k^Pn (^)} 
converges to/(x), uniformly in (a, b). Further, we have 

I KPn (^) I <Kl.f(^)l + Ken < U - e„. 

Thus the sequence {kn} may be so chosen that, for every value of x, 

I KPn {*) i < U — €ny and the sequence {k„Pn (x)} is a sequence of poly- 
nomials such as is required. 


* See Hobson, Proc. Lond. McUhn Soc. (2), vol. xii (1913), p, 163. 
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162. Weierstrass’ theorem may be applied to the case in which / (x) 
is defined in any closed set 6?, in any number of dimensions, / (a;) being 
continuous in Q, In accordance with a theorem given in § 108, if A be a 
closed cell, or interval, which contains 6r, the function / {x) can be extended 
into a fimction /a (ar), continuous in A, and such that (a;) f (x) at all 
points of O. If P„ (a;) be a finite polynomial such that | (x) — (x) | < 3, 

in A, then \f(x) — P„ (a;) | < 8, in G. It thus appears that / (a;) can be 
represented, in (7, as the limit of a sequence of finite polynomials which 
converge uniformly to / (x). 

Let H be the outer limiting set of a sequence of closed sets {O^}, each 
of which is contained in the next, and suppose / {x) to be defined as a 
function that is continuous in P. Let {£„} denote a monotone sequence of 
positive numbers converging to zero ; since / (a:) is continuous in //, it is 
continuous in , and consequently a polynomial P,, (x) can be so deter- 
mined that I / (a:) — (x) !<€,», at all points of ; and this for each 

value of n. The sequence {P„ (x)} converges to / (or) at every point of jff ; 
for, any point of P, belongs to all the sets ... for some value 

of n, depending on p, and therefore the sequence {P„ (a:)} converges at p 
to the value / (p). 

In particular, any open set, whether bounded or not, is the outer 
limiting set of a sequence of closed sets; and all the points of the ^-dimen- 
sional space form such an open set. Further, a set (O, 6r), which consists 
of the points which an open set and a closed set G have in common, is 
the outer limiting set of the sequence {/) (g ^ , 6r)}, of closed sets, where O 
is the outer limiting set of the sequence {p„}, of closed sets. 

The following theorem has now been established : 

If a set E is either a closed set, or an open set, bounded or unbounded, or 
the set which a closed set and an open set have in common, and a function 
f (x) be continuous in the set P, a sequence of finite polynomials can be deter- 
mined which converges in E to f (x). In particular, if f (a;) is continuous in 
the whole linear, or p -dimensional space, a sequence of finite polynomials 
can he determined 7vhich converges at every point x, to the value f {x) ; moreover 
the convergence of the sequence is uniform in any finite cell, or interval. 

For a discussion of the methods of Lagrange and Tchebicheff for the 
approximate representation of functions by series of polynomials, reference 
may be made to BoreFs Le<pns sur lesfonctions de variables r Mies, chapter iv, 
A considerable amount of attention has been paid recently by mathe- 
maticians to the question of the best approximations to a continuous 
function by polynomials. The question was first raised by Lebesgue* as to 

* Rend. del. cir. mat. di Palermo, vol. xxvi (1908), p. 325. For a discussion of this and other 
questions see Dunham Jackson’s Preisachrift, Gottingen, 1911, where many references to the 
literature of the subject will be found. Among these are Lebesgue, Annalea de TouUmae (3), vol. r 
(1910), p. 25, de la Valine Poussin, Bull, dt Vaceid. toy. de Belgique (1908), p. 403 and p. 193, and 
(1910), p. 808. See also de la Vallee Poussin’s Legons sur V approximation dta fonriima d^une 
variable rielle, Paris, 1919. 
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the lowest degree of a pol3niomial P (x) which satisfies the condition 
|/(a;) — P (a:) I < S in the linear interval (a, 6), f (x) being an assigned 
continuous function and S an assigned positive number. 


UNBOUNDED CONTINUOUS FUNCTIONS 


{X) 


163. The theorem of Weierstrass may be extended so as to apply to 
the case in which the fimction / (a:), defined in a closed domain E, is con- 
tinuous only in the extended sense of the term (see i, § 219), the two 
improper values oo , — ao , of the function being regarded as distinct from 
one another. Employing the transformation 

/(*) ^ 

1 + !/(*)!’ 

the function (j> (x) is continuous in E, in the ordinary sense. Accordingly, 
<j) {x) is the limit of a sequence {Q„ (*)}, of finite polynomials, which con- 
verges uniformly to ^ {x), and the sequence can be so chosen that 
I Qn ix) I < 1, for all values of n and x (see § 150). Taking a sequence 
{kn} of positive numbers converging to the limit 1, the sequence {knQ„ (a;)} 

k Q (x) 

converges uniformly, in E, to <{> (x). Since — ” i7T~V~ri ^ continuous 

1 I Vrt (^7 I 

function, bounded in P, a finite polynomial P„ (a;) can be so determined 
that 

^ nQn i^) 


Qn (X) 


~Pn{x) 


< 6, in E. 


Let us consider the set of points in E for which | / (x) 
A 

points we have \ (f) (x) \ ^ . We have also 


r*? .^4 ; at these 


I + A' 


I / (a;) - P« (x) I < 


<f> (x) 


KQ„ (x) 


+ «. 


1 - |T(^) i 1-K\Q„ {X) 
and I ^ (a:) — k„Q„ (x) | < c, for at every point of E. In 

\(f> (x)\^ 2c, <!> (x) and k„Qn (x) have the same sign, and | k„Qn (x) | 
we have then, at all points of E at which f(x)^ A, 


case 
> €; 


l/(*) - P„ (x) 


€(1 + A)’' 

1 -e(l -f A) 


+ e < ■ 


1 


V 

i A 


(1 + ^)2’ 


iirj = € (1 -f- u4)2 ; hence | / (a:) — Pn (a:) | < 17 (1 -f 2 r)) -f 17 < 4 rj, when 17 < 1/2, 
provided If 77 be first chosen, c and are determined. In case 

I ^ (x) I < 2c, we have, assuming that c < 1/6, 


|/(x)-P„ (X) 


2c 

< ^ + I ~ 2 e + 


r?3e< < 32,: 


it now follows that \f(x) — P„ (x) | < 3277, for all points of E at which 
f(x)^ Ay provided n^rie. Since \ fix) ~ P„ (x) | < 3277, in the set in which 
/ (x) ^ A , the sequence {P„ (x)} converges uniformly to / (x) in that set 
of points. 
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Next, consider the points of E at which / (x) is infinite ; at these points 
\4>{x) = 1, I KQ„ (x) I > 1 — for ^ We ; it follows that, in this set of 

points - — ~^v7ri~V I ^ ~ therefore | (x) | > -, for n 

It has thus been shewn that the divergence of {P^ (re)} is uniform in the 
closed set of points at which / (x) is infinite. It is not necessarily the case 
that the approach of the sequence {P„ (a:)} to the function f {x) is uniform 
in accordance with definition of uniform approach given in § 69. It can 
be shewn that each point at which f (x) is infinite is a point of uniform 
divergence of the sequence, in accordance with the definition in § 73. 

The following theorem has been proved : 

Iff (x) be defined in a closed set of points E, of any number of dimensions, 
and infinite values of f (x) are taken into account, the distinction between 
4- 00 and — cc being recognised, and ike function be continuous, in E, in 
the extended sense, then a sequence of finite polynomials can be determined 
which converges uniformly to f (x) in the set of points at which \ f (x) \ ^. A, 
for every value of A; and diverges uniforrnly in the set at which f (x) is infinite. 


164. When no distinction between f oo and — oo is recognised, the 
following theorem is applicable : 

If f(x) is a bounded function, and a sequence of functions {/„ (a:)} converges 
to f (x), uniformly, then converges uniformly in the set of points 


at which 


JV, and it diverges uniformly in the set in which , . y- 


|/(^)| ^ |/(^)| 
is infinite; + ^ cmd — oo being regarded as not distinct from one avx>ther. 

We have \f(x)— fn (a;) | < e, for all sufficiently large values of n. Let 
N be an arbitrarily chosen positive number, and consider those points 

at which , - N. 

At the points at which j y | ^ have, if and n is 

sufficiently large, 


N, we have, if 7 / N^e, and n is 


l/W /« (aj)l |/(^) ( l/nW! I/WI - 


< 17 (1 -f < 3 t 7 , if N > 1 , and qjN < 

It thus appears that > y converges to — ~ , uniformly, in the set of 

Jn W j W 

points for which - ^ 7- ^1 ^ 
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00 , we have | /„ {x) | < e, for w ^ Ue ; 


At the points at which 


hence | ^ follows that the divergence of the sequence jy 

is uniform in the set of points at which ^ is infinite. 


165. Let us consider a function / (x) defined in the finite interval (a, b), 
infinite values of / (x) being admitted, but no distinction being made 
between -f oo and — cc . The fmiction is taken to be continuous in (a, h) 
in the extended sense (i, § 219). The set of points at which / (x) is infinite 
is closed ; as follows from the condition of continuity. It will be assumed 
that this set is non-dense, so that the case in which the function is infinite 
in a whole sub-interval is left out of account. If P be a point at which 
/ (a:) is infinite, there is an interval Ap enclosing F, at every point of which 
I / (^) I ^ We can so choose A that at both its end-points \f(x)\ has 
the value N. A finite set of these intervals A can be so determined that 
every point at which / (x) is infinite is interior to one of them. We thus 
obtain a finite set of intervals (a^, j8^), where r = 1, 2, 3, ... m, such that 
\f(x)\^N in every point of all the intervals of the set, and such that 
/ («r)j / (^r) both have one of the values N, — N, 

Let the function fr(x) be defined by fr{^)=f(^)y hi ^r)l 
ft (*) =/(ar), in (a, a,); and (x) in f>). Thus |/, (z) | S N, 

at every point of (a^ fir)- The function l/fr (x) is bounded and continuous 
in the whole interval (a, 6). A sequence {Prs (x)} of polynomials can there- 
fore be so determined as to converge uniformly to Ijjr (x). By the last 

theorem it follows that converges and diverges to (x) in the 

mode specified in the theorem. The function S fr (x) differs from / (x) only 

r- 1 

by a constant, in each of the intervals (a,., fir), and it is constant in each 
interval complementary to the set (ar, fir)- Let L /r W =/(i») + in 

r ” 1 

the interval (a,, In the interval 0,_i, «,) we have 

/ Wr-l) + = / (a,) + kr, 

say = k/. Let the continuous bounded function (a;) be defined by the 
specifications /„+i {z) =/(*) — k/, in (a, a^); f„+i (x) = — ki, in (oj, 
fn+i (*) = /W - ki, in (ft, ffj); /,.+i (x) = - ft, in (oj, ft), etc. The 
function /„+j (x) is the limit of a sequence P„+i,r (x) of polynomials which 

r“ n 

converges uniformly. The function / (x), or S fr (x) -j- (x) is the limit 

r- 1 

of a sequence 
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which converges and diverges to the function f (x) as in the theorem of 
§ 163. The following theorem, due essentially to W. H. Young*, has thus 
been established : 

If the function f (x) is continuous in the interval (a, 6), in the extended 
sense of the term,, where qo and — qo are regarded as identical, and f (x) is 
infinite only at a non-dense set of points, then f (x) is the limit of a sequence 
of rational functions which converges to f (x) uniformly in the set of points at 
which f (x) ^ A, and diverges uniformly in the set at which f (x) is infinite. 


STANDARD SETS OF CONTINUOUS FUNCTIONS 

166. Let a system of nets, with closed meshes, be fitted on to the finite 
interval {a, b). For any net, consider the set of continuous polygonal 
functions, each of which has a rational value at each end-point of each 
mesh, and is linear between the two end-points of each mesh. The totality 
of all these functions, for the net is an enumerable set (see i, § 58). 
Further, when we consider the totality of all such enumerable sets of 
polygonal functions, for all the nets Z>i, D^, ... of the system of nets, we 
have an enumerable set of continuous polygonal functions which may 
accordingly be denoted by {/,„ (x)}, when arranged in enumerable order. 
This set of functions may be regarded as a standard set, and it has the 
property that, if (x) be any continuous function whatever, defined in 
{a, 6), a subsequence of the functions (x)} exists which converges 
uniformly to <f) (x). To prove this, let {c^} be a diminishing sequence of 
positive numbers converging to zero. Let f„^ (x) be the first of the functions 
{fm (^)} which belongs to the net I)^ and also is such that, at each corner 
of the polygon which it represents, the value of /„j (x) differs from <f) (x) 
by less than cj . Next let (x) be the first function of the set, after (x), 
which belongs to the net D 2 and is such that, at each corner of the polygon 
which it represents, (x) differs from <f> (x) by less than € 2 ; and so on. 
We have then a subsequence (x)} of the sequence {/^ (x)}, such that, 
at each corner of the polygon which /„^ (x) represents, (x) differs from 
</!> (x) by less than and this for all the values 1, 2, 3, ... , of p; moreover, 
fnp (^) belongs to the net Dp . 

Let Dp, be the first net for which p' ^ p, and such that the fluctuation 
of (f> (x) in each mesh is < . Since, at each end-point x of each mesh of 

Dp,, we have | ^ (x) — (x) | < Cp, and the fluctuations of <f> (x) and 

of fnp, (x) in such a mesh are < €p , and < 2€p , respectively, we have 
I <i> (*) -/«^ {x) I < 3€p, at every point of (a, 5). Since this holds good for 
every value of p, with the corresponding value of p', it follows that the 
sequence (x)} converges uniformly to (x), and {f^^, (x)} is a sub- 

* See Proc. Lond. Math. 80 c. (2), vol. vi (1908), p. 222. 
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sequence of the standard sequence { (a;)} . Instead of the sequence 
{/m (^)} employ a sequence of finite polynomials. Let (x) be 

a finite polynomial such that | (x) — P^ {x) | < in (a, 6). We then 

have I (a:) — (x) | < 4ej,; and consequently the sequence {P^^. (a:)} 

converges uniformly to (f> (x). 

The following theorem has now been established : 

A standard sequence of continwous functions { /„ (x) exists such that, if 
if) (ic) be any continuous function whatever, defined in the interval {a, b), a 
subsequence {f^^, (a:)} is contained in {/„ (a:)} which converges uniformly to 
if) (x). Moreover, the standard functions { /„ (a:)} may be so chosen as to be 
finite polynomials. 

167. With but a slight modification, the foregoing proof may be em« 
ployed to establish the corresponding theorem that a set of continuous 
functions of any number of variables exists, such that in a given cell, a 
subsequence of the functions (which may be taken to be polynomials) 
exists which converges to an assigned function of the variables which is 
continuous in the cell. 


In the case of two-dimensional functions, instead of the polygonal 
functions employed in the one-dimensional case, we take in a mesh 

/ ( 1 ) Ci) ( 1 ) ( 2 ) s .1 X 

(a^ , Os ; } 1 ) i) the function 


) (^ 8+1 


, f ^(2)v .(I) 

-,( 2 )v [/ (^r > 


Ur+i) (X 


/..(I) 

/ (®r+i 9^8 ) (^ 

X / (1) (1) 

— f {Or y «s+i) (X - 
+ / (®r+l > 0 «+l) 


Jl). / ( 2 ) ^( 2 ) 

- a^ ) (x 

-Or )(x ~ a^ )] 


which is continuous, and such that, at each point of the mesh, its value is 
in the interval bounded by the greatest and least of the four numbers 

f {CLr , Og ))/(U'r 5 + / (®r+l j )> / (®r + l > )• 

This function is the analogue, in two dimensions, of the polygonal function 
in one dimension ; its form can easily be obtained in the case of any number 
of dimensions. 


CONVERGENCE OF SEQUENCES ON THE AVERAGE 

168. Let {Sn (a;)} be a sequence of measurable functions, defined in a 
measurable set E, of which the measure is either finite or infinite, and which 
is in any number of dimensions; each function is assumed to be finite 
almost everywhere in E. 

Let the set of points x, of E, at which | Sp (x) — s^ (x) | ^ e, be denoted 
by € (€, p, q) ; where € is any positive number. Let it be assumed that, for 
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each value of €, lim m {e (c, p, ^)} = 0; this is equivalent to the assump- 

p-^ao , 

tion that, when 8 is an arbitrarily chosen positive number, the condition 
m {e (e, g)} < 8 is satisfied, provided p ^ P, q ^ Q, where P, Q are integers 

dependent only on 8 and e. For two different pairs of values of p and 
the sets are in general different ones, although each of them has its 
measure < 8. 

A sequence {5,^ (a;)} which satisfies this condition is said to converge 
on the average in the set E. The convergence of this type was first investi- 
gated* by Fischer and by F. Riesz, who employed the term convergence en 
mesure. 

If the measurable set E have infinite measure, it is the outer limiting 
set of a sequence {E^} of measurable sets, each of which has finite measure 
(see I, § 134). The case in which E has finite measure may be included, 
by supposing that E^ is, for every value of n, identical with E. 

It will be assumed that the sequence {cV„ (a:)} is convergent on the 
average in each of the sets E^, E^^ ... E,^, , but not necessarily in E, 

when rn {E) is infinite. 

There exists, in a set of measure > m (P^) — at all points of 
which I (x) — (x) I < ; where n ^ , n^ are fixed numbers, neither of 

which is less than a certain integer Similarly, there exists, in Pg, 

a set of points of which the measure is > m (Pg) — ^2 which 

I *'n, (*) - S„, (X) i <22’?; 

where n^, n.^ are so fixed that neither of them is less than an integer 
j the part of this set that is in Pj has its measure > m (P^) — 

It is clear that may be so chosen that both the conditions are 

satisfied for the same set of values of these integers. We take for n^ its 

least value ^2 we take the least integer which is > and 

Similarly, if n^ be the least integer which is > 11 ^ and 
^ ( 2 ®^)’ exists, in P3, a set of points of measure 

> m (P3) — 23 

at which | (x) — (x) | < J 2 ’I’ provided is taken to be > \ the 

part of this set in Pj has measure > m (Pj) — Proceeding in this 

♦ See Fischer, Comptes Bendus, vol. cxliv (1907), pp. 1022, 1148, also Biesz, vol. CXLUI 
(1906), p. 738, and vol. cxLiv, pp. 616, 734, 1409. 
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manner, a sequence {n^ of increasing integers is defined, so that, at every 
point of a certain set, of measure > m (E^) — condition 


I ^nr (^) ^nr+i 


(x) I < 


1 

2rV^ 


is satisfied; moreover the measure of the part of this set that is in E^ is 
> m (El) ~ As this holds for each set AV, it follows that there 


exists, in a set jPj, of measure > m (Ei) — ^ 


1 1 
2 22 


+ 2r + 




or m (El) — 7 ), in which the conditions | (x) — (x) | < ^^17 is satisfied 

for every value of r. 

In this set Fi, we have | (x) — (x) | < for ^ ~ r; it follows 

that, in the sequence (x)y (x), ... is uniformly convergent. 

If we omit Ui and consider the sequence s„3 (x), ..., and let -17 

take the place of rj, it is seen that the sequence converges uniformly in a 
set contained in E2, of measure > m (E^) — Generally, there is, 

4U 


in AV, a set F^, of measure > m (Ej.) — 2r-iV^ which the sequence 

•V ••• » therefore the sequence (a::)), converges uni- 

1 

formly. The part of Fj, that is in Ei has measure > m (Ei) — 77, and 


in this part, the sequence (a:)} converges uniformly. Since t) is 

arbitrarily small, when r is increased, it follows that the sequence (.r)} 
converges almost everywhere in Ei, Similarly, it can be shewn that the 
sequence converges almost everywhere in each of the sets £*2 , ^3 , . . . , 
and therefore it converges almost everywhere in E. A function s (x) is 
defined almost everywhere in E, as the limit of the sequence (a:)}. 

It will be shewn that the function s (x), so defined, is unique, in the 
sense that two values obtained as in the above process, but employing 
different modes of determining the sequence {n^)y can only differ from one 
another at points of a set of which the measure is zero ; and thus that they 
are equivalent functions. 


Let 5^^) (a:), (x) be two such values of s (x), defined by sequences 

(a:)}, (x)} respectively. If, in the set Ei, they are not equivalent 

to one another, there must exist two positive numbers A, k, such that 
I (x) — (x) I ^ A, in a set of points of measure k, contained in Ei, 

If € be an arbitrarily chosen positive number, we have (a;) — (x) | < c, 

in a certain set, contained in Ei^of measure >m(Ei) — C, for a sufficiently 
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large value of p ; similarly | (x) — (x) | < c, in a certain set, of 

measure > m {E^) — where p is sufficiently large. 

It follows that both these inequalities are satisfied, for a sufficiently 
large value of in a set of measure > m {E^) — contained in E^ . 

Since | {x) — 8 ^,^ (x) | < €, in a certain set of measure > m (E^) — rj, 

for a sufficiently large value of p ; and since 

I 5(1) (X) - 5 ( 2 ) {x) I I 5 ( 1 ) (X) - 5^^ (x) [ + | 5 ( 2 ) (x) - 5 ^,^ (it) 1 + | 5 ^^ {x) - 5^,^ (x) | , 
by choosing p sufficiently large, we see that, in a certain set, contained 
in j&i, of measure > m (E^) —rj — ^ we have | 5(1) (x) — 5(2) (x) | < 3 ^. 
Let € be so chosen that Sc is less than A, and 7? -H ^ 4 - ^ is less than k ; then 
I 5(1) (x) — 5(2) (x) I < A, in a set of measure > m (E^) — k. This is inconsistent 
with the assumption that, in E^ , | 5(1) (x) — 5(2) (a:) | ^ A in a set of points 
of measure k. It follows that, in E^, 5(1) {x) and 5(2) (x) differ from one 
another only at points of a set of measure zero. The same argument 
applies in the case of each of the sets Ej. \ and therefore, in E, the two func- 
tions 5(1) (x), 5(2) (x) are equivalent. 

The following theorem has now been established : 

If a sequence {5„ (x)}, of measurable functions, is convergent on the average, 
in a measurable set E, of finite, or of infinite, measure, and of any number of 
dimensions ; so that the measure of that part of E in which 

I «!> (^) - «« (*) I S e. 

for each fixed value of c, converges to zero, as p and q are indefinitely increased, 
independently of one another, then a subsequence { 5 „^(x)}, of the sequence 
{ 5 rt (x)}, can be defined, which converges to a sinqle-valued function s (x), almost 
everywhere in E, Moreover two functions s (x) which satisfy this condition 
are equivalent to one another. In some set of points of measure zero, s (x) 
may be undefined. Moreover, if E has infinite measure, the theorem is valid 
when {Sn (x)} is convergent on the average in each part of E that has finite 
measure. 

That the convergence of the sequence {5^^ (x)} to s (x), almost every- 
where in the set E^, of finite measure, necessarily entails the uniform 
convergence of the sequence in some set of points of E^, whose measure 
differs from m (Ef} by less than an arbitrarily fixed number, follows from 
Egoroff’s theorem (§ 99 ). 

169 . If 5 (x) be a measurable function, defined almost everywhere in 
the measurable set E, of finite, or of infinite measure, and if there exists 
a sequence {5,^ (x)} of measurable functions, each of which is finite almost 
everywhere in E, such that the measure of the set A (c, n), of points at 
which I 5 (x) — 5 „ (x) 1 ^ €, converges, for each fixed value of c, to zero, 
as w ^ 00 , then the sequence {s„ (x)} is said to converge on the average to a (x), 
in the set E. 
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The relation, which will be investigated below, between the two pro- 
perties of “convergence of a sequence on the average” and “convergence 
of a sequence on the average to s (a:)” is analogous to the relation between 
convergence of a sequence of numbers, and convergence of a sequence of 
numbers to a limit, leading to the General Principle of Convergence given 
in I, § 30. 

In case m {E) is infinite, the sequence may converge on the average to 
s (x), in each part of E, and yet not necessarily converge on the average 
to s (x*) in E itself. 

For, in E^., we may have m (c, n)] < rj, for where is 

an integer dependent on e, 77, and on the set E^. Unless is bounded, for 
all values of r, there exists no integer n, such that m \h (e, w)] < 77, for 
n ^ N, and if this is the case for all sufficiently small values of €, 77, the 
sequence docs not converge on the average to 5 (a;), in 

The following theorem will be established : 

//, in the measurable set Ey of finitCy or of infinitBy measurey a sequence 

(a;)} of measurable functions, finite almost everywhere, converges on the 
average to a measurable function s (x), finite almost everywhere, then the 
sequence {.5„ (a:)} is convergent on the average, in E, Moreover a partial 
sequence (a;)} cxin be defined which converges almost everywhere in E to a 

function equivalent to s {x). 

At every point of E not belonging to the set h (le, p), of the points at 
which I (a:) — s^ (x) | ^ |e, nor to the set h (Je, q), and at which s (x) is 
defined, we have | s (x) — Sj, (x) | < ^e, and | 5 (a;) — s^ (x) | < Je, and 
therefore | Sj, (x) — s^ (a;) | <6. Accordingly, at every point of E not 
belonging to a set of which the measure is 

m [h ( Je, p)] -f m [h (|e, g)], 

we have | {x) — /, (a:) | < €. Therefore the set e (e, p, q), of points of E, 

at which | (a;) — (a;) | ^ e, has its measure 

m[h ( Je, p)] + m[h ( Je, g)]. 

Thus lim m [e, p, 9] lim m [h (Jt, p)] + Hm m [h (^e, q)\ 

— 00,5-^00 p~oo <7-^00 

or the limit on the left hand side is zero. Therefore the sequence (x)} 
is convergent on the average, in E, 

By the theorem of § 168, a sequence (x)} can be defined which 
converges almost everywhere in to a fimction <f> (x) defined almost every- 
where in E. It will be shewn that <j> (x) and s (x) are equivalent to one 
another. 

In the part E,., of E, of finite measure, there exists a set of points of 
measure > m (Er) — q, in which (x)} converges uniformly to </> (x). 
Hence, in this set, | <^ (x) — s^j, (x) | < €, for all sufficiently large values of 



244 Series or Sequences of Continuous Functions [oh, iv 

jp. Moreover | 5 (a;) — (x) | < c, in a set, contained in , of measure 

> m (Er) — provided p is sufficiently large. Hence, taking a sufficiently 

large value of p, we have | (a;) — (a:) j < 2 e, in a set of points contained 

in Ef , of measure > rn (E^) — rj — C- Since rj and C converge to zero with e, 
it follows that s (x) — (x) = 0 , almost everywhere in Ej . . Considering the 

sequence {Ej], of which E is the outer limiting set; or in case m (E) is 
finite, taking E^ to coincide with E, it follows that <f) (x) s (x) almost 
everywhere in E. Thus the second part of the theorem has been proved. 

The following is the converse theorem : 

//, in the measurable set E, of finite, or of infinite, measure, the sequence 

(x)}, of measurable functions, finite almost everywhere in E, is convergent 
on the average, the function s (x), defined in accordance with the theorem of 
§ 168 , is such that the sequence (a:)} is convergent on the averaqe to s {x), 
in any part E^ , of E, of finite measure. If m {E) is finite, (a:)} converges 
on the average to s {x), in E. 

Since (x)} is convergent on the average, in Ei , | Sj, (a:) — s^^ (a:) | < 17 
in some set of measure > m (E^) — provided p and q are sufficiently 
large. Now let q ^ n^, then ( 6' (a:) — s^^ (^) | < “p, in some set of measure 

> m (El) — provided r is sufficiently large. It follows that 

I 5 (a;) - (x) I < 2r), 

in a set, contained in E^ , of measure > m (JE'i) — 2^, the fixed number p 
being sufficiently large. For this value of p, the set of points of Ej at which 
I 5 (a;) — (a:) | ^ 2 r} has its measure less than 2^. Since 77 and ^ converge 

together to zero, the condition is satisfied that {«„ (a;)} converges on the 
average to s (a:), in Ei, The set E^ may be any measurable part of E, 
and in case m (E) is finite, it may be identical with E, 

A particular case of the last theorem arises when (a:)} converges, 
in the ordinary way, to s (a:), almost everywhere in E, If E-^ is a part of E, 
of finite measure, (a:)} converges uniformly in a part of E^ of measure 

> m {E-f} — 11 p and q have large enough values | s^, (x) — s^ (x), | < e, 

in a set of points of measure > m (Ef) — Thus the points of E ^ , at which 
I Sp {x) — Sg (x) I ^ €, form a set of measure < for each pair of values of 
p and q that are both large enough. Hence the sequence (x)} converges 
on the average in each part Ei , of E, for which m {Ef) is finite; accordingly 

(a:)} converges on the average to s (x), in each part of E that has finite 
measure; if m (E) is finite, (a:)} converges on the average to s (x), in E, 
It has thus been shewn that : 

If (x)} converges almost everywhere to s (x), it converges on the average 
to 8 [x) in any part of E of which the measure is finite. 

That the converse of this theorem does not hold good is seen by con- 
sidering, as in § 1 69 , the sequence (x)}, which is convergent on the average 
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to 8 (x ) ; the sequence itself does not necessarily converge to s (x), but only 
the part sequence (a:)} converges to s (x) almost everywhere in the set E, 

For example, let (x)} be defined in the linear interval (0, 1 ) by the 
rule that, if n = m** + r, where 0 r < 2m -h 1, then (x) = 1, in the 

interval T’ everywhere else sequence 

(it)} is convergent on the average in (0, 1), but it is not a convergent 
sequence. The subsequence (x)} converges to the function which has 
the value zero everywhere except at the point 0, where its value is 1 . 

170. If the measurable function/ (x), and the sequence of measurable 
functions {(/>n (x)}, defined in the measurable set Ey of finite, or of infinite 
measure, of any number of dimensions, be such that 

f ] f (!>:)- <f>n (x) 1“ dx, 

J (K) 

for a value of A: (> 0), exists as an Z-integral, for every value of n, and 
converges to zero as n oo , it is easily seen that (x)} converges on the 
average to / (a:), in E. For, if be an integer, so great that 

I* I / (x) — <f>n (x) I dx < €*"+1, for 
J {E) 

the set h (e, n)y of points of E at which | / (x) — (/>„ (x) | ^ £ must have its 
measure < e. Since e is arbitrary, it follows that {(^„ (x)} converges, on the 
average, to / (x), in the set E. For, if e' < £, and n ^ t?^', the set h (e, n) is 
contained in h (e', n); and thus m {h (c, w)] m \h (f', 7?)] < e', for n ^ 
hence m [h (e, 7^)] converges to zero, as n -- oo. It follows from the first 
theorem of § 169, that the sequence {(f)^ (x)} is convergent on the average; 
and therefore, that, in accordance with the theorem of § 168, a partial 
sequence (x)} exists which is convergent almost everywhere in E, and 
converges to / (x), in accordance with the second theorem of § 169. 

Similarly, if the sequence (x)} be such that 

lim [ (x) - </>5 (x) \^d^ - 0, 

J (E) 

it is seen that the sequence {<^„ (x)} converges on the average in E. There 
then exists a sequence {<f>„p (x)} which converges almost everywhere in E 
to a function /(x), defined almost everywhere in E; and it converges on 
the average to / (x) in any part of E which has finite measure. 

171. The most important case for consideration, in view of applications 
in the theory of Fourier’s and other series, is that in which k == 2. The more 
general case will be considered in § 177. 
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It will be shewn that : 

If {<j>n (a:)} be a sequence of functions, each of which has its square summable 
in the measurable set E, of finite, or of infinite, measure, in any number of 
dimensions, and if the functions are such that 

lim [ (x) - (a:)}^ dx - 0, 

P^QO, J (E) 

then a sequence {n^}, of integers, can be so determined that the sequence 
{<f>np (a:)} converges, almost everywhere in E, to a function f (x) whose square 
is summable in E. Moreover f (x) is unique, in the sense that two values of it 
are equivalent to one another. 

In accordance with what has been proved in § 170, the sequence 
{f>n (^)} being convergent on the average, there exists a sequence (x)} 
which converges, almost ever 3 rwhere, in E, to a function/ (x). 

It will first be shewn that | {<;6„ {x)Y dx converges, as n — qo , to 

a definite limit. 

We have 

f {</>n(x)}^dx<2f {<f>,(x)ydx + 2f <f>,{x)rdx 

J(E) HE) J {E) 

<2f {<^,(x)}^dx+2e, 
Ue) 

where is a fixed integer sufficiently large, for all sufficiently large values 
of n; therefore (a;)}^ dx is bounded for all values of n. Again 

HE) 

f I {^n (*)}* I <^ < Ff {^n{x)- <i>m X 

hm ^(K) 

[ {<^„(x) + ,/>„(x)pdxV<j[2[ {^„(x)}«+2f 

HE) J L HE) J(E) J 

where A is a fixed positive number, provided n and m are sufficiently large. 

It follows that I {<f>n (x)Y dx converges to a definite limit, as w ac . 

HE) 

If the integration had been taken over any set G, contained in E, the 
same proof would shew that {<!>„ (x)Y dx converges, as -- oc , to a 

HO) 

definite limit. 

Let E be the outer limiting set of a sequence {E^, of measurable sets, 
all of finite measure, such that each set contains the preceding one. In 
case m (E) is finite, E^ may be taken to coincide with E, for aU values of 

g 

n. In each set E^ there is a set of measure > m (E^) ~ in which 
the sequence (a;)} converges uniformly to / (a?) ; the part of this set that 
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is in has its measure > m (^j) — It is clear that the sets may be 

so chosen that (?„ is contained in for all values of w. 

Since (a;)} converges imiformly to / (z) in the set , we have, in 
that set \f{x)\<\ (f>np {x) | + 77, where 17 is a chosen positive number, 
provided p is sufficiently large. Since | <^,1^ {x) is summable in (?„, it 
follows that I / (a:) is also summable in 

We have also 

I [{/ - {^np {x)?] dz <l [ {/ (*) - 4 ,„ (x)Y dx 

J(0,) ^ LJ«7.) 

J (On) ^ J 

and, for all sufficiently large values of p, we have \f(x)-~ (x) | < €, 

at all points of thus the integral on the left-hand side is less than 

e[m{E„)]^y^^^{ 2 \f{x)\+eYdxj\ 

Since p becomes indefinitely great, as e 0, 

f (/ (x)}^ dz=r Um f (z)}^ dz 

J (On) J>~oo ./ «7.) 

= lim [ (z)}^ dx 

. (On) 

•S lim f (z)}<‘ dz. 

7n~oo J (B) 

Now m ((?„) > m {E„) — hence, since 8 is arbitrarily small, we have 
f {/ (a;)}’* dx £ lim [ (x)P dx. 

•J (En) (E) 

Thus I {f{x)Ydx is bounded for all values of n, and its limit, as , 

J(En) 

accordingly exists as a definite number, since the values of the integral, 
as n increases indefinitely, form a monotone non-diminishing sequence. 

It follows that I {/(x)}^(ix exists ; and therefore {/ (a:)}* is summable in E. 

J(E) 

172 . We proceed to obtain further properties of the function / (a;). 
We have 

f if (a;) - <f>m (a;)}“ dx - ( {<f>,n (x) - <l>„, (a:)}* dz j 

J (Op) J (Op) I 

r f {/ (x) - K {x)Y dxf {f(z) + (z) - (z)y (fol* 

LAOi.) •'(K) J 

It is easily seen that 


f {/ (x) + 4>nr (*) - Hm (*)}* dx 

J(E) 
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is less than a fixed number, independent of r and m; for the integrals of 
(^)}^> {<f>m than fixed numbers ; and since {/ (x)Y is sum- 

mable, the integrals oi f (x) (x), f(x)<f>^(x), and <f>nr (^) <f>m {^)y are 

seen, by employing Schwarz’s inequality, to be numerically less than fixed 
positive numbers. We have therefore 


I {f (^) - <l>m dx < [ (X) - (X)y 

J (Op) J (E) 


dx 


K 


f {/ (^) “ <f>nr i^)Y dx 
J (Op) 


where K is independent of r, m and p. 

If m be chosen sufficiently large, I {</»„, (x) — <f>^ (x)Y dx is less than 

J(E) 


an arbitrarily chosen positive number €, for all sufficiently large values 
of r. Also {f(x) — <l>nr(^)V is arbitrarily small {<7]^) everywhere in 
provided r be large enough. Therefore 


f {/ {^) - 4‘m dx<e + K7j{m <€ + Kf]{Tn (E,)}i. 

Ua,) 

This holds for the set Oj , , of measure > m (Ej) — ; hence, by diminishing 

8 indefinit/cly, it is seen that {/(^) — <f>m (x)}^dx^ e, since r) is arbitrarily 

J (Ep) 

small; and this holds for all sufficiently large values of m. 


Taking a fixed value of m sufficiently large, we see that, since, for 
sufficiently large values of p 

[ if (^) - i>m (^)}^ dx~ [ {f(x)~<j>m (x))^ dx<€, 

J(E) J(Ep) 

we have {/ (x) — <f>^ {x)Y dx < 2e, provided m is sufficiently large. 

HE) 

Therefore lim [ {/ (x) — <j>,n (x)P dx == 0. 
m-^oo J (E) 

Again, we have 

f {/ (*)}* dz- [ (x)}* U r [ {/(z)- <f>„ {z)f dx X 

J{E) J(E) I LUe) 

j^^{f (X) + <}>„ (X)}* (ixj* £ If' y (X) - (X)}* (^xj^ 

where K' is a fixed positive number. 

It follows that 
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The following theorem has now been established : 

The f unction f (x), to which the sequence (a;)} converges in the measur- 
able set E, of finite, or of infinite, measure is such that 

[ {/ liwi [ {<t>m dx, 

and that lim [ {/ (x) — (a;)}^ dx = 0, 

rw'^oo J (E) 

where the functions {<^„ (a:)} satisfy the conditions of the preceding theorem. 
Conversely, it may be shewn that, if a function / (a:) whose square is 
summable in E, exists, and is such that 

lim f {/ (x) - <f>^ (x)}^ dx - 0, 

n-^oo J (E) 

then lim [ (x) — (x)}^ dx = 0. 

j)-00 J (E) 

Q'^ca 

For [ {<f>^(x)-<l>,(x)fdx<2f {f (x)- (f>^(x)}^dx + 2 i {f(x)-(f,„(x)fdx. 

J (E) J (E) J (E) 

A CLASSIFICATION OF SUMMABLE FUNCTIONS 

173. If a measurable function / (x), defined in the linear interval (a, b), 
or in a cell (a, b) of any number of dimensions, be such that | / (x) |^, where 
p ^ 1, be integrable (L) over (a, b), the function / (x) is said to belong to 
the class [L** | . If ^ ^ 1 , the class consists of all summable functions ; we 

shall therefore assume that n > 1. Let q be defined by - 4- ^ = 1, so that 

PQ 

q > \. If f I (x) be of class [L^] , and /g (x) be of class [L^] , we have the 
fimdamental relations given in i, § 435, 

1 

f /i (*)/2 - [ \fAx)\’’dx [ \f^{x)\9dx 

J a [_J a JL*'o 

and if / (x), g (x) are both of class [L^], we have 

1 1 1 

l/W + 9(x) \f{x) \^<lx **+ 

It follows from these relations that the product (x) /g (x) of functions of 
classes [L^] and [L«] is summable, and that the sum of two functions, both 
of class is also of class [L*’] . 

It may be proved* conversely that if, for all functions (x), of class 
[L^], the product (x)f 2 (x) is summable, then/g (x) must be of class [L«]. 

♦ See F. Riesz, Math. Annalen, voL Lxix (1910), p. 457. The theory of strong and weak 
convergence of functions of class [/>] is there given. 
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The following generalisation of the approximation theorem given in 
I, § 430 will be established : 

If \f(x) I**, for a value of p that is ^ be summable in the interval, or 
cell, (a, b), a continuous function </> {x) can be so determined that 

J a 

is less than an arbitrarily assigned positive number. In case f (x) ^ 0, in 
{a, b), the function <f> (x) can be so determined that <f> (x) ^ 0, in (a, b). 

The proof of this theorem only requires a slight modification of the 
proof, given in i, § 433, for the case in which p 2. Taking (x) S 0, the 
continuous function (a:) 0) can be so determined that 

J a 

For every value of x, we have 

I /i ~ <f>i {^) I” - I fi (*)” - <f>i (*)” I , p> i ; 

fh 

it follows that ( (x) ~ f>i (x) dx < y]. 

J a 

Taking / (a;) =/i (*) -/j (x), where/, (x) > 0,/^ (x) S 0, and employing the 
inequality 

\^\f{x)-4>(x)\^dx 

J a 

= 2>’-i [ I /, (x) - (x) I” dx + 2>’-i [ I /j (x) - (X) |» dx, 

J a J a 

the result follows, as in i, § 433. 

From this theorem there can be deduced a theorem established other- 
wise by F. Riesz {he. cit.) for the case of a linear interval. The interval or 
cell (a, 6) can be divided into a definite number of cells or intervals, such 
that in each of them the fluctuation of (f> (x) is less than the prescribed 
positive number rj. Let </f (a;) be that function which has, within each cell 
or interval, a constant value equal to the value of f> (a;) at the centre of 
the cell or interval ; and let ijj (x) have the value zero on the boundaries 

fb 

of the cells or intervals. It is seen then that \ <f> {x) — ifs {x) dx is less 

J a 

than ri^ multiplied by the measure of (a, 6). 

From the relation 

[*’!/(*)-'/'(*) i’’dxs 2>’-i [ |/(x) - ^(x) ["dx 

J a J a 

+ 2'-! f*|^(x)-^(x)|»>dx 

J a 
rb 

it is seen that \ f (x) ~ {x) \'p dx is less than an arbitrarily assigned 

J a 

number, if <f> (x) and ift {x) be properly chosen. Thus it has been shewn that: 
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If f (x) be of class [L*'], where a function 0 (a;), can be determined ^ 

which is constant within each cell or interval of a set into which (a, 6) is divided, 

svdh that \ f (x) — ijj (x) dx is less than an assigned positive number. 

• a 

174. If a sequence {/„ (x)} of functions belonging to the class [L^l 
satisfies the condition 

lim f lf(x)~f„(x)l^dx^O, p>l 

n~oo J a 

the function f (x) belonging also to the class [L^\ the sequence {/„ (x)} is 
said to converge strongly to the function f (x), with exponent p. In case 
p = 2, strong convergence is identical with the convergence considered in 
§§ 171 , 172 . 

If g (x) be a function belonging to the class [Z/®] , we have 

1 1 

f {f(«^)-fn(x)}g(x)dxS. [*!/(*) -/n W I” ^ [ \ g (x) ]" dx ^ , 

a L *' « J L* a 

>ws that 

f f (x) g (x) dx ^ lim ( f„(x)g{x)dx (1> 

a J a 


from which it follows that 

fb 


We have also 


[ |/(») [[ \f{x)-f„(x)\»dx^+ f lf„(x) l’’dx 

a J U o J U Cl 


from which it follows that 


['’|/(a;) Im [ \f„(x)\^dx. 

n-oo'a 


It can be shewn similarly, by interchanging/ (x) and/„ (x) in the inequality, 
that 

iim I \f„{x)\’'dx^. { \f(x)\’‘dx; 

n~oo J a J a 

and it then follows that 


l/{a;) - lim [ |/„ (a:) |»’da; (2) 

J a Ti'^oo . a 


The relations (1) and (2) express cardinal properties of a sequence which 
converges strongly. 

175. The sequence {/„ (x)}, of functions belonging to the class [Z^^], is 

said to converge weakly, with exponent p {> 1), to the function / (x) of 
rb 

the same class, if (1), jfn (x) dx < K, for all values of n, and (2), 
Ja 

lim /n = / (^) every sub-interval, or sub-cell, of the 

n'^co J A J A 

given interval, or cell, (a, 6). 
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If g (x) be a function of class \L^], consider the function ijs (x) which is 
constant within each cell or interval of a set into which (a, 6) is divided, 

and is such that I \ g {x) ~ ifj {x) dx < \ where e is an arbitrarily chosen 

j a 

positive number. From the condition (2) in the definition, we have 


We have also, 


lim [ {f(x) (x)} il> (x) dx - 0. 

n-^oo Ja 


f {f{x)-fn(x)}g{x)dx^\ [f{x)-f„(x)}{gix)-i/j(x)}dx 
J a J a 

+ f{/(x)-/„(x)}0(x)rfx; 

J a 

the first integral on the right-hand side does not exceed in absolute value 


or e 


f \fix)-f„{x)\^dx' [ \g{x)-iP(x) 

J a ^ J L*' « 

[ \f(^) -fn (a;) \^dx ‘ , 


h dx 


and it therefore does not exceed 

1 1 
r cb 

dx 


f [ |/(a;) + f [ |/„(x)|»( 

Ja J lya 

and, in virtue of condition (1), this is less than a fixed multiple of e. Hence 

lim I j {f (x) — /„ (a:)} g (a:) dx [ is less than a fixed multiple of e; from 
n'^oo ' <2' I 

which we have 

[ f(x)g(x)dx:^\im\ f„(x)g{x)dx {!)' 

J a n~oo J a 

the same relation as in the case of strong convergence. 

Next let gr (a;) = i | / (^) the upper or lower sign being taken 
according as / (x) > 0, or < 0; we have then | g (x) — | / (•^) [^; and thus, 

from (1)', we have 

[ \f{x)\'‘dx=.lim [ f„(x)g{x)dx. 

Ja n~co Ja 


We have then 


^ lim 

n-^ao 


[ \fn{x)\^dx 

J a- 

f \g{x) |« dx 

J a> 

[ \fn(x)\^dx 

J a 

[ \f(x)\’’dx 

J a 


rb rb 

and therefore | / (a:) j*' da; ^ lim \fn(x)\^dx (2)' 

This inequality (2)', for weak convergences, corresponds to the inequality 
(2), in the case of strong convergence. 
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176 . The following theorem is fundamental in respect to weak con- 
vergence; it has however reference only to the case in which (a, 6) is a 
linear interval : 

If CL family of functions f {x) of a single variable, all of class contains 

an infinite (not necessarily enumerable) set of functions, and if 

(''\f(x)\^dx<K^, 

J a 

where K is independent of the particular function of the family, then the 
family contains at least one sequence {/„ (x)} which converges weakly, with 
exponent p, to some function j (x) of class [L^]. 

For every function / (x), of the family, the function F (x) = \ f (x) dx 

J a 

can be formed. For all these functions we have 

1 ^ 

Fia) = 0, \F (x,) - F{x 2 )\ = \'f{x)dx£ [ ' \f {x)\^ \x^ ~ x-^^i 

‘ 3*1 L-' Xx J 

1 

or I F (Xi) — F (Xg) \ ^ K \ Xi — x^ |®. It follows that the family of functions 

1 

F (x) is equi-continuous, and since | F (x) | K (b — ay^, the conditions 
of Arzel^’s theorem, given in § 120, are satisfied. It follows that a sequence 
{Fn (x)} is contained in the family {F (x)} which converges uniformly to 
a function P (x). 

We may take { /„ (x)} to be the sequence of functions of the given famil}^ 
which corresponds to the sequence (x)} . If the interval (a, b) be 
divided in any manner into a number m, of parts 

(Xq, Xi), (Xj, X2), ... (x^_i, xj, 


where x^ == a, x^ b, we have (see i, § 452) 

I (Xr ) - F „ jXr.,) I*- ^ f'- , 

r- 0 (*r ^ -a 

By letting n increase indefinitely, we have 

"if 

,.0 (X, 


\f^(x)\^dx!,K’‘. 


it has been shewn in i, §§ 451, 452 that this is the necessary and sufficient 
condition that F (x) should be the indefinite integral [ / (x) dx, of a 

• a 

function f(x) which belongs to class It has thus been shewn that, 

to the sequence { /„ (x)} there corresponds a function f (x), of the same 

class, such that lim [ f^ (a:) dx = j f (x)dx\ and thus that { /„ (x)} con- 

n-^oo a J a 

verges weakly to / (x). 



254 Series or Sequences of Continuous Functions [ch. iv 

177. From the last theorem the following extension of the theorem of 
§ 170, in the case of a linear interval (a, h), may be deduced: 

If a sequence {/„ (a:)} of functions of class [iy^] be such that 

[/«(^) 

J a 

n~Qo 

m~Qo 

there exists a function f (x), of the same class, to which {f„ (a:)} converges 
strongly, with exponent p. 


Since 

b 


\f„{x)\^dx\p S. \f„{x) -f,„{x)\’'(lx ^ + [ \f^(x)\^dx 

da L-' a J L*' a 


taking a fixed value of 7n, such that for n ^ m, the first expression on the 
right-hand side is < tj, we see that the expression on the left-hand side is, 
for all such values of n, less than a fixed number; and it follows that 
rb 

\fn (r) dx is less than a number for all values of n. From the 
J a 

theorem of § 176 there exists a part (a:)} of the sequence {/„ (a:)} which 
converges weakly with index p, to a function / (x), of class [L ^'] . It follows 
that the sequence { {x) — /„ (x)} converges weakly, with exponent p, to 
/ (^) “ /n (^)J have therefore, from (2)' of § 175, 

f l/n, W -/n(^) l’’dx-3: [*’|/(a:) (x) l’’dx. 

r^oo o 


Letting n increase indefinitely, we have, from the condition in the enuncia- 
rb _ 

tion, hm |/(a;) — /„ (a:) rfa: 0; and thus {/„ (x)} converges strongly, 
n~oo J a 

with exponent p, to / {x). 


PROPERTIES OP A MEASURABLE FUNCTION 

178. In accordance with the fundamental approximation theorem 
given in i, § 430, if / (x) be a summable function defined in a given cell A, 
there exists a continuous function (f> {x) such that 

f lf(x)-i^(x)jdx< e. 

J (A) 

Iff (a;) be defined only in a bounded measurable set E, and be summable 
in E, we may suppose E to be contained in A. The function / {x) may. be 
extended to the whole cell A, by assuming that / (a?) == 0 in A — the 
extended function being summable in A. We have then 

f I •^ (*) I < e, 

1(E) Ja-E) 
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and thus / \ f (x) — (f> (x) \ dx < e. It thus appears that the approxirna- 

Ue) 

tion theorem of i, § 430, may be applied to a summable function / (x) 
defined in a bounded and measurable set E. It also appears that the con- 
tinuous function <f) (x) may be taken to be not onJy continuous relatively 
to E, but also relatively to A, and consequently (see § 108) it can be extended 
so as to be continuous in all the space. In particular employing Weier- 
strass’ theorem (§ 102), the function (f> (a;) may be taken to be a finite 
polynomial. 

Taking e it is seen that the part of E in which \f(x) — </> (x) \ ^r] 
is of measure less than r). Now let / (x), although measurable in E, be no 
longer necessarily summable in E, but let it be finite almost everywhere in E. 
Employing the summable function (a:), such that (a;) ^ iV, or — N , 
according as / {x) is positive or negative, at every point at which | / (x) | ^ N, 
and (.r) --/(a:), when \ f (x) \ < N; and remembering that N can be 
so chosen that the set of points at which / (x) and {x) are unequal has 
its measure less than tj, we can determine a continuous function </> (a:), 
which may be a finite polynomial, such that | ^ (x) ~ (p (x) \ '^ rj, only 

in points of a set, contained in E, of measure less than 17 . It follows that, 
at all points of a set of measure > m (E) — 2r), contained in E^ the inequality 
I / (a;) ~ </> (a:) | < 2ri is satisfied. It has thus been shewn that, / (x) being 
any measurable function defined in the bounded and measurable set E, 
a function (f> (x), continuous relatively to E, can be so determined that 
I / (^) - 9^ {*) I < €, in a set contained in E, of measure > m (E) — e. 
Moreover the function ^ (x) can be so chosen that it can be extended into 
a function that is continuous in all the space in which E is defined; and 
in particular, it may be a finite polynomial. 

The following theorem has now been established: 

If f (x) be any measurable function (not necessarily summable)^ defined 
in the bounded and measurable set E, of any number of dimensions, and 
finite almost everywhere in E, then, if e be a prescribed, positive number, a 
function ^ (x), continuous in the whole spcLce in which E is defined, exists, 
such that \ f (r,) — <!> (x) \ < e, at every point of E not belonging to a set of 
measure < e, contained in E. Moreover, the function <f> (x) may be taken to 
be a finite polynomial, 

179 . Let E he a measurable set, not necessarily of finite measure. 
Taking E to be the outer limiting set of a sequence {E^} of sets each of 
which is of finite measure, let a function fin (^) defined, which is con- 
tinuous in all of the space, and such that, in \f(x)-~fin{x)\ < ^, 

at every point that does not belong to a certain set of measure 


It is 
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seen that, in , the sequence (x)} converges to f(x), almost everywhere ; 
for, in , I / (x) — <f>^ {x) | < ^^ , in a set of which the measure is 

> m (Ey) - . 

The sets of which the measures are greater than 

{Ex) - 2 (-^i) - ^2 e, ••• m (Ex) - 2 „ e, 

respectively, have a common part, of which the measure is S m [E{) — e, 
and, in this set, | / (.r) — (f)^ (^) | < it, for all values of m (1, 2, 3, ...). In 

the same set \f{x)~ {x) | < values n, n + ^ , oi m. 

It follows that {(j)^ {x)} converges to f {x), almost everywhere in E^, since 
€ is arbitrary. Since E^ may be taken to be any set, of finite measure, 
contained in E, it follows that the sequence {(/>,^ (a:)} converges to / (x) 
almost everywhere in E. 

The following theorem has now been established : 

If f (x) be a measurable function {not necessarily summable), defined in 
a meas urable set E, of finite, or of infinite, measure, (of any number of dimen- 
sions), there exists a sequence of functions (x)}, all of which are continuous 

in the whole of the space in which E is defined, such that {(f>^ (x)} converges, 
a<s m ac , alnufst everywhere in E, to the function f (x). Moreover, in par- 
ticular, the sequence may be taken to be {P,„ (x)}, where (:r) denotes a 
finite polynomial. 

It should be observed that, in the exceptional set, of measure zero, 
of points of E at which the sequence docs not converge to/ (a:), the sequence 
is not necessarily convergent. 

When the set E is of finite measure, there exists, in E, a set of points 
of measure > m (E) — e, in which the sequence {</>„ (x)} converges uniformly 
to / (x). This set may be so chosen as to be closed, or perfect. 

Relatively to this set, the function / (a:) must be continuous (see § 86). 
Thus we have the following theorem : 

If f (x) be a measurable [not necessarily summable) function, defined in a 
set of points E, of finite measure, in any number of dimensions, and finite 
almost everywhere in E, there exists in E a perfect set of points, of measure 
arbitrarily near to m (E), relatively to which the function f (x) is continuous. 

180. Let / (x) be a function defined in the linear interval [a, b), and 
summable in that interval. It has been shewn in i, § 432, that 

( I / (*) - / (*o) ! 

J Xi 

has a differential coefficient, equal to zero, at the point Xq, where Xq is 
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any point of the interval (a, b), with the exception of points belonging to 
a set of measure zero. If a::o be a point not belonging to the exceptional set, 
of measure zero, and rj be an arbitrarily chosen positive number, h may be 
1 

SO chosen that ^ I / (^) ~ / (^o) I < V- be set of points in the 

h 

interval — /?, Xq -f h), at which \f(x)~ f (xq) \ has its measure less 
than - ; hence | / (x) — / (j:^) | < e, in a set contained in — h, x^ -f ?i), 

of measure > 2^ Keeping e fixed, the number 1 — - converges 

to unity, as h and rj converge together to zero. Therefore the metric density 
of the set of points at which \f(x)— f (Xq) | < e is unity at the point a-Q. 
Therefore / (ir) is approximately continuous at Xq (see i, §235). 

Next, \etf{x), although measurable, not be summable in (a, h), but let 
it be finite almost everywhere. The summable function (a:) may be 
defined as in § 179. Let N have successively the values in a monotone 
sequence such that Nr increases indefinitely with r. Then each of the 
functions is approximately continuous almost everywhere in 

{a,b); and therefore, at almost every point of (a, 6), all the functions 
{y*(A^r) approximately continuous; let Xq be a point at which this is 

the case. Let s be a number such that | / (Xq) | < then the set of points 
at which | / (x) - / (a:o) | < e is such that, for some value t (> -v), of r, 

|/(a:) I < N,; 

and it follows that, at all points of the set, / (x) ^ (x). Since the set 

of points at which | (x) — (xq) | < e has its metric density unity 

at Xq, the same holds for the set of points at which \f (x) ~ f (xq) | < e. 
Hence / (a;) is approximately continuous at Xq . 

The following theorem has now been established* : 

If f (x) be any measurable function, finite almost everywhere, defined 
in the linear interval {a, b), the function is approximately continuous almost 
everywhere in (a,b). 

It is obvious that the function cannot be approximately continuous at 
a point of ordinary discontinuity. It may however be so at a point where 
the discontinuity is of the second kind. Thus, in a totally discontinuous 
function, all the points of ordinary discontinuity, if any, belong to the 
exceptional set; but at almost all the points at which the function has a 
discontinuity of the second kind the function must be approximately 
continuous. 

A characterisation of the discontinuities of functions, based upon the 
notion of approximate continuity, has been made by M. H. A. Newmanj. 

• See Denjoy, Bulletin de la aoc. math, de France, vol. xliii (1915), p. 170. 
t Camb. Phil, Trans, vol. xxiii(1923). See also Kempiaty, Fundamenta Mat. vol. vi (1924), p. G. 
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DBSCKIPTIVE PROPERTIES OF SETS OF POINTS 

181 . It is convenient to give here an extension and amplification of 
the definitions relating to descriptive properties of sets of points. The 
aggregate of aU points ... of a space of p-dimensions will 

be denoted by Sj , ; it has been shewn in i, § 49, that the points of Sp 
correspond uniquely to the points of the space interior to the finite cell 
(“ly — 1,...--1; 1, 1,... 1), the relation of order being invariant for 
the transformation. The improper points at infinity, introduced in i, § 53, 
are points which correspond in order to the boundary points of the finite 
cell; when these improper points are adjoined to the set Sp, it becomes 
the closed set Sp . 

A set Q is said to be closed in, or relatively to^ a set when every limiting 
point of G that is in E belongs to G; also when G has no limiting point in E. 

A closed set, in the ordinary sense, is a bounded set which is closed 
relatively to and such a set is also closed relatively to A set is 
closed in the extended sense when it is closed relatively to Sp, but not to 
Sp. It becomes closed in Sp when its improper limiting points are adjoined 
to the set. 

For example, the set of points 1, 2, 3, ... n, ... is closed with respect 
to the open interval ( — oo , oo ) because it has no limiting point in that 
interval. It is not closed with respect to the closed interval { — oo,oo), but 
when the improper point oo is added to it, it becomes closed relatively to 
the closed interval (— oo, oo). 

A set G is said to be perfect in, or relatively to, a set E, when it is closed in E, 
and when further, every point of it in E is a limiting point of the set. 

Thus a perfect set in the ordinary sense, being bounded, is perfect rela- 
tively to Sp and also to Sp \ it may be regarded as perfect, in the extended 
sense, when it is perfect relatively to Sp, but not relatively to Sp. It 
becomes perfect in Sp when its improper limiting points are adjoined to it. 

A set O is said to be open relatively to E if all the points of 0 that are in 
E are interior parts of 0, relatively to E. 

This is a slight extension of the definition given in i, p. 75, where the 
definition of an interior point of O, relatively to E, is given. It is easily 
seen that: 

If a set G is closed in E , the part I) (0, E) of G, which is in E, is closed 
in E. If a set O is open in E, the part D {0, E) is open in E. 

For a limiting point of D (0, E) that isinE belongs to G, and therefore 
to D (G, E) ; thus D {G, E) is closed in E. Again, if 0 is open in E, all the 
points of D (O, E) are interior points of 0 relatively to E, and therefore 
interior points of D {0, E), relatively to E. 
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The converse of this theorem is not in general true. For D (G, E) may 
be closed in Ey but a point of E may be a limiting point of G without 
belonging to G, 

If a set G is closed in E, it is also closed in any set E^ which is a part of E. 
Conversely y a set which is closed in E^ is part of a set which is closed in E, 

For every limiting point of D {Ey G) that is in E is also in D {Ey G) ; 
therefore every limiting point of D (Ey G) that is in E^ , and consequentlj'^ 
in Ey is contained in D (E^y G). Hence G is closed in E^. 

If G^ be closed in E^ , every limiting point of G^ that is in E^ belongs to 
Consider the set Gy obtained by adding to G-^ those of its limiting 
points that are in E but not in E^. Every limiting point of G that is in 
E belongs to G ; therefore G is closed in Ey and it contains G^ . 

If a set E be closed in Gy its complement in Gy namely G — D (Ey 6r), is 
open in G ; and conversely. 

For a point oi G — D (Ey G) has no point of E that belongs to G in 
a sufficiently small neighbourhood, and is therefore an interior point of 
G — D (Ey G) ; therefore G — D (Ey G) is open relatively to G. 

It should be observed that a closed, or an open, finite cell is a set of 
points which is both open and closed relatively to itself. The set Sj, is 
both open and closed relatively to itself ; it is open but not closed in Sj , . 

If E be taken to be the set Sj, , we have as a particular case : 

Every set that is closed in Sj, is closed in every set E contained in Sj, ; and 
conversely every set that is closed in a set E is part of a set that is closed in Sj , . 

The above theorems also hold good for open sets, where in each case 
a set open in E takes the place of a set, closed in Ey and an absolutely 
open set takes the place of an absolutely closed set. 

For, if O be open in Ey the set G = O — D (Gy E) is closed in Ey and 
therefore in E^y any part of Ey thus O — D (Oy Ef) is closed in E^y and 
therefore D (Oy Ei) is open in E^ . If Oj is open in Ej^ , the set 

0,-D(0„E,)~G, 

is closed in E^ . 

The set G^ is part of a set G which is closed in Ey any set which contains 
El . Add to 0i those points of E which do not belong to G or to Oj ; we 
thus obtain a set O. This set O contains Oj, and since its complement in 
E D (Gy E)y which is closed in Ey the set 0 is open in E. We have 
accordingly the following theorem. 

Every set that is open in a set E is open in any part Ei , of E ; and a set 
which is open in Ei is a part of a set which is open in E. A set that is open 
in Sj, is open in any set E contained in Sj,; and a set which is open in E is 
part of a set open in Sj , . 
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SETS OF POINTS OF ORDERS 1 AND 2 

182. In the theory of the functions defined as the limits of sequences 
of continuous functions, sets of points of certain types are of importance. 

If E be any set of points, in any number of dimensions, a set contained 
in E, and which is either closed relatively to E, or open relatively to E, 
is said to be a set of the first order in E. A set which is contained in E, and 
closed relatively to E, will be said to be of type and a set contained 
in E, and open relatively to E, will be said to be of type The sets of 
the first order in E thus consist of sets of types &e 

If {E^ be a sequence of sets contained in E, and such that each set is 

contained in the next, and if each of the sets E^ is of the first order in E, 

( 2 ) 

then the outer limiting set of {E^} is said to be of type Oe , whenever it 
is not of the first order in E. 

In case each of the sets E^ contains the next, each set being of the first 

(2) 

order in E, the inner limiting set of {E^} is said to be of type Ce , whenever 
it is not of the first order in E, 

( 2 ) ( 2 ) 

A set of either of the types Oe is said to be a set of the second order 
in E, 

The following properties of these sets are of importance : 

A sequence {E^} of sets of the first order in E, each of which is contained 
in the next, has for its outer limiting set a set of the first order in E, provided 
an infinite number of the sets E^ are of type 

For all the sets E^ which are not of type O^e niay be removed from 
the sequence, without affecting the outer limiting set. Thus the theorem 
is equivalent to the statement that the outer limiting set of a sequence of 
sets, open relatively to E, and each one of which is contained in the next, 
is open in E. This is a generalisation of the theorem relating to open sets 
in the continuum, given in i, § 56, and is proved in the same manner; it 
being observed that a set that is closed in E is complementary to a set 
that is open in E. 

A sequence of sets of the first order in E, each of which contains the 
next, has for its inner limiting set a set of the first order in E, provided an 
infinite number of the sets E„ are of type Ce^. 

This follows also from a theorem given in i, § 56; it being observed that 
those of the sets E^ which are not of type Ce^ may be removed from the 
sequence. 

The complement with respect of E of a set of type O^e ^ of type &e- 
The complement with respect to E of a set of type &e of type 0^ \ 
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For the complement of M ... E^, ...), where each set is con- 

tained in the next, and is of type is the set D {E — E-^, E — E^, ... 
j& — ...). The sets E — E^ are all of type and each contains the next, 

hence the complement of M (E^ , E 2 , ... ...) is of type , or of order 1. 

It cannot be of order 1, for then M (E^, E 2 , ...) would be of order 1. 

/O) 

If a finite number of sets ... are all of type Oe , ii^ 

set E, the set D (//<^^ ... of points common to all the r sets, is of 

( 2 ) 

type Oe , unless it is of order 1 in E. 

Let //'*’-- Urn = lim 6f’, = lim Gtr’, where {(?!”}, 

ri~oo n~ao n^QO 

( 2 ) 

{Gn } ... are sequences of sets, closed in E, each of which is contained in 
the next. Any point of 1) ... belongs to all the sets On\ 

Gn \ ... Gn \ from and after some value of n depending upon the particular 
point, and therefore it belongs, for all such values of n, to 

n {On\ G^\ ... (f:\ 

The sets D (G^n \ ^n \ ••• ior n 1, 2, 3, ... form a sequence of 
sets, all closed in E ; and each is contained in the next. Their outer limiting 
set is D ... //^^^), which is consequently of the type d'f, unless 

it is of order 1 in E. 

The common part of two sets, A and B, each of which is either of type 
0 e\ or else of the first order in E, is also of type 0 e\ or else of the first order 
in E. 

(2) 

If both sets are of type Oe , the theorem is a particular case of the 

(O) 

preceding theorem. If one of the sets A is of type , and the other of 
type (4“, since A ^ lim G „ , where G„ is closed in E, we have 

W~ao 

D(A,B) - \im D(G„,B), 

W~oo 

and since B is closed in E, so also is D ((/„ , B) \ hence D [A, B) is of type 
or else of the first order. If A is of type and B of type we 
have B ^ lim , where g^t is closed in E ; then D(A,B) lim lim D(G„,g^), 

rri'^aa n—oo m~QO 

and this can be expressed as the limit of a simple sequence of sets closed 

( 2 ) 

in jE'; it follows that D {A, B) is of type Oe , or else of the first order in E, 
If A is of type O^e ^od B of type Z) (A , .B) is the set common to a set 
that is closed in E and one that is open in E\ then D {A, B) is expressible 
as the limit of a sequence of closed sets, and is therefore of type Oe , unless 
it is of the first order in E. 

If ... ,,, be a sequence of sets in E, all of type Oe\ the 

set M ... of points which belong to one or more of the 
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given sets, is also of type Oe\ unless it is of the first order in E, Also the 
latter set is of the first category in E, in case all the sets of the sequence are so. 

If = lim where all the sets are closed in E, let us consider 

n<^Qo 

the sequence of sets, closed in E, o[^\ M (Gfi \ \ M (Cfi \ (/i\ 

M (Gi \ Gi \ (/2 \ M (6?”’, Cf^\ g''i\ Cf,'*) .... Each of these is 
closed in E, and each is contained in the next, and eVery set occurs, 
from and after some fixed set of the sequence. It is clear that the outer 
limiting set is M ... ...) which is therefore of type 0^e\ 

if it is not of the first order. A set is of the first category in E, if all 
the sets foTn= 1, 2, 3, ... are non-dense in E. If all the sets 
are of the first category in E, all the sets 




M {G\ 


( 1 ) 


\ M 


^r(2) 

tT2 , 


gV). ... 


are non-dense in E, and therefore their outer limiting set is of the first 
category in E. 


(Q\ 

If El be a part of E, the part of a set of type Oe which is in Ei is of type 

Oe\ or else is of the first order in Ei . The corresponding result holds for a 
(2) 

set of type Ce • 

( 2 ) 

The set of type Oe is the outer limiting set of a sequence of sets 

all closed relatively to E. The sets D (Ei , G^) are all closed in Ei , and thus 

the part of the given set which is in Ei is the outer limiting set of a sequence 

of sets closed in Ei\ thus the part is of type Oe,, imless it be of the first 

( 2 ) 

order in Ei . The corresponding theorem for a set of type Ce follows from 

( 2 ) 

the fact that the complement of such a set, relative to E, is of type Oe • 


183. It has been shewn in i, § 96, that in case E he a perfect set, the 
outer limiting set of a sequence of non-dense closed sets, which is a set of 
the first category in E, has, for its complement in E, sl set which is every- 
where dense in E. It was in fact shewn that every cell or interval (a, jS) 
containing points of E contains a point, defined by a sequence of cells or 
intervals (a, jS), (aj, jSj) ... (a„, ..., each of which contains the next, 

which is a point of E, but not a point of the set of the first category. The 
argument is not in general applicable to a set E which is not closed, because 
the point defined by the sequence of cells or intervals may not be a point 
of E. The procedure is, however, applicable, in case E is an open set, 
because each of the cells or intervals {a ^ , j^n) inay then be taken to consist 
entirely of points of E. The set of the first category is then, in this case, 
diffuse (see i, § 65) in E, although it may be everywhere dense in E. The 
same remark applies to the case in which E consists of the points which 
an open set and a perfect set have in common. 
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We have thus the theorem : 


If E be either a 'perfect set, or an open set, or consists of the points common 
to an open and a perfect set, the outer limiting set of a sequence of non-dense 
sets, all of which are dosed rdativdy to E, and each one of which is cx)ntained 
in E, is diffuse in E. (See i, p. 76.) 

As in I, § 94, it follows that, if E be an open set, the complement of 
the outer limiting set cannot be of the first category in E, 

More generally, we have the theorem: 

If E he either perfect, or open, or be the set of points which an open set 
and a perfect set have in common, and if E^, E^, ... be a sequence of 

sets, all of the first category in E, then M (E^ , E 2 , . . . ) is of the first category 
in E ; and thus it is impossible that E ^ M {E^, E^, ...). 

For if E^ = M (Gn \ Gn \ •••)» where G^^ is closed in E, we have 


M (E^, E^, ...) - M {Gi\ Gf\ g’:1\ ...), 


and the set on the right hand side is of the first category in E. 

In particular E cannot be resolved into the sum of an enumerably 
infinit/C, or finite, series of sets, each of which is of the first category in E. 

If E be identical with the aggregate of all points in p dimensions, 
the sets of type consist of all open sets, and the sets of type C^s\ 
consist of all bounded closed sets and also of sets which contain all their 
finite limiting points. But if E be identical with Sj,, the absolute set 
in }) dimensions, the sets of typo ojsv include all bounded open sets, and 
also all unbounded open sets with, or without, their limiting points at 
infinity ; and the sets of type consist of all closed sets, whether bounded 
or not. This is seen to be the case by employing the correspondence of 
and of Ep with an open, or closed, finite cell. It is convenient to speak of 
sets closed relatively to as of type and of sets that are open 
relatively to E^, as of type 

Similarly, a set of type 0^^) or means a set of type or 
It has been shewn in § 181 that the part of a set of type that is in E, 
is of type and that the part of a set of type in E, is of type , 
whatever the set E may be; but the converse does not in general hold. 
It follows that the part of a set of type that is in E, is of type 
unless it is of the first order in E \ and that a set of type has, for its 

/ON 

part in E, a set of type 0^ , unless it is of the first order in E. 


184. It will be shewn that : 

If E be either an open set, or a closed set, or a sd which consists of the 
points which an open set and a dosed, sd have in common, then a sd, in E, of 

one of the types 0 e\ (dso of one of the types 
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The theorem is obviously true in case E is a closed set. If E be an open 
set, it is the hmit of a sequence {0^} of closed sets contained in it, and each 
of which is contained in the next, li E ^ D {H, K), where H is open and 
K is closed, let H ~ lim , where g^ is a closed set; then E ^ lim D , K), 

n~ao 

and D (gr„, K) is a closed set 6r„ ; or ^ lim G^. If be a set of type Ce , 

n—oo 

we have, in either case, F -= lim D (G^, F); and it will be shewn that 

n~oo 

D(Gn, F) is a closed set. 

Any limiting point of D ((7„, F) is in and therefore in E; also such 
a limiting point, being a limiting point of F which is in E, must belong to 
F, since F is closed in E; and it therefore belongs to D (6r„, F), which is 
therefore closed. Therefore a set of t3rpe is of one of the types 
for if it were of type it would be of type 
A set of type is the outer limiting set of a sequence of sets all of 
type Ce\ is one of the types O^^), hence it is of one of the 

types 0^2), It follows that a set of type is of type unless it 

be of the first order. 

A set of type is the outer limiting set of a sequence of sets all of 
which are of the first order in jBJ, and consequently of one of the types 
0(2), O(^), (7(^), hence the given set is of the type 0(2) (see § 182). For it 
cannot be of one of the types 0(i), (7(^), since it would then be of type 
Oe or Ce- 


FUNCTIOJfS REPRESENTABLE BY SERIES OR SEQUENCES 
OF CONTINUOUS FUNCTIONS 

185 . The question as to the nature of the most general function that 
can be represented in a given interval, or cell, as the sum of a series of 
continuous functions, and therefore as the limit of a convergent sequence 
of such functions, received a complete answer from Baire, whose result is 
contained in the following remarkable theorem : 

The necessary and sufficient condition that a function, defined in a closed 
interval, or cell, may be representable as the sum of a series of continuous 
functions which converges at every point of the interval, or cell, to the value of 
the function, is that the given function shall be at most pointwise discontinuous 
with respect to every perfect set of points in the given interval, or cell. 

The theorem was first established by Baire* for the case of functions 
of a single variable, and was afterwards extended by Lebesguef and by 
BaireJ himself to the case of functions of any number of variables. Other 

♦ In his memoir “Sur les fonctions de variables r^elles,” Awndli di Mat. (3) A, vol. m (1899). 

t Comptes Rendue, vol. cxxviii (1899), p. 811. 

X BuU. de la soc. math, de France, vol. xxviii (1900), p. 173. See also Baire's treatise Lt/^otu 
sur les fonctions discontinues, pp. 149-155. 
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proofs of the theorem have been given by Lebesgue’*', Dell’-Agnolaf and 
de la Vall^e-PoussinJ, 

The theorem will here be investigated by a method which is essentially 
that of de la Vall6e Poussin, but in a somewhat generalised form. 

If E denotes a set of points in any number of dimensions, a function 
defined over E which is continuous relative to E will be said to be of class 0, 
in E, By some writers, a more restricted definition of functions of class 0 
is adopted; only those functions arc 8aid§ to be of class 0, in E, which 
are not only continuous relatively to E, but which are capable of being 
extended so as to be continuous in the closed set M (E, E'), obtained by 
adding to E those of its limiting points which do not belong to the set 
itself; such a function can then (see § 108) be further extended so as to 
be continuous in all the space. If a function, defined in E, is such that its 
value at each point is the limit of a sequence of functions, all of which are 
of class 0, in E, is said to be of class 1, in provided it is not of class 0, 
in E. 

If {/„ (a:)}, a sequence of functions, all continuous relatively to E, has 
for its limiting function / (a:), then / (x) is of class ^ 1, in E. The functions 
fn (ir) need only be continuous in E in the extended sense of the term, and 
/ {x) may have an infinite value at a point at which the sequence {/„ (x)} 
diverges to oo , or to — oo . 

There is, however, no loss of generality in the theory if we assume that 
the functions {/„ (a;)} are all bounded, say in the interval (— 1, 1); in which 
case continuity is taken in the ordinary sense. For, if we employ the trans- 
f (T'\ f (x) 

formation <f>„ (x) - ^ ^ {x) = and if f„ (x) is con- 

tinuous relatively to E, and has / (x), of class 1, or 0, for its limiting function, 
it has been shewn in i, § 219, that the functions </> (x), (x)}, all of which 

are bounded and have their values confined to the interval (— 1, 1), are 
sueh that (x) is continuous relatively to E ; moreover </> (x) has the same 
class 0, or 1, as /(x), in the set E. The converse of this statement also 
holds good. It will accordingly be throughout assumed that all the 
functions /„ (x),/(x) are bounded. 

186 . It is clear that, if / (x) is of class 1, in E, it is of class 5 : 1 in any 
part of E, 

The following theorem is easily established : 

If the functions f^ (x), /g (x), .../,. (x) are all of class 1, in E, and the 

* See Borel’s LeQons sur Us fonclions de variabUs rMes, pp. 149-155; also Lebesgue’s memoir 
**Sur les fonotions representables analytiquement,” LiouvilU's Journal (6), vol. i (1905). 
t Atii Ven. vol. Lxvin (1909), p. 775; Bend. Lombardo^ vol. xli (1908), pp. 287, 676. 
t See his treatise InUgrales de Lebesgue (1916), pp. 121-125. 

§ See, for example, Carath^odory’s Vorlesungen iiber reelU Funktionen, p. 393. 
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function F {fi, ft, fr) is continuous tuith respect to ■■•fr) then 

^ (/ 1 ./ 2 . ■■■ fr) is of doss & 1, in E. 

Let f, (x) — lim f,„ (x), for « = 1, 2, 3, ... r; where /„ (x) is of class 0, 

00 

in E. The function F (fin> f in > ■■■fm) is continuous, and thus of class 0, in 
E. Also F{fi,f^, .../J = ]im F (fin, ftn, ...fm), and therefore 

W'^OO 

^ (/l» /2> ••• fr) 

is of class 1, in E. 

The following special case of this theorem should be observed: 

(1) The sum, or the difference, or the product, of two functions ecich of 
which is of class ^ 1 , in E, is also of class ~ I, in E. 

(2) If f (x) is of class ^ I, in E, so also is \f(x) | . 

For I / I is a continuous function of /, 

(3) If /i (x), /a (x), ... fj. (x) are all of class 1, in E, and <f> (x) be the 
function which has, at each point, the value of the greateM of the given functions, 
then <j> (x) is of class ^ I, in E. 

For (ft (x) is a function of (x), f 2 {x), ...fr (x) which is continuous 
in E, relatively to (f^,f^, ... ff). 

(4) Iff (x) is of class 1, in E, the function <f> (a;) which 1ms the value f (a:), 
when ^ < / (a:) < ^, and has the value A when f (x) A , and the value B 
when f (x) ^ B, is of class ^ I, in E. 

For <f) (x) is a continuous function off (x). 

(5) If the function /(x), of class 1, in E, is such that L f (x) ^ U, 
in E, then f (x) is the limiting function of a sequence {</>„ (x)}, of functions of 
class 0, in E, such that L ^ (f)^ (x) ^ U, for every value of n. 

For if / (x) lim (x), and we take <j>n (x) to be the function which 

n~Qo 

= (x) when L (x) U, and which — L when ipri M 

which = U when ipn (^) > U, the function </>„ (x) is continuous in E, and 

/ (x) - lim (x). 

n-^oo 

187. The following general theorem will be established with a view to 
its application in the theory of functions of class ^ 1 : 

Lei E he a set of points in Ej, which consists of the points which belong to 
one or more of the sets {En) of a sequence of sets, any two of which may have 
points in common ; and let G he a set of points contained in E, which is either 
(1), perfect, or {2), open, or (3), asetwhich consists of the points which a perfect 
and an open set have in common. Then the necessary and sufficient condition 
that 0 should be the sum of sets 4>i, <f> 2 J ••• <l>nf 9f u)hich have a 

point in common, and such that contained in E^ , for each value of n 
for which <j>r, exists, and such that every <f>n is of type ^ 
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is that, for every perfect set Q, contained in O, one at least of the sets 
is compact in Q. (See i, p. 76,) 

This theorem was given by de la Vallee Poussin* for case (1), in which 
O is perfect and bounded. It is not necessary that the set 0 should be 
boimded ; it is sufficient that it be perfect or open in or the set common 
to a perfect and an open set. But. ’»y employing the mode of correlation 
referred to in § 181, it is seen that 1: ere is no loss of generality if the set E 
be contained in a finite closed cell. 

It has been shewn in § 182 that r set of one of the types 
is also of one of the types Ob\ ; and the converse holds good in 

case E is either closed, or open, or a set which consists of the points common 
to a closed and an open set (see § 184). If H be any set of points whatever, 
contained in E, the set H will be said to be decomposable if it can be 
expressed as the sum + </>2 4- ... + <i>n •••» of sets which satisfy the 

conditions laid down in the statement of the theorem. The set H will be 
said to be decomposable at a point ^ if a closed neighbourhood A, oi p, 
exists such that the set D {H, A) is decomposable. 

In order to prove the theorem, a number of subsidiary theorems will 
be established: 

(a) If H is decomposable, and H^, a set in E, is of one of the types 

\ {H, Hi) is decomposable. 

For if S <f)n, have I)(H, Hi) = D E>(<f)^, Hi), and each set 

n-l »-l 

D (</>„, Hi) is of type 0^^ > or &e (see § 182); therefore D (//, Hi) is 

decomposable. 

(b) If H is the sum of a finite, or infinite, number of sets //„ , each of 
vdiich is decomposable, and no two of which have a point in common, then 
H is decomposable. If a finite, or infinite, numl)er of sets H^ are all closed 
and all decomposable, but may have points common to two or more of them, 
the set M (Hi, H^, ... //„, ...) is decomposable. 

If H = and + ^ 2 ”* + ... , we have 

// = S ( S 

n-l m-1 

thus H is decomposable, since £ is of one of the types 

w-l 

(8ee§ 182). 

To prove the second part of the theorem, let iff (Hi, H^^ ...), 
where Hi, H^, ... are all closed and decomposable; then the sets 

E-^Hi, E--M(Hi,H^), E-M (Hi,H^,Hf),... 

* IntigraUs de Lebeegue, p. 108. 
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are all open in E, The sets H^,D{E — 11 ^ , D{E — M , H2)j , 

are, in virtue of theorem (a), all decomposable, and their sum is H ; therefore 
// is decomposable. 

(c) If a closed set O, contained in E, is decomposable at each of its points y 
then O is decomposable. 

Each point p, of (f has a neighbourhood in which G is decomposable ; 
the set G is contained in a finite set {A„}, of such neighbourhoods (see 
I, § 74 ). Hence 

G^M{D (Gy A,), D (Gy A^), (Gy AJ}. 

Since the sets D (Gy A„) are all closed, it follows from theorem (6) that G 
is decomposable. 

(d) If a set Gy contained in Ey is decomposabhy it must be decomposable 
at ench of its points. 

Let A be any cell which contains points of G, then (A, E) is closed 
inEy hence, from theorem (a), i) {6r, i) (A, ^)}, or /) (6^, A) is decom- 
posable. We may choose A so as to be a neighbourhood of any point p, of 
Gy and therefore G is decomposable at p. 

(e) If an unenumerable closed set H is contained in E, and is not de- 
composable , it contains a perfect set Q which is not decom2)osable at any point. 

Let Q be the set of points of H at which H is not decomposable. The 
set Q is closed ; for, if 5' be a limiting point of Qy and A be a neighbourhood 
of qy then D (A, II) contains points at which H is not decomposable, and 
therefore D (A, ) is not decomposable. Since the set H — Q open in H, 

it is therefore the outer limiting set of a sequence {L„} of sets closed in Hy 
and therefore absolutely; ov H -- Q ^ M (Lj, Lg, ... ...). Since H is 

decomposable at each point of by theorem (a), D (H, L^) is decom- 
posable at each point of for the theorem can be applied to the case 
when I) , A„) takes the place of II y and L„ that of , where A is the 
neighbourhood of a point of . 

By theorem (c), it follows that D (//, L„) is decomposable; and then, 
by theorem (6), it is seen that D ( 7 /, H ~ Q) is decomposable. Since 
H^-Q + D (Hy // — Q), we observe that, if Q were decomposable at any 
of its points, H would be decomposable at those points, which is, by 
hypothesis, not the case. Therefore Q is not decomposable at any of its 
points. The set Q can contain no isolated points, because the set would 
be decomposable at an isolated point. It has thus been shewn that the 
closed set Q is perfect. 

( / ) If O bean absolutely open set, contained in Ey and not decomposablCy 
it must contain an unenumerable closed set which is not decomposable, and 
consequently contains a perfect set which is not decomposable at any of its 
points. 
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For O ~ M (Hi, i/g, ... Hn, ...), where the sets are all closed and 
unenumerable, each one being contained in the next. If all the sets 
were decomposable, by theorem (b), O would be decomposable, which is 
not the case. If the unenumerable set be not decomposable, it contains 
a perfect set Q which is not decomposable at any of its points ; therefore O 
contains such a set Q. 

(g) The statement in theorem (f) holds good for a set contained in E which 
consists of the points which a perfect set and an open set have in common. 

Let L ^ 1) (G, O), where 6? is a perfect set and 0 is an open set, both 
contained in E. As before, ii O - M (Hi, //g, ... //„, ...), where //„ is 
closed, we have L - M [D (G, Hi), D (G, i/g), ...}. If all the closed sets 
D (G, Hn) were decomposable, so also would be L ; therefore D (G, //„) is 
not decomposable, for some value of n. Moreover D (G, Hn), if it be not 
decomposable, contains a perfect set Q that is not decomposable at any 
of its points. 

(?i) If a set G, contained in E, be either ( 1 ), perfect, or (2), open, or (3), con- 
sists of the points which a perfect and a closed set have in common, then, if 
one of the sets , j&g , . . . , . . . 6e compact in every perfect set contained in E, 
G is decomposable. 

If G is not decomposable, in virtue of theorems (c), (/), (g), it contains 
a perfect set Q which is not decomposable at any of its points. But this 
is impossible if a set E,, is compact in Q\ for D (E ^ , Q) has a point p 
which is an interior point of E^ , and a neighbourhood A, of p, consequently 
exists which contains no point of Q that does not belong to E^. The 
closed set D (Q, A) is therefore contained in E^, and we can take 

(Q, A), 

so that Q is decomposable at p, which is not the case. Therefore G must 
be decomposable. 

(i) If a set G, contained in E, be either perfect, or open, or the set of 
points which a perfect set and an open set have in common, and if G be 
decomposable, and Q be any perfect set contained in G, then one at least of 
the sets E^ is compact in Q. 

Since G is decomposable, D (G, Q), or Q, is decomposable. Thus 
Q = where </>n is contained in E^, and </>„ -- M •••)> where 

all the sets <f>n^ are closed sets. It follows that Q M (<f>ii, <^ 12 ^ <^215 •••)> 
and one at least of the sets must be compact in Q (see i, § 65) ; for if 
the closed set <l>n^ is not compact in Q it must be non-dense in If <f>nm 
be compact in Q, (f>n must be compact in Q, and consequently E^, which 
contains , is compact in Q. 

The two theorems (h) and (i) taken together constitute the main 
theorem which was to be established. 
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If each of the sets ••• E^, is of type or or any 

set G, contained in E, which is either perfect, or open, or a set of points 
common to a perfect and an open set, is decomposable. 

Each set E^ is the outer hmiting set of a sequence of closed sets 
i^„ 2 , thus E is equivalent to M F^y, F^y, F^^, Fy^, ...). 

This set is compact in Q, and therefore one at least of the sets F^^ is 
compact in Q. If F^^ is compact in Q, so also is E^', thus the condition 
of the general theorem is satisfied. 

188. The following theorem, a generalisation of a theorem due to 
Lebesgue, will now be established: 

The necessary and sufficient condition that a function f (a:), defined in a 
set E, of points in any number of dimensions, and which is either perfect, 
or open, or the set of points which an open and a perfect set have in common, 
should be of class ^ I, in E, is that, for every number A , the sets of points of 
E at which f {x)> A, and f (x) < A, should be of type Oj^ , or else of the first 
order in E. 

It will be observed that the theorem includes the case in which E 
consists of the whole space It has been shewn in § 184, that a set 
of type Oe > or of the first order in E, is of type or else closed, or 
open. The necessity of the condition will first be proved. Let 

f(x) = lim/„ (x), 

n-^oD 

where the function /„ (x) are all continuous in E; and let the sets of points 
at which /„ (x) ^ A be denoted by En , where {c*} is a monotone 
decreasing sequence of numbers converging to zero. Since /„ (x) is con- 
tinuous in E, the sets En^ are closed in E. Let the set 

{k) 

which is closed in E, be denoted by . A point at which f(x)> A belongs, 

(k) 

for some value of k, to all those of the sets F^ for which n ^Uj^, an 
integer dependent on k. At a point x, of Fn , we have (x) ^ A + cjt, 
for m = 0, 1, 2, 3, ... ; and therefore / (x) > A. 

The set M (F[^\ F^i \ F ^2 \ \ \ ...) is such that every point 

of it belongs to Fn \ for some values of n and k; and therefore, at every 
point of the set, we have / {x)> A. Conversely, since every point at which 
f(x) > A belongs to all the sets Fn^ for suitable values of n and k, it is 
seen that the set consists of all points at which f (x) > A; and this set is 
of type Oe\ unless it is of order 1 in E. The proof of the necessity of the 
part of the theorem relating to the set for which f (x) < A is precisely 
similar. 
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In order to prove the sufficiency of the conditions in the theorem, the 
special case will, in the first instance, be considered, in which / {x) has the 
value 1, in a part of Ey and has the value O in E — E^, In accordance 
with the condition in the theorem, E^ and E 2 are taken to be each of one 
of the types • 

Let it be assumed that E^ = lim E — E^== lim (tn\ where {6r» 

n^oo n-^00 

( 2 ) 

and {Gn } are sequences of sets, closed in Ey each of which is contained in 
the next set of the sequence. Let /„ (a:) = 1, in and let (x) ^ 0, 
in Gn^'y at any point of E which does not belong to 6?^^ or G^f^ y let 

/n (^) ^ ^ > where dj, are the distances of the point from the sets 

^ • The function (x) is continuous in Ey and / {x) = lim ; 

and therefore / (a;) is of class 1, in E. The sufficiency of the conditions 
has thus been established in the special case considered. 

Next, let f {x) === Cj, in Ej^; f (x) ^ c^y in E^'y ... / (x) c,., in Er\ when 

E E^-\- E^-V Er\ no two of the sets having a point in common. 

It will be shewn that, if each of the sets E-^y E^, ... is nf type Oi^ , 

^e\ f i^) is of class ^1, in E. For, let (x) be the function 

defined by the specifications = 1, in E^; (a^) = 0, in E — E^\ 

for s = 1, 2, 3, ... r. By what has been proved above, (x) is of class 
^ 1 in JE'; and since / (a:) = (a:) + (x) + ... + (x), it follows 

that / (x) is of class 1, in E. 

In the general case, let U and L be the upper and lower boundaries 

of / (x). It has already been pointed out that there is no loss of generality 

in taking U and L to have finite values. Let a mesh (Uj, Ug, ... aj) be 

fitted on to the hnear interval {L, U), where = L, == f7, and let every 

mesh of the net have breadth < e. Let 8 be any positive number < £, 

and let Ci denote the set of points of E at which — S < / (x) < ag ; let 

eg denote the set at which Ug — 8 < / (x) < Ug , . . . and let denote the set 

at which — 8 < / (x). The set consists of the points common to the 

two sets for which / (x) > Uj — 8, / (x) < ; therefore is of type , 

unless it is of order 1, in iE. Similarly it is seen that Cg, eg, ... e„i are all of 

type Oe , or else of order 1, in E. Since E ~ M (ej, e^, ... e„), we have 

Q = M {D (Q, ei), D (Q, e^), ... D (Q, e^)}, where Q is any perfect set 

( 2 ) 

contained in E. The sets D (Q, e,.) are all of type Oq , or else of the first 
order in the perfect set Qy and are all consequently of type O^^), or else 
open or closed. 

Since the sets D (Q, e^), D (Qy eg), ... , D (Qy 6^) are all of type or 
of the first order, one at least of them must be compact in Q (see § 187 (i)). 
Thus the condition of the general theorem of § 187 is satisfied, in relation 
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to the sets Cg, ... e^n. It follows that E may be resolved into a sum 
<f>i -f 02 + ••• + 0w , where 0^ is contained in and is of type or else 
of order 1. 

Let 0 (x) be defined by the specifications, 0 (x) ^ , in 0^ ; 0 (x) = , 

in (f>2; ... <j> (x) a,,,, in (|>„^. Then 0 (x) is of class ^ 1, in E\ moreover 

(x) I < 2€. Let e have the values €2, ..., in a decreasing 
sequence which converges to zero; and let 0,. (a:) be the value of 0 (x) 
which corresponds to the value of e. If the sequence {e;.} be so chosen 
that the series He,, is convergent, / (x) is the sum of the absolutely 

r=l 

convergent series 

<f>i («) + {4>2 (x) - 4>1 W) + {^s W - 4>i (a^)} + ••• • 

Since the function 0,..^i (a:) — 0,. (a:) is of class I, in Ey and takes only 
a finite number of values, it is the limit of a sequence Xrs (^)> of continuous 
functions; so that lim Xrs "" 0r+i (^) ~ 0r (^)* Since 

s~oo 

I <l>r+l (*) - <f>r (a;) I < 4f,, 

the sequence {xrs (^)} can be so chosen that | Xrs (^) | < for all values 
of 6\ 

The continuous function Xu (^) + Xzs (^) • • • + Xp9 (^) 

absolute value, than 4 (e^ -f- €2 + ... 4- c^,); moreover 

lim (xis (*) + X2. (a;) + ... + Xps i^)) = ^p+i (a^) - <l>i (x). 

Let Sj, be the smallest value of .9, such that 

Xu (^) 4- X2S (^) + ... + Xps (^') 

differs from (x) — <f>i (x) by less than Cp+i, and therefore from 
f (x) — 01 (x) by less than 3€p+i. The number Sp can be determined for 
each value of p ; we have then a sequence 

iXup (^) 4- X2sp (^) 4- ... 4- Xpsp i^)} 

of continuous functions, which converges to / (^) — 0i (x). Therefore 
f (x) ~ 01 {x) is of class ^ 1, in E, and consequently / (a;) is of class 1, 
in E. 

189. It will now be shewn that : 

The necessary and sufficient condition that a function f (x) defined in a 
set Ey which is either perfect, or open, or the set of points common to a perfect 
and an open set, should be of doss ^ I, in E, is that one at least of the two sets 
{S,S(x) > A"], [Eyf(x) < B] should be compact in every perfect set Q, con- 
tained in E, whatever values A and B may have, such that A < B. 

To shew that the condition is necessary, let jE/i , E2 denote the two sets 
[E,f{x)>A], [E,f{x)<B\, then ^1, E^ are, in accordance with the 
theorem of § 188, each of type 0^*)^ qj. q\^ of the first order. Since E, or 
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M E 2 ), contains Q, and is therefore compact in Q; so also must be the 
set M {D (E^, Q), I) (E,^, Q)). The two sets D[E^,Q), D(E 2 ,Q) being 
both of type or else of order 1, cannot both be of the first category 
with respect to Q (see § 183), therefore one at least of them is compact in 
Q, and consequently one at least of the sets E ^ , E 2 is compact in Q. 

To prove that the condition is sufficient, let {Bn} be a sequence of 
decreasing values of B which converges to A . Assuming that the condition 
of the theorem is satisfied for A and Bj,, every point of E belongs to one 
at least of the sets, both of type , or else of the first order, for which 
f {x) > A, and / (a:) < . In accordance with the general theorem of 

§ 187 if the condition of the present theorem be satisfied, since every point 
of E belongs to one at least of the two sets [E, f (x) > A J, [E, f (o^) < j5„], 
E can be resolved into the sum of two sets Y^, both of type or 
else of the first order; where i« contained in the set [E,f (x) > A], and 
Yn is contained in the set [E, f (x) < Bn]. Each point for which f (x) > A 
belongs to , from and after some particular value of n, and consequently 
every point for which/ {x) > ^ is contained in the set Af (JTj, Ag, ... ...). 

Therefore the set {Eyf {x) > A] is either of type 0^^) or of the first order. 
Similarly, it may be shewn that the set {Ef {x) < A] is either of type 
or of the first order. Therefore, by the theorem of § 188,/ (x) is of class ^ 1. 

190. We are now in a position to establish, in a generalized form, the 
theorem of Baire, referred to in § 185. 

The necessary and sufficient condition that a function f (x), defined in a 
set E, in any number of dimensions, which is either perfect, or open, or the 
set of points common to a perfect and an open set, is the limit of a sequence 
of functions, all of which are continuous in E, is that f (x) be, at most, 
pointwise discontinuous with respect to every perfect set contained in E. 

To prove the necessity of the condition, it will be shewn that, if a 
perfect set Q, contained in E, is such that / (x) is neither pointwise dis- 
continuous nor continuous, with respect to Q, then / (a;) cannot be of 
class I, in E. 

The set of points of Q at which the saltus of / {x), with respect to Q, is 
^ €, cannot, for every value of €, be non-dense in Q ; otherwise / (x) would 
be pointwise discontinuous, or continuous, in Q. Therefore e can be so 
chosen that the set is compact in Q ; and consequently a cell A exists, such 
that, at every point of the perfect set D (Q, A), the saltus of f (x), with 
respect to Q, is ^ e. If ^ and'B are any two numbers such that 

0 < B — A < €, 

the set of points [E, A <f {x) < B] cannot be compact in D (Q, A), for 
otherwise the saltus of / (x), with respect to Q, in Z> {Q, A) could not exceed 
B — A, A set of intervals (A^, Bj), {A^, Bg), ... (Ar, Bf} each of which is 
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of measure < €, and such that any two of them may overlap, can be so 
determined that every value of / [x) lies within one or more of the intervals. 
It is here assumed that /(a:) is bounded; it having been shewn in § 185 
that this involves no real restriction upon the generality of the theorem. 
Let 65 denote the set [E, < f {x) < for 2, 3, ... r; then 

E ----- M 62, ... e^). If all the sets Cj, 62, ... were either of type 
or of order I, one at least of them would be compact in I) {Q, A); as this 
is not the case, there must be at least one set which is neither of type 
nor of order 1. Consequently, from the theorem of § 189, f {x) cannot be 
of class 1, in E\ since the sets [E,f {x) > .4,,], \E,f {x) < jS.,] are not both 
of type or of the first order. 

To prove that the condition in the theorem is sufficient, it will be shewn 
that if / (x) is not of class ^ 1, there is contained in E a perfect set Q, 
with respect to which / (x) is neither pointwise discontinuous nor contin- 
uous. If no such set Q exists, it will then follow that / (x) is of class 1 , 
inE, 

It follows from the theorem of § 189 that, if f (x) is not of cla^ss 1, 
in E, a perfect set Q, and two numbers A, B, where A < B, exist, such 
that neither of the sets [Ef{x)> < is compact in Q. 

If q be any point of an interval or cell A, containing q within it, can be 
so determined that there exist in A points of Q w'hich do not belong to 
the set [E, f (x) > A J, and also points of Q which do not belong to the set 
< B]. There are therefore, in A, points at which / (x) Ay and 
also points at which / (x) = B. Since A is an arbitrary neighbourhood of q, 
it follows that the saltus of / (x), at q^ with respect to Qy is ^ B — A. 
Therefore every point g, of Q, is a point of discontinuity of / (x) ; and thus 
/ (x) is totally discontinuous in Q. The sufficiency of the condition in the 
theorem has accordingly been established. 

It may be observed that, when the function / (x) satisfies the condition 
of the theorem, it follows from the results of § 161, that f (x) may be 
exhibited as the sum of a series of finite polynomials, the series converging 
to / (x) at all points of E. 

THE CONVERGENCE OF MONOTONE SEQUENCES OF FUNCTIONS 

191. A special case of the convergence of a sequence of functions 
continuous in a given set Ey which we may take to be perfect, or open^ or 
the set common to a perfect and an open set, is that which arises when the 
sequence is monotone. In such a case the limit of the sequence is an l- 
function, or a ^^-f unction, according as the sequence is non -diminishing or 
non-increasing (see § 103). 

The following theorem has reference to this case : 

The necessary and sufficient condition that a function f (x), defined in a 
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set E, open, or perfect, or consisting of the points which an open and a perfect 
set have in common, is an l-function in E is that, for every value of A , the set 
{E,f(x) > A] which consists of those points of E at which f (x) > A, is open 
in E, The necessary and sufficient condition that f (x) is a u-function is that 
the set [E,f{x) < A] is, for every value of A, open in E. 

If [E,f {x) > A \ is open in E then \E,f (x) A] is closed in E. It is 
sufficient to establish the first part of the theorem , as the second part can 
be deduced by changing the signs of / (x) and of A. 

Let f be a limiting point, in E, of the set [E,f (x) A ] ; then, if e be an 
arbitrary positive number, there is a neighbourhood of such that at 
every point of E, in that neighbourhood, f (x) > / (f) ~ e. Since x may 
be a point of the set [E, f (x) ‘ ^ J , we have / (f ) < € -i- A ; and since e is 
arbitrary, it follows that / (^) A ; thus f belongs to the set [E,f(x) A], 

which is therefore closed in E ; and consequently the complementary set 
[E,f (x) > A ] is open in E. The necessity of the condition has thus been 
established. 

To prove its sufficiency, let it be assumed that the set [E,f{x) ^ is 
closed in E, for every value of A. If, at a point of E, the function is 
not lower semi-continuous in E, there exists a positive number a such 
that, in every neighbourhood of f, there are points of E at which 
/ {x) t:: f ii) — a, and ^ must be a limiting point of the set of all such 
points. Therefore the set lE,f{x) ^ f (i) ~ a] is not closed in E, which is 
contrary to the hypothesis. Accordingly / (:r) is lower semi-continuous with 
respect to E, at every point of E. 

192. We proceed to give the corresponding theorems for ^t6-f unctions 
and for i^Z-f unctions. 

The necessary and sufficient condition that, in a set E, of the same 
character as before, the function f(x) is an lu-function is that the set [E,f (x) > A] 
should be a set of type for every value of A . The necessary and sufficient 
condition thatf {x) should be a ul-function in E is that the set [E,f(x) < A] 
should be, for every value of A, of type 

It is sufficient to prove the first part of this theorem, as the second 
part is immediately deducible from the first. To prove the necessity of 
the theorem, since an Z?i-f unction / (x) is the limit of a monotone increasing 
sequence of ^^-functions fn (x), the set of points {E,f {x) A] is the inner 
limiting set of the sequence of sets [^,/„ (x)< A], for n ^ 1, 2 , 3, ... , and all 
these sets are of the type Therefore the set [E,f (x) ^ is of type 
and consequently the set [E,f(x) > A ] is of type 

To prove the sufficiency of the condition, let U and L denote the upper 
and lower boundaries of / {x) in E, Let a system of nets be fitted on to 
the linear interval (L — c, 1/ -f c); and let Uq, a^, a 2 , be the end- 
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points of the meshes of the net Z)„, of the system. Let the function /,, (a:) 
be defined by the rule that /„ (x) at all points of the set 

[E, < / (x) ^ a,.], forr -- 1 , 2, 3, then the monotone sequence 

{/n (^)} converges uniformly in E to / (x). The function /„ (x) may be 
expressed in the form /„o {x) -f f„i (a:) f ... +/„, (x), where /„o (x) - 

in E; (x) - ~ in [EJ(x) > aj, (x) - 0 in [EJ(x) - a^]; and 

generally /„^ (x) - a, - a,, j , in f EJ' (ar) > a,J, and (x) - 0, in [ E,f (x) " a,.]. 
By hypothesis the set [E, f (x) > a^] is of type and is therefore the 
outer limiting set of a sequence of sets all of which are of type ; it follows 
that fnr (x) is the limit of a monotone increasing sequence of functions 
(0m (^)} each of which has the value ~ a,._j in a set of type (7^?^ contained 
in the set [E,f(x) > a,.]; and each of the sets 0^ (x) is a w. -function. It 
follows that the function (x) is, for each value of r, an Zw-function. 
Therefore /„ (a;) is also an Z?i-function. Hence, since {/„ (a:)} converges 
uniformly to / (x), f (x) is also an Zt^-function (see § 113). 

By the theorem of § 188, iff (x) is of class ^ 1 , both the sets \E,f{x) > A ], 
[Ef{x) < A] are of type or else of the first order. It thus appears 
from the above theorem that a function of class ^ I, in the set E, which is 
open, or perfect, or the set common to an open or perfect set, is both a ul- 
function and an lu-functian, unless it be a u~function or an l-f unction. 

baire’s classification of functions 

193. A classification of functions was introduced by Baire*, depending 
upon the properties of the functions in relation to their representation as 
limits of sequences of fimctions. In § 185, functions continuous relative to 
a given domain E were defined to be of class 0, in .£7; and any function 
which is the limit of a sequence of functions of class 0, in E, was defined 
to be of class 1, in case it is not of class 0, in E. 

Functions of class 2 can similarly be defined as functions which are, 
in E, the limits of sequences of functions of class < 2, provided they are 
not themselves of class < 2, in E. It can be shewn, by means of an example, 
that functions of class 2 exist. Consider the function / (a;), in a continuous 
linear interval, which has the value 1, for all rational values of x, and the 
value 0 for every irrational value of x. This function is totally discontinuous, 
and is therefore not of class 0, or of class 1, but it can be seen to be the 
limit of a sequence of functions, all of which are of class 1. Let /„ {x) be 
defined as having the value 1 at every point at which the value of x is 
rational and has for its denominator, when expressed in its lowest terms, an 
integer not exceeding n, and let/,, (x) have the value 0 at all other points; 
this function has then onl}^ a finite number of discontinuities in any given 

♦ Comptes Rendua, vol. cxxix (1899), p. 1010 and Annali di Mat. (3) A, vol. in (1899); also 
Baire*s treatise, Lemons aur lea fonctiona diacontinuea. 
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interval, and therefore belongs to class 1. The function f (x) is the limit 
of the sequence {f^ (x)}y and is of class 2. 

It is capable of the analytical representation 

/ (x) ^ lim lim (cos m ! ttxY^. 

wi'^ao ri'^Qo 

A function which is of class 2, in a given cell or interval, can be represented 

00 GO 

by a double series S S Pm,n (^)> where Pm,n (^) denotes a finite poly- 

m - 1 n '• 1 

nomial. This double series cannot be reduced to a single one, the terms of 
which are continuous, for the function would then not be of class 2. 

The definition can be extended by induction so as to apply to a function 
of class />, in the domain E, where p is a finite ordinal. A function is of 
class p, in E, if it is the limit of a sequence of functions all of which are of 
class < p, provided it is not itself of class < p. The definition can still 
further be extended, by transfinite induction, to apply to a function of 
class where ^ is an ordinal number of the second class. A function is 
of class p when it is the limit of a sequence of functions, all of which are of 
class < provided it be not itself of class < p. 

A proof has been given by Lebesgue* that functions of class y exist, 
where y is an ordinal number of the first, or of the second, class. A simpler 
form of this proof has been given by dc la Vall6e Poussin|. Baire's classi- 
fication of functions is of importance in relation to the question as to the 
characteristics of a function which is representable analytically. A function 
that can be constructed by carrying out, according to a norm, a finite, or 
enumerable, set of additions, multiplications, and of passages to the limit, 
operating with variables and constants, may be said to be representable 
analytically. The other operations employed in Analysis are reducible to 
those here enumerated. This definition will include cases in which the 
function is multiple valued. It has been shewn by Lebesgue that every 
single-valued function, that is representable analytically, in a cell, or 
interval, is not only measurable, but measurable {B), in the sense that the 
set of points at which the function exceeds in value an arbitrarily pre- 
scribed number is measurable (B). Lebesgue has further shewn that every 
such function belongs to one of Baire's classes J. 

It can be shewn that the totality of functions of all classes, in a given 
domain, has the cardinal number of the continuum. This can be proved 
by induction and transfinite induction. Let it be assumed to be true for 
all the functions of class < y, where y is a number of the first or second 
class. If fn (x) be a function of class ^ y, we have 

f {x) = lim /„ (x), 

n-^oo 

♦ Liouville'a Journal, (6), vol. i (1905), p. 139. t tnt^alea de Lebesgue (1916), pp. 145-151 

X Loc. cit. p. 170. 
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where the functions /„ [x) are all of class < y. Each such function / (x) 
corresponds to an associatio. of the integers n with a particular number of 
the aggregate of functions of class the totality of which has, by 
hypothesis, the cardinal number c; it follows that the aggregate of all 
such functions / (x) has the cardinal number or c (see i, § 183). The 
aggregate of functions of class 0 has cardinal number c (see i, § 216) ; hence 
it follows, by finite and transfinite induction, that the aggregate of all the 
functions of class y has the cardinal number c. 

It has been shewn, in i, § 216, that the aggregate of all functions has its 
cardinal number > c ; it was accordingly affirmed by Baire that functions 
exist which do not belong to any class, either of finite, or of transfinite 
order. Lebesgue has shewn* how to define effectively functions which 
do not belong to any class, and which are consequently not representable 
analytically. It should be observed that, in the whole theory of functions 
of Baire’s classes, all the functions may be taken to be bounded ; as this 
entails no real loss of generality. 

194. The following is the generalization of the theorem given in § 186, 
relating to functions of class 1 : 

If the functions f^ {x), f^ (x), ... f^. {x) are all of class ^ y, in E, and the 
function F (/i, f^, •••fr) continuous with respect to (/i, /g, .../,), in E, 
then F (f if • • • fr) i^ of class ^ y, in E. 

It will be shewn that, if the theorem holds for all ordinal numbers less 
than y, it holds also for y. We have/^ (a:) lim (a:), for 6* — 1, 2, 3, 

71 -^ 30 

where all the functions (a:) are of class < y. On account of the continuity 
of the function F we have F ^ lim •••/rn)> hence F must be of 

class ^ y, in jSJ, The theorem has already been proved for the case y 1, 
hence, by ordinary and transfinite induction, it holds for every number of 
the first, or the second, class. 

As in § 186, the following results follow from the above theorem: 

(1) The sum, or the difference, or the product, of two functions, each of 
which is of class ^ y, in E, is also of class ^ y, in E. 

(2) If f (x) is of class ^ y, in E, so also is \f{x) | . 

(3) If f I {x), /a (x), ...fr (x) are all of dass y, in E, and <f> (x) be the 
function which has, at each point, the value of the greatest of the given functions, 
then <j> (x) is of doss ^ y, in E. 

(4) If f (x) is of class y, in E, the function <f> (x) which has the value f (a;) 
when A < f {x) < B, and has the value A when f (a:) A , and the value B 
when f (x) ^ B, is of class ^ y, in E. 

* hoc. cit. pp. 213-216. An example of such a function, defined without the use of trans- 
finite numbers, has been given by Sierpinski, Fundamenta Mat. vol. v (1924), p. 87. 
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(5) If the function f (x), of class y, in E, is such that L ^f (x) ^ U, in E, 
then f (a?) is the limiting function of a sequence (x)}, of functions of class 
< y, in E, and such that L (x) ^ for every value of n, 

195. The following theorem will be established; 

If a sequence {f^ (x)} converges uniformly to f (x), in E, and all the functions 
are of class $ y, then f {x) is of class y, in E. 

A monotone increasing sequence {n.^} of integers exists, such that 
\f(x) (x) I < 2^^, for r 1, 2, 3, and for all points of E. Let 

/;^(x) lirn and let/„^^j(x)--/„^(x)- lim (/»,,,,,(x), for r- 1, 2, 3, ; 

where and all the functions (x) are of class < y. We have 

I /nr+, -Jvr (*) I < ' 2''* ‘ 2^ ’ accordance with theorem 

(5), we may take | (x) | for all values of r (> 1) and m. 

We have \f{x)-- (x) - <^i.„ (x) - ... - (x) \ 

•: \f(x)- {^o,m (*) + (x) + ... + (x)} | 

t j (x) "I" <^mt2,m (x) "t ... 't 4^T-l,m (x) jj 

where r > m. The expression on the right-hand side is 

- l/(x) -7;, (X) I f- 2! 1 2l)i 
and thi.'! is < | o'" < 

f{x) liin (x) f- (x) + ... f (x)}; 

and it then follows that / (x) is of (ilass y. 

196. The theory of Baire’s classes is closely connected with that of 
certain species of sets of points obtained by a generalization of the sets 
considered in § 1 1 1. The definition given in § 182, of sets of points, of orders, 

1 and 2, contained in a given set Ey may be extended in such a mamier that 
sets of points, of order y, are introduced, where y is any ordinal number, 
of the first, or the second, class. Starting with the. definitions of sets of 
types Ce\ we define a set of types 0e\ 0e\ a-s follows: 

The outer limiting set of a sequence {E„} of sets contained in E, such 
that each set of the sequence is contained in the next, and such that all 
of them are of type 0^ ^ or of type \ where y' is any number < y, 
is said to be of type 0e\ in case it is not of any type 0^ ^ or Ce It is here 
assumed that the definition has already been given for types of order < y, 
and the method of induction is then employed. 
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A set of type is defined in a similar manner, except that it is taken 
to be the inner limiting set of a sequence {E^}, each set of which contains 
the next. 

A set of order y, in E, is a set which is of either of the types &e . 
The whole class of sets of points of any order are known as Borel-sets in 
E\ their properties have been investigated by Hausdorff*. 

The following generalizations of theorems given in § 182 are of 
importance : 

A sequence {E^} of sets of order < y, exich of which is contained in the next, 
has for its outer limiting set a set of order < y, provided an infinite number of 
the sets E,^ are of any type 0% \ where y < y. 

A sequence {E^} of sets of order < y, ench of which contains the next, has 
for its inner limiting set a set of order < y, provided an infinite number of the 
sets En are of any type &e \ wh^re y' < y. 

Thus a set of type Oe^ may always be generated as the outer limiting 
set of a sequence, all of whose members are of some type Ce \ where 
y' < y ; and a set of type C^e always be generated as the inner limiting 
set of a sequence, all of whose members are of some type Oe \ where y' < y. 

The theorems have already been established for the cases y ^ 2 ; and 
it may readily be proved by induction that the outer Hmiting set of a 
sequence of sets, each of which is of some type Oe \ where y' < y, is of 
type < y ; the first theorem then follows immediately. The second theorem 
can be proved in a similar manner. 

By induction, starting with the theorems given in § 182, we have the 
following theorems : 

If a finite number of sets //(»•' are all of types 0% \ ivhere 

y' y, the set D ... of points common to all the r sets, is of 

type 0% \ v^here y f: y. 

If ... , be a sequence of sets in E, all of some type 

where y ^ y, the set M {H^^\ ... ...), of points which belong to one 

or more of the given sets, is also of type 0% \ where y ^ y. 

It has been proved by Hausdorfff that if E be closed, a Borel-set of any 
order, in E, has the cardinal number C, unless the Borel-set be enumerable. 

When the set E consists of the absolute set the types &e 
may be denoted simply by 0^y\ 

♦ Math. Annalen, vol. lxxvii (1916), p. 430; also Math. Zeitschr. vol. v (1919), p. .307, where 
the theory is oonnected with that of monotone sequences. See also W. H. Young, Proc. Land. 
Math. Soc (2) vol. xii (1912), p. 260. 

t Math. Annalen, vol. lxxvii (1916), p. 433. 
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The following are generalizations of theorems given in § 1 82 : 

The complement, with respect to E, of a set of type is of type 0^^ ; 
and the converse. 

This theorem has been proved in § 182, for the case y == 2; and it may 
be deduced by finite and transfinite deduction. Assume that the theorem 
holds for every number y' < y. A set of type outer limiting set 

of a sequence of sets, all of order < y, in E. The complement in E of the 
given set is accordingly the inner limiting set of a sequence of sets, 
all of which are of order < y; therefore this complement is of type 
or else of order < y. It cannot be of order < y, for if it were so, its comple- 
ment, the given set, would be, by hypothesis, of order < y. Henc^e the 
complementary set is of type • 

The part of a set of type which is in E^ , a part of E, is of type O^e^, 
or else of order < y, in E^ . In particidar, the part of a set of type ivhich is 

in any set , is of type or else of order < y, in E^. 

The corresponding result hold^s for a set of type 

This may be proved by induction, commencing with the case y 2, 
for which the theorem has been proved in § 182. Let it be assumed that 
the theorem is true for all numbers y' < y. 

The given set is the outer limiting set of a sequence of sets, all of order 

< y; the part of each of these that is in is of order < y. Therefore the 
part of the given set that is in E^ is the outer limiting set of a sequence 
of sets, all of which are of order < y; from which the result follows. Since 
the theorem holds for y ^ 2, it holds generally. The corresponding 
theorem for a set of type follows from the fact that the complement, 
with respect to E, of such a set, is of type 

If E consist of a perfect set, or an open set, or of the points which an open 
and a closed set. have in common, a set of type 0 >e ^f ; and a set 

of type &E of type 

The theorem has already been proved in § 184, for the case y ^ 2. 
Let it be assumed to be true for every number y' < y. A set of type 0)e 
is the outer limiting set of a sequence of sets, all of which are of type < y, 
in E. By hypothesis these are all of type < y, in Sp. It follows that the 
given set is of type or else of order less than y. The latter cannot be 
the case, for if the set were of order less than y, in Sp, it would be of order 

< y, in E. Therefore the given set is of type Since the theorem holds 
for y = 2, it holds generally. 

The necessary and sufficient conditions that a function defined in a 
given set of points should be of class y, where y is any number of the first 
and second class, have been obtained as generalizations of the theorems 
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of Lebesgue and of Baire, given in §§ 188-191, which correspond to the 
case y ^ 1. For the investigation of these generalizations, reference must 
be made to the memoir of Lebesgue*, and the treatise of de la Vallee 
Poussin f. A full treatment of the matter has been given by Hahn}, who 
has freed Lebesgue’s theorem, but not that of Baire, from restrictions on 
the nature of the set in which the function is defined. 

PROPERTY OF A MEASURABLE FUNCTION 

197. It will be shewn that, if / (a:) be a measurable function, defined 
in a measurable set E, there exists a function, of class 2, which has the 
same value of / {x) almost everywhere in E. This theorem was given by 
Vitali§, for the case in which is a closed linear interval. It follows from 
the theorem that a fimction of any of Baire’s classes differs from some 
function of class ^ 2, only at the points of a set of measure zero. It thus 
appears that, in the processes of Analysis, in which L-integrals are em- 
ployed, a function of any class may be replaced by a function of class 
not greater than two; hence Baire’s general classification of functions, 
although of much theoretical interest, is of somewhat less importance in 
general Analysis than might have been anticipated. The same conclusion 
might be drawn from the results in §§ 178, 179. 

Let a measurable function / (x) be defined in the closed cell or interval 
A; we may, without loss of generality, assume /(x) to be bounded. In 
accordance with the theorem in § 179, there exists a sequence {0^}, of 
perfect sets, each one of which is contained in the next, and for which 
lim m (O^) ^ m (A), such that /(x) is continuous relatively to each of the 

n-'-oo 

sets 6r„. 

Let (x) be, for each value of n, the function which has the value of 
/ (x) at each point of , and the value zero at each point of A — 6r„ . It 
wiU be shewn that (x) is pointwise discontinuous with respect to every 
perfect set H, contained in A, and is therefore of class 1, in A. 

Let Ai be a cell, or interval, containing points of //; if the points of 
H within A^ are all points of , these points are all points in which (x) 
is continuous with respect to //. If, however, there is a point of A — G^ 
within Ai, which belongs to H, a neighbourhood Ag of that point can be 
determined, which is interior to Aj, and which contains no points of 
since A — 6^,^ is open relatively to A ; all the points of H that are in Ag are 
points of A — , and thus points of continuity of (f>n (a;) ; hence they are 

also points of continuity of <j>^ (x) relatively to H. It has thus been shewn 
that the set of points of continuity of <f>n (x) relatively to is everywhere 

♦ LiouviUe’s Jcmrnal (6), vol. i (1905). t Integrates de Lebesgue (1916), pp. 126-151. 

X Theorie der reeUen Funktionen, vol. i (1921), pp. 318-392. 

§ Sendi. Lombmrdo (2), vol. xxxviii (1905), p. 599. 
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dense in H \ and thus that (x) is at most pointwise discontinuous with 
respect to H. From the theorem of § 190 , it follows that (x) is of class 
^ 1 , in A. 

If K be the outer Umiting set of { 6 rJ, we have m (K) = m (A), and in 
K we have lim (a:) ~ f {x), whereas in A — we have lim (f>n (x) = 0 . 

n—oo n~Qo 

If we denote by ip (x) the function defined, in A, as lim {x), f (x) — tp (x) 

ri'^co 

differs from zero only at points belonging to the set A — K, of measure 
zero; moreover ip (x) is of class -f 2 . 

Next, let the measurable function /(x) be defined everywhere in the 
space Sj,; and let {A„J be a sequence of cells, or intervals, each of which 
is contained in the next, and such that the span of A„j increases indefinitely 
with m. Let {€,„} denote a sequence of positive numbers converging to 
zero; and let be a perfect set contained in A„j, and such that 

m (A^) - m (GJ < 

and this for each value of m. It is easily seen that the sequence {G^} may 
be so chosen that each set is contained in the next. For if G^ does not 
contain Gi, we can replace G2 by G 2 + D (G^, Ag — G2), which is also a 
perfect set. To see this we observe that every point of it which belongs 
to G2 is a hmiting point of the set, and every point which belongs to 
D (Giy A2 ~ G2) is the limit of a sequence of points of G^y all of which 
belong either to G2 or to D {G^ , A2 — thus the set is dense in itself. 

In any neighbourhood of a limiting point of the set there is an infinite 
set of points of G2 , or an infinite set of points of (r, that do not belong to 
G2\ thus the point must belong either to G^ or to G2, and thus belongs to 
G2 + D (G-i , A2 — G2 ) ; therefore the set is closed. Since it is dense in 
itself, and closed, it is perfect. We can proceed in a similar manner to 
ensure that G2 is contained in G^y and so on. 

Let (p„, (x) -=/ (x), in G,^, and (p^ (x) ^ 0 , in the rest of the space S^,; 
then (pm (x) is of class ^ 1 , in A,„ , and therefore in S ^, . The sequence 
{<pm (^)} converges in A„, , almost everywhere to / (x) ; for if we consider 
the sequence (pm(x), (^)> ••• <^m+r (^). ••• » the function (pm-^r {^) is 

continuous relatively to G^+r^ 6 -nd therefore relatively to G^- Moreover 
we have m (A,,,^,.) — m hence if denote the perfect 

part of Gm-^-r fhat is contained in A^, we have 

m (Am) - m (gm +r) ^rn+r* 

Thus Gm, gm^iy 9 w +2^ , is a sequence of perfect sets, all contained in A^,, 

each one contained in the next, and such that lim m (gm+r) "" ^ it 

follows that, in A,„ , the sequence <pm (a;), (pm^i (^)j ••• <pm^r (^)> ••• ? converges 
almost everywhere to / (x). Since m may have all integral values, it follows 
that the sequence {p^ converges almost everywhere in 8 ^^ to the value 
of / (x), and in the remaining points it converges to zero. 
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In case the function / (x) is defined in a measurable set E, of finite, or 
of infinite, measure, we may suppose / (x) to be extended to the whole 
space Sj , , by assuming that its value is zero at all points of the complement 
of E; it remains a measurable function when so extended. The sequence 
{<f>n (^)} corresponding to this extended function may then be apphed only 
to E. 

We have thus established the following theorem : 

If f (x) be a 7neasurable function^ defined in a mexisurable set E, of finite, 
or of infinite, measure, and in any number of dimensions, there exists in E 
a function <j) (x), of class i 2, such that its value differs from that of f (x) 
only at points of E belonging to a set of measure zero. 

In comparing this theorem with that given in § 179, we observe that, 
in the present case /(a:) is representable almost everywhere by a sequence 
of fmictions, of class 1, which is convergent everywhere in E, without 
exception, although it may not converge to / {x) everywhere in E; whereas 
in the theorem of § 179, f (x) is represented almost everywhere in E as 
the limit of a sequence of functions of class 0, but this sequence is not 
necessarily convergent everywhere, without exception, in E. 

THE PRIMITIVES OF A FUNCTION IN A FINITE INTERVAL 

198. If a measurable function/ (x) be defined in a given linear interval 
(a, b), infinite values being admitted, the question arises whether a con- 
tinuous function F (a;) exists wliich has, almost everywhere in (a, 6), a 
differential coefficient of which the value is / (x). Such a function F (x) is 
said to be, in a more general sense than that employed in i, § 343, a primitive 
of / (x). It has been shewn in i, § 298, that the function F (x) cannot have 
an infinite differential coefficient at all points of a set which has its measure 
> 0; accordingly, the question can only admit of an affirmative answer in 
case / (x) is almost everywhere finite, and it will therefore be assumed that 
this is the case. The answer to the question, with this restriction, is 
contained in a theorem due to Lusin*, which may be stated as follows: 

If a function f (x) be measurable in the finite linear interval {a, b), and 
be finite almost everywhere, there exists a continuous function F {x), such that, 
almost everywhere in (a, 6), F' (x) exists, and has the value f (x). The function 
F (x) is, in general, not unique; two values of F (x) not, in general, differing 
from one another by a constant. 

In case the function / (x) has an //-integral, or a D-integral, in (a, b), 
I / (x) dx is a primitive which has, almost everywhere in (a, 6), a differential 

J a 

coefficient equal to / (*) (see i, § 470) ; thus j f (x)dx + C belongs to the 

J a 

* Comptes Reridus, vol. clxii (1916), p. 976. 
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class of primitives of j {x). Further, if/ (x) be everywhere finite in (a, />), 
and it is known that / (x) is a differential coefficient, then (i, § 471) f {x) 
has a Z)-integral in (a, 6). Moreover, the only primitives which have a 
differential coefficient equal to / (x), everywhere in (a, 6), with the possible 
exception of an enumerable set of points, are the primitives 

f f(x)dx 4- C \ 

J a 

this is the case in virtue of the theorem given in i, § 267. 

199. In order to prove Lusin’s theorem, two lemmas will be required; 

Lemma I. If f (x) be a contimious function, defined in the interval {a, b), 
a continvA)us function <f> (x) can be so determined thut \ (f) (x) ~ f {x) \ < e, 
in {a, b); <f> (a) ^ f (a), </> (b) ^ f (b); and (f)' (x) ^ 0, almost everywhere in 
[a, b) ; where e is an arbitrarily chosen positive number. 

Let (a, j3) be any sub-interval in (a, b), and let (r be a perfect non-dense 
set of points in (a, ^), of measure zero. A correspondence exists between 
the points of (a, P), and the points and contiguous int/crvals of G, such that 
to all points P' of an interval contiguous to G there corresponds a single 
point P of (a, p), and to a point P', of G, there corresponds a single point P 
of (a, p ) ; the relation of order of all points P being the same as for the 
corresponding points of G or of contiguous intervals. 

Let (f) (x) have at each point P' the value of / (x) at the corresponding 
point P ; thus </> (x) is constant in each interval contiguous to G. Since G 
has measure zero, </>' (x) exists almost everywhere in («, ^), and has the 
value zero; also (f> (a) ^ f («), <f> (P) ^ f (^). 

The interval (a, b) can be divided into a finite number of parts (a, jS), 
in each of which the fluctuation of f (x) is < e. In each part, (f> (x) is defined 
as above, and (/> (x) has in (a, the same range of values as / (x) ; thus it 
is clear that | <^ (x) — / (x) | < e, in (a, 6) ; moreover (/>' (x) ^ 0, almost 
everywhere in (a, b), and is such that <l> (a) f (a), cf) (h) = / (b). 

Lemma II. If f ix) be measurable in (a, b), and finite almost everywhere, 
cm enumerable set of non-dense perfect sets {G„} can be so determined that 
no two of the sets have a point in common, thot the sum of their measures is 
equal to that of the whole interval, and that f (x) is bounded in each set. 
Moreover the sets can be so determined that the points a, b do not belong to 
any of them. 

If A be a positive number, and ey be the set of points at which 
l/(^)l < N, we have lim m (ejv) ^ b — a = 1. A value Aj , of A, can be so 

chosen that m (e^Vi) > and a non-dense perfect set G^ can be chosen as 
a part of e^^^ so that m {Gf) > \l ’, the complementary set C (Gf) has measure 
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< \L As before, a non-dense perfect set contained in C (G^), can be 
determined, such that \f{x)\ is, in 6/2, < Ag, where Ag > Aj, and such that 

m {C ((? 2 )} < 

Proceeding in this manner, every point of {a, h) belongs to one of the sets 
G^, C (Gn)', and {(7 Thus E m{G^) converges 

2 r^l 

to I, as n 00 ; moreover in any set G ^ , we liave | / (u;) | < . 

200. We can now proceed to the proof of Lusin’s theorem. Let 
be the sequence of perfect sets, constructed so that the conditions of 
Lemma II are satisfied. 

Let ••• •••> denote the intervals contiguous to 6\; the 

°° (n) 

integer A„ can be so chosen that H m ) < rn (6r„). There are A„ -f 1 

An hi 

intervals Aj"*, A2”*, ... A*"’,.! complementary to the A„ intervals 
81 \ ... and (A^”’) < 2m ((?„). 

r-1 

fn (^) /(^)j ill liiG points of G„, and /„ (x) = 0, in C ((7„); let 

<l>n (^) fn (^) Ih® integral existing as an L-integral, because / (x) 

is bounded in G„, The function (f)^ (x) is continuous in (a, 6), and is constant 
in each of the intervals contiguous to G^. Let ip^ (ic) be any function, 
continuous in (a, 6), and such that (^) "" <Pn (^)j in the intervals 
\ §2^^ ... §1^^, and such that ip\ (x) 0, almost everywhere in (a, 6), 

and satisfies the condition | (x) — (pn(x)\ where is the length 

of the least of the intervals ... aJ^+i . That ip^ (x) can be deter- 

mined so as to satisfy these conditions, follows from Lemma I. 

Let Fn (x) == <pn (x) — ipn (a;) ; then F„ (x) is continuous in (a, b ) ; it is 
such that I Fn (x) | < |^» in (a, h)\ it vanishes in each of the intervals 
82^ , ... 8^”^; and Fn (a:) = / (a;), at almost aU points of 

00 

Let us consider the function F (x) S Fn (a;). Since 

n-* 1 

the series converges uniformly and absolutely in (a, 6), and therefore 
F (x) is continuous in (a, b) ; it will be shewn to be a primitive, such as is 
required. 
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Since (x) =- 0, almost everywhere in C and F^' (.^) = / [x), 
almost everywhere in there exists a set of points S, of measure zero, 
such that each of the functions {jP„ (x)} has a differential cioefficient that 
is not infinite, for all points not in S\ also F^ (x), F^' (x), , are in C (S) 

all zero, except that one of them has the value / (x). If i ^ f 1, add to 
two intervals, of length one on the right and the other on the left ; 
and let the interval so extended be denoted by where t 1 , 2, 3 , . . . A„ + 1 . 
(consider the set of points which belong to one or more of the intervals 
uT\ ;C,.;we have 

m {FJ " m " 3 S m (A[^^) 6m (6r„); 

I 1 

conscHpiently the series H rn {K,^) is convergent. It follows that the set T 
« « 1 

of points, each of which belongs to an infinite number of the sets , 
... , has its measure zero. 

Let R be the set of points of (a, h) that do not belong to S or to T \ 
then m (R) - /. Each point of R belongs only to a finite number of the 
sets It will be shewn that, at every point x, of R, F' (x) =- / (x). 

Let f he a point of R, then 

F + h) ~ F_(^) - ^) - Ail) 

h tf' 

The number N may be so chosen that f does not belong to , AV < 2 » • • • i 
thus, if n > X, $ is interior to one of the intervals 8^”^ ... 8^^^; and 

therefore F^ (i) - 0, for 71 > iV^ ; thus 

^ a H / Q - K (0 _ ? 

ri-VM 7* • A -1 1 

If h be such that F„ (i -f h) 0 , ^ ~h k is outside S[^\ 82^! ... 8l^\ that is 
interior to an interval A$”\ A2^\ ... a1^|i ; but f is exterior ioEn, and there- 
fon* to all the intervals U^i\ ... It follows that \ h\> and 

thus that 

i I lAiLtAI. 

m-A'+ 1 ' n-A + 1 9n 

Since | (x) N , we have, in the whole of (a, b), 

V I F r , (I + h ) I » 

n-V + 1 £?n n~iV' + l2" 2^ 

and therefore 

F(^ + h)-F (f) F, + h) - F, ($) [ ^ 1 
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where N is fixed, and h is arbitrary. It follows that each of the four 
derivatives of F (x), at i, differs from F/ (f) f (i) + ••• (i) by 

less than A number can be so fixed that, for N > A^j, 

fV{i) + F,' (^) f ... -hiV(^) -/(f); 
therefore F (x) has a differential coefficient at which has the value / (^); 
this is the case everywhere in (a, h), except at points of S or T. 

The theorem has accordingly been established. 

It will be observed that the set B is of the first category; the question 
whether F (a;) can be so determined that F' (a:) / (x), at all points of 

a set of the second category, remains open. 



CHAPTER V 


SEQUEN(^ES OF INTEGRALS 

THE INTEGRATION OF SERIES AND SEQUENCES 

201. When a function is represented in some given field of the variable 
or variables by a series which converges to the value of the function, it is 
important to be in possession of conditions which shall ensure that the 
sum of the integrals of the terms of the series shall converge to the integral 
of the sum-function, the integrals being taken over the given field, or over 
some part of it. 

If {x) denote the ni\\ partial sum of a series A (:r) f (^) I , which 
converges to s (x), in a field B, the condition is identical with that for the 

convergence of (x) dx to js (x) dx. Thus, when {6’^ (a;)} represents a 
sequence of functions of one or more variables, typified by x, which con- 
verges to s (x), in a field E, and lim I (x) dx ^ I s (x) dx, the 

J {E) j (E) 

sequence {6^* (a:)} is said to be an integrable stqumct in the field E, which 
is taken to be a measurable set of points in one or more dimensions; the 
integrals being assumed to exist in accordance with the definition of 
J-icbesgue, which implies that the set E is measurable. The measure of E 
may be finite or infinite. 

In case, lim Sn M dx -= U (:r) dx, not only when the held of integration 

J 

is E, but also when the integrals are taken over any measurable part F, 
of E, the sequence is said to be completely integrable over the set E, This 
terminology was introduced * by Vitali. 

Proofs that the convergence of a series to its sum-function is sufficient 
to ensure the validity of term by term integration were advanced by 
Cauchy and by Moigno. These proofs, although they are invalid, may be 
accepted as signs that Mathematicians had, early in the nineteenth century, 
become conscious that the validity of the process was in need of investiga- 
tion. 

202. A very important criterion of a general character is contained 
in the following theorem, which is a generalization of a theorem duef to 
Lebesgue. 

If a sequence {s^ (a?)} of functions, all of which are summable in a measur- 
able set E, of one or more dimensions, and of finite or infinite measure, con- 

* Rendiconti del Circ. Mat di Palermo, vol. xxm (1907), p. 140. 
t Lemons mr V integration, p. 114. 
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verges at all points of E to the values of a function s {x), it is sufficient, in 

order that L s (x) dx may exist, and that the sequence (x)} he completely 
J(E) 

integrable over the set E, that a non-negatirte function <f> (x) should exist which 
is summable over E, and such that \ s^ (x) \ <f> {x), for all values of n and x 

(in E), 

Moreover the cojivergence of the integrals I (a;) dx to I s (x) dx is 

J (F) J (F) 

uniform for all measurable sets F contained in E. 

It should be observed that if, in E, there is an exceptional set of points, 
of measure zero, at which the sequence (x)} does not converge, the 
theorem still holds good. For it may be apphed to the set obtained by 
removing the exceptional set from E, and this makes no difference to the 
values of the Z-integrals, 


To prove the theorem, it is seen from the relation \ s^ (x) \ ^ <{> (x), that 
I 5 (a:) I ^ (x), and thus that | s (x) | is summable in E ; hence s (x) is 

summable over E. in particular, if m (E) is infinite, s (x) is absolutely 
summable over E. It is only when m (E) is infinite that summability of a 
function over E does not necessarily imply absolute summability. First 
let it be assumed that m (E) is finite, and let e be an arbitrarily chosen 
positive number. Let be that set of points, in E, for all of which 
I 5 (a;) — Sn+tn (x)\ ^ €, for m = 0, 1, 2, 3, ... ; certainly exists if n be 
sufficiently large. If F be 3 / measurable part of E, let be the part of e^ 
which is contained in F. We have then 


[ {s (x) - s„ (x)} dx U f ls(x) -s„(x)ldx + [ | « (x) - s„ (x) | dx 

Jim I •'(A) 

.1 em (e„) + 2 [ (f> (x) dx, 

I s {x) 


Since 


l{E-en) 

Sn (X) I < 2^ (X). 


It is clear that the set is contained in the set e^^^, and that F - e„ 
contains the set E — e^^^. Moreover there exists no point common to all 
the sets E — e^^^, for m = 0, 1, 2, 3, for if x were such a point, we 
should have | 5 (x) - (x) | > €, for all values of m; and this is incon- 
sistent with the convergence of the sequence of numbers (•^')} fo the 

limit s (x). Employing a theorem given in i, § 131, it now follows that 
lim m(E ~ c„) = 0. 

It <^00 


If n be greater than or equal to a fixed integer n^ , it now follows that 
I (s (x) — (oj)} dx < em (E) e, whatever measurable set F may be, 

contained in E. Since € is arbitrary, I (^) converges to 8(x) dx, 

J(F) J(F) 

uniformly for all such sets F. 
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Next, let m {E) be infinite; a part of E, of finite measure, may be 
so determined that 6 (x) dx < e. If jP be any measurable part of E, 

it consists of a part of E^ , and a part F — F^oi E — Ej^. We now have 

I (x) - Sn( x)} dx\^ I {s (x) - 5,, (x)}dx + 1 {8 (x) - (x)) dx . 

Jm I J (F,) J {F-Ft) 

The second integral on the right-hand side is less than 2 <f> (^) dx, 

hE-Ey) 

or 2€ ; and the first integral converges to zero, as n --- oo , uniformly for 

all the sets contained in E^ ; thus 1 {x) — (a?)} dx < 3e, pro- 

J iF) I 

vided n is not less than some number dependent on c; therefore 

I (x) dx 
Uf) 

converges to I s (x) dx, uniformly for all measurable parts F, of E, 

HE) 

The above theorem is equivalent to the following : 

If the sequence (x)} of functions, all summahle in the measurable set 
E, and all absolutely summable in case E has infinite mecusure, converge to 
s (a;), everywhere {or almost everywhere) in E ; and if a non-negative function 
tjf (x), sunimalile in E, exists and is Sivch that | 5 (a;) — s^ (a;) | ^ ^ (x), for all 

values of n, and of x {in E), then | s {x)dx exists, and the sequence (a;)} 


is completely integrable in E. Moreover, the convergence of s^ (x) dx to 

HE) 

I s (a:) dx is uniform for all measurable sets F, contained in E. 

HF) 

For we have 

I s (a:) I S I s (x) - (x) | + | s„ (x)\S<fi (x) + | s„ (x) | , 

and therefore s (x) is absolutely summable in E. Moreover 

I (a;) I £ </> (a;) + I « {*) I , 

which is a summable non-negative function ; and thus the condition of the 
theorem, in its first form, is satisfied. 


It may be observed that: 

In the first theorem, the condition \ s„ {x) \ ^ <l> (x) may be replaced by the 
condition {x) ^ s^ {x) ^ (x), where (x), <f >2 (x) are ttvo functions, each 

of lohich is absolutely summable in the set E, of finite, or infinite, measure. 

For if (x) [x) ^ ^2 (^)> I (^) I is at each point not greater than 
the larger of the two numbers | (x) | , | <f>2 (x) | , and we may take (a;) 

to be the function which has this value at each point x. It is easily seen 
that (x) is summable in E, 
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203. The theorem of § 202 can be extended to the case in which the 
functions {s^ (x)} , s (x) involve a parameter a which may typify a point 
in a given set of points Ky in any number of dimensions. We consider a 
sequence {«„ (x, a)} which, at each point x, of the set Ey converges uni- 
formly for all points a, in K, to the value s (Xy a). 

Let e„ denote the set of points in Ey for all of which 

I s (x, a) - (x, a) | e, for m - 0, 1, 2, 3, ... , 

and for all points a, in iT. It can be shewn that there exists no point of 

E which belongs to all the sets E — e^y E - E ~ e^^. 2 , For, if 

X were such a point, we should have | 6* (xy a^) ~ (.r, a^)\ > e, for all 

values of m, where {a^} is some sequence of points belonging to K y and 
therefore, at the point Xy (x, a) does not converge to s (x, a) uniformly 
for all points of K, which is contrary to hypothesis. It now follows that 
lim m (E - e^) == 0. Assuming that there exists a non-negative function 

n~i» 

<f> (x), summable in Ey such that | (x, a) | ‘ </> (x), for all points x in Ey 

and for all points a in K, the proof of the theorem giv^en in § 202 is applic- 
able when the sets {e„}, as here defined, are employed. We have, accord- 
ingly, the following theorem : 

Let {Sn (x, a)} 6e a sequence of functionSy defined for each imnt x, in a 
measurable domain Ey of one or more dimensions y and of finite y or infinite, 
measure y the, sequence existing for each 'point a, in a set K, of one or more 
dimensions; and let it be assumed that {.s„ (x, a)} converges to the. value of 
a function s (x, a), at each point x, in Ey uniformly for all points a, of K, 

It is sufficient y in order that I s (x, a) dx jnay exist, and that the sequence 

' (E) 

{Sn (x, a)} be completely integrable in E, for all values of a in K, the sequence 
of integrals being uniformly convergent in K, that a non-negative function 
<l> (x) should exist, which is summable over E, and is such that | s^ (x, «) | ' 0 (x), 
for all values of n, x (in E), and a (in K), 

As in § 202, the condition in this theorem may be replaced by the 
condition that | s (x, a) — s^ (x, a) | ^ 0 (x), where 0 (x) is a non-negative 
function, summable in E, for all values of n, and of a (in K). When E has 
infinite measure the functions s^ (x, a) must be taken to be absolutely 
summable in E, 

204. Important particular criteria are obtained, for the case of & set E, 
of finite measure, by assuming that the functions 0 (x), 0 (x), employed in 
the two forms of the theorem of § 202, are both constant in E. 

We find, from the first form of the theorem, the following: 

If a sequence {s^ (x)} of functions, all measurable in a set E, of finite 
measure, be convergent in that set, and if s^ (x) is bounded, for all the valnes 
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of n and x, so that | s^ (x) | ^ K, where K is independent of n and x, then the 
sequence (a:)} is completdy integrable in E. Moreover the convergence of 

I s„ (x) dx to I s (x) dx is uniform vnth respect to every measurable set F, 
Uf) J {F) 

contained in E. 


As in the general case, it makes no difference if there be an exceptional 
set of points in E, of measure zero, at each of which {x)} does not 
converge, or at which the condition | (x) | ^ K is not satisfied. 

This theorem has been given, in a somewhat less general form, in i, § 398. 
Prom the second form of the theorem in § 202, we obtain the following: 

If a sequence of functions, summable in a set E, of finite measure, he con- 
vergent in that set, and if | s (x) s^ (a?) | - K, for all values of n, and of x 
(in E), then the sequence (a:)} is cmnpletely integrable in E, Moreover the 

convergence of / s^ (x) dx to / s (x) dx is uniform with re^spect to every 
J{F) J (F) 

measurable set F, contained in K. 


It should be observed that the condition | s (x) — s^ (x) | X is (see 
§94), in the case in which X is closed, equivalent to the condition that 
there are in E no points at which the measure of non-uniform convergence 
is infinite. Thus: 


It is sufficient for the complete integrahility of the sequence {Sf^ (a;)} in a 
closed and hounded set E that there he in E no points at which the measure of 
non-uniform convergence is infinite. 

This theorem is a development of a theorem first given* by Osgood, 
for the case of a linear interval in which s (x) and s^ (x) are all continuous. 
The case for a linear interval in which s (a:) is not necessarily continuous 
was obtainedf by Hobson, and was also investigated by W. H. Youngf, 
and by Arzela§. 

If (a;)} converge uniformly in the set E, of finite measure, we have 
I s (x) - (x) I < e, for all sufficiently large values of n, and for all the 

values of x. Thus we have the theorem : 

It is sufficient for the complete integrahility of the sequence {s^ (x)} , in 
a set E, of finite measure, that the sequence converge uniformly on E. The 
convergence of the integrals is then uniform with respect to all measurable sets 
contained, in E. 

The results obtained here may clearly be extended to the case in which 
the functions involve a parameter, as in § 203. 

♦ Amer. Journal of Math. vol. xix (1897), p. 182. 
t Proc, Lond. Math. Soc. (1), vol. xxxiv (1901). p. 264. 
t Proc. Lond. Math. Soc. (2), vol. i (1904), p. 89. 

§ Mem. d. R. Acad. Bologna (5), vol, vm (1900), p. 703. 
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206. An important criterion is obtained by applying the second theorem 
of § 202 to the case in which the sequence (.r)} is monotone ; either non- 
diminishing, so that {x) ^ 8^ (x), or non-increasing, so that (x) (x), 

for all the values of x and n. In these cases, we have 

0 ^ I « (a:) - (a:) I £ I 5 (x) - (x) I S I s (a;) I + I Sj (x) |. 

It is sufficient, in order to apply the theorem, that s (x), and (x) should 
be summable in E, when m (E) is finite, and that they should be absolutely 
summable in E, when m (E) is infinite. 

We thus obtain the following theorem : 

If, in a measurable set E, of finite, or infinite, measure, the monotone 
sequence. (a;)} conmrges (almost everywhere) to a function s (x) which is 
summable in E when m (E) is finite, and absolutely * summable in E wJmi 
m (E) is infinite, and if Sj (x) satisfies the same condition ; then the 
sequence {s^ (a:)} is completely inteqrable in E. Moreover tlie convergence 

of Sn (x) dx to s (x) dx is uniform for all measurahle sets F, contained 
J (F) J (F) 

in E, 

This theorem may be extended, as in § 203, to the case in which the 
functions involve a parameter a. The functions cS’„ (x, a) must then be taken 
to be monotone for each value of the parameter a ; and | s (x, a) | , | (x, a) ( 

must be taken not to exceed positive functions which are both summable 
in E. 

206. Other criteria for the complete integrability of a sequence may 
be obtained, which depend upon conditions involving integrals of the 
functions in the sequence. 

The following theorem will be first established : 

Let the sequence (x)} converge everywhere (or almost everywhere) in a 
measurable set of points E (of one or more dimensions) of finite measure, to 
the values of a funx-tion s (x) which is summable in E. If the condition 

lim \ Sn (x)\ dx ^ 0 is satisfied for every sequence {e„} of measurable sets 

n-Qo . (cn) 

contained in E, such that each set of the sequence contains the next, and such 
that lim m (e^) 0, then the sequence {5,^ (a;)} is completely inteqrable in E, 

n-^oo 

Moreover the convergence of the integrals over measurable components of E is 
uniform for all such components. 

Let e„ denote that set of points of E, for each of which 

I s (*) - (*) I > 

for one or more values of m in the sequence 0, 1, 2, 3, ; so that 

I 5 (ar) ^ s^^^ (x) I e, 

in the set E — e^, and the conditions are satisfied that e^+i is contained 
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in e„, and lim m (e„) = 0. If be any measurable set contained in E, 

n-^ao 

let/„, F ~ fn denote the parts of e^, — e„, respectively, that are con- 

tained in F. 


We have now 


{x) - 

«n (*)} dx 

if 1 s (a:) - 

- (*) 

1 dx 

+ / 1 

s (x) — s„ (x) 1 dx 


1 

Ufn) 



J (F-fn) 




if 1 ,s (x) - 

- (y) 

1 dx 

+ em {E). 




■'(/.) 





Also 

f 1 « (a^) 
-'</«) 

■■s„(y)ldx£ |.s 

J(«») 

{y)\ 

dx ^ \ 1 

■I (en) 

s„ (x) 1 dx. 


and since both the integrals on the right-hand side converge to zero, as 
n ~ 00 , it is seen that the integral on the left-hand side is < e, provided 
n is not less than some integer Ue. We now have 


{s (x) - .s„ {x)} 


(lx 


< c f €W {K), for n ^ iit , 


and for every measurable set Fy contained in E, Therefore I (x) dx 

J (F) 

converges to s (x) dx, uniformly for all such sets F. 

Uf) 


It is easily seen that : 

The sufficient condition in the theorem may be replaced by the less stringent 
condition lim / (x) dx 0. The sequence is then com'pletely integrable 

n— 00 J (en) 

in E, hut the condition that the. integrals of 5^ (x) over a measurable part of 
E to the integral of s (x) over that jxirt is uniform for all such parts is not 
necessarily satisfied. 

For the inequality employed in the above proof may be replaced by 


{« (*)} fly. - f (y) - ■'■'n (*)} 

J (F) j (/.) 


dx 


-h em (E), 


now I s (x) dx converges uniformly to zero, as n oo (see i, § 392), and 
hfn) 

I (x) dx, by hypothesis, converges to zero, as m (/„) converges to 
I (/«) 


zero, but it cannot be asserted that 


Sn (*) 

HM 


dx \ < €, for n ^ n.f, where 


Ue is independent of the particular sequence { /„} , and therefore independent 
of F. 


207. If E have infinite measure, we have the following theorem : 

If (a;)} cxmverge everywhere (or almost everywhere) in a measurable set, 
of infinite measure, to the values of a function s (a;), absolutely summable in 
E, then, provided the condition of the last theorem is satisfied in every part 
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iS'i, of E, which has finite measure, and provided that, if e be arbitrarily 
assigned, can be so determined that 

Sn (x) dx< €, for n^ne, 

arid for every measurable set E^, which contains Ei, and is contained in E, 
the sequence (a;)} is integrable in E. 

The set E.^, of finite measure, can be so determined that 

< 2c, for n ^ Uf. 


s (x) dx < c. 

and also 

(x) dx 



\hE-Et) 

We have now 



{« (x) - «„ (a;)} dx = 

f {six) 

- (*)} <ix + 1 

-'(K) J 

He-e,) 

Jl 

and since the sequence 

Sn (x) dx satisfies the 


theorem, we have {s {x) — (x)} dx\< e, for n ^ nl , It follows that 

(E,) 1 

{cS (x) — s„ (x)} dx < 4c, for n ^ n/' , where n/' is the greater of the 

J (E) 

numbers Ue, n/. Since c is arbitrary, the sequence s„{x)dx converges 

J (E) 


to 


s (.r) dx. 

J(E) 


The theorem might be so stated as to involve the complete integrability 
of the sequence, and also so that this is uniform with respect to all sets. 

208. Let ^ be a set of points of finite measure. 

If, corresponding to an arbitrarily chosen positive number c, another 


number tj exists, such that Sn(x)dx < c, where e is any measurable 

J (e) 

set contained in E, provided m (e)<q, for every value of n, the integrals 
1 (x) dx^ of the sequence are said to be equi-convergent. The term equi- 

absolutely continuous is sometimes used instead of equi-convergent, and 
sometimes the term uniformly convergent is employed. 

If the integrals (x) dx are equi-convergent, so also are the integrals 

J (E) 

I s„ (x) I dx, and conversely. 

For, let Cj and e^ be the two parts of e in which s^ (x) is ^ 0, and in 
which Sn (a:) < 0; we have then / (x) dx < c, -- / s^ {x) dx < c, and 

J (Cl) J (c.) 

therefore | s^ (x) | dx < 2c, for every value of n; since 2c is arbitrary, 
he) 

the integrals | s^ (x) | dx are equi-convergent. 

JIE) 


I (E) 
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Conversely, if I \sn(x)\dx are equi -convergent, we have 
J(E) 

I (x) ldx<€,ifm (e) < rj, 

J (c) 

for every value of n ; hence 

Sn (x) (lx < e, — / {X) dx < €, 

he.) Uct) 

therefore 8^ (x)dx\<€. 

he) 1 

If E be of infinite measure, and if the condition is satisfied, that for 
every set of finite measure, contained in E, the sequence of integrals 

Sn{x)dx is equi-convergent, and provided also Ei can be so determined 

J (E.) 


■' {E.) 
that 


I (^) 

(E, - E.) 


dx 


< e, for all values of n, and for all sets E^ of finite 
measure, contained in E, arid containing Ej , then the integrals I (x) dx 

J (E) 

are said to be equi-convergent in the set E, of infinite measure. 

In case all the functions (x) are absolutely summable in E, it is 

easily seen that the equi-convergence of the integrals I (x) dx involves 

hE) 

that of the integrals I s„ (x) I dx; and conversely. For, since E.^ — E^ is 

J (E) 

of finite measure, the sequence of integrals is equi-convergent in E^ - E^y 


and therefore we have, as before 


, [ I (X) I 


(lx < 2e. 


209. It will be shewn that, when the integrals (x) dx are equi- 

J (E)^ 

convergent, and when m (E) is finite, the condition lim s„ (x) dx ^ 0, of 

n~ao J en 

the theorem of § 206, is satisfied. Let be the first set of the sequence {e„} 


for which m (e^) < tj, then 


e, for all values of n, and for 


< €, for m ^ 0, 1,2,3,..., 


j s„ (x) dx 

(*r+m) 

m ^ 0, 1, 2, 3, Thus we have / (x) dx 

1 1 {er+m) 

and hence lim I .s*„ (x) dx\^ e; and since e is arbitrary, it follows that 

— QO 

lim Sn (x) dx - 0. We thus obtain Vitali’s theorem* that: 

n~3o (f«) 


It is sufficient for the complete integrability of a sequence (x)} which 
converges almost everywhere in a set E, of finite measure^ to a function s (x), 
summable in Ey that the integrals of s„ (x) in E should be equi-convergent. 

* Rendiconti dd Circ. Mat. di PalerinOy vol. xxra (1907), p. 137. Vitali has further proved that 
the oondition of equi-absolute continuity is necessary as well as sufficient. 
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Vitali’s theorem may be extended to the case in which the set E has 
infinite measure. 

Let it be assumed that the sequence | (x) dx is equi-convergent 

J(E) 

in E. Let be a measurable part of E; then if m (F) is finite, the inte* 
grability of the sequence in F follows from Vitali's theorem. We need 
therefore only consider the case in which m (F) is infinite. A set E^, con- 
tained in E, of finite measure, can be so determined that (a:) dx < c, 

for every set E^, of finite measure, containing E^, and contained in E, and 
for all values of n. It then follows, as in § 208, that I I (^r) I dx < 26. 
Let F^ be the part of F that is in Ei , and F^ the part that is in E ^ ; we have 
then Sn (x) dx < 2€. Let now m (E^) increase indefinitely, so that 

E is the outer limiting set of the sequence of sets {E ^ , then F is the outer 
limiting set of the sequence of sets F^\ we have thus (x) dx ^ 2€, 

I./ (F-Fi) 

and it then follows that | / {s (x) — (x)} dx < 3e, provided m (F^) is 

sufficiently large. Hence 

I {s (x) - (x)} dx {s (x) - (a;)} dx -\-\\ {s (x) ~ (x)} dx , 

\J(F) I -/(F,) l^(F-F,) 

and the expression on the right-hand side is < 4e, if ^ ; it follows that 

Sn (x) dx converges to s (x) dx. 


We have accordingly established the following theorem : 

It is sufficient for the complete integrability of a sequence (x)}, of 
functions, summable in a set E, of infinite measure, which converges almost 
everywhere in E, to a sumrmMe function s (x), that the integrals of s^ (x) in E 
shotUd be equi-convergent. 

210. In case (a;) ^ 0, for all values of n and x, in E, the condition 
lim 8^ (a;) dx ^ 0, of the theorem of § 206, can be shewn to be necessary 

n-^oo J (en) 

for the complete integrability of the convergent sequence { 5 ^ (a;)} over 
the set E, of finite measure. An integer n^ can be so determined that 

8 (x) dx is less than an arbitrarily prescribed positive number S ; more- 

over ni(^nj) can be so determined that ( (x) dx differs from s(x)dx 

by less than 8, provided n^n^^n^. We have now, for n ^ 

I Sn(x)dx^[ s„(x)dx<f s (x) dx -h 8 < 28. 

J (^n) J (*«i) J (®«i) 
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Thus lim j (ar) <ia; < 28 ; and since 8 is arbitrary, lim (x) dx = 0. 

J (fin) n-oo J ien) 

Hence we have the following theorem : 

If the sequence {«„ (x)} is almost everywhere convergent in the set E, of 
finite measure, and s^ {x) = 0, for all the values of n and x, it is necessary and 
sufficient for the complete integrability of the sequence in E, that 

lim I Sn (x) dx ^0, 

n~00 J {Cn) 

where {e„} is any sequence of measurable sets, contained in E, such that each 
set contains the next, and m (e^) converges to zero, as n (x> . 

Let it be now assumed that a sequence {s^ (x)},. which converges almost 
everywhere in E, is such that 0 :!i s^ (x) ^ /„ (x), for almost all values of x, 
and for all values of n ; where {/„ (x)} is a completely integrable sequence in 

E. We have then O t Sn(x)dxf f^(x)dx, and since lim I /^(x)dx = 0, 

•' (en) J (ch n-oo/ (e«) 

it follows that lim s^ (x) dx — 0, and therefore the sequence (x)} is 

JI--0O 

completely integrable in E. It has thus been proved that : 

If E be of finite measure^ and (x)} be almost everywhere convergent in 
E, and 0^5^ (x) ^ /„ (x), where {/^ (x)} is completely integrable in E, then 
{^n (^)} ^ completely integrable in E, 

Next, let it be assumed that {/„ (x)}, {g^ (^)} are any two sequences, 
completely integrable in E, and that, almost everywhere in E, 

fn (*) £ «n {X) £ g„ {X), 

where (x)} is convergent almost everywhere in E. The two sequences 
{Sn (x) — f„ (x)} , {g^ (x) — fn (x)} are both convergent, almost ever3rwhere in 
E, and s^ (x) ~ /„ (x), gn (x) — /„ (x) are both ^ 0, almost everywhere. 
Since 0 (x) — (x) g^ (x) (x), it follows that the sequence 

(x) — fn (x)} is completely integrable in E, and thence that the sequence 
(x)} is completely integrable in E, Thus the theorem* has been proved 
that: 

A sequence (x)} , convergent almost everywhere in the set E, of finite 
measure, is completely integrable in E if tivo other sequences {fn (x)}, {gn (x)} 
exist, both completely integrable in E, and such that fn (x) Sn (x) ^ gn (x). 

That the condition is necessary as well as sufficient, is seen by taking 
(x) - - 1 4- (x), gn (x) = 1 -f (x). 

211. To extend the above theorems to the case in which m {E) is 
infinite, let {E^} be a sequence of sets of finite measure, each one contained 

* See W. H. Young, Proc. Lond. Math. Soc. (2), vol, ix (1910), p. 315. 
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in the next, and with E as their outer limiting set. Let 0 ^ (x) 5 (a?), 

where {/„ (x)} is completely integrable in E. We have then 

lim s„ (x) dx== s (x) (lx \ 
n~00 J (Er) J (Er) 

now I s (x) dx is not greater than / {x) dx, where / (x) = lim /„ (x)y 
J {E) J (E) n~oo 

and this is by hypothesis finite; therefore s (x) is siimmable in E. Similarly 

it can be shewn that (x) is summable in E. We now have 
/ s^(x)dx-^ I Sn(x)dxy 

J {Er) J (E) 

for every value of r, and therefore lim I {x) dx 5 lim j (x) dx ; 
that the limit on the left-hand side exists, follows from the second theorem 
in § 210, and it is equal to I s (x) dXy and this has for its limit as r ^ qo , 

J (Er) 

s (x) dx. Therefore lim I (x) dx ~ \ s {x) dx -= where k^ ^ 0. 

• (E) ^ (E') J (E) 

A similar relation will hold for the sequence { /„ (.?;) — (x)} ; thus 


lini [ {/„ (a:) - 5 ,, (x)} dx -{ {/ {x) - 5 (x)} dx - k.^y 

^ J (E) J (E) 


where k^ = 0. From these relations we have 

lim [x) dx — lim (x) dx = k^ k^; 

J (E) n-oo j (E) 

since lim /„ (x) dx / {x) dxy by hypothesis. Hence and k^ must 

n~oo J (E) J (E) 

both be zero, so that lim (x) dx s {x) dx \ therefore {5^ (^)} is 

»-wao j {E) J (E) 

integrable in E. It we take F, any measurable part of E, instead of E, 
the same proof is applicable. Thus we have the result for the case in which 
m (E) is not finite*. The second theorem may be obtained as before. 


212. With a view to obtaining other criteria of the integrability of a 
sequence, it Avill be proved that: 

If y in a measurable set Ey the sequence (a:)} is almost everywhere con- 
vergent to the values of a function s (x), and if, for some value o/ p, > 1, 

1 I (^) I® dx does not exceed a fixed positive number K, independent of n, 

•I (E) 

then I 5 (a:) 1^ is summable in Ey and in case E has finite measurey s (a?) is 
summable in E. 

Let m (E) be, in the first instance, finite. 

♦ See W. H. Young, Proc. Lond. Math. Soc. (2), vol. ix (1910), p. 319. 
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(a;) I ^ for m = 0, 1, 2, 3, , in the set 


As before, let | «? (^) — + 

we have then 

[ \ s (x) \ ^ dx-^ 2^ '^ [ I 5 (a:) — (x) | ^ dx 

UE-en) J(E-e„) 

4- 2^-1 f I (x) dx 2^-1 {K I- e^m (£7)}. 

^'(E-e„) 

It follows that, as m (e^,) converges to zero, | 5 (a:) I*' dx has a 

hE-e„) 

finite limit ^ K2 ^~^ ; and from this it can be inferred that | s (a:) |p, and con- 
sequently s (x), is summable in E. For, if <f>y (x) denote that function which 
has the value | ,9 (x) |^, when | s (a:) N, and has the value N, when 

I s (x) 1^ > N, we have 1 | 6* (x) \ ^dx — lim I (/> v (x) dx, from the definition 

J (E) iV-oo J (E) 

of the /; -integral of an unbounded function. 


Now 


/ 


lim I </>,v (x) ( 

.V~OD J (E) 

ince (f)N (x) dx I'l Nm (e„), wliich converges to zero with m (e„). Since 
J (e„) 


i dx ^ lim lim (^a’ (-r) dx, 

N ~Qo /t~oo J (E ~ e„) 


(j)js/ (a:) dx is a monotone non-diminishing function of both n and N, 

{E- e„) 

the order of the repeated limits, as A oo , n ^ qo , may be reversed ; thus 
I I 5 (a?) \'^ dx — lim lim <j)s (x) dx lim | (a:) j*" dx. 

J (E) n (K (E ~e„) ' (E~e„) 

Therefore I | .9 (a:) | ^ dx is finite, and _ 2^~^K ; hence s (x) is summable in E. 

J (E) 

Next, let m (E) be infinite; a sequence {E^} of measurable sets, such 
that m (Er) is finite, can be so determined that each one is contained in 

the next, and that E is the outer limiting set. Since \s(x)\'^ dx exists, 

' {E.) 

and is K2^~^, for every value of r, it follows that I | 6* (a:) dx exists, as 

J (E) 

lim f I ^ (a:) dx, and it is 2^~-^K. 

r-^oo J (Er) 

The following theorem may be deduced from the last theorem : 

u, in the set E, of finite measure, (x) converges almost everywhere to 

8 (a:), and for some mine of p, > I, \ \ s^ (x) dx K, a number inde- 

J (E) 

pendent of n, then s {x) is summable in E, and the sequence {5,^ {x)} is 
completely integrable in E ; the convergence of the integrals being uniform in 
all measurable parts of E. 

For, by the last theorem, s (x) is summable in E, and 

1 


.»(«.) I J 


(«.) 


«n (*) I " ^ («»)} ^ &KP{m (e„)} t> , 


P-1 


P-1 
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by an inequality given in i, § 436. It follows that lim | (*) | = 0, 

H~oO J (Cji) 

and thus the theorem of § 206, is applicable. 

213. The following theorem, which was given in a less general form in 
I, § 399, will now be established : 

Let (a:)} be a sequence of functions, sumrnable in a measurable set E, 
of finite, or infiiiite, measure, and of any number of dimensions, be such that 
s^ (x) ^ 0, for all vahies of n, and of x, in E ; these functions need not be 
bounded above. If, for each value of x, the sequence {^9,^ {x)} is monotone non- 
diminishing {a set of measure zero being possibly disregarded), and if 

lim (a:) dx has a definite value, then (1), the points of E at ivhich 

n-^oo J (E) 

(x)} does not converge form, a set of measure zero, and (2), the function s (x) 
having the value, of lim 6’„ (ar), where this limit exists, is sumrnable in E, and 

n~oo 

the sequence (a:)} is completely integrable in E ; the convergence of the 
integral of (a:) to that of s {x) being uniform in all measurable sets contained 
in E. 

First, let m (E) be finite ; and let be the set of points at which s^ (x)> A. 
The set is contained in ^n+u thus Um m (gn) is the measure of the 

n.'^oo 

set of points for which (x) > A, for all values of m, from and after 
some integer depending on x. Let it be assumed, if possible, that {s^ (a?)} 
diverges at the points of a set h, of positive measure ; then 

lim m (g^) ^m (h) > 0. 

n~oo 

An integer n^ can be determined so that s^^ (a:) > A, in a set of points of 

measure \m (h) \ hence / (x) dx > \Am (A); and therefore 

hE) 

lim I (x) dx > \Am (h). 

?i,~QO J (E) 

Since A is arbitrarily great, tlfis is inconsistent with the hypothesis that 
the limit on the left-hand side has a finite value. It follows that (x)} 
converges almost everywhere in E. 

If m (E) be not finite, a sequence of measurable sets {Er} exists, each of 
which is contained in the next, and is of finite measure, such that E is its 
outer limiting set. In E^, the set of points at which (x)} is divergent, 
has measure zero. The outer limiting set of {e,.} is the set of points of diverg- 
ence of {Sn (x)} in E; and in virtue of a theorem established in r, § 131, the 
measure of this set is zero. 

If A„ be the set of points of E^ for which s (x) — s^ (x) < e, we have 
{s (x) — Sn (x)} dx < cm (A„), or s(x)dx< Sn {x) dx 4- em (E ^) ; 

j (An) J (An) 
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hence lim ( s (a:) efo; £ lim s„{x)dz. Since m(A„) converges to w(£,), 
n^oo J (A«) n~!» J (Er) 

it is seen that cS (x) dx lim a (x) dx ; and thus / s (x) dx exists, 

HE,) n-oo J iEr) 

and is 4 lim (a:) dx, or is ^ hm (x) dx. 

/l-^oo HEr) 71-^00 HE) 

It now follows that 1 s (x) dx ^ lim [ s {x) dx exists, and is 
J (E) r-'Qo J (E,) 

^ lim I Sn (x)dx. Thus s (:c) is summable in E, whether m (E) be finite, 

n~ao J {E) 

or not. The last part of the theorem now follows by applying the theorem 
of § 205. 

In case E has finite measure, instead of the condition .s„ (x) ^ 0 we 
may assume that ^s•„ (:r) ^ K, where K is independent of n and x. For 
the theorem may be applied to the sequence (a:) f K}, and since K is 
summable in any set of finite measure, the result follows. 


INTEGRATION OF SERIES DEFINED IN AN INTERVAL 

214. If (x) -{- U 2 (x) + ... Un (x) + . . . coDverge to a function s (x) 
everywhere, or almost everywhere, in a linear interval (a, 6), and s (a:) be 
summable in (a, b), it is of importance to possess criteria sufficient to secure 

r-~n rx cx rx 

that S Wr (^) or (x) dx, converges to I s (x) dx, for all values of 

r»l a J a J a 

X in the interval (a, b). When this convergence takes place, the series is 
said to be integrable in (a, b) in the ordinary sense; whereas it is said 

(see § 201) to be completely integrable in (a, 6), when ( s (x) dx is the 

he) 

limit, as -- 00 , of {x) dx, for every measurable set of points e, in 

He) 

the interval (a, b). A series may be integrable in the ordinary sense in 
(a, b) when it is not completely integrable therein, but many of the criteria 
sufficient to ensure ordinary integrability are also sufficient to secure com- 
plete integrability. 

The following criteria are obtained as special cases of the theorems in 
§§ 202-213, which were established for integration over sets of points in 
any number of dimensions : 

(1) If, in the finite interml (a, b), the functions (a;) are summable, and 
thx series ^u^ {x) converges uniformly in the interval to the values of s (x), then 

rx 00 rx 

I s (x) dx ^ 2 Un (x) dx, and the convergence is uniform for all values of 
X in (a, b). 

This has been proved in § 204. 
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(2) If, in an interval {a, b), the functions u„ (x) are all summable, and such 

00 

that, almost everywhere in {a, b), the series S (x) converges to s (x), and a 

1 

non-negative function <f> (x) exists, which is summable in {a, b) and such that 
I Sn (x) I ( 2 ;), for all values of n and x, then J s ( 2 :) dx exists, and the 

Qo rx 

series S / u^ ( 2 :) dx converges to it, uniformly for all values of x in (a, b). 

n- 1' a 

This theorem also holds for an indefinitely great interval {a, 00 ), or ( ~ qc , qo ), 
provided <f> (x) is summable in the interml. 

This has been proved in § 202. 

(3) In the case of a finite interval (a, b), the condition may be replaced by 

the condition | ( 2 :) | ( 2 :), where (x) is non-negative, and summable in 

rx QO rx 

(a,b). As in (2), 6* (;x) dx then exists, and the series S j u^ {x)dx con- 

verges to it, uniformly in (a,b). This holds also for (a, 00 ), or /or (— 00 , 00 ), 
provided the terms u^ (x) are absolutely summable in (a, or iv ( - 00 , 00 ). 

(4) Whether {a, b) be finite or infinite, the condition in (2) may be re- 
placed by the condition <f>^ {x) -5 s^ (x) ^ (^)> values of n and x, 

where <f>i {x), <f >2 (^) f unctions, each of which is absolutely summable 

in the interval. 

(5) A particular case of (3) is the condition, in the case of a finite interval, 
that I Rn (x) I should be bounded for all the values of n and x. This is equi valent 

00 

to the condition thal the series S (x) has no points of infinite measure of 

- 1 

non-uniform convergence. 

(6) If S Un (x) converges, almost everywhere in a finite, or infinite, 

1 

interval to the values of a function s (x), summable in the interval, and if all 
the terms u^ (x) are ^ 0, for all (or almost all) the values of n and x, then 

'L \ Un (x) dx converges to f s (x) dx, uniformly in the interval. 

71-1. a Ja 

This has been proved in § 205. 

(7) If YiUn (x) is almost everywhere convergent in a finite, or infinite, 

n» 1 

interval {a, b), and 0 u,^ (x) ^ v^ (a;), where S (x) is a series such that 

n- 1 

S Vn (x) dx converges everywhere to 1 2 (x) dx, where 2 v^ (x) converges 

n="l'a J a n-1 

rx ^ rx 

to 2 (x), then 2 u^ (x) dx converges uniformly to I s (x) dx. 

n-l a J a 

(8) If Vn (x) ^ Un (x) ^ w^ {x), whcrc both the sequences {v^ (x)}, {w^ (x)} 

are integrable in {a, b), and 2 u^ (x) is convergent almost everywhere in the 

1 
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finite, or infinite, interval (a, b), then E (x) dx converges uniformly in 

n^lJ a 


(a, b) to I s (a;) dx. 

J n. 


(7) and (8) have been proved in §§210, 211. In particular if S 1 (.r) | 

n ” 1 

is integrable term by term, so also is D (x), for 

n l 

“ I “n W I - lln (X) I U„ (X) |. 

(9) //, in the finite interwil (a, />), H u„ (x) converges almost everyivhere 

rt- 1 

to s (:r), and, {s^ {x)}^dx ts hounded for all values of n. where y is a number 

J a 

> 1, t/um s (x) is summahle in (a, b), and X j u„ (x) dx converges uniformly 
in (a, b) to [ s (x) dx. 

a 

(10) If, in a finite, or infinite, interval {a, b), u,^ (x) ^ 0 for all valuer of 

00 rO 

n and X {except giossibly at a set of points of measure zero), and if D u^(x)dx 

n -1 'a 

has a definite value, then the series S u^ (x) is almost everywhere convergent, 

n i 

and, s (.r) is sninmable in {a, b): moreover D | (x) dx converges uniformly 

in (a, b) to s (x) dx. 

. a 

In all these cases there is complete integrability of the series, provided 
in (7) and (8) the integrability of the sequences {v^ (x)}, (x)} is assumed 

to be complete. 

In case (1), if it be assumed that the convergence of Z (x) to s (x) is 

1 

simply uniformly convergent only, tliis is sufficient to ensure that s (x) is 

summable, but it is then not necessarily true that E j u„ (x) dx is a con- 

n-l a 

vergent series. It (^an, however, be shewn that, whenever this series is 

rx 

convergent, it converges to the value of j s (x) dx. In fact we know that, 

a 

by bracketing the terms of the simply uniformly convergent series E u^ (x) 

n ■' 1 

in a suitable manner, the series is converted into a uniformly convergent 
series E v„, (x), and the result (1) is then applicable to this series, and thus 

w- 1 

^ (^) converges uniformly to the value of I s (x) dx. It is clear 

m " 1 ' a J a 

that, whenever E / (^) dx converges, it must converge to the same 

J a 

value as does the series E I (x) dx. We thus obtain the following 

a 

theorem : 
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(la) If the series S w (x) converges simply-uniformly in the finite 

n- 1 

interval (a, 6) to s (x), and all the terms (x) are summable in the interval, 
then*, (1) if the series S j u (x) dx be convergent it converges to the 

value I s (x) dx, and (2) if the series be not convergent, it may by suitably 

J a 

bracketing the terms, and amalgamating the terms in each bracket, be 

converted into a series which converges to j s (x) dx. The convergence is 

J a 

uniform with respect to x. 

'JO ^or (30 

A practical test that X (x) dx - S (x) dx which may be 

n ~ l ' i) J U 71 - 1 

applied in many cases is the following: 

If the series S | (x) | com)erges everywhere to a sum-function, which 

n - 1 

is summable in the infinite interval (0, oo), then 

S I u^ (a;) dx \ S Uj, (a:) dx. 

n wo . 0 w - 1 

Tliis theorem is a particular case of (2), for if ^ (x) is the function to 

^ (/> (x) for all values 


which H I (x) I converges, we have 
= 1 

of n and x. 


i u„ (x) 
1 


215. When, in the finite interval (a, />), the condition in (5), that the 
series 21 u.^ (x) has no points at which the measure of non-uniform con- 

n- 1 

vergence is infinite is not satisfied, there exists a set G of such points which 
(see § 94) is necessarily closed, and may be finite. In this case the theorem 

may fail to hold good either (1), when S j u^ (x) dx is not everywhere 

7t- 1 a 

convergent in (a, 6), or (2), when its sum is not continuous in the interval. 
It may also happen that, in these circumstances, the continuous function 
U (x) to which the sum of the integrals converges, is not equal to 

j s (x) dx\ this last integral being assumed to exist. 

I a 

The following theorem will however be established : 

If the series S {x), of which all the terms are summable in the finite 

n ™ 1 

interval (a, 6), converges to the summable function s {x), and if, further, the series 
f Un (x) dx converges everywhere to the values of a function tvhich is 

n-l Ja 

continuous in {a, b), it is a sufficient condition^ that this function be equal to 

* The first part of this theorem was given by Bendixson, for the case in which the functions 
tin G) are all continuous; see Stockholm Ofv. vol. liv (1897), p. 009. 

t This theorem was given by Osgood, Amer. Journal, vol. xix (1897), p. 182, in the case 
in which the terms of the series, and its sum, are continuous. The general theorem was given, for 
Riemann integration, by Arzeli, Mem. di Bologna (6), vol. viii (19(X)). 
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I s (x) (Ixy that the points at which the measure of non-uniform convergence 

J a 

of the series S Un (x) is infinite should form an enumerable set, 

n-\ 

The closed enumerable set of points at which the measure of non- 
uniform convergence of the series is infinite being denoted by (r, let be a 
point of (a, 6) which does not belong to Q. Since ^ is within an inteiwal 
contiguous to Gy in any interval (f — ^ -f eg) interior to that contiguous 

interval, | (x) | has a finite upper boundary. Denoting by (x) the 

nth partial sum of the series D [ n„ (x) dXy and by U {x) the continuous 

n“ 1 a 

function to which {x) converges, as n x , a value fi, of n, can be so 
determined that | U (f) -- (f ) | < 8, | C/ (f + h) — (f + h) | < 8, for 
n ^ n, where ^ ^ is a fixed point within the interval (f ~ e, , ^ + eg), and 

8 is an arbitrarily chosen positive number. 

We now have 

U a -r h) - U {$) (f 4- h) ~ ($) ^ 28 

h h 

Since the interval (^, i + h) contains no points of Gy it follows that, for all 
sufficiently large values of n, 

r£4 /I 

Sn (a-) dx s {x) dx < 8. 

Therefore we have, provide^d n is not less than some fixed integer nj, 
UrAi~\h)-lJ,($) S(( + h)~S{^) ^ 8 

~ h ' h I I ’ 

where S (x) denotes I s {x) dx. 

J a 

From the two inequalities, we have 

U(i-i-h)-U(i) S($ + h)-^S($) ^88. 

h' ' h '"'!/?]’ 

and since 8 is arbitrarily small, it follows that 

h ~ h 

This holds for any point f that does not belong to Gy and for any point 
^ 4- h in a neighbourhood of ^ that contains no points of G. It follows that 
any one of the four derivatives D^U (^), D^XJ (f), D~U (f), D-U (^)y is 
equal to the corresponding derivative of S (f). Since one of the four 
derivatives of the function /S (x)y U (x) is such that its value is the same for 
the two continuous functions, except at points belonging to an enumerable 
set, it follows (i, § 267) that the two functions differ by a constant; and 
since both vanish at the point a, they must be everywhere equal. 

When the closed set G is not enumerable it contains a perfect com- 
ponent ; and in that case the sum of the integrals of the terms of the series 
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is not necessarily equal to the integral of the sum, even when both exist 

oo ,af 

and the condition of continuity of H I {x) dx is satisfied. 

« =« 1 i a 

It will be observed that, in accordance with the theorems which have 
been established, the term by term integration of a series may fail to give 
the integral of the sum, either (1), when the set G, of points of infinite 
measure of non-uniform convergence of the series, is finite or enumerable, 

but tlie condition that the sum of the series Z I (x) dx should be a 

1 Ja 

continuous function of x is not satisfied; or (2), when G contains a perfect 
component. 

216. If there exist, in the interval (a, b), points at wliich the series 
Z (x) is not convergent, such points will be regarded as points of 

n - 1 

discontinuity of s [x). Let it be assumed that these points form a non- 
dense set with an enumerable derivative, i.e. a reducible set; thus they 
arc contained in a set G which is an enumerable closed set. Let it be 
further assumed that, in any interval (a, p) which contains, within it and 
at its ends, no point of G, the (condition is satisfied that | (x) | is less than 

some fixed number, inch^pendent of fi and x. Lei it be also assumed that 

rx 

Z I (x) dx is convergent for ail values of x in (a, 6), and that its sum- 

n= l . a 

function U (x) is continuous in the closed interval (a, b). Let it be further 
assumed that I .s’ (:r) dx ^ tS (x) is a continuous function of x ; this will be 

’J a 

the case when s (x) is sunimable in (a, b), or more generally when it has 
a D-integral, or in particular, an //7^-integral in (a, b). The enumerable set 
Q contains all points of non-convergence of the given series and also every 
point at which the measure of non-uniform convergence of the series is 
infinite. With these assumptions, the proof of § 215 is applicable to 
establish the legitimacy of the integrability of the series Zi^„ (x). We 
obtain accordingly the following theorem : 

If the series Z (:r) converges to the function s (x) at every jxiint of the 

71 - 1 

interval (a, b) which does not belong to a reducible set of points G, and if, in 
any interval (a, which contains within it, and at its ends, no jxiints of G, 

I Sn (x) I is bounded as a function of n and x; and if I u^ (x) dx exists as an 

-a 

L-integral, or as a D-integral, or an HL-integral, for every value of n, and the 

oo /X 

series Z | {x) dx, for a x ^ b, converges to a cxintinuous function of x; 

n-l J a 

then, if s (x) dx exists as a continuous function of x, 

j a 

px oo rx 

S (x)dx = Z Un (x) dx. 

J a n-1 a 
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The following theorem which also has reference to the case in which 
there are points at which the measure of non-uniform convergence is 
infinite is due to Vitali’*': 

If the points of a finite interval at which a convergent series has infinite 
measure of non uniform convergence form a set G of which the measure is zero, 
then term by term, integration is permissible, provided the sumfunction is 
summable, and provided also the inte/jrated series converges to a. sum which 
is the integral of a summable function. The last condition is clearly also a 
necessary one when the fir fit is satisfied. 

In this case it is assumed that U (r), the sum-function of [ ?/„ (x) dx, 

n 1 a 

is an indefinite integral of a summable function, that is, that it is 
absolutely continuous in (a, b) (i, § 218). The closed set G being of 
measure zero, a finite set of intervals (A) of total measure < e can be 
determined which include within them all the points of the set G. 
Since U {x) is absolute continuous, the sum of its variations, each 
taken with its proper sign, over the intervals A is < 8f, where is a 
number which converges to zero with e. An interval {a, P), one of the 
intervals complementary to the finite Set (A), (‘ontains no points of G, 

and therefore // (p) - U (a) Id (P) - A’ («); whore S (x) denotes f s (x) dx. 

J a 

Now IJ (b) is the sum of the variations of U (x), taken over all the intervals 
(A) and all the complementary intervals (a, P), and the same remark applies 
to S (b). It follows that G (b) and S {b) differ from one another by less 

than Sf -h \ s (x) I dx. As e converges to zero, so also do be and m (A) ; 

J(A) 

consequently U (b) and S (b) are equal. By (considering the interval {a, x), 
where a < x b, it follows also that S (x) V (x); and thus the theorem 
is established. 

217. It is easily seen that, m case all the terms of the series S {x) are 

n- 1 

non-nexjative in an interval (a, b), finite or infinite, the term by term in- 
te^grability of the series for {a, b) implies its complete integr ability . 

For if e be any set of points in {a, b), 

[ (^) - {x)} dx f {s (x) - (O')} dx, 

J (c) a 

since s (x) — s^ (x) 0 . If the integral on the right-hand side converges 

to zero, as n -- 00 , so also does the integral on the left-hand side. 

The following theorem has reference to sequences which, in a given 
interval, are in general non-con vergent : 

In case the sequence {«„ (.r)} is not necessarily everywhere, or almost every- 
where, convergent in the interval (a, h), and is such that | s^ {x)\ x 
♦ Eendiconti del Circ. Mat di Palermo, vol, xxui (1907), p. 155. 
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where x (^) summable in (a, b), then the upper and lower limits of j s„ (;r) dx, 
as n 00 , are both integrals. 

Let P (x) = lim [ s^ (x) dx \ and F (x) = lim j s^ (a;) dx, 

n-ooJa 

I rxi rxi ] 

then F (xf) -= lim j j (x) dx + s„ {x) dx/> 

n'-oo (. a ^ Xi ) 

S lim f s„ (x) dx - (x^ ~ f x (*) 

n~oo - a ^ a 

Thus P {xf) — P (o:,) ^ “ {x^ — ^4, 

and similarly F {xf) ~ F (;xf) ^ {x^ — xfj A, 

where A denotes | x (^) sum of the values of the absolute variations 

of F (x), or of F (x), over any set of non -overlapping intervals, whose total 
measure is < €, is less than Ae. It follows that both the functions are 
absolutely continuous in (a, />), and are therefore integrals of summable 
functions. 

An extension of the theory of the integrability of convergent sequences 
to the case of non-con vergent sequences which have an upper and a lower 
function, in relation to semi-integrals, has been deveioj)ed* by W. H. 
Young. 


218. When a convergent sequence of functions is defined in the infinite 
interval (a, oo ), and it is known that the sequence is integrable in every 
finite interval (a, 6), it is desirable to possess a sufficient condition that the 
sequence should be integrable in the infinite interval. 

The following sufficient conditions may be established : 


(1) Let the series D (x) have as its sum-function s (x), summable in 


n~ 1 


every finite interval, and let it be siwh that S u^ {x) dx converges to 

71 > 1 J a 

s (x) dx, for every finite value of 0 (> a), then if, corresponding to an 
arbitrarily chosen positive number e, an integer n^, and a value of C{> a) 


can be so chosen that 


fC' 

«n (*) 

. c 


dx 


< €,for every value of C' (> C), and for 
all values of n^n^, then s (x) is integrable in (a, oo), although not necessarily 

f ao fee 

Un (x) dx converges to \ s (x) dx. 

Ja 

fC oo rC 

(2) On the assumption that the equation s {x) dx ~ \ u^ (x) dx holds 

Ja n~lJa 

00 fao 

for every value of C (> a), then provided that S (x) dx is convergent, 

n- 1 •' a 

* See Proc. Lond. Math. Sac. (2), vol. ix (1910), p. 286. 
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r oo too 

Un (x) dx converges to the value of Z u„ (x) dx, when C is 

n-lJ a 

independently increased^ it follows that s (x) dx exists, and is egital to 

J a 

S Un (x) dx. 

n I Ja 

It should be observed that these theorems may be applied to cases in 
which the integrals I s,^ {x) dx, / s (x) dx exist only as non-absolutely 

^ a J a 

convergent integrals such as Z)-integrals. 

To prove (1) it is seen that lim f s^ (x) dx ^ f s (x) dx; and assuming 

J C J C 


that Ue and C can be so determined that j j (a:) dx\^< e, for n'^ne, and 

I I 

for all values oi C' (> C), it follows that .s‘ (x) dx < e, for C' > C; and 

I Jc I 

since e is arbitrary, I s(x)dx exists. Assuming that all the integrals 
J a 

roo 

Sn (x) dx exist, we have 
J a 

I P s (x) dx — f s„ (x) dx I If 5 (a;) da: ■" f 6‘„ (x) dx 
I J a J a I I •' a J a 


Too Tco 

+ s (x) dx + s„ (a:) dx ; 
a J a 


and by taking a sufficiently great value of n ?^c), and a sufficiently large 
value of C, the expression on the right-hand side is < 3e. It thus appears 
that 


TOO rtx> 

lim j Sn (x) dx = j s (x) dx. 

n~oo J a ‘ a 


To prove (2), we see that, if e be fixed, C may be so chosen that 

QO fC' 


oo rC' 

S I Un (x) dx 

n-lJ C 


€, for C' > C, 


we see 


and from this it follows that jj^ 5 (a:) da: j ^ e, for C' > C. Since c is 

rod rC ^ 

arbitrary, s (x) dx exists. Also since / s {x)dx = lim s^ (a:) dx, 

J a J a n~oo J a 

r oo rC 

s (x) dx is the limit to which 2 j s^ (x) dx converges as C 

00 Ax) 

and this limit is by hypothesis 2 / u^ (x) dx. 

n^lJa 
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SEQUENCES OF FUNCTIONS THAT ARE INTEGRABLE (7?) 

219. Let {x), Wg (^), ... Wn (^)> ••• be functions each of which is 
bounded in the interval (a,h), and each of which is integrable (ft) in that 
interval. Let it further be assumed that, in the whole interval, the series 

(x) f (x) + ... f (:r) + ... converges to a function s (x). Also let 
it be assumed that ,s' (x) is bounded in (a, /)). It is proposed here to determine 
necessary and sufficient conditions that 6* (x) may have an ft-integral in 
(a, 6). 

Let be a set of points, in (a, fj), of measure zero; and let e be an 
arbitrarily chosen positive number, and n an arbitrarily chosen integer. 
Let us suppose that, for each point Xj, of (a, />), which does not belong to 
a certain component £Je, of E, an integer (> n) can be determined, and 
also a neighbourhood (x•^^ — 8, a?! + S'), such that the condition | ft„j (a:) | < € 
is satisfied for every point x, in that neighbourhood. Then, provided this 
condition is satisfied for every value of e, and E is such that each point of 
it belongs to Ee. for some sufficiently small value of €, the convergence of 
the sequence (r)} to s (a*) is said to be regular m («, 6), except for the 
set ft, of measure zero. 

It will be observed that, for a fixed e, the integer /q (> f?) depends in 
general upon the particular point aq, wffiich does not belong to ftc. More- 
over, since r? is arbitrary, there exists, for a particular point ar^, an infinite 
number of values of the neighbourhood {x^ — 8, Xj f S') depending 
however in general upon the value of n, chosen. 

In the particular case in which u„ (x) ^ 0, for all values of n and x, so 
that the sequence {x)} is monotone non-decreasing, when the condition 
ft„ (x) < € is satisfied for a particular value of n, it is also satisfied for all 
greater values. In the general case this does not hold; the condition is 
satisfied for an infinite set of greater values of n, but not necessarily for 
every such value. 

It is easily seen that the set fte must, for each value of e, be a non-dense 
closed set, although the set ft is not necessarily non-dense, and may be 
everywhere dense in (a, b). For, if ^ be a limiting point of fte, then every 
neighbourhood of $ contains points of ft^, and it is impossible that the 
condition | (a:) | < e can be satisfied for every point of such neighbour- 

hood. Therefore f must belong to fte, and Ee is consequently a closed set; 
and since its measure is zero, it must be non-dense in (a, 6). 

The following theorem will now be established : 

The necessary and sufficient condition that the hounded function s (x) may 
be integrable (ft), is that the sequence of functions (x)}, all of which are 
integrable (ft), shall converge to s (x) regularly, excejA for a set of points E, 
of measure zero. 
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To prove that the condition stated is necessary, let it be assumed that 
s (a:) is integrahle (R). Since s (x), (x), (x)^ ... are all integrahle (72), the 

set of points at which any one of these functions is discontinuous has 
measure zero, and it follows that the set of points at which one or more of 
these functions is discontinuous has its measure zero. It will be shewn 
that a point at which all these functions are continuous cannot belong to 
Ee for any value of e, and consequently cannot belong to E. Let f be a point 
at which all the functions are continuous, and let e be a prescribed positive 
number. The integer (> n) can be so chosen that | s (f) — (f) | < ; 
also 8 can be so chosen that, for every point x, in the interval — S, f + 8), 
the inequalities | s (f) — s (a:) | < Jc, | s„^ (f) — (x) | < are satisfied. 

From these three inequalities we deduce that the inequality 

I (x) - (x) I < f 

is satisfied for all points in the interval (f - 8, ^ + 8) ; and therefore $ does 
not belong to the set Ef. Since c is arbitrary, it follows that i does not 
belong to E. Hence every point of E must belong to the set of points at 
which one or more of the functions (r), (x), sv, (:r), ... is dis- 

continuous; and therefore m (E) = 0. 

To shew that the condition vstated in the t heorem is sufficient, let € and 
fi l)e fixed, then Ee is a non-dense closed set of measure zero. A finite set 
of inteiwals, the sum of whose lengths is an arbitrarily chosen number y, 
can be so determined that every point of Ee is within one of the intervals. 
The remainder of (cr, />) consists of a finite set of intervals {A}; and for 
any point in an interval A, a neighbourhood (Xj - 8, Xi -|- 8') can be 
determined, and also an integer n (> h), not necessarily the same for all 
such points x ^ , such that | (x) | < e for all the points of (x^ — 8, Xj -f 8'). 

This can be done for every point Xj in the intervals (A), and we can consider 
the set of all such neighbourhoods (Xj — 8, Xj +8'). To tMs set we may 
apply the Heine-Borel theorem ; and consequently a finite set of the intervals 
(Xj -- 8, Xj f 8') exists such that every point of {A} is interior to one or 
more of the intervals of this finite set. In each one of the intervals of this 
finite set, the condition | 7?„ (x) | < € is everywhere satisfied for some value 
of « (> ri). When the set of intervals of which the sum is rj is excluded from 
(a, h). the remainder may be divided into a finite number of parts such that, 
in each part, the condition | 72„ (x) | < € is satisfied for a value of n belonging 
to a finite set iv + n + Pr* of integers all greater than n. 

To shew that s (x) is integrahle (72) we now apply Riemann’s test of 
integrability. Divide (a, 6) into a number of parts h^, ... so chosen 
that all the end-points of the excluded intervals, and also all the end- 
points of those finite parts for each of which | 72„ (x) | < c, for a single 
value of n, are end-points of the parts interval A, in 

the excluded set, the product of h into the fluctuation of s (x) is less than 
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(M ~ m) hy where M, m are the upper and lower boundaries of 6* (x) in 
(a, b). For an interval h, for the whole of which | | < e, the fluctuation 

of 8 {x) cannot exceed that of (x) by more than 26. It follows that the 
sum of the products of each h into the corresponding fluctuation of s (x) 
cannot exceed 

(M — m) rj m,}} {26 -f- fluctuation of (x)}, 

p 

where, in the double summation, the first summation refers to all those of 
the h's which are in an interval for which p has one and the same value, 
and the second summation refers to the values ••• Vr^ Since .s’n+p (x) 

is integrable (R) in the interval to which it belongs, and for which p has 
a fixed value, it is seen that, when the number s is sufficiently increased, 
and the greatest of the A’s is sufficiently small, Z Z/? x fluctuation of 

p 

^fi+p (^) becomes arbitrarily small. Since 17 and 6 are arbitrarily small, it 
follows that Riemann’s test of integrability of s (x) is satisfied. 

The general theorem having now been completely established, it 
appears, from the foregoing proof, that it may be stated as follows: 

If Ui {x) 4' U2 (x) + ... converges to a definite value s (x), for all points of 
(a, b)y and the functions u^ (x) are all integrable {R) in (a, 6), the necessary 
and sufficient conditions that s{x) may be integrable {R) in (a, 6) are (1), that 
the upper boundary of | 5 (a:) | in (a, b) be finitey and (2), thaty corresponding 
to two arbitrarily chosen positive numbers rj, e, and to any positive integer fi, 
a finite set of intervals whose sum is less than t] can be excluded from (ay 6), 
so thaty in the remainder of (a, 6), | (^) | < every x, where p has 

one of a finite set of values which depend on x, but one such that the same p is 
applicable to all points x in a certain continuous interval. 

The condition (2), contained in this theorem, was obtained* first by 
Arzela, and is expressed by him in the form, that a certain mode of con- 
vergence of the series, called uniform convergence by segments in general 
(convergenza uniforme a tratti in generale) holds good. This mode of 
convergence differs from that of uniform convergence by segments, con- 
sidered in § 89 , in that a finite set of intervals, of arbitrarily small sum, must 
be excluded from the domain, in order that the condition may be satisfied. 

EXAMPLES 

(1 ) Let {x) -nxe~^*y when n is odd, and =0, when n is even. In this case the series 
is simply -uniformly convergent; the sum s (x) is the continuous function 0. Then 

or 0, 

♦ “Sulle aerie di funzioni,” Part 11 , Mem. deUe R. Arcad. d. SrA. di Bologna (5), vol. viii (1900). 
A proof different from that in the text was given by Hobson, Proc. Land. Math. Soc. (2), vol. I 
(1904), p. 382. It is shewn there that Arzelii’s proof is invalid. 
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according as n is odd or even; thus 


has no definite value, but 



The term by term integration fails in this case, because there is one point a:=0, at which 
the measure of non-uniform convergence is indefinitely great, as may be seen from 


j = -V ne ^ {n odd), 

it lim I .s'„ (;c) tiz not existing. 

n — oo./ 0 


the limit 


(2) Let (z) then s {z) -0; at the point, z-0, there is a point of indefinitely 

groat mejisuro of non-uniform convergence, since 


■ 2ne 


- 0 - 

/ Sn{z) dar ~e~”**o* - < 0. 

J Xq 

sero, lim j <?„ (.r) da* - 0, but at the limit is -1; thus, in any 

n^rx>J Xo 

interval which contains the point 0, the function lim I (a:) dx is discontinuous, and 

n ■' oo 


Here 

If z be different from zero, 


therefore cannot equal ( .s (a;) dx, which is zero. 

J 


(3) Let 


Vn (x) +7i^ze-^^^' -{n - 

we find s (0) ^ 1, and s (a*) ~ e^, for | a; | > 0. 

fx fx 

We have I s{z)dx—(^-]. Also lim / Sn{x)dx is discontinuous at the point x~0, 
J 0 n-oo./ 0 

which is a point at which the measure of non-uniform convergence is infinite; it converges 
to e® - J if a: > 0, and to zero if x =0. 


(4) Let 


Hn (x) = 


^'n (^) ^n+i i^) 


where is a function of n, and (3^)> 4>n (^) t*-*'*^ finite and continuous in the interval 
(a, b), and vanish for x—a. Further let it be assumed that 0„(x), (pn increase indefinitely 
with 71, for every value of z except a, but so that lim (x) is zero. 


We have 


a 


(z) dx - k„+j f an i (x)} + kj tan ^ {(pj (x)}, 
f s (z) dx - A', tan“' [(pi (x)} ; 


the second integral and the limit of the first are not identical unless 

kn+i tan-i {(Pn+i (x)} 
has the limit zero. If (pn (^) =^n ~ ®)^ 

where hn is positive and increases indefinitely with n, we have 

lira A*„+i tan-i (x)} Urn fcn+i- 

Hence, if lira kn^i have a finite value, the two expressions have different finite values; if 



316 


Sequences of Integrals 


[CH. V 


^n +1 increases indefinitely with n, the series of integrals of the terms of the series {x) 
diverges. The series of integrals has in this case a point of discontinuity at x =:fi ; we find that 

(“ ^VK+) " V 

and this increases indefinitely as n increases, and thus the point a is a point at which the 
measure of non-uniform convergence is indefinitely great. 


(5) Let 


M„ (x) 


Ik^hf^ix -a) j (x - n) 

■j -fA„(x-a)2 1 -f (X -a)2 ’ 


where inoreast^s indefinitely with w, and - 


(log hj 


In this case Sn(a -h ^ increases indefinitely with w, and thus « is a point of infinite 
V V 

measure of non-uniform convergence. 

lirn j (x) dx - log {1 -i- (x -a)'^] - lini A*„ < j log i » ^ 

n -’cej a n - 00 


and 


also 


lim 
n -cc.' a 


j s„ (x) (ix -0, when x n; 
’ a 

j s{x)dx k\ log (1 + A J (x -n 
J a 


If 3^1, lim is not zero, hence the term l\y term integration fails; but 

n -'oo 

if /^>1, this limit is zero, and the integral of ,s‘ (x) is equal to the sum of the series of 
integrals, although in either case the point a is a point of infinite measure of non-uniform 
convergence. 


(()) Let r be a perfect set of points constructed as follows: In the middle of the 
interval (0, 1) lay off an interval (I), of length -^X, where X is a positive number 
not greater than unity. In the middle of each of the remaining intervals, lay off an interval 
(2), both of these intervals to be of the same length /g, and such that the total length of the 
intervals (1), (2) is /j -f- 2/2 - X -j^X. Proceeding in this manner, in the middle of the equal 
remaining intervals, after w - 1 such steps, lay off an interval (n), all these intervals to be 
of the same length and such that the total length of all the intervals ( 1), (2), ... , (n) is 

/, +2/,+2*/3 + ...+2«~>/„=\~ 

When n is indefinitely increased, the set of end-points of the intervals, and the limiting 
points of these end-points, form the perfect set r. I^t 

^n(^) ~ nxe~^*. X ^ 0 ; 

then form the function 

4>n (x, 1)=J sin (eo8 j , 0 X ^ il, 

Tc . trX . ( 7rx\ / ^ 

= - jj, -2-2* SO, 

0, for all other values of x. 

Let the middle points of the above intervals (w) be denoted by ... * , 

and let (x) be defined by 

(x) ~(f>n (x - +<Pn (x - ^ 2 ) 

+ <#>r»(x /a) + ••• +<^«(X - a/®’. ^3) 

■f ... 

+ <^n (X - /n) + . . . + <^»n (x - , /„). 
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Then (x) is continuous in (0, 1), and converges to 0 for every value of x; for, if Zq be a 
point of any interval (i), at most one term in the expression for (x) is different from zero, 
and this term converges to zero. If Xq docs not lie in any interval (i), all the terms of (x) 
are zero. Every point of the perfect set I' is a point of infinite measure of non-uniform 

convergence of the series of which (x) is the partial sum. In this case the series 2 f (x) dx 

J a 

is uniformly convergent, and thus lias a continuous sum, which does not however coincide 
rx 

with the value of I ft (x) dz. 

J a 

fVj 

We find that / (/j„ (x - /^) dx = 1 - e ”, 

/ kij 

J' -e "), 

where < 2” is the nurnb^n* of the intervals (n) which fall within (0, x). 


It can now be shewn that lini ^ ^ continuous function of x which increases 

. 

from 0 to 1 as x increases from 0 to I, whereas I lim (x) dx -0, for every value of x. 

J 0 


If any perfect non-dense stU. of points (i be given, and be the middle point of the 

complementary interval of length 1^,^ the function 

/ n j • ki 

'^n i^) ^ ^ ^Pn ~ , j) 

1 \j -1 

will hav(% at every point of (?, an infinite measure of non-uniform convergence to its limit 
s{z). The intervals are here arranged in enumerable order, so that if fj , fg* ••• > » ••• 

be a descending sequence of positive numbers w'hich converges to zero, j, 
are those of which tlu' lengths are ^ , and >r,. 


SEQl’ENt E8 OF INTEGRALS OF OONTTNUOITS FUNtmONS 

220 . it has been shewn in i, § 430, that, if / (x), a function of any number 
of variables, be defined and be sumniable in a finite cell A, and €„ be an 
arbitrarily prescribed positive number, a continuous function (x) can be 
so determined that 

f \f{->')-<i>n{r)\(lx<e„. 

■' (-i) 

Since { I {/ {x) 4>„ (x)} dx j < [ | / (x) - (x) | rfx < e„ , 

where E is any measurable part of A, it is seen that, if {e„} be a decreasing 
sequence of positive numbers converging to zero, a corresponding sequence 

of continuous functions (x)} can be so determined that I (x) dx 

J {E) 

converges, as n ~ , t o / (x) dx, for every measurable set of points E, 

'{FJ) 

contained in A, and uniformly with respect to all such sets E. If we apply 
to the continuous function (x), Weierstrass’ theorem (see §§ 159, 160), 
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it appears that a finite polynomial (*) can be so determined that 
I (*) - -Pn (*) I < €„, at all points of A; it then follows that 


f 

j (*.') 


P„ (*)} dx 


f I <f>« (x) - Pn (x) I dx =< e„w (A). 

HE) 


It is now seen that we have the following theorem ; 

7/ / (x) be any function, summable in the p-diniensional cell A, a sequence 
{Pn (a:)} of finite qnilynomials can be so determined that 1 (x) dx converges 

J(E) 

to f (x) dx, as n ^ cc ^ for ei^ery measurable set of jioints E, contained in 
HE) 

A, and uniformly with respect to all such sets. 

The theorem of i, § 430, has been applied in various cases to extend 
properties of the integrals of continuous functions to the case of L-integrals 
in general. It now appears that such extensions can be made by starting 
from the simplest possible case, that of the integral of a finite polynomial. 


THE OSCILLATIONS OF A SEQUENCE OF INTEGRALS 



Some important properties will be given of a sequence of integrals 
dx, where the sequence {/„ (x)}, in general non-convergent, is 


defined in an interval (a, b). The theory has been fully investigated* by 
W. H. Young. We shall denote by f (x) a.ndj[(x) the upper and lower 
functions of the sequence {/„ (x)}, and by P (x), F (x) the upper and lower 
functions of the sequence (x )} , where (x) denotes the integral 


[ /« {x) dx. 
J a 

It will be shewn that : 


If fn (Fj has a finite loiver boundary with respect to (n, x), and (^r)} is 
such that at no point is F {x) = F (x) 4- oo , then 

F (a;) S [ / (x) dx. 

J a 

Similarly, if fn (x) has a finite upper boundary with respect to (n, x), and 
{Fn (x)} satisfies the condition that at no point is F {x) ^ F (x) ^ — oo, then 

p (x)^ I J (x) dx. 

J a 

It will be sufficient to prove the first part of the theorem. 

Let Wn (x) be the function which, at each point x, has the value of the 
lower boundary of the sequence /„ {x), fn+i (x), ..., at that point. Then 
{Wn (a:)} is a monotone non-diminishing sequence which converges to^ (x). 
Since Wn {x) has a finite lower boundary, and is ^ the summable function 


Proc. L<md. Math. Soc. (2), vol. ix (1910), p. 286; ibid. (2), vol. xi (1912), p. 43. 
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/„(*), it is summable, and j w„{x)dxSi j f,^{x)dx; 

J a J a 


and from this it 


follows that lim Wn (x) dx ' F (x). Since F (x) is finite, and {Wn(x)} 

n~oo J a 

monotone, it follows from the theorem of § 213 that (x)} is an integrable 
sequence, and thus that / (x) is summable, and that 


therefore 


rx rx 

lim (x) dx = \ £ (x) dx ; 

yj,~ao J a J a 

f' (a^) - [ £ (^) 

J n 


It will next be proved that: 

U (‘^) ^ I / (^) ^ (^) upper semi-integrals ; and 

J a 

if F (x) " j J (x) dx, then F (x) and F (a;) axe lower senii- integrals. In the 

a 

first case it is assnrned that /„ is bounded below, and in the second case 
that it is bounded above, with resjiect to (n, x). 

An upper semi-integral has been defined in i, § 407. as the sum of an 
intc^gral and a monotone non-diminishing function; a lower semi-integral 
is the sum of an integral and a monotone non-increasing function. 

It will be suffi(;ient to prove the first statement in the the^orem. 


F,, {x i h) F„ (x) 


In {X) dx, 


we have lim F,^ (x i h) ^ lim (a;) lim /„ (x) dx. 


lirn [ /„ (x) dx ^ F (x \ h) — F [x). 


Similarly, it may be shewn that the lower limit on the left-hand side 
is " F (x f h) - F {x). 

Employing the last theorem, we have 

j £ (x) dx -1 F (x -f h) - F (x) 

F (x -h h) — F (x). 


We have thus 


/ (x) dx — F (x f h) ^ f (a?) dx — F (x), 


Hence 


£ (a;) dx F (x 1 h) ^ I / (a;) dx — F {x). 

J a~ 

[ £(x)dx F (x), I £(x)dx --F(x) 

J n .'a 


are both monotone non-increasing functions, and therefore F (x), F' (x) 
are upper semi-integrals. 
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222. The following theorem* is independent of the supposition that 
f (x) is a summable function : 

// lim I {x) dx ^ 0, ivhere e denotes any measurable set of 

ni (c)~0, n-^oo • 

points in the interval (a, 6), then the sequence {F^ (a;)} is bounded below, and 
oscillates continuously and homogeneously below. Also if any subsexjuence 
{F^^ (.r)} is convergent, its limiting function is an upper semi -integral, and 
also a loiver semi-cmitinuous function, and is consequently everywhere con- 
tinuous on the left. 

h 

We have F^ (x f h) --- F^ {x) 4- /„ (x) dx \ and as n -- co and A — 0, 

the second integral on the right has its lower double limit non -negative. 
Hence, if x (^) denote the cha^m function of the sequence {F^ (a:)} , we have 
X (^) = F (x). The functions F^^ (a;) being all continuous, we have 
F (x) ^ lim lim F„ (x -1- h) ^ lim (.r -f h) x (•^)' 

»~ac n~oo, 

It follows that F (x) x (^)> thus the sequence oscillates con- 
tinuously below; since the argument may be applied to any sub-sequence 
of {Fn (^)}, the continuous oscillation below is homogeneous. 

To prove that F^ (x) is bounded below in relation to (n, x), positive 

numbers e, a, and an integer n^ can be so determined that fn(x)dx : > e, 

J (e) 

provided m (e) < a, n > n^. 

If E be any measurable set of points in {a, b), the interval may be 
divided into r equal parts, each of length < a; and thus the part of E in 
each of these sub-intervals has its measure < a ; it follows that 

I /„ (a;) dx > - r(, 

• (K) 

and in particular that F^ (x) > - rc, for n > n ^ . Hence F^ (x) is bounded 
below, for n > n^, and therefore for all values of n. 

Taking e to consist of a finite set of non-overlapping intervals (r, j , .r,), 
we have 2 {F^ — F^ > — e, for > n^, provided the measure 

of the set of intervals is < a. It follows that, n being confined to have 
those values which it has in the sub-sequence {F^^ (x)} that converges to 
the unique function F (x), we have 

2 {F (xA - F fe. ,)} ^ 

This must also hold when the set of intervals is infinite, provided its 
measure is < a. 

To prove that the function F (x) is of bounded variation, we observe 
that, if it be not of bounded variation, there must be at least one of the 
r parts of (a, b) each of which has measure < a, in which the total variation 

♦ See W. H. Young, Proc. Land. Math. Soc. (2), vol. XT (1912), p. 51. 
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of F (x) is infinite. This sub-interval (a', 6') may be divided into a number 
of parts such that the sum of the absolute variations in those parts exceeds 
a number N, as large as we please. The sum of the negative variations over 
those parts is numerically less than € ; hence the sum of the positive varia- 
tions exceeds N — e, which is impossible, if N ~ e h sufficiently large, 
because the sum of the variations, each taken with its proper sign, is 
F (b') -- F (a'). Therefore F (x) is of bounded variation, and as in i, § 243, 
may be expressed by P (x) — N (x), where P (x) is the upper boundary of 
the positive variations over the meshes of all nets fitted on to (a, x), and 
N (x) is the upper boundary of the numerical values of the negative 
variations. The functions P (x), N (x) are monotone non-diminishing; and 
it can be seen that N (x), and consequently — N (x), is an integral. For 
the sum of the variations of N (x) over every finite or infinite set of non- 
overlapping intervals of which the measure is < a is < e ; since, to each 
value of e, there corresponds a value of a, it follows that N (x) is absolutel}^ 
continuous, and is therefore (see i, § 406) an integral. The function F (x) 
being the sum of an integral and a bounded monotone increasing function, 
is an upper semi-integral. That F (x) is lower semi-continuous follows from 
a tlieorem given in § 117, that the limit of a convergent sequence of con- 
tinuous functions which oscillate continuously below is lower semi-con- 
tinuous. 

It follows from the theorem just established, and from the corresponding 
theorem for the case lim I /„ (x) dx 0, employing the theorem in 

m (c)--O, n^oo (f) 

§ 123, that: 

When lim /„ (x) d% — 0, the sequence {F^ (a:)} oscillates contin- 

7n(e) -0, n—oo . (e) 

uously and homogeneously , and there is in every sub-sequence of (x)} , a 
sub-sequence which converges uniformly to an integral. 

223. The following theorem, given* by W. H. Young, is of use in the 
theory of series: 

If {fn (a;)} is a sequence of non-negative functions , such that j /„ (x) dx 

’ ^ 

forms a sequence {F^ {x)} which oscillates boundedly, there is in every sub- 
sequence of {Fn (ic)} , d sub-sequence which converges to a lower semi-continuous 
function which is an upper semi-integral. 

If the sequence { /„ (x)} is bounded below, the theorem clearly also holds 
good. From the theorems given in §221, it follows, since {/„ (x)} is 
bounded below, with respect to (n, x), and F^ (3j) is bounded above, that 
F (x), F (x) are upper semi -integrals. Since this reasoning is apphcable to 
any sub-sequence, it follows that all the upper functions and all the lower 
functions of the sequence (x)} are upper semi-integrals. 

♦ Proc. Hoy. Hoc. vol. Lxxxvm ( 1913 ), p. 671 . 
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Since /„ (x) is non-negative, it follows that 

I /t. (*) dx s 0, 

n~ao, m (c)~0 ^ 

and we see, in accordance with the theorem given in § 222, that {F^ (a:)} 
oscillates continuously and homogeneously below. Hence all the lower 
functions of the sequence ( 2 ;)} are lower semi-continuous (see § 117). 
Since they are also upper semi-integrals, that is each is the sum of an 
integral and a monotone non -diminishing function, it follows that all these 
lower semi-continuous functions are therefore continuous on the left. 

If all the upper or all the lower functions of a sequence are continuous 
on one side at least, the same side for all, then a sub-sequence of the 
functions exists which is convergent (see § 122). This sub-sequence satisfies 
the conditions of the theorem. 


THE LIMIT OF AN INTEGRAL CONTAINING A PARAMETER 

224. If be a measurable set of points x, of any number of dimensions, 
and / (a?, y) is a function which is summable in E, for all values of the para- 
meter y, contained in some finite, or infinite, linear interval, it is of import- 
ance to possess criteria for the convergence to a limit, of I / {x, y) dx, as y 

d {E) 

converges to some value y^, which may be finite or infinite. More generally 
there may be an exceptional set of values of y in the linear interval for 
which / (x, y) is not summable. This exceptional set may be throughout 
disregarded, even if it be everywhere dense in the interval. Such con- 
vergence differs from the convergence of a sequence /^(x) dx, as ~ 00 , 

Ue) 

considered in §§ 201-213, only in the respect that the parameter y, 
approaches its Limit y,,, or 00 , through a continuous (or at least unenumer- 
able) set of values, whereas the parameter n is confined to have the 
values of the integer sequence. It will appear that the criteria obtained in 
§§ 201-213, have their analogues in the more general case here considered, 
in which the parameter has values in a continuous linear interval. It is 
sufficient to assume that y is confined to an interval y^ < y ^ y + a, on 
one side of the point y^, or, in case y^ is infinite, to the interval A < y. 
When y may have values both greater and less than yo , the limits on the 
two sides of yo may then be considered separately. 

Let E, in the first instance, have finite measure, and let it be assumed 
that, at each point x, of E, the limit f{x,yQ -f 0), or f {x, 00 ), has a 
definite value. If, at points of a component of E, of measure zero, this 
condition is not satisfied, this exceptional set may be throughout disre- 
garded. If 6 be an arbitrarily chosen positive number, let denote the 
set of points of E at which \f(x,y)—f {x, yo + 0) | c, for all the values 
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of y such that < y ^ y h. In case 2/0 is + may be taken to 

denote the set of points for which \ f (x, y) ~ f {x, <x> )\ fi e, provided y^ A. 
lih> h', is contained in and if is contained in . Thus 

m {ej^) is monotone non-diminishing as A 0 ; and m (e^) is monotone non- 
diminishing as ^ ~ 00 . It can be shewn that m (e^^) converges to m (E), 
as h -- 0; and that m (e^) converges to m (E), as — qo . For if 
lim m (E - ef^) ^ k (> 0 ), 

h^O 

a sequence {h^} of values of h converging to zero could be so determined 
that lim rrt (E — k ; there would then exist points f common to an 

n~QO 

infinite number of the sets ^ and at such a point we should have 

|/{f. 3 /o + K) -/(a:, 2/0 4 - 0 ) j > € for an infinite set of values of n; and 
this is inconsistent with the existence of the limit / (x, i/q -f 0 ). It thus 
follows that lim m {E — ~ 0 , or m (E) ^ lira m (ef^). In a similar 

manner, it is proved that rn (E) ^ lim m (e^). 

A'^00 

225 . The following criterion can now be established: 

If E be a measurable set of jx)intSy of any number of dimensions, of finite^ 
or of infinite, meusure, and if f (x, y) be summable in E, for values of y in 
some interval yQ< y - yo i 2/ = if, for all (or almost all) 

values of x, the limit f (x, y^ + 0), or f (x, 00 ), exists, it is sufficient in order 

that I / (x, t/o I- 0 ) dx, or f (x, 00 ) dx, may exist and be equal to 

J (K) JiE) 

lim I / (x, y) dx, or to lim / (x, y) dx, that a non-negative function (f> (x), 

(E) ‘ l/~oo J iE) 

summable in E should exist, such that \f{x,y)\^^ (x), for all values of x, 
in E, and the mines of y in the interml y© < 2/ y ^ a. 

It is clear that | / (a:, -f 0 ) | ^ ^ (x), or that \f(Xy<x>)\^(f> (x), and 
thus that / (x, yo ~h 0 ), or f(x, 00 ), is summable in E. Let m (E) be, in the 
first instance, finite, then we have 

If {f(x,yo + 0)~f(x,y)}dx\&j \f{x,yo + 0)~f{z,y)\dx 
\ J{E) I J(e*) 

+ f \f(x,yo^0)-~f(x,y)\dx<€m(e^)-\-2 [ (f>(x)dx 
J(B-e^) UE-tf) 

< €m (E) + e, 

provided h have a sufficiently small value. 

Since c is arbitrary, it follows that 

[ f(x,yo-hO)dx=Um[ f(x,y)dx, 

J(E) V^V, ■ (E) 

The case in which yg is infinite can be treated in a precisely similar manner, 
80 that 

I f(x, 00 )dx= lim f(x,y)dx. 

J(E) V^oo J (E) 
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Next, let m (E) be infinite; a part JS/j of such that m {E^) is finite, 

can be so determined that <f> (:r) dx is less than e. We have then 

J(E-Et) 

f {f(^y^o-^ 0)~f(x,^)}dx :^. I {f(x,y^i-{-0)-f(x,y)}dx -f 2e ^ 3e, 
J (E) J (E,) 

if y is sufficiently near to y^ . It then follows that 

I f {x,yf^ + 0)dx=^ lim f f(x,iy)dx; 

J (E) y^y, J (E) 

and similarly, it is seen that 

/ /(X-, oo)d:r- lim f(x,y)dx. 

• {E) y-ao {E) 

If in E there exists a set of points of measure zero, at which the limit 
/ Vo + / (a:, 00 ), does not exist, it makes no difference in the 

apphcation of the theorem, because the omission of this set of points from 
E does not affect the values of the integrals. 

As in § 202, the criterion may be expressed as follows : 

If f (x, y) is absolutely summable in the measurable set E, of finite or 
infinite measure, for values of y in an interval y^ < y ^ y^ a, err y ^ a, and 
if f (x, y) converges everywhere in E (or almost everywhere) to / (x, y^), or to 
f (x, 00 ), as the case may be; and if a non-negative function ift (x), summable 
in E, exists such that \f{x,y) — f (x, yf) |, or | / (x, y) — / (x, oo ) | is ^ (x), 

then f (x, t/o) ^ f ^ exists, and is equal to 

' (E) J (E) 

lim / (x, y) dx, or to lim / (x, y) dx. 

y-v, {E) y-oo (K) 

For I / (x, yo) I s I / (x, y) -/ (x, y*) | + | / (x, y) \ ^ </- (x) -f | / (x, y) | , 
and therefore / (x, y^) is absolutely summable in E. Moreover 
|/(x, y)|£^(x) + |/(a:,yo)|, 

which is a summable non-negative function, corresponding to (x). 

In case E has finite measure, we obtain particular cases of the above 
criteria by taking <f> (x), ijj (x) constant, and equal to K. Thus we obtain 
the following : 

If E be a set of 'points of finite measure, in any number of dimensions, and 
if I / (x, y) I ^ K, for 'values of x in some interval y^ < y y^ + a, or y ^ a; 
and if for all (or almost all) values of x, the limit f (x, y^ + 0), or f (x, oo ), 

exists, then ( f(x, y^ + 0) dx == lim / / (x, y) dx, or 

J (E) y-y, J (E) 

f(x, 00 ) dx = lim /(x, y) dx. 

He) y-« J(E) 
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If f y) summable in the measurable set E, of finite measure^ for all 
valties of y in an interval < y ^ -\- a, or y ^ a; and if f (x, y) converges 

everywhere {or almost everywhere) in E to f (x, y^), or to f [x, (X) and 

|/(^, y) -f yo) \y 

\f(^yy)~f{^y^)\y f f {x, y^) dx,Or f {x, 00 ) dx, 

J (E) J (E) 

exists, and is equal to lim I / (x, y) dx, or to lim / (x, y) dx. This in- 

l/~Vo He) 1/~oo ){E) 

eludes as a special case the condition that f (x, y) shx>uld converge uniformly to 
f(^y yo)^ or to f (x, 00 ). 


226. The following criterion can be deduced from that given in § 225 : 
If f (x, y) be defined in the measurable set E^ of finite, or of infinite, 
measure, for values ofy in an interval y^ < y ^ y^ a, or y ^ a, and if f (x, y) 
be, for all x in E, monotone non-diminishing (or non-increasing) with respect 
to y, in the interval, and | / (x, y^ f a) \ , or \ f (x, a) \, is summable in E, then 

I / y^ + oLnd lim / (x, y) dx are either both finite and equal, or 

J {E) y-l/o ' {E) 

else both are infinite. The same statement applies to I f (x, <x> )dx and 

J(E) 

lim f / (■>•• y) dx- 

1/~00 J (E) 

The values of y considered may either be all those in the interval 
yQ < y ^ yo a, or y ^ a, or else they may be those corresponding to any 
set of points in the interval, of which or oo , is a limiting point. 

The proof will be given for the cavse yo ~ ^ \ only a very slight modifica- 
tion is required to apply to the case in which y^ is finite. 


Since/(a:, oo ) = {/ (x, « ) - f (x, a)} f (x, a) a,ndf{x, oo ) - f (x, a) is 
of fixed sign for all points x, in E, it follows that, when 

[ {f{^y^)~f(^y a)} 

•' {E) 

is finite, so is I / (x, oo ) dx, and when the first is infinite, so is the second. 
Ue) 

Since \f (x, oo ) j |/(a:, a) j + | «> ) —f{x, a) |, it follows that \f (a;, oo ) | 

is summable in JS7 if | / (a:, oo ) —f{x, a) | is summable in E ; for by hypothesis 
\ f {x, a) \ is summable in E. Since 

\ f y) ~ f \ ^ \ f - f ^ ) \ -^ \ f a) \ + \ f ^ ) \> 

it follows that when | / qo ) | is summable in E, if y is in the interval 
y>a,\f{x,y)--f{x,<r^) \ is less than a non-negative function, summable in 
E. Thus the condition of the theorem of § 225 is satisfied, and consequently 

f (x, <x> ) dx ^ lim f{x, y) dx. If lim I f (x, y) dx == cc , then for 
J (E) 1/-00 J (E) v^oo J (E) 

all sufficiently large values ofy, f (x, y) dx is greater than an arbitrarily 

J (E) 
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chosen positive number N. In this case / (x, y) is non-diminishing as y is 
increased, for all values of a: in ; it therefore follows that f(XyOo)dx>N, 

J(E) 

Since N is arbitrary, I f {x, oo ) dx is infinite, of the same sign as 

J (E) 

lim / f (x, y) dx. 

|/~Q0 J (E) 


The case in which / (x, y) is non-increasing can be treated in the same 

manner, the integral / (x, oo ) dx then having the value ~ qo . 

J (E) 

227. From the criteria obtained that I / (x, y) dx may be continuous 

(E) 

at a point, criteria are immediately deducible that the integral should be 
continuous in a finite, or infinite, interval of y. Thus we obtain the following 
criteria : 

//, in an interval (a, ^), of y, we have \ f (x, y)\ ^ <}> (x), where (j> (x) is a 
non-negative function y summable in the measurable set E, of finite^ or infinite^ 
mejosnre, and if f {x, y) be continuous with respect to y in (a, ^), then 

I / y) ^ cxtntinuous in any interval of y, interior to (a, ^). // jS — oo , 
J(E) 

the integral is continuotis in the interml (a', qo ), where a' > a. 

In applying this theorem, </» (rr) may be taken to be the maximum of 
j / (Xy y) I in the interval (a, ^), of y. 

If E have finite measure ^ and \ f (Xy y)\ ^ Ky in an interml (Uy p), of y, 

and f (Xy y) be continuous in {a, jS), with respex^t to y, then f (Xy y) dx is 

Ue) 

continuous in any interml interior to (a, P). If ^ qo , it is continuous in 
(a', 00 ), where a > a. 

If I / (Xy y) I be summable in the measurable set Ey of finite, or infinite 
measure, for all mlues of y in an interml (a, p), and f (x, y) be for all mlues 
of X either monotone non-increasing, or monotone non-diminishing, and con- 
tinuous with respect to y in the closed interval (a, p), then I / (a:, y) dx is 

•J (E) 

continuous in any interml interior to (a, P). // jS -= qo , the integral is con- 
tinuous in («', 00 ), where a > a. 

Theorems relating to cases in which / {x, y) has discontinuities with 
respect to y have been given* by Hardy. 


.'•qo 

228. In the case of an integral / / (x, y) dx, over the linear interval 

J a 

(a, 00 ), the following criterion is of use : 

If, in every finite interml {a, C), where C > a, the condition 



Vo + 0) dx == lim 



dx 


* Quarterly Journal, vol. xxxiv (1903), p. 28. 
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is satisfied, and if, corres'ponding to an arbitrarily fixed 'positive number e, 
a number C (> a) can he determined, and also a value yi,(> yf), of y, far which 

1 f (x, y) dx < e, for every value of C* (> G), and for every value of y such 

px> rao 

that Vo < V - Vi , then / / (x, Vo f 0) dx exists, and is equal to lim / {x, y) dx. 

J a ** 

This criterion holds good also when Vo ^ ^ which case f {x, y) dx < c, 

’ c 

for every value of C' (> C) and for every value of y which is ^ Vi • 

It will be observed that, in this theorem, no restriction is placed upon 
the nature of the integrals. 

We. have f {f(x,y)~f (x, + 0)} dx 

a 

{f(x,y)-/(x,yo-f-(>)}^'^^ f f(x,l/)dx~[ f (x, y„ + 0) dx. 
Ja Jc JC 

If C be sufficiently large, since, for y,, < y f y ^ , 

f f f(^yy)dx, 

Jr C'-oo.'o 

10 I 

/ {x, y) dx ? e. 


we have 


JC 


rc' .a 

Also I j {x, Vo f 0) dx lim f f {x, y) dx, hence 
J C I/-1/0 ’ c 

for all values of C', and thus f {x, Vo f dx 

c ^ 

ficiently near to y,, , we have {f{x,y)-f {x, y^ + 0)} dx 

J n 


f(^,yo + 


€. Also, if V be suf- 


< €. Hence, if 


V is sufficiently near to Vo » we have 


ifi^^ y) - f(^>yo + 0)}da; < 3€ ; and 


thus the theorem is established. Only a slight modification is required for 
the case in which Vo infinite. 

An alternative to the above criterion is the following: 

If. in every finite interval (a, C), whxre C > a, the condition 

I f .Vo + 0)dx^ lim I / (x, y) dx, 

J a V'^Vo J o. 

satisfied, and if lim f f (x, y) dx exists, and also lim j f(x,y)dx con- 

V'^y, J a v^ViJa 

verges to thx, value lim I / (x, y) dx, when C is indefinitely increased, these 

y^y^J a 


IS 


conditions are sufficient to ensure that f (x, Vo + 0) dx exists, and is equal 

J a 

r®® 

to lim I / (x, y) dx. The case in which yQ-=- ^ is included. 

v--y, J a 
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In order that I / (a:, y) dx may be continuous on the right, at y^, the 

J a 

additional condition must be satisfied that / (x, i/o + 0) = / (a:, or more 
generally that / (x, yo 0) — f (x, y^) should be an integrable null-function 
in an arbitrary interval of x. 

rb 

229. In case the integrals / (x, y) dx, for values of y such that 

J a 

< y ^ f/o 4 - are not necessarily //-integrals, but may, for some or all 
such values of y exist as /^-integrals, or as /I/y-integrals, we may apply the 
result of § 216 to obtain a set of sufficient conditions for the equality of 

fb rb 

I / 2/o + ^1) / (^y y) "The case in which y^ is infinite may 

J a V'^Vt - a 

be obtained by a slight modification of the statement of the following 
theorem : 

Iff (x, y) converges to a definite limit f {x, -f 0), for all points x, of the 
interval (a, b) which do not belong to a closed enumerable set O, and the 
functions f (x, y), for y^y < y -f a, satisfy the conditions (1), thcU, in any 
interval («i, contained in {a,b) and interior to an interval contiguous to 

rb 

i / (^5 y) I bounded with respect to (x, y), and (2), that f {x, y) dx exists 

• a 

either as an L-integral, an HL-integral, or a D-integral, for each value of y 
such that yo <: y - y i- « ; and (3), that lim f / {x, y) dx, for a x ^ b is con- 

a 

vergent and refrresents a continuous function of x; and (4), / (x, y^ 4 0) dx 

Ja 

exists as an L-integral, an H L-integral, or a D - integral ; then the equality 
I f (^y yo (^)dx ~ lim 1 / (x, y) dx holds good. 

In order to deduce this theorem from that of § 216, it is sufficient to 
choose a sequence of values of y converging to y^^ . 


EXAMPLES 


sin. yijc sin yor 

(i) If y>0, we have I — — dx=^Tr, but when y~0, I — vanishes; and thus 
J 0 ^ J 0 r 

f’^aini/x , . . 

I ’ - dx 18 discontinuous &t y -Q. 

Jo X 

j gii;) yx j 

In any interval (0, C) of x, and 0< ^ is bounded, and thus the condition 

lim f da; =0 is satisfied. But ( dx ~ j ^ and however C be fixed, 

V^oJ 0 ^ J C X J Cy 0 

a value of y can be so chosen that Oyi~fi<^; taking C' such that C'y^^^Z, we have 

Z Z 

fC' sin yiX u 

I — ^ dx -I — : d<? > cos B. 

Jc X Jfi V n 

Thus it is impossible to choose C so that j j ^ dr j < e, for C' > C and for every value 

of y in an interval (0, a); and thus the condition in the theorem of § 228 is not satisfiied. 
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• sin i/x 

Since lim / - “ the condition in the second theorem of §228, that this limit 

f SlXl TT 

must converge, as 6^ c» , to the value lim / - dx-^ is not satisfied. 

rh fb 

(2) The equality lim / (f) (x) f (x, y) dx ~ j 0 (a:)/(a:, r/^ -f 0) dx holds if | / (.r, y) | is 

v^VoJ a Ja 

bounded for all values of x and y such that yo <?/^yo + provided also (f}{x) 

is summable in (a, h), and has infinite discontinuities only at points of a closed enumerable 
set. For (f) {x)f {x, y) converges to 0 {x)f{x, yo+0), in accordance with the condition of 
§ 229, boundedly in any interval interior to an interval contiguous to the exceptional set; 
and the theorem is therefore applicable. The result may be extended to the case in which 
•6-00, provided (f>{x) be absolutely summable in (a, oo ); then under the same conditions 
I I 

the equality holds. For / f {x, y) cfy {x) dx \ < K / \d>{x)\dx, where K is the upper 

\ J o I J c 

rno 

boundary of | / (x, y) | ; and therefore, assuming the existence of \ (f» {x)\ dx, we have 

C' ^ 

j J y) <t>{x ) dx I < f , provided C is sufficiently great. It follows that yo + 0) (x) dx 

.oo 

exists, and is equal to lim / /{x, y) (p (x) dx. 

y^Vo ' a 

fh _ 

(3) Consider / c (x)dx, where 6 may be finite or infinite. It follows from Ex. 2, that 

J a 

provided (p (x) is absolutely summable in (a, 6), and has at most a set of points of infinite 

fh fb 

■discontinuity which form a reducible set, lim / e^^<j)(x)dx= <f) (x) dx. 

V^o J a J a 

fb 

The theorem holds, however, whenever / dx has a definite value for all values 

J a 

of y such that 0^y-<o, where a is some positive number. If yfr (x) denote the continuous 

function j <p (x) dx, we have 

J a 

fb fb 

/ 0 (x) dx ~e yf/ (6) + y / 0 (x) dx, 

J a J a 

<6 being taken to be finite. Since | 0 (x) | has a finite upper limit /7, in (a, 6), we have 
rh 


1/ 

I J a 


yjr {x)dx\ < Ue ®*'(6-a), ifa^O; 


lim [ e *'®0(x)dx=0“(6) = f 0(x)dx. 
y^O J a J a 


therefore 
In case 6 = oo , we have 

1 

j (f) {x) dx —y j y (x) dx ~y yjr (x) dx +y j ^ e‘~^^ yjr ix)dx, 

hence, applying the first mean value theorem, we have 

J* e~i^0 (x)dx-=0(xi) (e-«v-e-v'i/)+0(a;^) g-s/j/; 

where x^ is some number between a and l/>/y, and x, some number greater than 1/v^y. 
When y converges to the limit zero, the first term on the right-hand side converges to zero, 

and the second to the limit yfr{ao), or j 0 (x) dx. It is sufficient if 0 (x) have a i>-mtegral in 
the infinite interval (a, oo ). 
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(4) The integral J°° /(x) cos ary <ic is a oontinuouB function of y, in any finite interval of 

y, interior to (0, oo ), provided either (1), | /(ic) | is summable in (0, oo ), or (2), / (x) is sum- 
mable in every finite interval, f {x) '^0, as x ~ oo , and is of bounded variation in some 
interval (A, oo). 

For, in case (1), | / (x) cos xy | < | /(x) | , which is summable in (0, oo ), and thus the result 
follows from the theorem in § 226. 

In case (2), if / (x) be monotone decreasing in (A\ oo ), we have 

f f (x) coaxydx ~f(A') f coaxydx ^ {sin A"'x -Bin A'x) 

J A' J A' y 

or I / (x) coBxydx | provided A <A* <A'\ where A”' is in the interval {A \ A"). 

It follows that \ f f{x) cos xydx I < ^ ^ , provided y is in an interval interior to (0, oo ), 

1./^' I l.vl 

and A* is taken sufficiently large. 

It is clear that, if / (x) is the difference of two such monotone functions, that is, of bounded 
variation \n{AyOo ), and lim /(x)=0, the same result holds good. Denoting the integral by 

a:~ao 

I (y), we have 

I I 

7 (y + A) - / (y) - / / (x) {cos x (y + A) - cos xydx) < 2f, 

! J Q ‘ 

fA' 

and since / / (x) cos xydx is continuous because 

7 0 ^ 

|/(x)co8xy| < |/(x)| and ( \f{x)\dx 
J 0 

exists, we have ( / (y -f A) -7 (y) | < Sc, provided | 4 | is small enough. Thus the condition 
of continuity of 7 (y) is satisfied. 

[A 

(5) If* I f (x, y) (x) dx is continuous with respect to y in an interval (a, ^), for each 

J a 

rcc 

finite value of A {>a), then I /(x, y) <f> (x) dx exists, and is continuous with respect to y in 
J a 

(a, /3), if either of the following sets of conditions are satisfied: 

/•oo 

(i), j <p{x)dx exists; /(x, y) is monotone decreasing with respect to x, and ^0, for 
J a 

each va ue of y, in («, /S); and | / (a, y) | is less than a number K, independent of y. 

/ oo 

<f) (x) dx oscillates between finite limits; /(x, y) is, for each value of y in (a, /3), 

positive and monotone with respect to x; and / (x, y) converges to zero, as x ^ oo , uniformly 
with respect to y. 

We have, by Bonnet’s form of the second mean value theorem, 




’A J A 

where A<A” <A\ In case (1 ), | / (.4, y) | < if, and A may be so chosen that 


\n 


(f> {x) dx \ < f. 


* See Bromwich’s Theory of Infinite Series, pp. 434-436, where these theorems are given in a 
slightly different form. 
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Therefore 


\j 


) dx\ is less than an assigned positive number, if A be properly 


yoo 

chosen, for all values of A' {>A)y and for all values of y, in (a, ^). That / / (x, y) (p (x) dx 

J a 

exists, and is continuous ivith respect to y, now follows (see § 229 ). 

In case (ii), A may be so chosen that | / {A, y) | < r, for all the values of y, and 
j y </> (x) c/x j is less than a fixed number, independent of thus the same result follows. 

230. The following theorem is of use in connection with the theory of 
Fourier’s series: 

U 9 (0 ® summable function, defined in the cell or interval (a, b), and 

if f (t) is a summable function, defined in the cell or interval (a -f a, 6 4- jS), 

then f (x ^ t)g (t) dt exists and is a continuous function of x in the cell or 

a 

interval (a, /S), provided either (1), g (t) is bounded in (a, b), or (2), | / (/) |^, 
I g (t) are summable in the cells or intervals {a ■{- a, b P), {a, b) re- 
spectively, for some positive values of p and q such that p ^ * 

In case the variables x and t are in r dimensions, the integral denotes 
6<2> ... 

-1 ^(1), 4- <(2) .. a;(r) _j_ ^(r)) 


A precisely similar result holds good for an integral j f (x — t)g (t) dt. 

• o 

This theorem was established* by W. H. Young, for the linear case, but 
the proof given below suffices in the case of functions of a variable of any 
number of dimensions. 

If P {t) denotes a finite polynomial in t, we have 

[ f {x + t)g (t)dl = \ {f{x + t)-P(x + t)} g (t) dt + Q {x), 

J a J a 

where Q {x) is the finite polynomial 

[ P {x + t) g {t) dt. 

J a 

Considering first the case (1), the polynomial P (t) may be so chosen 
that I / (<) - ^ (t) I dt < Tj, where y is an assigned positive number 

Ja + a 

1 

(see I, § 430). We have then {f(x-ht)~P(^-ht)}g(t)dt < gig, where 

I ' nr. 

g is the upper boundary of | S' (0 I ^)- It follows that, if f be any 

fixed value of x in (a, p), and x' any point in a certain neighbourhood of 

the difference of the values of f ^1)9 (0 I^r f and x' is numerically 

J a 


Proc. Roy. Soc, (A), vol, lxxxv (1911), pp. 404-408. 
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less than tj (1 + 2^), or than e, if i; be chosen to be £ €/(l + 2fjr) Therefore 
I f (x + t) g (t) dt, is continuous with respect to x at the point 

J a 

Next, in case (2), we see that (see i, § 436) 

f {/(x + t)- P(x+t)}g(()di 

J a 

is numerically not greater than 


I l/(^ 

y a 


+ t)-P{x -h t) \^dt 


[ I (<) I" 

y a 


dt 


By the theorem given in § 173, the pol3momial P (t) can be so chosen 
that 

fb + fi 

I l/(()-P(t)l^d(<v; 


then 


f {/(^ + 0 ~ ^ (^ + (Odi 


is numerically less than y 


i ? (<) 

J a 


^dt 


or than |€, if r; be properly chosen. Since Q (x) is a continuous function 
of X, in a certain neighbourhood of the point ^ the fluctuation of Q {x) is 

rb 

^€ ; hence the fluctuation of f {x 1) g (t) dt, in that neighbourhood 

■ ^ 

is < €, which is the condition of continuity of the function of x. 


< 


THE DIFFERENTIATION OF SERIES 

231. If s (x) denote the sum -function of an infinite series 

(x) + (x) -f ..., 

and it be assumed that, either at a particular point, or in a continuous 
linear interval of x, all the terms (a:), Uzlx), ... are continuous and 
differentiable, it is a subject for investigation under what conditions s (x) 
possesses a differential coefficient which is the limiting sum of the infinite 
series (x) -f Ug' (x) -f . . . , of which the terms are the differential co- 
efficients of the original series. It may happen that (1), « (x) possesses no 
differential coefficient, or (2), that the series (x) + U 2 (x) + ... is not 
convergent, or both (1) and (2) may be the case, or (3) it may happen that 
s' (x) exists and the series of differential coefficients is also convergent, but 
that its limiting sum is not s' (x). 

Writing s (x) == (x) -f (x), we have, at any point of convergence 

of the series, lim = A ; further we have 

8(x + h)-s{x) _ 8„ (x + A) - 3„ (*) R„(x + h)- R„ (x) 

'A " A iT • 
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On the hypothesis that all the terms of the series have finite differential 

coefficients at the point x, we have lim ” ^ I ' ^ Sn (x). If 

R„' (x) exists, at the point x, and converges, as qo , to the value zero,, 
we have 

s' (;r) - lim Sn - lini {uy (x) + (x) -h ... i- u^' (x)}. 

n-^oo U'^co 

In case En (^) either does exist, or if it exists but does not converge 
to zero, as n the term by term differentiation of the series is inap- 

plicable. 

Let it be assumed that, in a given interval (a, 6), the terms of the 
convergent series {x) -f U2 (x) 4 ... + (a:) -f ... are differentiable, and 

that their differential coefficients are integrable in (a, h), in accordance 
with Lebesg lie’s definition, or more generally in accordance with that of 
Lenjoy. Let it be further assumed that, for each value of n, 


u,: (x) dx - (x) - u„ (a ) ; 


this condition is certainly satisfied if u^' (x) is finite at every point, and 
summable in (a, b), and (x) is of bounded variation (see i, § 553); or 
more generally, if (x) is of bounded variation, and (x) is infinite only 
at points of a reducible set, and is summable in (a, 6). In case u^' {x) is 


everywhere finite in (a, 6), uj (x) dx always exists as a D-integral, and 

j a 

fx 

the condition | u^' (x) dx {x) — (a) is certainly satisfied (see i, 

§ 471). Let it also be assumed that the series (x) f u^' (x) }- ... is con- 
vergent everywhere in (a, h ) ; then, denoting the sum-function of this series 
by (x), we may apply the theorems given in §§ 214-218 to obtain sufficient 

conditions that <f) (x) possesses an integral j (f> (x) dx, where a ^ x ^ b, and 

a 

that the series {u^ (x) — (a)j {^3 (x) — («)} + ••• converges to the 

value [ </> (x) dx. If the condition that X (x) — (a)} converges to 

Ja n«l 

the integral / </> (x) dx, is satisfied, we have 6" (x) — 5 (a) = j (x) dx ; from 

which it follows that, almost everywhere in (a, 6), and certainly at every 
point of continuity of <j> (x), the differential coefficient s' (x) exists, and has 

QO 

the value (f> (x); or s' (x) S uj (x). 

n- 1 

Accordingly, it is sufficient for the validity of term by term differentiation 
of the series (x) 4- (x) f ..., almost everywhere in (a, b), that: 

(1) [ uj (x) dx exists as an L-integral, or a D-integral, and has the value 
Un (^) - tin (ah 
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CO 

( 2 ) The sum-function (f> (x), of the series 21 u^ (x) Juis an integral 

1 

I (f> (x) dx, in (a, b), to which the series {u^ (x) — (a)} + {u^ (x) — U2 (a)} + ... 

J a 

converges. 

Condition (1) is always satisfied if u^ (x) is every where finite in (a, h). 

The simplest sufficient condition for the validity of term by term 
differentiation of a series is the following : 

If the series X u^ (x) canverges everywhere in the finite interval (a, 6 ), and 

n 1 

the terms of the series X 11 ^ (a:) be all continuous in {a, b), and this latter series 

ri » 1 

is uniformly convergent in (a, b), then s' (x) exists, and is the sum of the series 

00 

X Un {x), at all jxiints of (a, b). 

n-l 00 

For, if the series of continuous functions X (x) converges uniformly, 

n- 1 

its sum -function (x) is continuous, and has an i?-integral | (x) dx, to 

00 a 

which the series X {u^ (x) ~ u^ (a)} converges (see § 214 ( 1 )). 

n» 1 


232. The following theorem gives less stringent sufficient conditions 
for the vahdity of term by term differentiation of a series: 

If X (:r) be everywhere convergent in the interval (a, b), and the dif- 

n ' ■ 1 

ferential coefficients all have finite values everxjwhere in the interval, and u^' (a;) 

QO 

be summable, arid the series X u^' (a?) be everywhere com^ergent in (a, b), 

71-1 

then, almost everywhere in the interval, and certainly at every point of con- 

QO ^ 00 OO 

tinuity of X u^' (:r), the relation 7 - X u^ (x) ^ X Un (x) holds, provided 

n 1 (tx n “ 1 71 ' 1 

OO I 

either ( 1 ), X u^ (x) comerges uniformly in the interval, or (2), X u„' (x) I 
71.-1 n -- 1 I 

is, for every value of n and x, less than the mlue of some summable function 

QO 

(x), or (3), if X (x) is continuous in (a, b), and the set of points in 


S u„' (x) 

rj,=o 1 


is not bounded for all values of m, is 


n - 1 

whose neighbourhood 
enumerable. 

Since u^' (x) is summable, and everyw'here finite, the //-integral 

I Un (x) dx exists and has the value u^ (x) ~ u^ (a). If either of the conditions 
J a 

(1), (2), (3), (4), of the theorem is satisfied, it follows from the theorems 
established in §§ 214-216, that X f u^ {x)dx converges to j <f>(x)dx, 

71-1./ a J a 


where 4>{x)=^ X (x ) ; thus both of the conditions in § 231 are satisfied. 

n-l 
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The condition of the above theorem, that (x) be everywhere finite, 
may be so far relaxed, that it may have infinite values at points of a 
reducible set. If then (a:) be still summable over the part of (a, 6) which 
remains when the reducible set is removed, in accordance with i, § 413, 

fX 

Un (x) u (x) - u (a). 

J a 

In this case, the theorem of § 216 is applicable to prove that, under 

cn rx rx CO 

certain conditions S (x) dx converges to I S (x) dx. 

j a J an- \ 


We have accordingly the following theorem : 

If 2 (x) be everywhere covAjergeni in (a, b), and has a continuous sum, 

n~ 1 ^ 

Un (a;) be finite except at j)oints belonging to a reducible set, and be summable 
in (a, b), and if further S (.r) converges to a function (j> (x), at every j^oint 

n - 1 


which does not belong to a reducible set G, and so that 


s u,; (x) 
n^l 


is bounded, 


as a function of rn and x, in every interval that contains no point of G as interior 
or end-point, then term by term differentiation holds good almost everywhere in 
the interval. 


233. The following theorem is due’*' to Fubini : 

If all the functions of the convergent series ^ (.r) are monotone non- 

n 1 

diminishing , or all are monotone yion-incr easing , and the series converges in 
{a, b) to s (x), then s’ {x) exists and is the sum-function of S (x), almost 

n<^\ 

everywhere in (a, b). 

Let Un (vC) be monotone non-diminishing; it has almost everywhere in 
(a, b), a differential coefficient (.c) ^ 0. Moreover u^ (a:) is summable 

over the set of points at which it exists, and j (x) dx (x) - (a). 

J a 

In accordance with theorem (10) of § 214, since S ?/„' (x) dx is con- 

n - 1 a 

vergent, the series S (x) converges almost everywhere to a function 

n- 1 


(f> (x), summable in {a, b), and S j (x) dx converges uniformly to 

n--lJ a 

1 (f> (x) dx; therefore s (x) — s (a) = <f> (x) dx, from which it follows that 

J a a 

s' (x) exists almost everywhere, and has the value <f> (x), to which S u,^' (a:) 

n- 1 


converges almost everywhere. 

A theorem, similar to this, is the followingf : 

If S (a:) is a convergent series such that (x) is, for each value of n, 

n-l 


♦ Rend. Ace. Lincei, (5) vol. xxrv (1915), p, 204, where a direct proof of the theorem is given. 
Another proof has been given by A. Rajchman and S. Sales, Fundamenta Mat. vol. rv, pp. 211-1.3. 
t See W. H. Young, Camb. Phil. Trans, vol. xxi (1910), p. 408. 



336 


Sequences of Integrals 


CH. V 


finite at every point that does not belong to a redttcible set of points, and if 
U Un (x) converges almost everywhere to a function which is itself a summable 

n - 1 

differential coefficient, and finite, except at points belonging to a reducible set, 

^ oo 00 

then , S (a;) S uf (x) almost everywhere, 
ax ^ 1 71 -* 1 

For we have, as in the last case, [ uf (x) dx = (x) ~ (a); and 

a 

2 uf (x) converges almost everywhere to a function (f) (x), equal to a 

n « 1 

function 0' (.r) almost everywhere. Also, in virtue of the condition that 
0' (x) is summable, and finite, except at points belonging to a reducible 

set, we have I <f> (x) dx tp (x) - ip (a). 


234. The condition of the validity of term by term differentiation of 
the convergent series 2ti (x), at a particular point a of the domain of x, is- 
identical with the condition that the two repeated limits of 

s {a f- h, y) ~ s («, y) 


for h = 0, y — 0, should exist , and have one and the same value. By apply- 
ing the theorems of i, §§ 305, 306, which cont ain the necessary and sufficient 
conditions for the existence and equality of repeated limits of a funtJtion at 
a point, we obtain the following theorems : 


If the series 2w,j (a:) everywhere converge in a sufficiently smxill neighbour- 
hood of a point a, and the differential coefficients uf (a) exist, and, are finite, 

then the necessary and sufficient conditions that ^ " a, 7nay exist 

and be equal to 2^^„' (a) are (1), tfiat ^uf (a) be convergent, and (2), thxit, e being 

1 

an arbitrarily chosen positive number, and an arbitrarily chosen positive 

integer, a number g, positive and > 0 can be found, and also a j)ositive integer 

u ^ 4- l^n (« h) ~ (<^) 

n> n^, such that the condition ' 


value of n, and for every value of h such that 0 < 
is interior to the given neighbourhood of a. 


< € is satisfied for this 
< Tj, and for which a h 


If the series 2u„ (x) everywhere converge in a sufficiently small neighbour- 
hood of a point a, and the differential coefficients uf (a) exist, and are finite, 

then the necessary and sufficient condition that s {x) at x = a, may exist 
and be equal to 'Zuf (a) is that, corresponding to any arbitrarily chosen 

positive number €, an integer Uq exists, such that corresponding to each integer 
n> n^, a positive number rj, in general dependent on n, can be found, such 

< € is satisfied for every value of 



that the condition 
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h such that 0 < | ^ | < 17, and for which a h is interior to the given neigh- 
bourhood of a. 

It is clear from i, § 306 , that the uniform convergence of 
to the limit , for all values of h, except 0, in a fixed interval 

ft 

(~ 8, 8') for h, is a sufficient condition that s' (a) exists^ and that the series 
(a) converges to s' (a). 


236 . The following theorem*^ is sometimes more convenient than the 
theorems of § 234 , for the purpose of ascertaining whether a function defined 
by a convergent series of functions is differentiable or not. 

If the series (x) converge in (a, 6), and the differential coefficients (a) 

exist, and are finite, then the necessary and sufficient conditions that ^s (x) 

may exist at x a, and he the sum of the series (a), are (1), that the, series 
'Lun (a) be CA)nvergent, and ( 2 ), that, corresponding to an arbitrarily fixed 
positive number €, and an arbitrarily fixed integer m' , a positive number 8 
can be determined, such thM, for ecteh value of h numerically less than 8, and 
for which a f h is in {a,b), an integer m {> m'), in general varying with h^ 
can be found, for which the three numbers 

™ (m, (a + A) - M„{a) „ -Rm(« + /0 Rm(a) 

„r,l h " “"(«)[• ~ h ’ h 

are all numerically less than €. 

The convenience in application of this theorem arises from the fact that 
it provides a test in which only a single value of h is employed. To prove 
that the conditions stated in the theorem are sufficient, we have 


s (a f h) “• s (a) 

h 


ao m 

- E (a) - E 

n-1 1 


(a + h) (a) 

^ h h 


Rr, 


where R^' denotes the remainder, after m terms, of the series (a). The 
number m' can be so chosen that | 'i<^> for n ^ m', since the series 

I,Un (a) is convergent. If m be chosen > m', and such that the second 
condition in the theorem is satisfied, we see that 


s {a -f h) — s (a) 
h 

provided | ^ | < 8 ; and therefore lim 
fore the conditions are sufficient. 


- s u„' (o) 

n« 1 


< 4 e, 


s {a + h) ~~ s (a) . 


00 


D (a). There- 

n-1 


To shew that the conditions stated are necessary ; it is clear that 
(1) must be satisfied, and therefore that m' can be determined so that 

* Dini, Orundlagen, p. 162. 
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I RJ I < Jc, if m ^ m'. Moreover, a positive number 8 can be determined 
such that — S (a) is numerically less than Jc, if | | < 8. 

Also since {x) is convergent, for each value of h, a corresponding value 
of m m') exists, such that j are each numerically < Je. 

It then follows that, for these values of h and m, the condition 

is satisfied. Therefore the conditions in the theorem are necessary. 

EXAMPLES 

(1) Let ( 2 :) nx; the series {x) converges everywhere in any interval, but 

the series 2 cos nx does not converge. The term by term dilferentiation of the given series 
is therefore inapplicable. 

(2) Let (x) = ~n + j* series (a;) converges to the sum-function s(x) -x, in 
the interval (0, 1). The series 2 (x^~^ ~x^) converges to .s' ( 2 ;) = 1, for all values of x in the 
interval (0, 1), except for 2 r = l, when it converges to 0, which is not equal to s' (0). The 
series 2 ( 2 :”"^ - 2 :^) has the point 2: — ! for a point of non-uniform convergence, and thus 
the convergence is not uniform in the interval (0, 1 ). 

(3) The series 2 cos (a”x), where 0 <6 < 1, converges uniformly in any interval. The 

n = 1 

series - 2 (ab)^ sin (a^x), for > 1, is not convergent. It will be shewn later that the function 
defined by the given series is not differentiable for any value of x, provided ab exceeds a 
certain value. 


INVERSION OF THE ORDER OF REPEATED INTEGRALS 

236. It is an important case of the problem of the inversion of the 
order of repeated limits to investigate sufficient criteria for the equality 
of the repeated integrals 

( dxf f (x, y) dy, f dy\ f (x, y) dx, 

Ja Jb Jb Ja 

where/ {x, y) is a function of two variables, defined in the cell (a, 6; a, ^). 
It will be assumed that/ (x, y), whether it be bounded or not, is measurable 
in the cell. 

The plane set of points at which f (x,y) > A, is, for each value of A, 
a measurable plane set Ea . It has been shewn in i, § 427, that the section 
of Ej by an ordinate y, corresponding to an abscissa x, is linearly measur- 
able, for almost all values of x, hence the set of points on the ordinate y, 
at which /(x, i/) > A, is, for almost all values of x, linearly measurable. 
Assigning to A the values of an enumerable set of numbers, everywhere 
dense in the indefinite interval {—<»,<»), we see, taking account of a 
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theorem given in i, § 383, that / (x, y) is, for almost every value of x, 
linearly measurable with respect to y. 

In order that the repeated integrals j dx f (x, y) dy may have a 

meaning, it is sufficient that I / (x, y) dy should have a definite value (x), 

J h 

either as an L-integral, or as a non-absolutely convergent integral, such as 
a D-integral, for almost all values of x, and that [ <f) (x) dx should also 

exist; where, in the integration, those points of (a, a) at which <f) (x) is not 
definite, forming a set of measure zero, are left out of account. A similar 

statement will apply to | / (x, y) dy. It is not absolutely necessary for the 

J a 

existence of j dx j f (x, y) dy that I / (x, y) dy, or <}> (x), should have a 

a 5 " Jh 

definite value, almost everywhere in the interval (a, a). If, in accordance 

with any definition, <f> (x) has an upper value ^ (x), and a lower value (f> (x), 

[b _ 

the repeated integral may exist where {<!> (x) — ^ (x)} dx = 0. This pos- 

J a ~ 

sibility will however not be here further considered; it will be assumed 

throughout that I f (x, y) dy exists almost ever 5 where in the interval 
J b 

(a, a), and that / / (x, y) dx exists almost ever 3 where in the interval (6, ^). 
J a 


237. In case it is known that / (x, y) is surnmable in the cell (a, b ; a, P) 
we have the theorem established in i, § 429 : 

If f (x, y) be a function, bounded or unbounded, ilvat is surnmable in the 
cell {a, b \ a, p), the repeated integrals 

[ dx [ f (z, y) di/, fdyff(z,y)dx 
J a J b J b J a 

are equal to one another, and have the same value as the integral of f (x, y) 
over the cell. 

It is of importance to possess a criterion which does not depend upon 
a knowledge that the function is surnmable over the cell, in view of the 
fact that, in general, an integral over the cell can only be evaluated by 
means of one of the corresponding repeated integrals ; and it is in general 
not known, apart from such valuation, whether a given unbounded measur- 
able function is surnmable, or not. For this purpose, the second theorem 
in I, § 429, may be employed : 

If one of the repeated integrals | dx j \ f (x, y) \ dy, j dy j | / (x, y) | dx, 

J a J b J b J a 

exists as a finite number, then f (x, y) is surnmable over the cell (a, b ; a, P), 
and therefore J ^ j / (^> 2/) <^2/ = | % J / !/) 
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In particular, we have the result that ; 

/// {x, y) ^ 0, in the cell (a, b \ a, jS), and if one of the repeated integrals 
of f (x, y) exists as a finite number, then the other exists, and the two have the 
same value. 

The following test may often* be conveniently applied : 

If (f> (x, y) be ^ 0, and unbounded, and, one of the repeated integrals of 
<!> (x, y) is finite ; and ifi (x, y) be a bounded measurable function, the repeated 
integrals 

dxj ^ {X, y) <j) (x, y) dy, dy j (x, y) >p (x, y) dx 
Ja .h Jb J a 

are both finite, and are equal to one another. 

For the function </> (x, y) | i/r (x, y) | is surnmable over the cell, since 
(x, y) is surnmable and | </r (x, y) | is bounded ; therefore ^ {x, y) ip (x, y) 
is surnmable over the cell, and the result then follows from the first theorem. 


238. If / {x, y), although measurable, is not surnmable in the cell, the 
repeated integrals may exist, and they may have different values. An 
example of this possibility has been given in i, p. 578, for the case 


/(a-, y) 


the ceU being (0, 0; 1, 1), 


x- — y^ 


For the case in which / {x, y) is not surnmable, or is not known to be 
surnmable, over the cell, the following general theorem is applicable: 


'X ry 

f (x, y)dx (y), f (x, y) dy ^ 0 (x), for all value.^' of 
• a J b 


{x, y) in the cell (a, b ; a, ^) ; tvhere (j> (y) is some non-negative function, 
surnmable in the interval (b, p), and ip (x) is some non-negative function, 
surnmable in the interval {a, a) ; and if, (2), the points of infinite discontinuity 
of f (x, y) are distributed oil a limited number of arcs of continuous curves 
representing monotone f unctions, then 


fa r/3 

dx f(x,y)dy 

a d b 


dy f fix, I 

d a 


dx. 


In appl3fing the theorem, </> (y) will be taken to be the maximum of 

I 

/ y) ^ fixed y, for all values of x in (a, a). A similar remark 

applies to ip (y). The functions (p (x), ip (y) may be infinite, or indeterminate, 
for sets of values of x, y which have linear measure zero ; and still they may 
be surnmable in (a, a), (b, P) respectively, when these sets are left out of 
account. 


* See W. H. Young, Camb. Phil. Trarwt. vol. xxi (1910), p. 364, where the theorem is given 
in alightly different form. 
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The particular case of this theorem, which is a generalization of one 
given* by Jordan, that arises when <f> (y) and ^ (x) are both constants, so 

that I f {Xy y) dXy ^ f (x, y) dy are both bounded functions of (x, y) in the 
cell, was given t by W. H. Young. 

Let each point of each curve, belonging to the finite set, be enclosed 
in a rectangle with centre at the point, and sides parallel to the axes, and 
of lengths €„ , ; where {€„} , {€„'} are two sequences of diminishing positive 

numbers which converge to zero. Employing the Heine-Borel theorem, 
there exists a finite set of these rectangles which contains all the points 
of the curves. In this manner a finite set A„ , of cells, is obtained, such 
that every point of infinite discontinuity is interior to one of them. On 
any straight line parallel to one of the axes, there are at most r segments, 
in which the straight line intersects A„ ; where r is the number of the curves. 

Let fn {Xy y) -- 0 at all points in any of the rectangles of A,, , and let 
/n y) y)^ at all remaining points of the cell. The function (Xy y) 

is summable in the cell (a, h ; a, /3), and therefore 

[o. rfi rP fa f(a, fi) 

dz /„ (x, y) dy dy \ f„ (x, y) dz - /„ (x, y) d (x, y). 

Ja Jb Ja Ja ia,b) 

Denoting (x, y) dy by x„ (x), and JV (x, y) dy by x (*), it will be 

shewn that j y {x) dx exists and is equal to lim j Xn (^) 

J a n^no J a 

That I X (^) exists, follows from the condition (1), of the theorem, 

since | y (a:) | iff (a:), which is summable in (a, a). The difference of the 

two functions x Xn (^) at most r integrals y) dy each 

taken over a segment in which the ordinate, corresponding to the abscissa 
Xy intersects the cells A„; it follows that | x (^) *“ Xn (^) I (x). There- 

fore, employing the theorem of § 202, we have 

I x(x)^^x-lim j Xn(^)dx\ 

J a n~oo J a 

or ( dxf f {z, y) dy - lim j dx \ f„ (x, y) dy. 

J a J b n-^co J a J b 

In a precisely similar manner, it can be shewn that 

[ dy \ f(x,y)dx = lim f dy I /„ (x, y) dx\ 

Jb Ja n^aoJb Ja 

and the two limits on the right-hand side being the same, the theorem has 
been established. 


♦ Cours dJAnalysCf vol. n, p. 67. 
t Camb. Phil. Trans, vol. xxi (1910), p. 365. 
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It can be shewn that: 

In the theorem, if condition {1) be replaced by (1)', that, corresponding to 
any fixed positive number e, positive numbers h^ , exist, such that 


'x+h 

f{x,y)dx <€, f(x,y)dy 

X Jy 


< € 


for \h \ ^h-^, \k\^ and for every value of (x, ij) in the cell (a, b; a, p), 
the theorem holds good; the condition (2) being unaltered. 

The condition (1)' is more stringent than the condition ( 1 ); accordingly 
if (1)' be adopted, the theorem becomes less general. For, if the condition 
(1)' is satisfied, we have, since 


f f(x,y)dx 


h, f2k, 

4- 


f(s~-l)h,+h' 

... + I 

J{s-l)h, 


J h. 


f{x,y)dx, 


where s is the least integer such that sh^^ x, and h' h^. 


Now s cannot exceed the smallest integer s, such that sh ^ a; hence 

I f (x, y) dx S€, and thus f f (x, y) dx is bounded, for all points (x, y) 
J a J a ^ 

in the cell. Similarly it is seen that / (x, y) dy is bounded. It follows 

. b 

that the condition (1) of the theorem is satisfied. 

When the conditions (1) and (2) of the theorem are satisfied, it does not 
follow that / (x, y) is summable in the cell, but it follows that it has a non- 
absolutely convergent double integral of the kind defined ini,§368,p.494, 

subject to the extension that / {x, y) d (x, y) may exist only as an 

J (Dn) 

Z-integral, and not necessarily as an i?-integral. Such a non-absolutely 
convergent integral defined as lim / {x, y) d (x, y), for a finite set of 

n~oo.'(Z>«) 

rectangles which contain none of the points of infinite discontinuity 
of / (x, y), may be termed a restricted Jordan double integral. 

The converse does not hold good, that (1) and (2) follow from the 
existence of the restricted Jordan integral. 

Investigations of conditions of equality of the repeated integrals were 
given by de la Valine Poussin*, and by Hobsont. The results there obtained 
have now been in the main superseded, owing to the later development of 
the theory of Lebesgue integration. 

* See Annales de la aoc. ftc. de BruxeUes, vol. xvi (B) (1892); Liouville^a Journal (4), vol. vm 
(1892); ibid. (6), Tol. v, p. 191. 

t Proc. Lend. Math. Soc. (2), vol. iv (1906), p. 148. 



343 


238 ] Inversion of the Order q/ Repeated Integrals 

If it be assumed only that the restricted Jordan integral 

r(a, fi) 

f(x,y)d{x,y) 

J (a. b) 

exists; taking (x, y) as before to be zero in the finite set A„ of cells which 
include all the points of infinite discontinuity of / (x, y), we have 

P) f(a, p) ra rp 

I / (x, y) d {z, y) ^ lim I /„ (x, y) d (x, y) = lim dx \ f„ {x, y) dy, 

J (a, 6) Ti'^oo J (a, b) n~oo J a J b 

r(a. P) ra rp 

and therefore / (x, y) d(z,y)~ dx f (x, y) dv, 

J (a.b) Ja Jb 

provided lim { dx\ f (x, y) dy = 0; where (x) denotes that finite set 

n~Qo J a J An (x) 

of intervals which forms the section of A„ by the ordinate corresponding 
to the abscissa x. This condition will be satisfied when the conditions 
(1) and (2) of the theorem of § 238 are satisfied; but it may be satisfied 
when (1) and (2) are not satisfied. 

In order to obtain criteria for the equality of the repeated integrals 
of / (x, y) taken over any measurable bounded set of points E, we may 
take a cell which contains E, and assume / (x, y) to be defined over the 
whole cell by taking its values to be zero at all points of the cell which 
belong to the complement of E relatively to the cell. The preceding theory 
will then be applicable to this case. 


EXAMPLES 


(1) For the function defined in i, § 365, Ex. 1, only one of the repeated integrals exists, 
in accordance with the definition there employed; neither does the i?-double integral exist. 
The Lebesgue double integral exists, and has the value 1. For the set of points at which 
/ (^» y) =1 has measure zero; and therefore the function has the same L-integral as that 
function which, at every point (x, y), has the value 2y. The other repeated integral necessarily 
exists, in accordance with Lebesgue’s definition, as may be easily verified; and both the 
repeated integrals have the value 1 . 


(2) For the function defined in i, § 365, Ex. 4, both the repeated integrals exist, in ac- 
cordance with the definition there employed, and they have the value c ; the double i?-integral, 
however, does not exist. But the double L-integral exists and has the value c; for the points 
at which /(x, y) -c', although they are everywhere dense, form a set of plane measure zero. 


(3) Let / (x, y)= , and let the domain be the cell (0, 0; 1, 1). The function is not 

(x + y ) 

summable over the cell; neither does the restricted Jordan integral exist. For if the rectangle 
(0, 0; hy k) be excluded from the domain, the double integral over the remainder of the 

ri ^2 _ fl rk jf.2 _ yi 

domainiBj^ ^ j , j j ^ 

which is equal to Jtt -tan“^ and this has no definite limit, as h and k converge inde- 
pendently to zero. 
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It follows that OQ© at least of the conditions (1), (2) of the theorem of § 238 cannot be 
satisfied; and it is clearly the condition (1) which should be examined. 

-y* 


We have / r _ — ^^dx \ = „ and the maximum value of this is, for a fixed value 

1/0 (a;* I a:* 4-3/2 

of y, 2“ which is not summable in (0, 1 ) ; thus the condition ( 1 ) is not satisfied. 

(4) It has been shewn in the Example in i, § 368, that the double integral of ^ sin ^ over 

27 X 

(0, 0; a, 6) does not exist. In this case the restricted Jordan integral exists; for 

f^\ \ I® 1 1 

I dy I sin dx=b I sin dr, 

f 11 

and this has a definite limit, as f'^0. The condition lim \ dy \ sin is satisfied, 

n-oolo J^niv)^ ^ 

for An(y) is independent of y, and consists of the interval (0, f). The repeated integrals 
accordingly exist, and are equal to the restricted Jordan integral. However the condition ( 1 ) 

1 / 1 1 I \y 11 

of the theorem in § 238 is not satisfied, for / -sin dy = ■ sin has the maximum 

\ J 0 X X I \x X \ 

b - sin which is not summable in the interval (0, a). 

I X X I 

(5) l..et/(x, y) =(x ~y)~K in the domain (a, 0; 6, c), whenc >a. In this case the function 
is non- negative; in order to shew that the repeated integrals exist, it is only necessary to 
verify that one of them is finite. 

(6) Let the function* yjr{x) be defined for the domain (0, 1) by the rule that, for every 

4-1 1 

rational value of x of the form — ^ - , (n^O), yjr (^)= 2 h* that, for every other value 

of X, yfr (x) =0. Let yfr (x, y) = | ^ sin ^ j ylr(x) in the cell (0, 0; 1, 1). Since ^ (x, y) is non- 
negative, it is sufficient to shew that one of the repeated integrals is finite, in order to prove 
that ylr (x, y) is summable in the cell, and consequently that the repeated integrals are equal. 

Since (x) I - sin ^ I is zero for almost all values of x, when y is fixed, we have 

^ '\y y\ 


r 1 

. 1 


sm - 

Jo \y 

y 


and therefore f dy f (x, y) dx - 0; therefore the other repeated integral i? zero. 
Jo Jo 


THE INVERSION OF REPEATED INTEGRALS OVER AN INFINITE DOMAIN 

239. Let the measurable function / (x, y) be defined for the infinite 
domain (a, 6 ; 00 , 00 ) ; criteria will be obtained which are sufficient to 
ensure the equality of the two repeated integrals 

r foo Too Too 

d^\^f(3;,y)dy, j^c/yj^f(x,y)dx; 

which are equivalent respectively to 

lim f dx . lim 1^ f (x, y) dy, lim [ dy . lim f f (x, y) dx, 
a<-»ao Ja J b J b a-^co J a 

* See Stolz, Orundz^&ge, vol. lu, p. 149. The function ^ (x) was first given by Du Bois- 
Reymond, CreUe's Journal, vol. xcvi, p. 278. 
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Let it be, for the present, assumed that / (x, y) is a non-negative 
function, summable in every finite cell (a, h\ a, j8). Denoting the integral 
of / (x, y) over the finite cell by F (a, ; we have 

F(a,P)=f f(x,y)d(x,y)^[ dx ( f (x, y) dy = [ dy [ f(x,y)dx. 

J (a, b) J a J b J b J a 

In case the double limit of JP (a, ^), as a ~ oo , j8 -- oo, exists, as a finite 
number, / (x, y) is summable over the domain (a, 6; cao , oo ) (see i, § 437). 
Moreover, since F (a, is monotone non-diminishing, as a increases, and 
also as jS increases, it is sufficient for the existence of the double limit that 
either of the repeated limits lim lim F («, jS), lim lim F (a, should exist. 


a'^ao 


a~oo 


Let us consider lim lim f dx f f (x, y) dy ; it will be shewn that this 
a^oo J a J b 

ra rp roo roo 

is equal to lim dx . lim / (x, y) dy which is dx \ J (x, y) dy. 
o~ao J a J b Ja Jb 

Let X (^3 denote | / (x, y) dy, and let denote / (x, y) dy. 

Since x (^3 ^ monotone non-diminishing function of y, the theorem of 

§ 226 is applicable, and shews that 

I X ('^3 ^ I X (^3 i^) 

J a /3~oo .’a 

are either both finite and equal, or both + oo . 

Thus we have 

j'a I'ao ra rfi 

dx f(x,y)dy -^ lim dx f(x,y)dy 

.'a J b J a Jb 

if either of these expressions has a finite value ; otherwise both are infinite. 
We now have 

Too roo ra 

I dx j f (x,y) dy - lim lim \ dx\ f (x, y) dy 

Ja Jb a'^oc J a Jb 

if the repeated limit on the right-hand side has a finite value; otherwise 
both sides are infinite. 

It thus appears that 

[ dxf f{x,y)dy^ lim T’ ^ f {x, y) d {x, y) 

Ja Jb o'^oo (a, 6) 

when either of the expressions is known to be finite : otherwise both sides 
are -f qo . 

[oo roo r(a,/3) 

Similarly \ dy\ f (x, y) (ia; = lim / (x, y) d (x, y), 

J b J a o'^Qo J (a, b) 

both expressions being finite, or both infinite. 
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The following theorem has now been established : 

If f {x, y) be a non-negative measurable function, defined in the domain 
(a, 6; 00 , 00 ), the three expressions 


r rao rao Aao r(co, oo) 

da!\ fix, y) dy, i dy \ f (x, y) dy, f {x, y) d (x, y) 

^ J b J b J a J {a, b) 

are all finite and equals or else all infinite. 


240. If / (x, y) be no longer non-negative, the above theorem may be 
applied to | / (a:, y) | . If then either of the repeated integrals 

j^dx j^\fix,y)\dy, j*^dy j^\f(x,y)\dx 

is known to be finite, the other one is finite, and | / (x, i/) j is summable 
over the domain {a,b; <x> , cc ). Iff (x, y) be expressed by/+ (x^y) ~ /“ (x, y), 
where /+ (x, y),f~ (x, y) are both non-negative functions, one at least of 
which is zero at each point, we have 

1 / y) I = /+ (*. y) t / ' (*. y)- 

Since/+ {x, y)^\f (x, y)\,f- (x, y) | / (a;, i/) | , it follows that, if | / [x, y) \ 
is summable in the domain, so also are /+ (x, y), f~ (x, y), and therefore 
/ (x, y) is summable. 

Hence the repeated integrals of each of these functions are finite and 
equal. 

Since 

r f(x,y)dy=limf (f-^(x,y)-f-(x,y)}dy 

J b / 3 ~ 0 O .6 

- lim j /+ (x, y) dy - lim | /- {x, y) dy 

J b ^~oo J h 

when the limits on the right-hand side exist, we have 

[ f(x,y)dy =1 f^ix,y)dy-i f-ix,y)dy, 

Jb J b J b 

and hence 

fto Too Too Too roo roo 

dx\ fix,y)dy^\ dx \ f+(x,y)dy- dx f~ix,y)dy, 

J a J b J a Jb J a J b 

when the integrals on the right-hand side exist. 

We obtain, in the same manner, the corresponding result when the 

order of integration is inverted. 

If then one of the repeated integrals of | / (x, y) | over the domain is 

r(co,co) 

finite, / (x, y) d (x, y) is finite, and since it is the difference of the 

J (a, b) 

integrals of /+ (x, y), f- (x, y), it is equal to 

Ajo rao Too 

y) J (*. y) dy 
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( bo Too 

dx \ f{x,y)dy\ similarly the 

• a -j h 

Too TOO 

integral oi f {x, y) is equal to I dy \ f (x, y) dx. The following theorem has 

J h J a 

now been established : 

r oo roo Too 

dx \ I / {x, y) I dy, dy \ \f{x,y)\ dx 

. a •' 5 J b ' Cl 

is known to be finite, t^ien the repeated integrals of f (x, y) and the integral of 
f (x, y) over the domain (a, ; cao , oo ) are all finite and equal. 

In order to extend the results to the case in which (— oo , — oo ; cao , oo ) 
is the domain of integration, it is only necessary to consider that an integral 
of / {x, y), or a repeated integral, is the sum of the integrals, or repeated 
integrals, of the four functions f (x, y), / ("~ x, y), f (x, — y), f {— x, — y) 
over the domain (0, 0; oo , oo ). 

If / (x, y) be defined over a measurable set E, of infinite measure, we 
may suppose / {x, y) to be defined over the whole domain ( — qo , - oo ; 
^ ^ ) hy taking / {x, y) = 0, at every point that does not belong to E. 
The above theorems are then applicable to any measurable domain, of 
infinite measure. 

We thus obtain an extension of Fubini's theorem given in i, § 429, and 
applicable to integrals over a domain of finite measure : 

If \f(x,y)\ be summable over a mexisurable domain E, of infinite 
measure, then I / (x, y) d (x, y) is equal to either of the repeated integrals of 

J{E) 

f {x, y) taken over E. 


241 . When the sufficient conditions that have been obtained are in- 
applicable, further criteria will be required. The integrals which are 
employed are not necessarily L-integrals, but may be non-absolutely 
convergent. 

Let us consider, in the first instance, the case in which the domain of 
integration is {a, 6; «, oo ). Let it be assumed that, for every finite value 
of the condition 

I ffxj .f(x,y)dy ^ dy] f{x,y)dx 

Ja H Jb Ja 

is satisfied. 


If / dy I f (x, y) dx exists, as a definite number, it is equal to 
Jb Jo ' ^ 

lim I dx] f{x,y)dy. 

J a J b 

Denoting j^/ (x, y) dy by x (*. ^). 

lim I x(x,^)dx=f X {*. ® ) dx, 

/3-<»oo J a J a 


if 
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we have 

/bo Ttt 1*0 rfi ra Too 

dy \ f (x, y) dx =- \im I dx f(z,y)dy dx f(x,y)dy. 

Jb Ja a -'b Ja Jb 

We have thus the following theorem : 

On the supposition that the two repeated integrals off {x, y) over the domain 
(a, b; Uy p) exist, and have equal values, it is sufficient for the equality of the 
repeated integrals over (a, h; a, cc ), 

(1) , that [ dy I f (x, y) dx shall have a definite mlue, and 

Jb J a 

(2) , that j dx j f (x, y) dy shall converge to zero, as p oo , 

Sufficient conditions may be obtained that condition (2) of this theorem 

is satisfied. The condition is that lim | y (x, dx - j x where 

^"-00 J a Jo 

X P) = ff (*. y) and X (*,<»)- [ / (*, y) dy. 

Jb b 

Referring to the results in §§ 226-229, it is seen to be sufficient, in order 
that (2) may be satisfied, that one of the following conditions should be 
satisfied : 

(2)' U f y) ® monotone function of jS for all mines of x in 
(a, a). This condition is satisfied, in particular, if f (x, y) ^ 0. 

(2)" U \ ( f {^7 y) dy has a maximum (x), for all mines of ^ in 

\Jb 

{b, oc ), and <f) (x) is summable in the interml (a, a). This condition is satisfied, 

in particular if^j f {x, y) dy is a bounded function of (x, j3). The condition 

may be satisfied when there is an exceptional set of jmnts x, of measure zero, 

at which f f {x, y) dy is oscillatory. 

Jb 

(2)'" If f f (*. y) dy converges uniformly to j f (x, y) dy in the interval 
{a, a), of X. 

{2)" If lim [ dx( \f(x,y)\dy= I dx T \f{x, y) \ dy. 

^-^00 J a J b J 0 J b 

242. Next, let the measurable function f (x, y) be as before defined in 
the domain (a, 6; oo , oo ). It will be assumed that the repeated integrals 

j dx I f(x,y) dy, j dy j f (x, y) dx exist, and are equal, for all finite 
values of a and jS; let their value be denoted by (a, j8). We have now 

lim<^ (a, /5) r dy [ f (x, y) dx = lim [ dx f f (x, y) dy, 

Jb Ja J a Jb 

it being assumed that this limit has a definite value, for each value of a. 
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If now 


we have 


lira \ dx\ f{x,y)dy= j dx f f(x,y)dy, 

/3<^oo J a J b J a J b 

rcc rob 

lim lim <f> (a, jS) = I dx \ f (x, y) dy \ 
a~(X) J a J b 


the condition that this may be the case can be expressed in the form 

lim I dx I f (x, y) dy - 0. 

^'^co } a J 


Similarly, if 


we have 


lim fdy( f{x,y)dx=^^ 0, 

o~0O i> J a 

f oo roo 

dy / / {x, y) dx^ 

p~au «~ou . b J a 


it being assumed that lim </> {a, j8) has a definite value for each value of 

a~oo 

If the further condition is satisfied that 

lim lim cf) («, P) = lim lim (f) (a, ^), 

a'^QO /3~ao a-'-oo 

roo rcKi I'co roo 

then / dx j f {x, y) dy dy f {x, y) dx. 

J a J b J b J a 

The following theorem has accordingly been established : 

It being assumed tJmt the repeated integrals of f (x, y) in the domain 
(a, b ; a, /3) exist, and are equal, for every j)air of finite values of a, it is 
sufficient for th>e existence and equality of the two repeated integrals of f {x, y) 
over the infinite domain (a, b ; oo , oo ) that the following conditions be satisfied. 

roo rp rco ra 

(1) That I dx j f(x,y)dy, I dy \ f(x,y)dx have definite values for 
J a J b J b J a 

finite values of j8 and a, respectively. 


(2) That 


lim ( dx( f{x,y)dy - 0, 

(5-woo J a J 

lim I dy [ f(x,y)dx = 0. 

I'woo 0 da. 


- lim lim 

a~QO 


•a rp 

dx f(x,y)dy. 

a J b 


(3) That lim lim f dx f f (x, y) dy lim lim f dx f f {x, y) dy. 
a~ao / 3 -^oo J a J b ^~oo a~QO 'a J b 

This condition is satisfied, in jxirtictdar, if f dx ( f (x, y) dy have a 

J a Jb 

double limit as a <x) ^ ^ cx) . 

Alternatively, the condition may be applied to j dy j f{x, y) dx. 

J b -'a 

f oo roo 

f (x, y) dy, I / (x, y) dx have 

. P ' J a 

already been given in § 242, that the condition (2) may be satisfied. 

The condition (3) may be expressed in a somewhat different form by 
making use of (2) ; thus we may replace (3) by 

(3)' That lim ( dx f f (x, y) dy ^0, or else lim j dy j f (x, y) dx = 0, 
fi^oo J a jp a'^oo J b Ja 
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(3)' is equivalent to the condition that, if e be arbitrarily chosen, a 
number exists such that 

jj dxj^/(x,^)dt/l< €, for/3>/3e, 

and hence that, corresponding to each such value of a number can be 
chosen so large that 

jj dxj^f(x,y)dy <€, for^>/Sf, 

and for A > . The condition, in this form, might have been deduced from 

the theorem in i, § 305. 


243. The following theorem, due* to de la Vallee Poussin, much more 
restricted in its scope, may be deduced from the theorem of § 242. 

It is sufficient for the existence and equality of the repeated integrals ^ with 
mfmite limits, (1), that the repeated integrals between finite limits ahvays 

/•oo 

exist, and are equal; and (2), that I / {x, y) dx be uniformly convergent in an 

I a 

arbitrary interval of y; and (3), that I f (x, y) dy satisfies the similar condition; 

J b 

and (4), that dx f (x, y) dy converges uniformly m the unlimited interval 

J a J b 


and (4), that [ dx f 


If I / (x, y) dy be uniformly convergent in the interval (a, a) of a:, then, 

Jb 

for a fixed positive number rj, can be so determined that I f (x,y)dy <7j 

\J ^ 

for ^ ^ and for every value of x in the interval (a, a); it then follows 

that I dx j f (x, y) dy < rj {a — a); for a fixed a, rj can be chosen equal 

\J a J 

to €j(a — a), and thus dx f (x, y) dy < €, for ^ ^ hence the con- 

J a J p 

dition lim dx f (x, y) dy ^ 0 is satisfied. Similarly it can be shewn 

/3-woo J a J P 

that the other part of condition (2), of § 242, is satisfied. 

The condition (4) of the present theorem may be stated in the form that 
I <f> (a, ^) - lim ^ (a, | < € for every value of p, and for all values of a 

a~oO 

not less than a fixed value a^. Since, on account of (2), 
lim (f, (a, P)= f dy[ f (x, y) dx, 

a-^oo Jb Ja 

it is seen that ^ dyj f (x,y)dx\^< € for every value of P, and for a^. 


♦ LiouviUds Journal (4), voL vin (1892), p. 464. 
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Thus 

hence 


Too Too 

I dy j f (x, y) dx e, for a^ae, 

Too ,-*00 

lim j dy I f (x, y) dx -- 0, 

a~QO J h Jo. 


which is one of the conditions (3)' of the theorem of § 242. The theorem 
has been established, since it has been shewn that, if its conditions are 
satisfied, so also are those of the theorem of § 242. 


EXAMPLES 

(1) I twill be found that f dx j f =- Irr, and that f dy I f 

In this case the first condition of thcj theorem in § 242 is satisfied. Eor 

1 fP X^~y^ [P ^^-y^ 1 . a TT 

/ / 2 . ^y / / ,, ...^dx -tan 


dx = ^TT. 


, TT /'*’ IP x^-y^ V 

J 1 7 1 ♦ y'^f ^ 4*71 ^ j 1 (x^ + y^)^ 4 ' 

m is however not satisfied ; for 

lim j dy I ^ — '{ dx -Urn I - “ - dy = lim - tan-^ ^ • 
x-oD 7 1 7 « + y^)^ a~oo7 1 y^ + a^ooV^ 2 


hence 

The second condition is however not satisfied ; for 


(2) Let* where p>\; then ’ The repeated integral 

j ^dy j ^ 4>' i^y) i>^i' ^ 4*' i^y) ^y ■ f ^ 

j dy j <p'{xy)dx- -tan ^ {c^a^), 

which does not converge to 0, as a-^oo. Thus the condition of the theorem in §241 is 
violated- 


(3) We have 


M: 


cos xydx — , for « >0, but 


/>/: 


cos xydy does not exist. 


r ^ 

(4) It may be shewn that dx t e ^^dy-l dyf e ^dx. For c ‘^*'^0, and one of the 

J a VO 7oVo 

repeated integrals exists. 

(5) Lett ^ 

fh fh 021/ fh fh 02p /I 1\ . ^ , 

jf jfyj^vxdy \h kj 

r<x> d‘^V RFT® 

The repeated integral j ^ dx j ^ does not exist, for j ^ dy, or definite 

fh fk 0a|^ 

value, for any value of x. The double limit lim I dy ^ ^ dx exists, and is equal to zero. 

h^ooJl Jl ^x^y 


k'-^ao 


* See Stolz, GHrunckiige, vol. m, pp. 8, 182, where the example is ascribed to Du Bois-Rey- 
mond. 

t Bromwich, Proc. Land. Math. Soc. (2), vol. i, p. 182. 
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(6) Let y~Q. ~^^y‘ 

roo. roo 

1^ dx / f{x,y)dy^O, 

fco 

but the other repeated integral does not exist, since j f {x, y) dx has no definite value. 
fh fk 

The double limit lim / dx j f{x,y)dy~0. 

1 7 1 


Ac~qo 


r;*F 

(7) Let/ (a:, ^ 


xy 


In this case, the two repeated integrals 


dxdy* 1 +x^ hy^ 

rcc roo roo rcc 

lo lo Jo 

exist, and are both zero. 

The conditions of the theorem of § 242 are satisfied. We find that 

O n _|. «2 _ ^2\ 

since r ^ / is a bounded function of (a:, /9), the limit, when /9 — oo , of the integral 

(l+/^2 +3-2)2 

is accordingly zero. The function cf> {a^ ^) — repeated limits as a-— oo, 

are both zero, although the double limit does not exist. 

(8) It can be proved that the order of integration in sinydy e~^^'dx can be reversed. 
Since the function sin y is bounded, its repeated integrals over a finite rectangle 


(0,0; a, /3) are equal. Also j^e Bmydy=^;^~{\ ~e (cos +a:2 sin 3)}; and the 


1 


x^ + 1 ’ 


2+a:2 


expression on the right-hand side is numerically less than | for all values of 3(^0), 
and this is a summable function of x in the interval (0, oo ); therefore 

/ oo /■ oo y'oo rp 

dx sin ydy = lim I dx e"v®*8inydw, 

0 Jo fi^aoJO Jo 

and thus one of the conditions ( 1 ) of the theorem of § 242 is satisfied. Again 
f sin ydx =aiBy f €~ v^‘dx < [ e~** dt ; 

Jo ^ ^Jo VyJo 

hence / “g-i'®* sin ydx is bounded for all values of y (^0), and therefore 

y'oo rao rno r g, 

/ dy / sin ydx = hm / dyj sinydXy 

thug the second of the conditions (1) of the theorem of § 242 is satisfied. 


5 / dx I e-v^ sin ydy 
Jo 7/3 


/ ®e- Sx* 

0 +a:2 8in3); if we divide the integral 


We have also 

on the right-hand side into two parts from 0 to 1, and from 1 to oo , the first of these integrals 

rco 

has the limit 0, as 3 ~ ; the second is numerically less than / dxy or is less than 

— / e~^*dx, and thus converges to zero, as (i^cc. Therefore the second condition of the 

Vl’iJo 

theorem is satisfied. 
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(9*) Let / {Xy y) the field of integration being (0, 0; « , oo ). In 

(1, 0; cx> , 00 ) wo \mvQf{Xy y) >0, and in (0, 0; 1, oo ),f{Xy thus the repeated integrals 

dx l^f(x,y)dt/, j J{x,y)dy 

may conveniently be considered separately. Since in each case the integrand is of fixed 
sign, we need only shew that one of the repeated integrals exists, both when the range of 
X is (0, ] ), and when it is (1, oo ). It can thus be shewn that the repeated integrals are equal. 


DIFFERENTIATION OF AN INTEGRAL WITH RESPECT TO A PARAMETER 


244. Let / (x, y) be a function of x defined in the interval or cell (a, 6), 
and for each value of y in the interval (y^, y^ + a). This function / (a;, y), 
defined in the p f 1 dimensional cell [x in (a, 6), 2/o ^ 2/^ 2/o ^ will be 
assumed to be summable in (a, b) for almost all the values of y. It is a 
problem of importance to find sufficient conditions that 


^yi a 


[ / (-f- V) - f 

a J a 


dy 


dXy for^-t/o. 


This rule, first employed by l^eibniz, is spoken of as differentiation 
under the sign of integration, and is an important example of the employ- 
ment of the process of changing the order of repeated limits; a process, the 
validity of which is always subject to conditions, the sufficiency of which 
is a subject of investigation. In this rule the differentiation at y^ is on one 


side ; thus 


y) 

dy 


, at t/o ' denotes the derivative on the right. Jf the function 


be defined for an interval (y^ — a, y^ f a), of y, the derivative on the left 
may be treated in a similar manner, and when sufficient conditions on 


both sides of yo are satisfied. 


y y ) 

dy 


, at yo , may be regarded as the differential 


coefficient in the ordinary sense. 


Conditions sufficient to ensure that Leibniz’s rule is applicable have been 
investigated by Jordanf, HarnackJ, de la Vallee Poussin§, G. H. Hardy ||, 
and W. H. Young^, and others. The problem has also been considered, of 
obtaining the differential coefficient when Leibniz’s rule is not applicable. 


245. Two methods may be employed to determine the requisite 
sufficient conditions. The first method, which will be here developed, 
depends upon the convergence of integrals of the incrementary ratio 

* W. H. Young, Camh. Phil. Trans vol. xxi (1910), p. 376. 
f Coura (TAnalyaey vol. ii, p. 165 {2nd ed.). 
f EUmenle. der Diff. u. Integralrechnung. 

§ LiouviUe'a Journaly (4) vol. vrii (1892), p. 421. and Ann. de la aoc. ac. de BruxelleSy vol. xvi (B) 
(1891-2). 

II Quarterly Journal of Math. vol. xxxn (1901), p. 66. 

^ Trana. Camb. Phil. Soc. vol. xxi (1910), p. 397. 
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/ {r, yn + f ^ jjg ^ converges to zero. Denoting the value of 


fjix,y)ch: by we have / (£J(o) 

Jhere h^a.U then lim f / (x. l/o + A) - / Jx.' h 
A-0 J a ^ 


dx has a definite value, 


as the continuous variable h converges to zero, ( exists, and has the 


same value. 
If further 


h-^0 J a « -/ffA-0 


y„ 4 h) - f (x, y„) 


h 


dx^ 


Df (x 'll) 

and exists for almost all values of x, we then have 

dy 


[" / y ( ^. y)'\ 

\^y)v^v, a V dy 4 


dx. 


0/* ix y) 

Assuming that -- ^ exists at all points y interior to the interval 

(^oj 2 /o + fhat / (x, y) is continuous with respect to y in the closed 

interval (y^, yQ I h), we have, employing the mean value theorem of i, § 262, 

/(x,yo + Ad-/(x, ^) ^ df{x,y, + eh ) ^ 0<9< l.We 

h dy 

thus have “>'• 

h 


= J dx \ the number 6 depending upon 

h and x. 

(x w) 

If it be further assumed that ■ - - exists for all the values of x, and 

dy 

that it converges to , uniformly for all values of x in (a, h); 

{ ^1/ Jv-y. 

we have, provided h is sufficiently small, 

df±,y. + eh)^mi,y)\ 

Oy Oy }y^y^ 

where | ^ (x) \ < e, for all the values of x. 

Under these conditions, we have, since If ^(x) dx is less than the 

|. a 

arbitrary small number cm (A), where A denotes the cell or interval (a, 6), 

(^) _ to . f 1=,. 

A'^0 ^ Ja i ^y )v-y* 

df (x t/) 

The condition of uniform convergence of is satisfied, in par- 
ticular, if ~ is continuous with respect to (x, y) in the (p -j- 1)- 

dy 

dimensional domain [x in (a, b); yQ ^ y ^ h]. 
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Accordingly, the following theorem has been established : 

If f (x, y) he defined in the finite (p + 1 ) dimensional domain 
[x in (a, 6) ; t/o 1/ ^ i/o + a], 

and I / {x, y) dy exists as an L-integral, for every value of y, it is a sufficient 

a 

condition for the existence of the differential coefficient at y ^ , and for the validity 

fb 

of the differentiation of f (x, y) dy, at y ^ , on one side, under the integral 
J a 

0/* (x Xi\ 

sign, that should he a continuous function of {x, y) in the whole 

0/* (x v) 

domain; or more generally, it is sufficient that ~ ^ should converge to 

p/ y)) uniformly for all valueji of x in (a, b). 

( ^y )v-vo 

246. Less stringent conditions for the validity of the rule for the 
differentiation of the integral under the sign of integration may be obtained 
by employing the sufficient conditions given in §§ 225-227, for the con- 

vergence of f-t dx to f'lim j/'*’ dx. 


1 ^y 


In accordance with the theorem of § 225, it is sufficient that j 

should exist for all values of x, and that a function </> (x), summable in the 
finite, or infinite cell, or interval (a, h), should exist, and be such that 

fjf’b ( 2 ;), for all values of x in (a, b), and all values 

of h such that 0 <h ^ a. This condition is satisfied, in particular, when 

0^ ix w) 

(a, b) is finite, if (a:) has the constant value K. In case -- exists in 
the whole domain [x in (a,b) \ y^ X 2/ - 2/o + «]? the above condition is 
satisfied if I 


dy 


^ cf) (x), in the whole domain ; in accordance with the 

theorem of i, § 280. 

Thus the following theorem has been established : 

0/* (x v) 

If exist in the finite, or infinite, domain 

dy 


and he such that 


Yx in (a, 6); yo - y - 2/o + «], 

I 

dy 


: <f> (x), where <f) (x) %a summable in the cell, or 
0f (x Un) 0 r ^ 

interval, {a, h); then / dx = f (x, y®) dx. When (a, h) is finite, 

J a ^yo a 


we may have in particular 


^f y) 

dy 


K, a constant. 
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0 /* (37 tlS 

In case is a bounded function in the (p + 1 )-dimensional do- 

dy 

main, finite or infinite, and ifj (x) is absolutely summable in (a, 6), we have 


t/, (x)\s K \ ^ (x) 


and therefore: 


If he bounded in {x 

dy 

absolutely summable in (a, b), then 


be bounded in [x in {a, b), 1 / ^ i/q 4 a], and ijj (x) be 


y) 


tp (a:) dx 


f y) ^ (^) 


If the theorem of § 225 be employed, it is seen to be sufficient for the 
application of the rule for differentiation under the sign of integration that 

monotone with respect f-o //, for each 

df (x, y) 

value of X. But a simpler condition is obtained by assuming that 
exists and is a monotone function of y in the interval y f a, for 
each value of x in (a,b). For fi^^ y) |j^g interval 

bounded by and ^ and therefore 

dy dy 


p f yp + ~ f i^^yo) 

,ded by r ^0^ dx and f ' 

Ja dy Jo dy 


lies in the interval bounded by I ^ dx and -- — dx. 

Ja dy Jo dy 

df (x y + h) 

Since *' ' ’ is monotone with respect to h, employing the theorem 

dy 

of § 225, we have 


■»df(x,y, + h)^^j^df(xy,)^^_ 
a dy j a dy 


for lim on account of the fact that is 

-0 dy dy dy 

monotone with respect to y, and therefore in accordance with the theorem 

df (x y) 

in I, § 283, ~ ^ ~ is continuous at yo, since it cannot have a discontinuity 
of the second kind. 


It now follows that 


Um 

h>^0 J a ^ J a dy 
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The following theorem has now been established : 

9 / (r, y) 


357 


If 


dy 


is monotone loith respect to y, in the interval y„ ^ y S. y^, + a, 


for each valtie of x, in the finite, or infinite, cell (a, h), then 

J'p(x,y)dx-^^~fj(x,y)dx, 


for ^ y < a, it being assumed that f (x,y) dx exists for each such 

J a 

value of y, 

247. The second method of obtaining sufficient conditions for the 
validity of the differentiation of an integral under the integral sign depends 
upon the condition for the equality of two repeated integrals. 

Let it be assumed that, for almost all values of x, the relation 

(V‘-^^df(x, y) 

’ K. ^y 

holds good. This is equivalent to the assumption that / {x, y) is an in- 
definite integral in y, for almost all values of x. 

We have then 


/(x.j/u ( h) - fix, yo) - r 

J y. 


^vo-^h 


]')_z f yo^ dx -= ’ I 


h 




if now the order of integration in the repeated integral may be reversed, 
we have 


I fVo + h 

h 


fVo+h rb 

/ 

f Vo J a 


9/ (x, y) 
dy 


dx, 


0/* (x y) 

and then, in case j dx he continuous with respect to y at the point 


t/o, we have 


dy 


( 3 :«) ..^fi^’yldx. 

V -Vo J 


We thus obtain the following theorem : 

U (l)j / y) indefinite L-integral in y, for almost all values of x, 

df (x y\ 

and (2), the repeated integrals of ^ domain 


\x in (a, b); y^&y^y 
[>> df ix, y) 
dy 


«1 


dx exists and is continuous with respect 


have equal values, and (3), I 

J a 

to y, at yQ , then 

The condition (2) is satisfied in particular, when (a, b) is finite, if 
df (x y) 

.A,J J.£J is summable over the domain [x in (a, b); y^ y ^ Pq -j- a]. 
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0^ ioC v) 

In case the function / (a:, y) is monotone with respect to y, 0^ “ 

of fixed sign, and in this case the condition (2) is necessarily satisfied (see 
§ 237) whether (a, b) be finite or infinite ; we have accordingly the following 
theorem : 

If in the finite, or infinite, domain [x in (a, b); yg^ y^ y^ -}- a], f {x, y) is 
monotone with respect to y, and is an indefinite L-integral in y, for almost 

0/* (x^ t/) 

every value of x, then, if also j dx is continuous with resjject to y at y^, 

248. The case in which {a, b) is a linear interval, and b = cc , may be 

0/* (x 

specially considered; in this case the condition that 

summable in the domain {a ^ x < ^ , y^f} y ^ y^ + a) is not sufficient to 
ensure that the order of the repeated integral may be reversed; it may in 

fact happen that 

We have 


dy does not exist. 


rx 

^vo+fc “ {/(^’ Vo + ^0 ■“/(^> 2/o)} dx 

X~QO-/ a 


lim f dx r 

X'^aoJ a J Vt 


»•+* df (x, y) 
dy 


dy; 


it being assumed as before that, in the finite domain 

(o S a: S X ; ^0 - y “ yo + «). 

(x 1/) 

Jaa aL exists and is an L-integral with respect to y, whatever value X 
0/" ix u) 

may have. If *' ^y ~ summable in the finite domain, we have 


If now 
and further 


■“/' 


X 

’ 9 / ( 3 ^. y) 

dy 


- = lim r* dyi ( A ) . 

X-co./ J a <jy 

(B), 


dy be continuous with respect to ?/ at y© , we have 


(a”) r 

V^y/j/o Ja 


df( x,y a) 

dy 


dx. 


r* ly . 4 / 

In case exist, or the equation (B) be otherwise 

J a 


C" . 

la dy 

not valid, the equation (A) still holds, and it may in certain cases be applied 
to determine ) 

\02//y«l/o 
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Let us assume* that j - dy ~ divided into two components, 

so that f dx (j> (X, + f tp (x, y) dx, where cp (X, y) is such 

J a J a 

fV„-ih 

that lim j (p (X,y) dy ^ 0, and where tp (x, y) is such that 

X^coJ Vo 

r<» rvaih fvn+h rco 

dx ijj (x, y) dy dy >fi (x, y) dx. 

J a J Vo -J Vo da 

We find then, provided f tp (x, y) dx is a continuous function of y and 


i/o, that 




dx. 


249 . In ordinary (;ases, a special case of the criteria of § 241 may be 
applied to establish the validity of the inversion involved in the use of 
the equation 


J U J I 


3/ (x, y) 
dy 


rvo+rt r« 

dy - dy 

J Vo da 


9/ (r-, y) 
' 9/y 


dx- 


Too y\ 

and then, provided j ' ^ dx is continuous at y^, with respect to we 


have 


/aw\ 

/■'" 1 9/ (a;, y) 

V92/A, V. ■ 

L 1 9.V 1 


dx. 


It is thus established that : 


A sufficient condition for the differentiability of j f (x, y) dx at y ^ , under 

■J a 

r 3f (x u) 

A ^ — (lx shall converge uniformly for all 

values of y in the inter ml (y^, y^ fa), and shall be a continuous function of 
y 2/o* 


It may be observed that; 


The condition that 


/■ 


9/ (x^) 

dy 


dx shall be a continuous function of y, at 


?/q, may be replaced by the condition that 
ay 

dy 


fX 

Ja 


9/ (x , y) 
dy 


dx be continuous, whatever 


value X (> a) may have, it being assumed that the condition of uniform con- 
vergence of j satisfied. 

J ^~^y^ dx T] (t/).; where | 17 (y) | < c, provided 


For 


X is sufficiently large. 


* Be la Vall^ Poussin, Ann. de la 90c. sc. de Bruxelles, vol. xvi (B) (1892), p. 150. 
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dx+l, 


Hence, we have 

r dx - r dsc== r 

Jo 9 ?/ Ja 93/ Jo I 93/ 9 y 

where | f | < 2e. From this it follows that, for all sufficiently small values 
of h, j dx ~ I is numerically less than Se ; and 


at/ 


since € IS 


roo 0/ (j. y \ 

is arbitrary dx is continuous at . 

J a oy 


EXAMPLES 


/(a-, y) =ain (i tan'* fj cos ton-‘ : 

/ (2:, ?/) dx-X sin ^4 tan"^ ^ . 

d fX 4X2 / ^ \ 

.y /(^.y)dx = ^,^y^cos (4 tan- 

therefore, at the point y - 0, / (a:, y) dx — 4. The value of ^ found to be 


(!♦) Let 
then 

We find that 


4X2 


w -— 5 cos ( 4 tan~i when t/>0, and it is zero when w — 0. Since this integral is not 
X^ -hy^ \ X/ 

continuous at ;v ~ 2/o » conditions of § 247 for differentiation under the sign of integration 

are not satisfied at t/ =^0; in fact we have dx ~0. The function / (x, y) is discon- 

J (" y 

tinuous at the point (0, 0). 

gill 

(2) Consider the integral I ^ dx^ where y>0. This integral is not differentiable 

7 0 ^ 

under the sign of integration for any v^alue of y; for 
fX 


1 : 


cos xydx does not exist. 


fX , . , . 

(3t) The integral I {x ~ yf dx may be differentiated under the sign of integration, for 

every value of y. For it has been shewn in § 238, Ex. (5), that {x -y) ^ has an L- integral in 
the domain (0, 0; X, h). Also J ^ (x -y)-idx exists and is a continuous function of y; there- 
fore the conditions of the theorem of § 247 are both satisfied. 

f cos XU f^x sin ocy 

(4) Consider the integral u = f . „ dx, where y>0. The integral / , „ dx con- 

1 0 i+x^ ^ ® /o 1 +x2 

verges uniformly for all values of y greater than a positive number y^^. For, integrating by 

parts, we find 

/-X''xsinxy, f xQosxy~\X' 1 (X' \ - 

Jx I =L ' (1 +e) y]x jx (1 

hence, if X' > X > 1 , the absolute value of the integral on the left-hand side is less than 

2X . 1 /»r 


, -tan-»X 


) 


(I+X»)3^.+y.V2 

which is < f , if X be chosen sufficiently large. It is clear that / dx is, for each value 

y 0 1 + X* 

of X, a continuous function of 2/(>0), for the integrand is bounded in the rectangle 
(0, y\ X, y +A), and thus the theorem of § 226 is applicable. It thus appears that the con- 
ditions of the theorem of § 249 are satisfied. 

♦ Hamack's Diff, and Int. Calc., Cathcart’s translation, p. 266. 
t Hardy, Qvarterly Journal of Math, vol. xxxn (1901), p. 67 
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(5) Let f{x,a) have the values {a -x)i -x,0, {a ~x)i +x according as a;§a, where 
~ Ka <1; then 

fb 

(6*) The integral 1 f {y ±x) yjr (x) dx is differentiable under the sign of integration, where 
a 

y is in an interval ( -A^ A) either if ( 1 ), >//^ (a;) is summable in (a, 6), and/(^) has a differential 
coefficient that is bounded in (a - ^ , 6 + ^ ), or (2), if both f {t) is an integral in (a - 6 -f i4 ), 

and yj/ (x) is an integral in (a, 6). 

The case ( 1 ) is a particular case of the second theorem of § 246. 

To prove (2), let F (t) - j f (t) dt, then 

f fitJ±x)ylrix)d^^lFiy±x}yl,{x)] -f F(y±x)ylr'(x)dx; 

J a L Ja tt 

the integral on the right hand falls under case (1), and may therefore be differentiated. Thus 
we have 


dyl f{y±x)^{x)dx=:[f{y ±x)yl^{x)^ -f J'(y±x)yl^'(x)dx= [ /' (y ±a:) (a;) cte. 

250. Let (a, 6) now denote a linear integral, and let / (a;, y) be defined 
in the interval (a -€,/> + e), for all values of y in some linear interval ; and 

let I / (a;, y) dx be denoted by u (y, a, b). 

J a 


We have 


and thus 


u (y, a, h t- k) 
k 

1 r^+^‘ , 


u (y, a, b) 1 
~ k 


I rb-^-k 

u / J 

J b 


f y) dx. 


— lim ] I / (x, y) dx, provided the limit on the right-hand 

side exists. If, for a particular value of y,f(x, y) is continuous with respect 
to X, at x b, the limit on the right-hand side is equal to / (6, y). 

Again, if, for a particular value of y^fix, y) is, in a neighbourhood of the 
point X 6, the finite differential coefficient of a function F (x) of x, we 

have (see i, §471) [ f (x, y) dx ^ F (x) — F (b), the integral being in 
J b 

general a D-integral; and thus - F' (b) = f (b, y). 


The following theorem has now been established : 

fb 

The integral I / (x, y) dx has, for a particular value of y, a differential 
J a 

coefficient with respect to 6, of which the value is f (b, y), if either (1), / {x, y) 
be continuous with respect to x at x ~ b, or more generally (2), if, in a neigh- 
bourhood of X ~ b, f (x, y) is everywhere the finite differential coefficient of a 
function of x. 

The sufficient condition that the differential coefficient of the integral 
with respect to a is — f (a, y) is precisely similar. 


See W. H. Young, Proc. Roy, Soc. (A), vol, xciii (1917), p. 280. 
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251. Sufficient conditions have now been obtained that u (y, a, b) 
should have, at a particular point {y, a#, b^), partial differential coefficients, 

/■&« df if y) 

of which the values are respectively / ^ dx, - f 2/)./ (^o> 2/)> 

j (h 

proceed to determine sufficient conditions that u (y, a, h), regarded as a 
function of (y, a,b), should have a total differential at the particular point 
(2/05 ^o)- 


If (f> (x, y, z) be a function of the three variables x, y, 2 , it can be shewn, 
as in I, § 309, where the case of a function of two variables is dealt with, 
that, it is sufficient, in order that 4> (x^^ f A, yo + A, -f- 1) -- (Xq, y^, z^) 

should be expressible in the form h ^ ^ k ^ f I -j- hp -f ka -I It, 

where p, or, t converge to zero as A, A, I do so in any manner, that ^ 

have definite values at (Xq, y^, 2^)1 these partial differential 

7)A\ 

coefficients, say exists everywhere in some three-dimensional neighbour- 
hood of (Xq, y^, Zq), and is continuous at (xq, y^^, 2o), and also that another 

pij 

of them, say exists in a two-dimensional neighbourhood of (xq, y^), for 
2 = 2 o, and is continuous at {Xf,, y^). 

Applying this result to the function u [y, a. A), we obtain the following 
theorems’*' which are found by replacing in different orders the tfiree 
variables x, y, z by y, a, b. 

If f {x, y) be continiums with respect to (x, y) at the points (Og, y^), (bg, yg), 

1*69 

and if f (x, y) dx have a partial differential coefficient with resj)ect to y, at 
Jo, ^ 

the point yg, then I / {x, y) dx has a total differential at the point (yg, Og, bg) 
J a 

with respect to (y, a, b). 


If f (x, y) is, in neighbourhoods of the points ag , bg , for y ^ yg, a finite 
differential coefficient of some summahle function, with respect to x, and is 
continuous with respect to x at the point (bg , yg) ; and if further u (y, a, b) has a 
differential coefficient with respect to y which is continuous with respect to 
(y, a, b) at the point (yg, ag, bg), then u (y, a, b) has a total differential with 
respect to (y, a, b) at the point (yg, ag, bg). 

If y, a, b are all differentiable functions of a single variable t, and the 
conditions of either of the above theorems are satisfied, we have 


^u{yo,ac, bo) - / {bg . J/o) 


-fK,yo) 


dt 


^ dpo dt ■ 


See W. H. Young, Tram. Camb. Phil. 80 c. vol. xxi (1910), p. 402. 
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GENERALIZED INTEGRALS 

252. In I, § 389, the generalized upper and lower integrals of a function 
have been defined in a manner dependent upon the division of the measur- 
able set E, the field of integration, into a finite, or enumerably infinite, set 
of measurable parts. The relation of this definition, which is due to W. H. 
Young, with the definition of Lebesgue will here be investigated. 

The following preliminary theorem is required : 

If H be a closed set of jx)ints, in p-dimensions, and <f> (x) be a function, 
defined in H, and of which U and L 0) are the upper and lower boundaries 
in H, the necessary and. sufficient condition that the (p -f \)-dimensional set of 
points {x, y), defined by [x in H , 0 ^ y ^ (f> (a:)] should be closed, is that (x) 
should be upper semi-continuous in the closed set H. Also the necessary and 
sufficient condition that the set [x in H, (f> (x) ^ y 5 U] should be closed, is 
that <f) (x) should he lower semi-continuous in H. 

In the first part of the theorem, it is clear that the necessary and 
sufficient condition is that the set of points (x, <f> (a:)) should have no 
limiting point (^, y), such that y > (f> (^^). This is equivalent to the condition 
that, € being an arbitrarily chosen positive number, a p-dimensional neigh- 
bourhood of i can be so determined that <f> (x) < <f> (f ) -f e, for all points x 
in that neighbourhood ; and this for every point of H. This is equivalent 
to the condition that <f> (x) be upper semi-continuous in H. 

The second part of the theorem can be established, in a similar manner, 
from the consideration that the necessary and sufficient condition is that 
the set of points (x, (f> (r)) should have no limiting point (f, y) such that 

y<<t> (^). 

It is clear that the condition L ^0 may be removed, for, if X < 0, we 
can consider the function (x) — L, for which the lower boundary is zero. 

253. The following theorem will be established : 

If f (x) be a function defined for all points x, in a measurable set E, of 
p-dimensions, and if E be divided into tioo measurable parts E^ and E^, the 
functions f^ (x), /a (x) being such that f^ (x) = / (x), over E^, and f^ (x) = 0, 
over E^ ; f 2 (^) (^) 

f /i (x) dx-i- f /a (x) dx^ [ f (x) dx. 

J(E,) Ue\) 1(E) 

Also the corresponding result holds for the upper generalized integrals. 

The set E^ can be divided into a finite, or enumerably infinite, number 
of measurable parts e^'^\ such that S l^^^ m (x) dx — Je; more- 

over JBa can be similarly divided into part;8 e(^\ such that 
SZ(2)m(e(2))> f f^(x)dx - 

J(Ej) 
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where is the lower boundary of (x) in and is the lower boundary 

of /a (x) in Since and taken together form a set of sub-divisions 

of E into measurable parts, we see that forms a 

corresponding sum for the function f (x) in the set E, and this is conse- 
quently ^ f (z)dx; it follows that 

(E) 

f f(x)dx>[ /i (x) dx f /a (x) dx ~ e ; 

1(E) ’(Ey) Ue,) 

and since e is arbitrary, we have 

[ f(x)dx^[ fi (x) dx f [ /a (x) dx,. 

1(E) J (E,) UEr) 

In order to prove that this relation cannot be an inequality, let it be 
assumed that, if possible, E is divided into a set of measurable parts e, 
such that 

SZm (e)> f /i (x) dx -{- [ (x) dx. 

■' (Er) J (E,) 

These sets e will in general fall into three classes, those, which contain 
only points of E^ ; those, which contain only points of E^ ', and those hy 
which contain points both of E^ and of E^ . Thus Him (e) consists of three 
sets of terms ; let us consider a term Im (h). The set h can be divided into 
two measurable parts and where consists entirely of points of 
El, and consists entirely of points of E^. The term Zm (h) will then, in 
this further sub-division, be replaced by P'^m where 

Z^^) ^ Z, and Z^^^ ^ Z; and thus the term Zm (k) may be increased, but cannot 
be diminished. We thus obtain a set of sub-divisions of E^ into measurable 
parts and also a set of sub-divisions of E2 into a set of measurable 

sets It follows that 

SZm(^(^)) -f [ fi(x)dx, 

i 

and SZm((7(^^) -f [ f2(x)dx’, 

UEn) 

adding together the expressions on each side, and remembering that 

we have Him (e)^ /j (x) dx | A (x) dx, 

l(E,) l(E,) 

which is contrary to the assumption made above. It now follows that 
f f(x)dx= I /, (x) dx+ ( /, (x) dx. 

1(E) 1(E) 1(B) 

If we employ u, the upper boundary of the function in a set e, instead 
of I, a similar proof will establish the fact that 

f f(x)dz=f fi(x)dx+ f /, (x) dx. 

J («) J (E) J (E) 
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The following corollary follows from the above theorem : 

If f (x) he a function, defined in a measurable set E, of any number of 
dimensions, and if E be contained in another measurable set F, and the 
function g (x) be defined by g (x) ^ f {x), in E, and g (x) = 0, in F - E, then 

f {x)dx = i g {x) dx, and i f(x)dx^ g (x) dx. 

J (E) J (F) 1(E) J (F) 

It can be easily seen that : 

Jf fi (^) ^hen f /i (x) dx^ [ f^ {x) dx, and 

J (E) J (E) 

[ fi (^) dx^ f /2 (x) dx. 

J (E) J (E) 

For /i (a:) dx is the lower boundary of all the sums m (e), where 
J(E) 

u^^'^ is the upper boundary of /j (x) in e ; this sum is S m (e), where u^^"^ 
is the upper boundary of f^ (x) in (e). It follows that the lower boundary 
in the first case is not less than the lower boundary in the second case. 
The second part of the theorem follows similarly from the fact that, in 
any set e, 

254. It will now be proved that: 

If f (x) be a non-negatwe f unction, defined in a measurable set E, of 
finite measure, the upper, and the. lower, generalized integrals of f [x) over E 
are equal, respectively, to the exterior and interior measures of the (p + 1)- 
dimensional set of points {x, y), defined by [x in E, 0 ^ y h f (x)]. 

I^t // be a closed set, contained in E, and let <f> (x) be an upper semi- 
continuous function, defined in E, and such that 0 ^ </> {x) / (a:). It has 

been shewn that the set [x in II, 0 y ^ <f> {^)] is a closed set, and it is con- 
tained in the set [x in E, 0 ^y^f (a;)]. 

It will first be shewn that the lower generalized integral of <f> (a:), over 
H, is equal to the measure of the closed set [x in H, 0 ^ y ^ <f> (a;)], which 

will be denoted by It is impossible that (f> {x) dx> m for 

1 (/O 

if this inequality held good, H could be divided into a finite, or enumerably 
infinite, set of measurable parts e^, such that 'Llg^m {e^) > m {H^); where 
Ig^ denotes the lower boundary of (f) (a:) in e, . A finite number n, of these 

t -n 

sets could be so determined that l^m (e^) > m (H^); further, in each 

1-1 * 

of the sets e* (t = 1, 2, ... n), a closed component f could be so determined 

t -n 

that S l^m (/) > m (H ^) ; where 1^^ might have a greater value than before,^ 

when it is taken to refer to / instead of e ^ , but could not have a lesser 
value. The set of points (x, y) such that x is in (/*), when t = 1, 2, ... n;. 
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and 0 ^ t/ ."r , is a closed set, contained in , and it would have a measure 

greater than that of which is impossible. It has thus been proved that 

(f> (x) dx m (H ^) ; and it will now be shewn that this relation cannot 

J (//) 

be an inequality. For, let it be assumed, if possible, that 

m {H^) > I <f> (x) dx \ 

Um 

and let the net (Qq, Aj , ... a„) be fitted on to the linear interval bounded by 
the lower and the upper boundaries of <j> (x) in 11 ; let Bj. denote the measur- 
able set of points x, such that a^. , <f> (x) < for r -- 1, 2, 3, n — 1 ; and 

let denote the set for which a,._i ^ ^ (a:) ^ a^. We may take the net such 
that the breadths of all its meshes are less than 17. Thenm {H^) lies between 

r - n r *- n 

E a^_^m (e,.) and ^ a^m (e^), which are the measures of sets contained in, 

f - 1 r™ 1 

and containing //^, respectively; and these measures differ from one 
another by less than (H). Choosing 77 sufficiently small, we now see 

T’^nr 

that a ^ (e,.) > <f>{x)dx) thus we have, since is the lower 

r 1 HH) 

boundary of (f> (x) in the set a finite set of measurable parts of //, such 
that 'Llf m (e^) is greater than 1 <f> (x) dx, which is impossible. 

JJH) 


It has now been proved that m {H^) -- 1 {x) dx. 

JjH) 

The case will first be considered in which f (x) is bounded in HJ. From 
the theorem of § 253, we have 

/ <f>{x)dx -^ \ <f} (x) dx I- (f) (x) dx 

J (E) J ill) J (/*;-//) 

= m (H^) -f / (f> (x) dx \ 

J (E-H) 

the second lower integral on the right-hand side is less than Urn (E — //), 
where U is the upper boundary of / (x) in E ; and this will be arbitrarily 
small, since H may be so chosen that m (E ~ H) arbitrarily small. The 
interior measure of the set [x in E, 0 ^ y / (x)J is the upper boundary of 
the measures of all closed sets interior to it, and is consequently the upper 
boundary of m {H^), as m (H) converges to m (E), and for all upper semi- 
continuous functions (f> (z), such that 0 5 <f> (x) f {x). For any closed 
set contained in [x in E, 0 y ^ f (x)] has for its section by a y-ordinate 
a closed set of which the upper and lower boundaries are (f> (x), 0 (x), where 
<f> (x) is upper semi-continuous; and the measure of such a set is clearly 
not greater than that of the set [x in E,0;^y^(f> (x)]. It thus appears that 
the interior measure of the set [x in 0 y — f (^)] is the upper boundary 

of f <f> (x) dxy for all functions <f) (x) which are upper semi-continuous, 
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and such that 0 <f) (x) ^ f {x). Let (x) be so determined that the interior 

measure of the set [x in Ey 0 fi y f (x)] exceeds (x) dx by less than 

€ ; since / {x) dx^ (f> {x) dx, it follows that the interior measure 

J (K) J (E) 

of [x in Ey 0 y ^: / (a:)] I / {x) dx + c, thus, since € is arbitrary, it is 

1(E) 

^ I f (x)dx. It is impossible that this relation can be an inequality, for, 
Ue) 

as before, if it were so, a finite set of parts of E could be so determined 

I n 

that D /i m (e,) would be greater than the interior measure of the set [x in 

E, 0 y / (a:)]; and by taking suitable closed parts g, of the sets e,, we 

shciuld have S l.rn (g,) > the interior measure of [x in E, /(^)]; 

thus t his last set of points would contain a closed set of measure greater 
than the interior measure of the set itself, which is impossible. Therefore 


J (x) dx is equal to the interior measure of the set \x in 0 < y "S /(a:)]. 


/ J 

J_(E) 

Let us next consider the function U - / (x), then I {U ~~ f (x)} dx is 

1(E) 

the interior measure of the set [a: in E, 0 ± y ^ (J - / (a:)], which is equal 
to the excess of Urn (E) over the exterior measure of the set 

[x in Ey 0 y ^ / (a;)J . 

Also I {U / (a^)} dx is the upper boundary of sums S (t/ u^) m (Ct), 

J (E) 

or IJfn (E) - and is thus equal to Um[E) — I f (x) dx. It 

J (E) 


now follows that 


I f (x) dx is the exterior measure of the set 

J(E) 

[zinE,0±y /(x)]. 


The theorem has now been established for the case in which / {x) is 
bounded in jS' ; we proceed to the case in which it is unbounded. 


If I / (x) dx has a finite value, a mode of division of E into measurable 
sets e, can be so determined that 'L u^m (e^) - j / [x) dx &€, where 6 is 

i-l J (E) 

such that 0 ^ < 1 ; c being an arbitrarily chosen positive number. 

The numbers Ut can be divided into two sets, those, which are ^ iV^o> 
( 2 ) 

and those, which are > where is an arbitrarily prescribed 
positive number. 



368 


Sequences of Integrals 


[oh. V 


Thus 


H u,m (ej H m (ej -f- 2 {e,')\ 

1-1 t-i i'»i 

(2) 


and the sum S n\> in (e,<), being convergent, can be expressed by 

t'-i 

L m {e,') 4 6 €, 

t'-i 


( 2 ) 

where 6' is such that 0 < 1 . Let N be greatest of the s numbers u]' , 

where t' -= 1, 2, 3, Amalgamating the two sums 

H u, m(e,), L m (e„), 

t'-i 

00 

we have a single sum H u,m (e*), where all the numbers u, are " iV. We 
have now, in this new notation 


u^m (e,) I- 6'e ~ f f (x) dx Be. 

J (E) 

00 

Let F denote the set H e,; this set F is a measurable component of 

c-l 

E. Consider I (x) dx, where (x) is the function defined by 

J (F) 

fiF^) (je) = f (x), when f (x) 5 iV; and (x) N, when / (x) > N. If 
S u,m (ed — [ (x) dx > c, the set F may be divided into a set of 

measurable parts such that Z u^m (e^) - / (x) dx - ; where 

t-l J(E) 

0 6" < 1. The set E has been divided into parts (l 1, 2, 3, ...) and 

(i' == s f 1, s 4- 2, ...); thus 

Z m (^d -h O'e ^ [ f (x) dx, 

J(E) 

or f (x) dx ^ [ / (x) dx — 2e. 

J (F) J (E) 

Now, by the corollary in § 244, the upper generalized integral of (x) 
over F is equal to that, over E, of the function which has the values (x) 
in F, and the value zero over E — F, and this cannot exceed the upper 
generalized integral of (x) over E, 

Therefore j (x) dx ^ 1 / (x) dx - 2€. 

J (E) J iE) 

As c -- 0, W -- 00 , we have 

lim f (x) dx^f f (x) dx. 

N'^ooJ(E) J (E) 
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It is impossible that this relation can be an inequality, for, if it were so, 
'N could be chosen so large that 


[ f^>(x)dx>f f(x)dx, 

J (E) J (E) 

which is impossible, since (x) ^ / (x) (see § 244). Therefore 



dx lim I (x) dx. 

N^<x> J (E) 


Now (x) dx is the exterior measure of the set 

hE) 

[x in E ; 0 ^ ^ ^ (a:) j. 

The exterior measure of the set [x in E ; 0 ^ y ^ f (x)\ being defined as the 
limit of the exterior measure of [x in E ] 0 ^ y ^ (x)], as iV oo , it has 

now been shewn that I / (:r) dx is the exterior measure of the set 
Ue) 

[x in j;*; 0 ^ ^ / (:r)]. 

In a similar manner, it can be shewn that I / {x) dx is the interior 

HE) 

measure of the set [x in E \ 0 y f (x)]. 


255. In accordance with the definition of a generalized integral given 
by W. H. Young (i, § 389), the integral I / {x) dx exists when the upper 

J (E) 

and lower integrals have the same value. Let us consider the case in which 
f (x) ^0; the case of a function which is not necessarily positive, but has 
a finite lower boundary is at once reduced to the case in which / (x) ^ 0, 
by adding to / (x) a properly chosen constant. 

The integral 1 / (x) dx exists only when the upper and lower general- 

Ue) 

ized integrals have one and the same finite value. It will be shewn that, 

when / (x) dx exists, so also does I {x) dx, where N has any 

\e) Ue) 

positive value ; when / {x) is bounded, N may, of course, be restricted to 
have no value greater than the upper boundary of / (x) in E. 

Let .Y' be a number greater than N\ then E may be divided in four 
different ways into measurable sets so that 


0.^ 

(e9)) — 

I {x) dx<€. 


J 

(E) 


1 (ic) dx - 

-2:Z^2'w{eW)<e, 


Lj5) 

_ 



f (^) dx<€. 


J 

^{E) 

0^ 

JW'Hx)dx 

hs) 

— S/Wwi < €. 
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If we define the set as the set common to all the four sets \ 

the division of E into the sets may be conceived of as a con- 
tinuation of each one of the four sets of sub-divisions employed above; 
and the four inequalities will all be strengthened by the adoption of this 
new method of sub-division of E. It is thus seen that there exists a set 
of sub-divisions of E into measurable parts e, such that, for this system 
(e), the four conditions are satisfied that 

I (x) {/x - Hum (e) — Oe, 

■> (E) 

I (x) r/x Him (e) r O'e, 


[ (^) ~ Hu'm>{e) — 6"€, 

J(E) 

[ /(^')(x)dx- Hl'm(e) j 0"'e, 

J (E) 


where 0, O', 0", O'" are all in the interval (0, 1), and u, I denote the upper 
and lower boundaries of (x), in e, and also u', I' denote the upper 
boundaries of /^' (x), in e. 


We have now 


I f {^) dx - [ /W (x)l - I f /(^) (x) dx - [ /(^) (X) dxl 

iJ(E) Ue) ) U(E) 1(E) ) 

^ H(u' - V) m (e) — H (u - l)m (e) — (0" + O'" - 0 - O') €. 

In case e consists entirely of points at which (x) ^ N, we have 
u I == N , u' — r ^ 0; e contains no points for which (x) N, we 
have u ~ u' , Z — Z' ; and, if e contains both species of points, we have 
V ~ I, u' ^ u. Thus, in all cases u' - V ^ u — I ’, and the number 

H (u' — Z') m (e) ~ H (u - Z) m (e) 

is accordingly positive or zero, for each value of e. If € now converge to 
zero, it is seen that the expression on the left-hand side of the above equation 

is certainly ^ 0 . Therefore I (x) dx — (x) dx is a monotone 

Ue) Ue) 

non-diminishing function of iV^, as ^ is increased. 

It now follows that the excess of the exterior over the interior measure 
of the set [x in 0 y (x)] does not diminish as N increases. If, 
when N is infinite, this difference is zero, it follows that it must be zero 
for every value of N. 

Thus, if I / (x) dx exists, so also does I (x) dx, for every positive 

J (E) J (E) 

value of N, and all the sets [x in j&; 0^ y ^ (x)] are measurable. In 
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accordance with the theorem established in i, § 427, the section of the set 
[a: in E, 0 ^ y S (x)] by y ^ N is measurable, for almost all values of 
iV in the interval (0, iV^). Tliis section is congruent with the set of those 
points of E such that / (x) ^ N, and "5 N. Therefore, for almost all values 
of N, the set of point s for which N (x) N is measurable ; and from 

the theorem established in i, § 383, it follows that (a:) is a measurable 
function. Since this holds for all values of N, it follows that / (ic) is 
measurable (see r, § 400). 

It has now been proved that; 

For any bounded f unction f (x), and for any function with a finite lower 
boundary, the definition of an integral given in T, § 389, is completely equivalent 
to the definition of Lebesgue. 

There remains for consideration only the case in which/ (x) is unbounded, 
both in the positive and the negative directions, in the measurable set E. 

Let it be assumed that I / (x) dx has a finite value ; and consider H u^m (ej, 

Jm t-i 

for any set of sub-divisions of E into measurable parts, such that, in each 
part, u, is finite. If I] u,m(e^) is not absolutely convergent, the terms of 

I • 1 

the series can be so rearranged that the series diverges to - oo (see § 26); 
and in that cas(‘ the lower boundary of S u^rn (e,), for all possible sets of 

sub-divisions of E, would not exist as a finite number. Therefore the series 
S (c,) must be absolutely convergent; and it can be arranged as two 

series, consisting respectively of positive, and of negative, terms. Let 
/+ (x) denote the function defined by /+ (x) ^f (x), when / (x) ^ 0,/^ (x) — 0, 
when / (a:) < 0; and let /„ {x) denote the function defined by /_ (x) ^ / (x), 

when / (x) t 0,/_ (x) ^ 0, when / {x) > 0. The value of j' f^ (x) dx is defined 

as the lower boundary of the sum of the positive terms of H^u.m (e,), when 

all sets of sub-division of E are considered ; and j f_ (x) dx is the lower 

boundary of the sum of the negative terms of S u^ m (e,) ; and both these 

lower boundaries are finite, since I / (x) dx is assumed to exist. Sets 

J m 

e, of sub-divisions of E can be so determined that 

S u,7n (ej — [ f (x) dx, S m (e[^^) — j f^ {x) dx, 

J (E) 1-1 J (E) 

and H m (e[^^) — j /_ (a:) dx, 

t-l J(E) 

are all three in the interval (0, c). If we take a new set of sub-divisions of 
E, of which the type is the set of points common to Cp, eg^\ we obtain 
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a sub-division of which is a continuation of each of those above 


employed, and for which the three conditions 

0 ^ m (e*) - - 

/ f(x)dx<€. 


hm 

0 ^ E Ut m (ej) — 

1 /+ (*) dx<e, 


HE) 

0 ^ (e J — 

f f- (x) dx<f: 

HE) 


hold good, where in the second inequality, only the positive values of , 
viz. M. are taken, and in the third inequality, only the negative values of 
viz. are taken. We thus find, since 

{e,) = S it^m (e^) -f- S (ej, 

that I f (x) dx-i- f_ (x) dx differs from f (x) dx by less than c. 

J {E) J (E) J (E) 

Since e is arbitrary, it follows that 

[ /+ (^) dx-h I /_ (x) dx= [ f (x) dx. 

J (E) J (E) J (E) 

Similarly, assuming that f (x) dx has a finite value, we find that 

JjE) 

f f {x) dx+ [ /„ (x) dx= [ f (x) dx. 

Ue) J(E) J(E) 


’JE) 

We now see that 


I f(x)dx--f f(x)dx 

J(E) J (E) 


is the sum of 

I /+ (x) dx — j f (x) dx and [ f-(x)dx—f /_ (a;) dx. 

J(E) /(E) J(B) J(E) 

All three of these are ^ 0; it thus follows that, if I f(x) dx exists, in 

Ue) 

accordance with W. H. Young's definition, so also do /+ (x) dx, and 
r hE) 

f- (x) dx. 

HE) r 

It now follows, since /+ (x) has a finite lower boundary, that /+. {x) dx 

J(E) 

and /_ (x) dx exist as iy-integrals, having the same values as before. 

HE) 

Hence I f{x)dx is the sum of the two Z-integrals (a:) dx, I /_ (a:) dx, 

J CE) . (E) J (E) 

and this sum defines the i-integral j f (a:) dx. Therefore, when / (a?) has 

a generalized integral over E, in accordance with the definition in i, § 389, 
it is summable over E, and the Jv-integral has the same value as the gener- 
alized integral. 
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Conversely, let it be assumed that / (a;) is summable over E, In accord- 
ance with the definition of the Jv-integral, given in i, § 388, if is the set 

ao 00 

of points at which ^ f (x) < , the two sums (e,.), 

— 00 —00 

differ from one another by less than rjm (E), and the L-integral f f {x) dx 

iE) 

is between the values of the two sums. If , Ig denote the boundaries of 
/ (a;) in we have Ug Ui^ cir~\ \ ^i^d it follows that 

CO 00 

S (e,) — E l^m (e^) < 17 m {E). 

-00 -00 

00 

Moreover the lower boundary of 'Lurin (e,.), and the upper boundary of 

> 00 

00 

(e^), for the system of nets corresponding to a sequence of values of 

-ao 

97, converging to zero, are both the L-integral / (ar) dx. It then follows 

J(E) 

that 

f J (x) dx I f (x) dx, and [ /(x) dx ^ ( f (x) dx. 

J(E) J(E) JjE) JiE) 

Since / (x) dx^ f (x) dx, it follows from these relations that 

J E) J (K) 

f (a:) dx / / (a-) dx = / (a-) dx. Therefore the generalized integral 

JiE)' JiE) JiE) 

of / (a;), over E, exists, and has the value of the L-integral. 

The theorem has now been completely established, that : 

The definition of an integral, of any function, bounded or unbounded, over 
a measurable set E, of finite measure, given in i, § 389, is comjdetely equivalent 
to the definition of Lebe^gue. 

Moreover, utilizing results obtained in § 254, we have the following 
theorem : 

The knver generalized integral of a non-neqative function f (x), defined in a 
measurable set E of finite measure, is the upper boundary of the lower generalized 
integrals, over E, of all upper semi-continuous functions {x), defined in 
E, and such that 0 S </> (a:) / (x). 

If the bounded function / (x) be no longer restricted to be non-negative, 
a number c can be so chosen that f (x) c is non-negative, and if <f> (a;) 
be any upper semi-continuous function ~ f (x), the function </> (a;) -i- c will 
also be upper semi-continuous, and ^ f (x) 4 - c. Applying the above theorem 
to the function / (x) -f c, it is seen that the upper boundary of all the 

integrals I {<^ (x) f c] dxis {f(x) -\-c}dx, and hence that <f>(x)dx 
J_iE) /(iB) /(£) 

has for its upper boundary j / (x) dx. Thus we have the theorem that : 

Ue) 
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If f (x) be any bounded function, defined in the measurable set E, of finite 
measure, the lower generalized integral of f (x) over the set E is the upper boundary 
of the lower generalized integrals of all upper semi-continuous functions de- 
fined in E, such that <f> (x) ^f (x). 

If we make use of the fact that the exterior measure of a (/? -f 1)- 
dimensional set is obtained by subtracting the interior measure of the 
complement of the set with respect to a (p + 1) -dimensional cell which 
contains the set from the measure of that cell, we obtain the following 
theorem : 

If f (x) be any bounded function, defined in the measurable set E, of finite 
measure, the generalized upper integral of the function over E is the lower 
boundary of the upper generalized, integrals of all lower semi-continuous 
functions, defined m E, such that <f> (x) ^f{x). 


THE METHOD OF MONOTONE SEQUENCES 


256. A method of investigating properties of integrals, depending upon 
the use of integrals of monotone sequences of functions of special types, 
has been developed* by W. H. Young. This method consists of the ex- 
tensions of properties of the integrals of the functions which constitute 
the monotone sequence to the integral of the function to which the mono- 
tone sequence converges. A general account of this method will be given here ; 
it is possible to use this method conversely as the basis of a general theory of 
integration of all functions capable of analytical definition. 

If / (x) be a bounded non-negative function, defined in a measurable 

set E, of finite measure, it has been shewn in § 255 , that f (x) dx is the 

Uk)' 


upper boundary of the integrals <f> (x) dx, for all upper semi-continuous 

■Ue) 

functions (f> (x) such that </> (x) ^ f (x). It will be shewn that (f> (x) is sum- 

mable in E, so that 1 </> (x) dx^ f> (x) dx. 

J (E) J {E) 


It should be observed that there is no loss of generality in restricting 
the functions <f> (x) to be non-negative. For, if (f) (x) be any upper semi- 
continuous function, it remains so if all its negative values be changed to 
zero. 


If {Hn} denotes a sequence of closed sets, contained in E, and such that 
each set of the sequence is contained in the next, the sequence can be so 
determined that, if be the outer limiting set of the sequence, 

m (H^) m (E). 


♦ See “A new method in the theory of integration,” Proc,. Land. Math. Soc. (2), vol. ix (1910); 
also “The general theory of integration,” Phil. Trans. (A), vol. ociv (1905). See further Mess, 
of Math. vol. XXVII (1907), p. 148; Proc. Camb. Phil. Soc. vol. xiv (1908), p. 520; Proc. Land. 
Math. Soc. (2), vol. vi (1908), p. 298; and Comptes Rendua, vol. clxit (1916), p. 909. 
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It is known (see i, §230) that the set of points of at which 
<f> {x) ^ a, is closed, whatever value a may have. The sequence {K^} has 
accordingly an outer limiting set K^, which is measurable. Each point of 
at which (f> (x) ^ a is contained in //„, for some value of n, and for all 
greater values ; and the set of points of at which (f> (x)^ a is measurable. 
The set of points oi E ~ having measure zero, the set of points of 
E — at which (f> (x) ^ a has measure zero. Therefore the set of points 
of E at which <l> (x) ^ a is measurable ; and therefore (f> (x) is summable in E. 

If / (ip) be any bounded function, it can be reduced to a non- negative 
function by the addition of a suitable constant. It has therefore been 
proved that: 

If f (x) he a bounded function ^ defined in a measurable set E, of finite 
mexLsure, of any number of dimensions, the lower generalized integral of f (x) 
over E is equal to the upper boundary of the integrals of all upper semi- 
continuous functions, defined in E, and such that f (x) ^<j) {x). 

If the function IJ f (x) be considered, instead of / (.r), it can be shewn 
at once that : 

The upper generalized integral of the bounded function f (x) over E is equal 
to the lower boundary of the integrals of all lower semi-continuous functions 
ift (x), such that i/j (x) ^f (x). 

257. A sequence {(/>„ (.r)}, of upper semi -continuous functions, can be so 
determined that lim I (^) - f (^) If will be shewn that 

n—aoJiE) l(E)‘ 

the sequence (x)} can be so determined as to be monotone. Taking the 
two functions <j>n (x), (x), let Xn+i (^) fhe function which has, at 

each point x, the value of the greater of the two functions </>„ (x), (a;). 

This function Xn\^i (^) upper semi-continuous (see § 111), and it is (x) ; 

moreover [ I ^Starting with <^i(x), (f)<i(x) a 

HE) (E) 

monotone sequence {xn (^)} will be formed, which has the same property, 

in relation to / (x) dx, as the original sequence. It has thus been shewn 
HE) 

that : 

A monotone non-diminishing sequence of functions, all upper semi- 
continuous in the measurable set E can be so determined that, if {<f>^ (x)} 

denote the sequence, lim (f>n(x)dx ^ f(x)dx; where f (x) is any 
n^oo HE) HE)' 

bounded^ function. Moreover <f>n (x) ^ / (x). 

In a similar manner, it can be shewn that : 

A monotone non-increasing sequence of functions, all lower semi-con- 
tinuous in E, can be so determined that, if (x)} denote the sequence, 

lim (x) ^ I / (x) dx. 

ft-doJdff) J{E 
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The monotone sequence of functions (a;)} will converge to a function 

0 (x)y which is an Z^^-function (see § 111), such that O (x) ^ f (x). Since 

1 (f>n (x) I is bounded for all values of n and x, we have 


/ <t) (x) dx lim I <f)n (a;) dx ; 

J iE) n-ot> J (E) 

and therefore <^(x)dx = \ f {x) dx. 

HE) He) 

The function <1> {x) may be termed a bounding Zt^-f unction of / {x). 
Similarly if T (x) be the lower limit of the sequence (x)} , of lower 

semi-continuous functions, we have 1 T (x) dx ^ f (x) dx; and Y (x) 

J (E) J (E) 

is a bounding ttZ-f unction of / (x). 

In case / (x) is summable in E, we have 

[ Y (x) dx ~ f f (x) dx ^ \ <I> (x) dx ; 

J (E) J (E) J (E) 

and since Y (x) ^ / (x) ^ O (x), we see that Y (x) ^/(x), almost every- 
where, and 0 (x) = / (x), almost everywhere. 

Thus it has been shewn that : 


When f (x) is summable in E, functions O (x), Y (x) which are bounding 
lu-functions and bounding vl-functions of f (x) are such that almost every- 
where in E, O (x) = T (x) ^f(x). 

The functions O (x), Y (x) are not unique, but it follows from this 
theorem that two functions which are both bounding wZ-functions of / (x) 
differ from one another only at points of a set of measure zero. A similar 
statement applies to two bounding Zi^-f unctions. 


258. It will now be shewn that, iff (x) be a bounded summable function, 
defined in the measurable set E, a bounding Zw-function and a bounding 
wZ-function of / (x) can be constructed. 

If U and L are the upper and lower boundaries of / (x) in E, let (L, U) 
be divided into n equal parts of lengths (U — and let a^ denote 

f 

L -i- n(^ — L), where r ^ 0, I, 2, ... n. Let denote the measurable set 

of points of E at which / (x) ^ a^ . The sets g ^_^ , g^ 2 , ... 9^0 ^^e such that 
each set is contained in the next; closed parts ... A© of the sets 

9 n- 1 > 9n~2 » • • • ^0 oan be determined, each one of which is contained in the 

next, and such that m (g^) — m (h^) is less than . 

Let the function (x) be defined by means of the specifications 

(^) ~ ®n-l ^n-1 ’> (^) ~ ®n-2 ^«-2 ~ ^n-iJ ••• > 

(^) ~ ®r ^r+l > • • • » {^) “ ^1 ^2 5 

and (x) ^ aQ = L, in all the remaining points of E. 
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Let the function (x) be defined by means of the specifications 
«An (^) = in K ~ == «2 i^ K “ » 

(^) ” ^r4l in “ ^r+1 > ••• > (^) ~ ^n~l in ^n-2 “ ^n~li 

and if/n (x) = an = U in all the remaining points of E. 

The function <f>n(x) is a t^-f unction, and (x) is an Z-f unction; the 
sequence (x)} is monotone non-diminishing, and the sequence (x)} 

is monotone non-increasing. Moreover tpn (^) ~ <An (^) ^ except at 

Tif 

points of a set of measure less than at which (x) - (x) == f/ — L. It 

follows that, except at the points of a set of measure zero, we have 
O (x) ^ lim (x) lim (x) = W (x). 

n-^oo n-^oo 

Moreover 0 (x), T (x) are both equal to / (x), almost everywhere in E, and 
are thus bounding lu- and itZ-f unctions, corresponding to/(x). 

In case the set .fiJ is a linear interval (a, 6), and the function / (x) is 
monotone in E, the semi-continuous functions (x), «/r^ (x), constructed 
as above, are also monotone in (a, b). Let / (x) be monotone non-diminish- 
ing, then the sets gn-n 9 n- 2 i ••• consist of intervals («n-i» («n- 2 > ••• 

(ccq, b) which are closed at the end-point b, but not necessarily at the end- 
points ttn-i, an- 2 » ••• «o* closed sets hn-i, //n-o» K be taken to 
consist of the closed intervals (^n-iy {^n- 2 y ••• (Poy of which 

is contained in the next ; where — a < ^ . The function (x) == a„_i , 

when Pn I ^ X ^ b] (f>n(x) when x < (f>n (x) - a^, when 

pj. ^ X < pj.+i ’ (^) when a ^ x < . Thus <f>n (x) is monotone non- 

diminishing, and is constant in each interval of a finite set. A similar 
remark applies to the function 0,^ (x). 

259. There remains for consideration the case of an unbounded sum- 
mable function f (x). First let / (x) ^ 0, then [ f{x)dx is lim f {x)dx\ 

HE) r-oo '(£) 

where {j\\} is a monotone divergent sequence of positive numbers, and 
/W (x) is the function which has the value of/(x), when/(x) ^ and 
which has the value N^. when / (x) > , Let (x) be a bounding lu- 

function for the function /W (x), then ( <!>,. (x) cZx j p^r){x)dx; 

'm HE) 

and thus we have / (x) dx ^ lim I (x) dx. 

J (E) r-w J (E) 

That the bounding functions (x) for the functions (x) may be 
so determined that {O,. (x)} is a monotone non-diminishing sequence is a 
consequence of the following lemma : 

(^) bounded summablefurictions such that (x) (x), 

in E, then the corresponding bounding lu-functions (x), (x) can be so 
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determined that (x) ^ (x). Similarly the corresponding bounding ul- 

functions (a;), (x) can he so determined that (x) ^ (x). 

Let 0^1) (x) = lira (a:), (x) =- lira (x) ; where » 

n-^oo n'^QO 

(^)} are raonotone non-dirainishing sequences of it-functions. A new 
monotone sequence (a:)} of li-functions can be so determined that gn (x) 
has as its value, at each point, the greater of the two functions 

(a:). At any point at which g^ (x) differs from (x), it is equal to 
(x) and is therefore ^ (a*), and therefore also (a;). Also since 

(x) ^ gn (x), I (x) dx^\ g^ (x) dx \ and thus 

J{E) HE) 

lira <f)J'^^x)dx \im I (jn(x)dx, 

n-^as J (E) n-^'oo J {E) 

since the limit on the left is the highest possible. Thus the sequence (x)} 
may be taken instead of the sequence (a^)} , in which case we have 
(x) (x), or (x) ^ (a:). The second part of the lemma may 

be deduced by means of a change of sign of the functions. 

It has now been shewn that there exists a monotone non-diminishing 
sequence (a:)} of Z?4-f unctions such that / (a:) dx =--- lim <!>,. (x) dx. 

.'(E) r^ooJ(E) 

If <!> (x) is the limit of {O,. (x)}, it is an ^Zw-function, i.e. an Zt^-function. 
Thus, if/(x) be a positive unbounded summable function, there exists 
an Zit-function <[) (x) such that the integrals of / (x) and of <1) (x) over the 
set £J are identical. 

If / (x) be an unbounded summable function having both signs, it can 
be expressed as the difference of two positive summable functions, and 

I / (x) dx can be expressed as the difference of the integrals of two lu- 
J(E) 

functions, or as the sum of an Zte -function and a i^Z-function. Therefore / (x) 
can be replaced, for the purpose of determining its integral, either by an 
i<^Zu-function, or by a Zi^Z-fuiiction. 

260 . The process of deducing properties of integrals of summable 
functions from those of the integrals of continuous functions, or even from 
those of finite pol 3 aiomials, consists of the following stages, in each of 
which a monotone sequence is employed. 

(1) Let be a closed set of points in any number of dimensions, and 
/ (x) a continuous function defined in If A be a fundamental cell which 
contains £!, a continuous function may be defined in A which has at every 
point of E the value of / (x) (see § 108), Applying to A the theorem of 
§161, a monotone sequence of polynomials can be constructed which 
converges in A, and therefore in E, uniformly to the value / (x). It then 

follows that I / (x) dx is representable as lim P„ (x) dx, where {P„ (x)} 
J (E) ri'^^JiE) 

is the monotone sequence of polynomials. 
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(2) If / {x) be an upper semi-continuous bounded function defined in 
the measurable set E, there exists (see § 105) a monotone non -increasing 
sequence {/„ (a:)}, of continuous functions which converges to f (x). Then 

I / (x) dx has the value lim | /„ (x) dx. 

J (E) w-QO j (E) 

Similarly, if / (x) be a bounded ^-function, there exists a monotone non- 
diminishing sequence of continuous functions (x), such that 

lim [ f„(x)dx^[ f(x)dx, 

U'^oo J (E) J (E) 

(3) - If / (.r) be any bounded function, summable in the measurable set 
E, there exists a monotone non -diminishing sequence {</>„ (a:)} of i^-functions, 

such that I f (a:) dx ^ lim | (a:) dx. 

J (E) n~«) J (E) 

Also there exists a monotone non -increasing sequence (a;)}, of /- 
functions, such that I / (x) dx ^ lim I (x) dx. 

J (E) w-QO ./(/?) 

Thus / (a’) can be repJac^ed, either by an /^^-function, or by a ?/7-f unction, 
without alteration of the value of its integral. 

(4) If / (x) be an unbounded function, summable in the measurable 
set Ey the function / (a:) may be replaced, without altering the value of its 
integral, either by a Z^^^function, i.e. by the limit of a monotone non- 
diminishing sequence of -wZ-f unctions, or by an i^Zw.-f unction, i.e. by the 
limit of a monotone non-increasing sequence of Z?/-f unctions. 

It has been pointed out by W. H. Young that, starting with the 
definition of the integral of a continuous function (or even of a polynomial), 
the integral of a i^-f unction, or of an Z-f unction may be defined as the limit 
of the integrals of the continuous functions of the monotone sequences of 
continuous functions which converge to the w-function or the Z-function. 
Similarly the integral of a wZ-function, or of an Zi^-function, is defined as 
the limit of the integrals of the Z-f unctions, or of the t^-f unctions of the 
monotone sequence which converges to the givjLUi ?^Z-function, or the given 
Zi/.-f unction. The integral of a bounded summable function is then defined 
as that of either the wi-f unction, or the Z?/-f unction which is equivalent to 
the summable function. Finally the integral of an unbounded summable 
function may be defined as equal to that of the equivalent z^Z?/ -function, 
or of the equivalent lul-hinotioi \ ; the integral of either of these latter being 
defined as the limit of the integrals of the t^Z-functions, or of the Zi6-functions 
of the monotone sequences which converge to them respectively. 

In this manner the method of monotone sequences is employed to 
build up successively the definitions of the integrals of the successive types 
of functions. Examples of the application of this method have been given 
by W. H. Young*. 

♦ Pror. bond. Math. 5()c. (2), vol. ix (1910), pp. 36-50. 
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TONELU’S THEORY OF INTEGRATION 

261 . Lebesgue’s theory of integration depends upon the theory of 
measurable sets of points, and this theory makes use of the multiplicative 
axiom, as has been seen in i, § 130. A mode of defining the integral of a 
function in a finite interval has been developed* by Tonelli, which is 
independent of the general theory of the measure of sets of points. This 
independence also appertains to the theory of integration suggested by 
W. H. Young (§ 260), in which sequences of semi -continuous functions are 
employed, and in which the definition of an integral ultimately depends 
on that of the integral of a continuous function. We proceed to give an 
account of Tonelli’s theory of integration, which also consists of an exten- 
sion of the notion of the integral of a continuous function. 

A set A, of non-overlapping intervals contained in the interval (a, 6), 
is spoken of by Tonelli as un plurintervallo ; the set A may contain a finite, 
or infinite, number of distinct intervals. The intervals of the set A may be 
either closed or open ; an interval a ^ x < a, or an interval p < x ^ b, 
of which a and b are end-points, may be regarded as open. The sum, or 
limiting sum, of the lengths of the intervals of A is taken to be the length 
of A, whether the intervals are closed or open. 

A function f (x), defined in (a, 6), is said to be quasi-continuous in (a, b) 
if a sequence {A„} , of sets of open intervals, exists such that the length of A,^ 

is less than - , and is such that f (x) is, for each value of n, continuous in the 

part of {a, b) which remains when all the points of A„ are removed from the 
interval. The sets A„ are said to be associated with f (x). 

It is easily seen that a function which is discontinuous only at points 
belonging to a finite, or to an enumerable, set of points in (a, 6) is quasi- 
continuous, but this does not exhaust the class of quasi-continuous functions. 

Let / (x) be quasi-continuous and bounded in (a, b), and consider A„ 
one of the open sets of non -overlapping intervals associated with / (x). 
Let (^) function which has the value / (x) at each point x that 

does not belong to A,,; and let (x) be linear in each interval S, of A„; 
the linear function having at the end-points of 8 the values of / (x) at 
those end-points. The function (x) is then continuous in (a, 6). We 
have thus a sequence (x)} of functions, all of which are continuous in 
(a, b). The functions / (x),/^^ (x) differ from one another only at the points 

of A„ , where the length of A„ , being - , converges to zero, as oo . 

n 

The functions (x)} are said to be associated with / (x). 

* Annali di Mat. (4), vol. i (1923), p. 10.^; see also the treatise Fondamenti di Calcolo ddla 
Variazioni, Bologna, 1912. 
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rb 

The integral f (a;) dx, of the quasi-continuous bounded function f {x), in 
J a 

fb 

(a, b)y is defined to be the limit of the sequence of integrals f^^ (x) dx, as 

a 

n is increased indefinitely. 

It can easily be shewn that the value of / (x) dx, so defined, is in- 

.'a 

dependent of the particular set of associated functions which is employed 
in forming the sequence. 

The definition of the integral of a continuous function which can be 
employed is that of Cauchy, of which the most general form is that of 
Riemann. 

rb 

The ordinary properties of f(x) dx such as 

J a 


I /(x)dz= f /(x)dx+ I f (x) dx, 

J a J a J c 

[ f(x)dx\s [ \f(x) I dx, 

J a \ J a 

f {/(*)+!/ (3^)} [ f(x)dx+ I g(x)dx 

-a .'a J a 


can be easily established in accordance with the above definition. 

Tonelli has extended his definition of an integral to the case of un- 
bounded quasi-continuous functions by the method of de la Vallee Poussin 
(I, § 387). 

If /v, jv' (^) -- / (^), when - N' ^f (x) - N ; /^v. (a;) = Ny when 
f (x) > N ; and f^, v' (^) = “ when f (x) < — N', the integral of the 

queisi-continuous function / {x) is defined to have the value 

rb 

fN,N'{^)dXy 

iV~oo, N'’^cd a 

fb 

whenever the double limit exists ; and it is then denoted by / (x) dx. 

J a 

fb 

The necessary and sufficient condition for the existence of / (x) dx 


fb 

can easily be shewn to be that /^v, jv' (^) 
to (Ny N'). 

The theorem lim [ fm{x)d^ = \ f (^) dxy 

m~oo a * 


is bounded with respect 


where | {x) | is bounded with respect to (m, x)y and the sequence of 

quasi-continuous functions f^ (x) converges to / (x) has been established 
by Tonelli on the basis of his definition. He has also proved the theorems 
of integration by parts and other properties of integrals. 
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Tonelli’s definition is applicable to the class of quasi -continuous func- 
tions, and ttiis class certainly includes all those functions which are defined 
by ordinary processes. If the theory of Lebesgue integration be assumed, 
it follows that, as has been shewn in § 17ii, a measurable function is con- 
tinuous relatively to a set of points G which is perfect, and of measure less 
than h - a by less than an arbitrarily fixed positive number c. The com- 
plementary set C (G) can be enclosed in intervals of a set of which the 
measure is < €. It thus follows that every measurable function is quasi- 
continuous, in accordance with Tonelli’s definition of quasi-continuity. 
Hence every Lebesgue integral is also an integral in accordance with 
Tonelli’s definition, the Lebesgue theory of measure being assumed. 


perron’s ‘definition of an integral 

262. A new definition of the integral of a function in a finite linear 
interval, w'hich is independent of the general theory of measurable sets of 
points, w^as given* by Perron. It has as its starting point the conception 
of the inverse relation between the integration and derivation of a function. 

If / (x) be a function defined in the linear interval (a, h), the greater of 
the upper derivatives l)+f(x), D-f(x), on the right and left of the point 

X may be denoted by DJ {x), so that l)f (x) ■--= lim*^ ^ /(^)^ 

converges to zero, when h is unrestricted as regards sign. Similarly JJf (a:) 
may be taken to denote the smaller of the numbers I)^ (a* ), D_f {x). 

In the first instance, let / {x) be any boimded function, defined in (a, 6), 
and let IJ and L be its upper and lower boundaries in the interval. A 
continuous function <f) (a;), defined in (a, b), and such that D(f> (x) h f (x), 
at aU points of (a, b), and also such that </> (a) 0, is said to be a minor 

Junction associated with f (x). Similarly, a function ifj (x) such that 
Dtp (x) -1 f (x), in (a, 6), and such that ip (a) — 0 , is said to be a major 
Junction associated with J (x). 

It is clear that major and minor functions always exist; for example, 
U (x “ a) is a major function, and L (x — a) is a minor function. 

If (p (x) be any minor function associated with / (x), we see that (i, § 280) 
^ ^^6 a exceed the upper boundary of D<p (x) in (a, 6) ; that 

is (P (b) ^.U(b- a). 

It follows that the upper boundary of <p (6), for all minor functions, is 
a finite number g ; and thus there exists a minor function (p (x) such that 
(p (b) > g — where c is an arbitrarily prescribed positive number. 


Siizungsb&r, d. HeideUberger Akad. vol. v a (1914). No. 14. 
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Similarly there exists a number G which is the lower boundary of i/j (h), 
for all major functions; and thus there exists a major function for which 
tfj {b) < O , 

Since 7)0 (x) / {x) - /)</» (:r), 

we have T) {</f (x) ~ (/> (a:)} ^ Dtp (x) — Dtp (x) 0, 

for all values of x in {a, b). It then follows (i, § 280) that 

(0 (3) fe)) - (0 (3I1:. 0 (3)) ^ 

whatever pair of values, in (a, b), x^ , x^ may have. From this it follows that 
tfj {x) - ip (jt) is monotone non-diminishing in (a, b). Since (a) xp (a) 0, 

it follows that t/j (x) ^ </» (a:), tp (h) :■ (p (6), and G ?: g. 

In case C - g, the function f (x) is said to i)e integrable in (a, b), and G 
or g is taken to define the value of | f (x) dx. 

. a 

It has thus been shewn that: 

For every minor function <p (xf and for every major functiori tp (x), 

fh 

associated with f (a:), the relation (p (b) f (x) dx yp' (b) holds good. 

J a 
. r?/ . 

The condition for the existence of f (x) dx is that minor and major 

a 

functions <p (x), xjj (x) ca 7 i be so determined that t/j (b) - ip (b) < rj, in which 
case js (.r) - f (x) < 77, in (a, b) : where rj is an arbitrarily jtr escribed positive 
number. 

Perron himself gave an investigation of the principal properties of 

ra" 

/ (x) dxy in accordance with this definition. 

J a 

263. The definition can be extended to the case in which / (x) is un- 
bounded in (a, b), provided, in such a case, major and minor functions exist. 
The general definition may be stated as follows : 

In the interval (a, 6), a function f (x) is defined which has everywhere (or 
almmt everywhere) a finite value. Let it be assumed that contmumis functions 
(p (x), ip (x) exist such that Dip (x) ^ / (x) ^ D(p (x), ivhen D<P (x) has no- 
where the value + 00 , and Dip (x) has nowhere the mine — 00 ; and 

4, (a) ^ tft (a) - 0; 

then if lira ijj {x) lim <f> (x) = F (x), 

rx 

the function F (x) defines the indefinite integral f(x) dx in (a,b), and F (6) 

a 

rb 

defines the definite integral f (x) dx. 

J a 

The proof in § 262 is applicable to shew that ip (x) — <p (x), for every 
pair of functions, is monotone non-diminishing in (a, 6) ; it follows that 



384 Sequences of Integrals [ch. v 

iff (x) — F (x), F (x) — (f> (x) are monotone non-diminisliing in (a, b). Since 
(f) (x), xji (a:) can be so determined that ijj (b) — F (b) < t], it follows that 
</r (x) -- F (x) < 7j, and thus a sequence of values of tp (x) converges to F (x) 
uniformly in (a, 6), and therefore F (x) is continuous in (a, 6). Thus the 
functions tp (x) F (x), F {x) — <p (a:) are monotone non -diminishing con- 
tinuous functions. It may thus be stated that: 

In order that the continuous function F (x), where F (a) ^ 0, may be the 
indefinite integral of f (a;), it is necessary and sufficient that, if the positive 
number e be arbitrarily prescribed, a pair of continuous functions ip (x), </> (x) 
which satisfy the conditions in the above definition should exist, which satisfy 
the conditions 0<\p(x) — F (a:) < e, 0 < F (x) ~ (p (a:) < e. 

The relation of the integral so defined with the integrals defined by 
Lebesgue and Den joy has been investigated by Bauer*, Hake*j-, Alexan- 
droffj, and Looman§. It was proved by de la Val lee Poussin that every 
Z-integral is also an integral in accordance with Perron’s definition; this 
proof is given in § 437. It was proved by Bauer that a bounded function is 
integrable in accordance with Perron’s definition when, and only when, it 
is measurable, and accordingly integrable in accordance with Lebesgue ’s 
definition. It was proved by Hake, and again later by Alexandroff, that a 
function, integrable in accordance with Denjoy’s definition, is always 
integrable in accordance with Perron’s definition. The converse of this 
was established by Alexandroff. Consequently it is known that : 

There is complete equivalence between the definition of Perron and Denjoy. 

In view of the simplicity of the definition of Perron as compared with 
that of Denjoy, and of the fact that the former makes no use of the theory 
of the measure of sets of points, this theorem may prove to be of great 
importance in future developments of the conception of an integral. 

Perron’s definition was extended by Bauer to the case of functions of 
any number of variables, and it was shewn by him that every Lebesgue 
integral of a function of any number of variables is a Perron integral, in 
accordance with the extended definition. 


THE SUMMABILITY OF INTEGRALS 


264. If the integral / (^) dt exists for aU finite values of x> a, the 

a 

rx 

integral / (t) dt exists in the ordinary sense when / (t) dt has a definite 

.'a .a 

limit, as X '--' 00 , In analogy with the case of infinite series, various con- 
ventional definitions of [ / (^) dt can be employed which assign to it a 


* Monatshefte f. Math, u, Physik, vol. xxvi (1915), p. 153. 

t Math. AnnaLm^ vol. lxxxiii (1921), p. 119. J Math, ZtiUchr. vol. xx (1924), p. 213. 

§ Math. Amnalen, vo). xom (1924), p. 153. 
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definite meaning in cases when it does not exist in the ordinary sense. 
Such a definition should satisfy the condition of consistency, in accordance 
with which the value of the integral, with the conventional definition, should 
coincide with its value in the ordinary sense when the latter exists. The 

integral / (t) dt may be regarded as analogous to a partial sum of an 

j a 

1 

infinite series, and - dt^ \ f (t) dt may be regarded as analogous to the 

^ . a a 

arithmetic mean of a partial sum of an infinite series. Thus the integral 
/ (f) dt is said to exist (C, 1) when lim dt^ \ f {t) dt has a definite 

J a x~oo J a J a 

value. The integral f (t) dt is then said to be summable (C, 1), and its 

J a 

sum (Cy 1) is defined to be the value of the limit. 

The extension of Cesaro’s method of summation to summation (C, r), 
where r is a positive integer, is made by defining the sum (C, r) of the 

-QO 

integral f [t) dt to be 

• a 

I f I ^^1 I (f)> 

a J a -a J a 

when this limit exists. 

Since [ dt^l f (t) dt = [ (/g ~^)f (t) dty 

J a J a J a 

[ ’ (U^ / (<) rfi = ^ [ ’ (<3 - <) V {<) d't, 

we have, proceeding in the same manner, for the sum (Cy r) of the integral 
/ (t) dty the expression 

lim f (2). 

x~oo a \ 

This expression (2) is analogous to the sum of a series by Riesz’s method, 
which has been shewn in § 60 to be equivalent to the sum (Cy r). As in 
the case of series, the expression (2) may be taken to define the sum (Cy r) 

of the integral / (t) dty when r is not restricted to be a positive integer. 

■ a 

When the integral exists in the ordinary sense, it is summable (0, 0). 

The method of Holder for defining the sum (H, r) of an infinite series, 
for positive integral values of r, may be extended by analogy to the case 

of integrals. Thus the sum (H, r) of the integral [ f (t)dt may be defined 
to be 

x^oo^Jo - a ^r-i 

when this limit exists. 


J i 




dti f(t)dt 


( 3 ) 
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That the definitions (2) and (3) are equivalent when r is a positive 
integer, has been proved* by Landau. Both of the expressions (1) and 
(3) weref considered by Du Bois-Reymond. 


265. In order to prove that, for r > 0, the definition (2), of summability 

■QO 

(C, r), satisfies the condition of consistency, let it be assumed that / (t) dt 

J a 

exists as lim f (t) dt. 

x~cc J a 


If € be an arbitrarily chosen positive number, we have 

fit) di <e, 

A 

for all values oi A' > A, provided A be sufficiently large. Also 


for X > A, where « is a number in the interval (A, x). It follows that the 
integral on the left-hand side is numerically less than €, for all values of x. 
We thus have 


r( 

1 -^V 

.Li 

x) 


) dt 


< 


for all values of x. Also, since ^ monotone function of a:, we 

lim ( (l - f(()dt= I fit)dt 


have 


(see § 205). Hence 


I J„ ~l) 


<2e, 


for all sufficiently large values of x, provided A is sufficiently large. It 
now follows that lim j ^ f(t)dt exists, and is equal to J f (t)dt. 

Thus the condition of consistency is satisfied. 

It may be shewn that : 

The necessary and sufficient condition that the integral f{t)dt, when 

. a 

1 r* 

summable (0, 1), should be convergent is that lim - tf [t) dt — 0. 

X'^co ^ J a 

Denoting j / {t) dt by (a;), and j f^ (t) dt by f^ (a:), we have 

= I =/i (*) - i [ tf (t) 

from which the theorem at once follows. 


* Leipz. Sitzungsher, vol. i.xv (1913), p. 131. 
t CreUt^a Jourrud, vol, c (1887), p. 356. 
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The following is analogous to the theorem given in § 64 : 

U I xf (x) I < Kj and j f (t) dt is sumnmhle (C, 1), it is also convergent, 

J a 

Let g{x) = xf{x), Cr(a;)=[ g(t)dt; 

J a 

G (x) O (a) 


then /i (x)= j f (t) dt - j -- G' (t) dt = ‘ 

Ja Ja ^ ^ 

and therefore 


+ 


'X 

J a 


J 

J a 


0(t) 


G(t) 

t^ 


dt. 


dt; 


It follows that, with the hypothesis of summability ((7, 1), the integral 
j dt is convergent ; and it will be shewn that this cannot be the case 

unless converges to zero, as a; ^ oo , from which it follows, by the last 

G (x) 

theorem, that f(t) dt exists. If — — does not converge to zero, a positive 

. a ^ 

number exists such that G (x) > x, or G{x) < — x, for all sufficiently 
large values of x. It will be assumed that G (x) > K^x, for such values of 
x\ we may take K^< K. Let X be a value of x such that G (X)> 

and let Xj = f 1 — X ; then, for Xi ^ a: ^ X, we have 


G{x)-G(X)\^ 


fX 

tf(t)dt 

J X 


<K(X-x)^K(X -X^)-, 


and therefore O (x) 
We now have 
FO(t) 


G (X) - I G (x) - G (X) I > ^K^X. 




2K-K^ 


and therefore 


G (t) , 


x 

J Xi 


is greater than some fixed number Xg; clearly this 


fOO Q /^\ 

is inconsistent with the convergence of the integral ^ ^ dt, 

. a ^ 


266. A general method of summation, of importance in connection 
with the theory of Fourier’s integrals, has been treated in detail* by 
Hardy, C. N. Mooref, BromwichJ, and others. 

Let a function <f> (a;), defined in the interval (0, oo ), satisfy the conditions 
(1), that <f>'' (a:) is continuous, and is positive when x is greater than some 
fixed number, (2), that (f> (x) has only a finite set of maxima and minima, 

-oo 

(3), that <f> {x) dx exists, and (4), that (0) = 1. 

.0 


* Camb. Phil. Trans, vol. xxi (1912), p. 431; see also the same volume, p. 39. 
t Trans, Amer. Maih. 8oc. vol. vm (1907), p. 312. 

X Math. Annalen, vol. lxv (1908), p. 367. 
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It follows from these assumptions that (x) is negative, for all 
sufficiently large values of Xy and that it then increases steadily, converging 
to 0, as X cx) . It follows also that <j> (x) is positive, for all sufficiently large 

values of x, and decreases steadily to zero. The integral (x) dx exists, 

J a 

where a ^ 0 and since (/>' (x) is monotone for all sufficiently large values of Xy 

lim X(f>' (a:) = 0. 

a:~oo 

Further, since 

I t(l>" (t) dt = xcj)' (x) — a<f}' (a) + 0 (a) ^ (x), 

J a 

it follows that [ X(f>" (x) dx (a ^ 0) exists. 

J a 

If the function </> (x) be defined so as to satisfy the above conditions, 

/•CO 

the integral / (x) dx (a S 0) will be said to be summable (^), and to have the 

J n. 


sum s, if lim (/> (kx) f (x) dx = s, the convergence of k to zero being 

A:-0 Ja 

through positive values. 

Important special cases of summation ((/>) are when (f> (x) = or 
<f> (x) = e-^\ 

f oo 

/ M dx 

. a 

exists, and has the value Sy whether the convergence be absolute or not, we 

f oo ^00 

(f) (kx) f {x) dx converges to f {x) dxy or Sy since 1 - (^ (kx) 

• a J a 

satisfies the conditions of the last theorem in § 28 1 , when k has any sequence 
{kn^ of values converging to zero. 

The following theorems are given by the writers referred to above : 


(1) // J f (x) dx is summable (C, 1), and has sum s, and if 

lim (f) (kx) [ / (t) dt = 0, 
x-^oo J a 

for every positive value of ky then f f(x) dx is summable ((f>)y and its sum (<^) 


Ja 


%8 S. 


(2) // / (x) dx is summable (<f>), and | xf (x) ( is less than a fixed 

. a 

positive number K, then f(x)dx is convergent y and has as its value the 

J a 

sum (<f>). 

This is the analogue of the theorem in § 54 for series. 



CHAPTER VI 

THE CONSTRUCTION OF FUNCTIONS WITH ASSIGNED SINGULARITIES 


THE CONDENSATION OF SINGULARITIES 

267. A method of constructing functions which possess, at an infinitely 
numerous set of points in a linear interval, singularities in relation to 
continuity, derivatives, or oscillations, has been given by Hankel. The 
method depends upon the employment of functions which at a single point 
possess one of the singularities in question, and consists in building up, by 
the use of such a function of a simple type, the more complicated analytical 
representations of a function which possess the singularity at an every- 
where-dense set of points. To this method, Hankel* has given the name 
“Principle of condensation of singularities” (das Prinzip der Verdichtung 
der Singularitaten) ; the name may however be conveniently applied to 
other methods of constructing functions capable of analytical representa- 
tion, which have been given more recently by other writers. 

Let cf) (y) be a function defined for the interval (— 1, + 1), bounded in 
that interval, and continuous at every point of the interval, including 
— 1,4 1 , except at the point y = 0, where however (f) (0) = 0. The function 
(f) (sin riTTx) is finite and continuous for every value of x which is not a 
rational fraction min, with n as denominator, and it vanishes for all points 
at which x has this form. 


The series S where s> 1, is, in accordance with the fact 

n*= 1 

that (f) (y) is bounded, uniformly convergent in every interval ; and its sum 
is a bounded function of x which is continuous for all irrational values of x. 


If (f) {y) were also continuous for y 0, the function represented by the 
series would be continuous also for rational values of x, but when (f> (y) is 
discontinuous at y ^ 0, the properties of the function 

f{z)= 

n-1 

in relation to continuity or discontinuity at the points where x has rational 
values require investigation. 

The series being uniformly convergent, it follows from the theorem of 
§ 86, that / (x) is continuous at every point at which all the functions 


* See his memoir “Untersuchungen iiber die unendlich oft unstetigen im osoillierenden 
Functionen,” Inaugural dissertation (1870), reproduced in Math. Annahn, vol. xx (1882), p. 20. 
The method has been treated in a rigorous manner by Dini, Orundlagen, p. 157. 
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<f> (sin UTTx) are continuous, i,e. for all irrational values of x. Let us consider 
the values of the function / (x) in the neighbourhood of a point x ^ p/g, 
where p and q are relative primes. We may write the value of / {x) in the 
form 

® <56 (sin n^Trar) 1 £ (j> (Bin qrmrx) 
where has those integral values only which are not multiples of q. 


The first of these series is uniformly convergent, and its sum is con- 
tinuous at the point plq\ we therefore find that 


f (Vlq + h) ~ f (piq) 


q m«l 


sin qmmh) 


where converges to zero when h does so. 


Case I. Let (f> (y) have an ordinary discontinuity at 1 / 0 ; we then 

have 




^ (+ 0 ). » I 

q^ r^i(2r)«’ 
V 1 

q” rTi(2ry' 


where the upper or lower of the ambiguous signs are to be taken, according 
as p is even or odd. 


If (-f 0 ), <^ (— 0 ) are different from one another, and from zero, these 
relations shew that, at a point pjq, for which p is even, the function / (x) 
has ordinary discontinuities both on the right and on the left, the measures 
of the two being not identical. Moreover the same statement may be made 
for a point pjq at which p is odd, unless </► (+ 0 ), (/» (— 0 ) have such values 
that one or other of the above expressions vanishes, in which case there is 
an ordinary discontinuity on one side, and the function is continuous on 
the other side. It is easily seen to be impossible that the two expressions 
can simultaneously vanish, and therefore there is an ordinary discontinuity 
on one side at least. 


If <^ (+ 0 ) ^ 0 , 0 (— 0 ) = 0 , there is discontinuity on the right at the 
points X = 2p' jq, and continuity on the left ; and at the points x = ( 2 p' -f \)jq, 
there are discontinuities on both sides, with different measures. 

0 ) <f> (— 0 ), so that (y) has only a removable discontinuity at 

the point y = 0 , then the function / (x) has removable discontinuities at all 
the points x = pfq. 

In every case the function / (x) is a point- wise discontinuous function, 
because its discontinuities are all ordinary ones (see i, § 239). 


Case II. Let (f> (y) have a discontinuity of the second kind, at y = 0 , on 
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one side at least. In this case it will be assumed that 8> 2. Denoting by 
A the upper boundary of \(l> iy)\ in the interval (— 1, -h 1), we have 


(f) (— l| sin qrmrh) 




~ (f> (— l|p sinqTrh) 


Jli {m +1 f ^ 2'"^ V 6 / ’ 

and hence 

/ (P/? + ^)-f (p/g) - <A sin q^h) + Vn + -^2 -h,, 

q ^ y 

where ^ is such that — 1 < ^ < 1 , and is dependent on h. 


If <!> (y) have a discontinuity of the second kind on both sides of the 
point y ^ 0, there are finite oscillations in arbitrarily small neighbourhoods 
of the point on the two sides; if then s be chosen so great that 
less than half the saltus at ^ = 0, we see that / (a;) has discontinuities of 
the second kind on both sides at all the points x = jplq. 


If <f} (y) have a discontinuity of the second kind at y = 0, on the right, 
and have a discontinuity of the first kind, or be continuous, on the left, 
there is, at each of the points x -= pjq, where p is even, a discontinuity of 
/ {x) of exactly the same kind as that of 4> (y) at y — 0. On the other hand, 
if 8 be sufficiently large, there is at each of the points x = pjq, where p is 
odd, a discontinuity of the second kind on both sides. For we may express 
fipjq -f h) -f(plq) in the form 

1 ~ sin 2r -f 1 q^h) 1 v ^ 2rq7Th) 

^ r . 0 (27 rT)«“" ‘ 0 ( 2 r)» ’ 

which can, as in the previous case, be reduced to the form 

Vh + (- sin qnh) + (sin 2q7Th) + 

where ^^e both in the interval (— 1, 1). We thus see that, if s be 

sufficiently great, there are finite oscillations in arbitrarily small neigh- 
bourhoods of pjq on both sides. 

The existence of the factor l/q''^ in the expression for / {p/q f h) — / (p/q) 
shews that there are only a finite number of points pjq at which the saltus 
of f (x) is ^ k, where k is an arbitrarily chosen positive number; and thus 
/ (x) belongs to the special class of point-wise discontinuous functions for 
which the set K is a finite set, for each value of k. 


EXAMPLES 


1 


( 1 ) Let (i/) “ sin , and (j){0)-0; the function / (x) is then defined by 

y 

OO J 

/ (a;) “ 2 -- sin (cosec nvrx\ 


where, when x -pjqt the terms for which n is a multiple of q are to be omitted. This function 



392 C<yn^triicti(m of Functions with Assigned Singularities [ch.vi 

isy at least when 5 >2, a point- wise discontinuous function which is continuous at all the 
irrational points, and has discontinuities of the second kind, on both sides, at the rational 
points. 

(2) Let <#. (y) = - 1 „ ^ Bin (2r + 1) 

TTr-^O ^ fl 

where a>l. For 0<y^l, we have (^(y) = l; for -l^y<0, we have 4>{y)=^ -1; also 
(f) (0) =0; and thus (f) (y) has an ordinary discontinuity at y =0. 

^O0|poo I / ^ 

The function f(x)= 2 - 2 ^ — r^sin u2r + 1) - sin^iTrarV 

^n«l^"Lr-o2r + l V « Jj 

is a point-wise discontinuous function, which is continuous for all irrational values of a;, 
and has ordinary discontinuities on both sides at all the rational points. 


(3) With the same value of 0 (y) as in Ex. (2), let 


00 I 

^ j 71® [(/) (sin mrx)]^* 

CO 

where «>1. For any irrational value of x, x (^) has the value 2 
value of Xy the function is indefinitely great. Now let 


1 

71 * 


, and for any rational 


f{^) = 



then/(a?) = l, for all irrational values of a?, and f{x)=0y for all rational values of x. The 
function / (x) is accordingly totally discontinuous. The values of / (x) are improperly 
defined at the rational points. 


268 . Let US next assume that (f> (y) is continuous throughout the 
interval (— 1, 1), and has no differential coefficient at the point y ^ 0, 
where (f> (0) ^ 0, but that, at every other point in the interval (— 1, + 1), 
it has a differential coefficient which is numerically less than some fixed 

finite number A. In this case has no definite limit for h ~ 0, either 

when h is positive, or when h is negative, or in both cases ; or else the two 
limits both exist, but have different values. 


The numbers 


h 


which are equal to | (f>' (6h) |, where ^ > 0 (see i, 
§ 262), have a definite upper boundary U A) for all values of h. 
Assuming that 5 > 2, we see that the series 

(sinnTTx) 

^ cos UTTX 

1 

converges for all irrational values of x, since the general term is numerically 
less than where B is some fixed number. 

Consider the series 


" 4> [sin niT (x -h (sin nrrx) 
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where x has an irrational value. It will be shewn that this series converges 
uniformly for all values of h. Unless n and h are such that sin nir (x + h) 
and sin mrx are equal, in which case (f> [sin utt (x + h)] — <!> (sin uttx) = 0 , 
we can write the general term of the series in the form 


TT <)> [sin niT {x + hy\ — (f) (sin mrx) sin J mrh 


nS — l 


sin rnr (x f h) - sin mrx 


\mrh 


. cos mr (x + \h). 


It then follows that the general term of the series is numerically less 
ttV 

than where V is the upper boundary of the absolute values of the 

incrementary ratios of the function. Since the series is convergent, 

it follows that the above series converges uniformly for aU values of h 
which are ^ 0 ; and consequently, in accordance with the last theorem of 
§ 234, the function / {x) has a finite differential coefficient for any irrational 
value of x. 

Next let X have the rational value 'pjq. We may then express 

— 2 j — in the form 

h 

® (f) [sin n^TT (x + /i)] — (/> (sin n^nx) 1 ® <;i ( — 1 1 sin mqTrh) 

^ ~ ^ — > 


riq-l 


hn. 




hm^ 


where has all positive integral values wliich are not multiples of q. In 
accordance with the above proof we see that S — - has, for the 
value x = pjq, a finite differential coefficient which is the sum 


^ {mi n^TTplq) , 

Tlj- 1 

We have now shewn that 






^ <j>' (ainn^nplq) . 1 ” <^ (- ih^sinm^-wA) 

= 7r S ■ cos n^npjq + % + - i ^ ' 


n^-1 




Am® 


where 7 ;^ is a number which converges to zero when h is indefinitely 
diminished. 

Case L Let {y) have definite derivatives on the right and on the left 
when y = 0; and thus has one limit < 3 ^' (+ 0 ) for positive values of h 
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converging to zero, and another limit <j>' {— 0) for negative values of h so 
converging. We thus have, when p is even, 




lim 


TT S 
- 1 


^ COS n^TTplq 


4- 


TT<f>' (4- 0) 


A-0 « 


„i m* 


2 ( sin n^nplq ) ^ 


^77 2a ' — z~ —-~~(iOBngTrplq 


riv”= 1 




For an uneven value of p, we find 


,1 


lim 

A~0 




h 


qj (mnn^TTp/q) 

^ 77 L \ ----- COS Ugirplq 


riq^l 




r-A^ry' 


1 . „ ^«A' (- 0) 2 ^ 


r-> ,.o(2r-M)-i’ 


lim 

A-O 


,y_(|i±£(2 
^ =• 1 

_ 77(/f' (4 0) “ 1 77<^'(-j0)* 1 

“ ' ^ M»-i /r«-l - ^(2r)*"^‘ 


* (8inn^77p/g) 


r«l(2r 4- 1)’*-^ r * r-n 
From these results it is seen that / (x) has, at the rational points, 
definite derivatives on the right and on the left, differing in value from one 
another, and therefore, at all these points, the function has a singularity of 
the same kind as </> {y) possesses at the point y = 0. 

Case II. Let (y) have, on one side of y == 0 at least, no definite 
derivative. Unless mqh is an integer, in which case 0 ( — 1 1 "*» sin mqrrh ) ~ 0, 
we have 

<^ ( — 1 i sin mqiTh) 0 ( - 1 j sin rnqnh ) sin mynh ^ 
hm^ 


qn 


- sin mqTrh ' mynh 
and this is numerically less than It follows that 




1 ^ (— ll^^sinfnqwh) 1 1|p sin<jr77^.) ^ 

q’m-i hm’ q‘ h “ ' 

where P is numerically less than 2 -^zi* taking a sufficiently 

q m-2 W* 

large value of s, the number P may be made as small as we please, and 
therefore 

1 * <^ ( — 1 1 sin TYiyirh) 
q^m-i hm* 
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will, for a sufficiently large value of 8, oscillate in the same manner as 

1 sin^TT^.) 

h ’ 


as h is diminished indefinitely. It is thus seen that 



has, 


on one side, or on both sides, of h = 0, no definite limit; and thus / (ar) has 
no differential coefficient at any of the rational points, provided a sufficiently 
large value of s be chosen. 


EXAMPLES 


( 1 ) Let <f> (y) =yoT -y, according as y is positive or negative. The corresponding function 

oo ] 

J {x) is 2 nirx, where the positive value of the square root is to be taken. This 

function is continuous, and has a differential coefficient for all irrational values of x. At 
the rational points it has no differential coefficient, but has definite derivatives on both sides. 


(2) Let 


00 

(/)(i/)=^8in(Iogi/2), then /(a*)-:- 2 


1 


sin n-nx [log sin^ nnx] 


The function / (x) is continuous, and has a finite differential coefficient for all irrational 
values of x. If s bt^ sufficiently large, it has no definite derivatives either on the right or 
on the left, for rational values of x; the four derivatives at such a point are all finite. 


269. Let it next be assumed that (f> (y) is continuous in the interval 
(— 1, 1), and has a finite differential coefficient at every point except at 
y = 0, but that this differential coefficient has no upper boundary to its 
absolute magnitude in any neighbourhood of the point y — - 0. In this case 
cf> (y) may either have a differential coefficient at y — 0, which is finite or 
indefinitely great ; or it may have indefinitely great derivatives, on the 
right and on the left, of opposite signs ; or it may have no definite derivatives. 
When <f> (y ) is a function of tliis type, it is not certain that/ (x) has differential 
coefficients for irrational values of x\ for the differential coefficients 
<f>' (sin mrx) are not all numerically less than a fixed finite number, for 
such a value of x, and for all values of n ; and thus the argument of § 268 
does not apply. 


For a rational point x ^ p/y, we have as before, 


h 


(f) [sin rigTT {x + h)] — <f) (sin UgTrx) 

nq^l hUfj^ 

1 g <^ (— 1 1’"*^ sin mqTrh) 


The theorem of § 235 will be applied to shew that the function 
2 has, for the value pfq of x, a differential coefficient obtained 

by means of term by term differentiation of the series. 
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The first condition required by the theorem in question, viz. that the 
terms of the series 

n,-l 3 

shall be definite, and that this series shall converge, is certainly satisfied. 
To shew that the conditions relating to 


Rm (1 + h) 


» ('P\ 

h 1 


h 


are satisfied, we observe that (x) < » where U denotes the upper 

limit of \(f> (y)\ in the interval (—1, 1). Let t be so chosen that 

1 > ^ > — ^ , , (5 > 2), and let m be that integer next greater than \h\^^ 

which is not a multiple of we then have | hm^-^ I > I ^ it follows 

that, for each fixed value of h, m has been so chosen that 


R^ (1 + h) 

1 5 

^41) 

\q / 


\gj 

h 


h 


are both less than U | h and are therefore both less than €, pro- 
vided I ^ I < 8 ; where 8 is fixed so that < e. It is clear that 8 

may be chosen so small that m exceeds an arbitrarily prescribed integer 
m\ for all the values of h such that | ^|<S. 

We have lastly to prove that the sum of the first m terms of the series 
of which the general term is 


<f> 


sin TlaTT ( - -h A I 

-(^(sinw.,7r?) 

Trd)' ( sin n„n - 1 

w /_ 

V qj 

\ qJ 


hn/ 

is numerically less than e. 


P 

cos - 7T, 


Wi - 1 m 

This series may be divided into two portions S and S, where is a 

1 mi 


1 


- is less than 

«— 1 


fixed number independent of h, so chosen that the sum S 

mi 

an arbitrarily chosen number rj. The sum of the first mj terms of the series 
under consideration can be made arbitrarily small, by taking 8 sufficiently 
small ; for the number of terms is independent of Ti. We have then only to 

m 

consider the sum 2. 

mi 

rp . 1 

Since differs from an integer by at least it follows that 



26f>] 


The Condemation of Singularities 


397 


(f>' ^sin TigTr is numerically less than some fixed positive number U', for 


all values of We therefore see that 


Tr(h' 

m r 

Y 

(smn.TT^j 

p 

cosn^- 

Q 

Wi 




< TTYjU'. 


Further, m has been so chosen that rn ~ \h\'~^ < 1 ; from which we 
have m\h \ ^\h 1^'* -h d \ h\, where 0 < ^ < 1. If 8 be now so chosen that 


differ from one another 


8^“* -f- 8 < 1/25^, the two numbers 71 ^ 

by less than ~ ; moreover they are never integers, and contain no integer 
zq 

between them, and they differ from the nearest integer by more than . 
It follows that, for all values of y between sin 7i,fn - and sin + 8^ , 

m 

where has the values belonging to it in the series, H, </» (y) has a differential 

TTlx 

coefficient numerically less than some fixed number U". 

(f> sin n^n ^ h) - 4> (^sin n^-n 
Writing — / J I 


hrin 


in the form 



sin TiaTT ( 4- A ) 



w /_ 

: V fp 


sin Ufn — sin [^ifn - j 




sin - n^Txh 


rtjnh 


we see that tliis term is numerically less than ^ ^ I/". It now follows that 

Ilf " 

< 777] [U" U'); 

and this is numerically as small as we please, if we choose 17 and 8 sufficiently 
small. It is therefore possible to choose 8 so small that the last of the 
requisite conditions is satisfied, for all values of | ^ | < 8. 

It has now been proved that 


.(S' 


q / p 

“ cos riaTT' + a 


1 *</>{— l\^Pmnmq7rh) 

where a and h converge together to zero. 

The second series on the right-hand side of this equation can be writtea 
in the form 

1 ^ (— 1 h** sin nqTrJi) 1 £ (~ sin nqTrh) 
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where m is fixed as before, for each value of h. The second sum is arbitrarily 
small, for a sufficiently small value of 8. We have then to consider the first 
sum, wliich may be written in the form 

^ — 1 |»*p — 1 |«p sin nqirh) sin nqirh 

n 1 sin nqnh ’ 

and we now consider this sum in the different cases which arise when various 
assumptions are made as to the nature of the derivatives of </> {y) at the 
point y ^ 0. 

Case /. Let <f) (y) have the derivative 4 qo , at y ^ 0 on the right, and 
the derivative — oo , at y = 0 on the left. It is clear that, for positive 
values of h, all the terms of the series have one and the same sign, S having 
been chosen so small that 7nh is also sufficiently small; also it is clear that 
the first term of the series becomes numerically arbitrarily great for 
sufficiently small values of h. It therefore appears that the sum of the 
series becomes indefinitely great, as h approaches the limit zero from the 
right-hand side. If h be negative, the terms of the series all have the same 
sign, the opposite one from that which they have when h is positive, and 
as before, the sum of the series is indefinitely great as h converges to zero. 

It has therefore been shewn that 

h 

has the limit + <» on one side of the point and — qo on the other side. 

The singularities of the derivative of / (x) at the rational points have the 
same peculiarity as that of <f> (y) at the point y — 0; i.e. derivatives on the 
right and on the left exist, which are infinite, but of opposite signs. 

Case II. Let (y) have a differential coefficient at y = 0, which is either 
+ 00 , or — 00 . 

It is then clear that, in case p be even, 

h 

has the same limit -f qo , or — oo , as ^ . If p be odd, the terms of the 

series under examination have alternate signs, and no conclusion can in 
general be drawn as to the nature of the derivatives of / (x) at the point 
V 

X ^ 

q 

Case III. Let <f) (y) have a finite differential coefficient at y = 0. 
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In this case, as is easily seen, / (x) has, at the point ^ , a definite 
differential coefficient of which the value is 


oo 

77 S 



V 

eofi 7177 - . 


ml ^ q 

Case 1 V . Let ^ {y) have finite derivatives at y ----- 0 on the right, and on 
the left, which differ from one another. In this case / (x) has, at each 
rational point, finite derivatives on the right, and on the left, which differ 
from one another. 


Case V. Let D+ </>(()), />+</>(()), D~ <!>(()), ({> (0) be all finite and 

7) 

different from one another. The function / (a:) has then at at least when 
j) is even, the same peculiarity as <f) (y) at y 


EXAMPLES 


(1) Let (/)(;f/)r-?/sin 


1 

y 


, (f) (0) -0. The corresponding function f (x) is given by 


I 

^ sin nnx sin — 

/ (z) -2 where « >2. 

] 7r 

This function is continuous, but has no definite derivatives at the rational points. No 
assertion can be made as to the derivatives at the irrational points, because the differential 
coefficient </>' {y) has indefinitely great values in every neighbourhood of y~0. 


a 

(2) Let (/) iy) -- where «, jS are positive integers such that 2a and the real positive 
values of the root are taken. We then have 


(sin- mTx)f^ ^ 

f(z)-:i - . - where s ^2. 

I 71 * 

This function is continuous, and has, at all rational points, indefinitely great derivatives 
on the right, and on the left, of opposite signs. No assertion can be made as to the 
derivatives at the irrational points. 


cantor’s method of condensation of singularities 

270 . A method of constructing a function which exhibits, at an every- 
where-dense set of points, some singularity, either in relation to continuity, 
or to its derivatives, has been given by Cantor*. Let [y) denote a function 
which is continuous for all values of y in the interval (- 1, 1), except y = 0; 
and let (f> (0) ^ 0. Let G denote an enumerable set of points a>i , a> 2 , a> 3 , . . . , 
which may be everywhere-dense. The method of condensation consists of 
the construction of the function 

00 

/ (*) - S c„4, {x - w„), 

n* 1 

• Math, Annalen, vol. xix (1882), p. 588. See also Dini’s Orundlagen, p. 188. 
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00 

where Cj , Cg , . . . , c„ , ... are positive numbers, so chosen that the series Sc„ 

1 

GO 

is convergent, and that S {x — a>„) converges absolutely for each value 

71 “ 1 

of X, and uniformly in every interval. 

This method has two advantages over that of Hankel. In the first place, 
the points cuj , cug , • • . do not necessarily consist of the rational points of the 
interval (—1,4 1 ), but may form any enumerable aggregate. In the second 
place, for a value of x, the singularity in question is exhibited by the one 
term (x — 6u„) only, of the series which represents f (x); whereas in 
Hankel’s method, the singularity of (f> (y) a>ty = () is exhibited, for x p/q, 
by an indefinitely great number of terms of the series which represents the 
function formed by condensation. 

Let now <f> (y) be discontinuous at y = 0; then, for any value of Xq of x, 
which is not one of the values of (7, the terms of the series {x - 
are all continuous; hence, since the series converges uniformly in any 
interval containing it follows that/(x) is continuous at Xq. Again, in 
order to consider the continuity of / (x) at the point , we may separate 
the term {x — a>„) from the rest of the series. As before, the series which 
consists of all the terms except the one Cn<f> (x -- 6o„) represents a function 
which is continuous at a: = a>„, but Cn<f> (x — ojn) has at con a discontinuity 
of the same character as that of <f> (y) at y 0. It has therefore been shewn 
that / (x) is continuous at every point which does not belong to G, but has 
at every point oi G a, discontinuity of the same character as that of (f> (y) 
at the point y = 0. If (y) have a finite saltus k ait y ^ 0, the saltus of 
Cn<f> (x — con) at is kCn- Hence, on account of the convergence of 
there are only a finite number of points at which the saltus of / (x) 
exceeds any fixed positive number. The function / (x) is therefore a function 
that is integrable (i?). 


Let it next be assumed that (j> (y) is continuous tliroughout ( - 1, 1), and 
possesses a differential coefficient for every value of y except y ^ 0 ; and 
that the differential coefficients are all numerically less than some fixed 
positive number B. It then follows that the four derivatives of (y) at 


2 / = 0 are all finite; it also follows that 


^(A) 

Ji 


is less than some fixed 


number A, for all values of h which are numerically less than some fixed 


number 8. 


We now see that for any pair of points y ^ , y,^ such that | 2/i — ^ 2 1 < S, we 

ve ^ ^ < the greater of the numbers A and B, which may 

Vi Vt 


be denoted by C, 
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If X be not a point of O, the sum 

I ^ ^ ~ 0 ~ ^n) 


2 

-m + 1 


/t 


is <c i c„, 

n - TO + 1 


provided | // | < 5 ; hence the series is uniformly convergent for all values of 
h such that 0 < I /t I < 8, and therefore it represents the value of/' {x). 

In case x be a point oi,, of G, we separate from the series wliich represents 
/ (x), the term {x — It appears then that the remaining part of the 
series represents a function which has a definite differential coefficient A (wn) 


at oj^ . 

We have therefore 


fiw„ + h) - fi<o„) 6 (h) ^ ^ 

h 

where ^ converges to zero when h does so. It thus appears that / {x) has no 
definite derivatives at x ^ , but that it has at the point the same kind of 

singularity as (y) has at the point y 0. 


EXAMPLES 

(] ) Let </) (?y) ■- y - iy sin (i log y^). This function has a differential coefficient 4>' {y) for 
every point except y — 0; and (P' (y) oscillates between the values 1 - 1 + f/V2« 

The corresponding function / (x) =2c^</) (a; - a)„) has a differential coefficient at every 
point not belonging to . At the point x = o>« , its derivative oscillates between values 
(<^n) -Xn (<^71)* 

(2^) Let (Piy)^y^; then (p' (0)=^ +ao. The corresponding function 2c„(a;-a)n)^ has 
differential coefficients which are finite at a set of points not belonging to O, At a point 
con of G, we have / ' {a)„) = + 00 . This example does not fall under the case considered 
above, because | cp' {y) \ , for | y | >0, has no upper limit. 


THE CONSTRUCTION OF NON-DIFFERENTIABLE FUNCTIONS 

271. It has been pointed out in i, § 259, that a function / {x) may be 
continuous at a particular point x, and yet may not possess, at that point, 
a differential coefficient, either finite, or infinite with a fixed sign. A 

simple example of such a function is x sin which at the point a: — 0 is 
continuous, but whose derivatives, both on the right and on the left, 
oscillate in the interval ( — 1 , 1 ) ; similarly the function sin - is continuous 

at the point a; = 0, but the derivatives, both on the right and on the left, 
oscillate through the interval (— qo , oo ). The question of the existence 

* This function 2rn(x-w„)f has been studied by Broden, see his paper “Ueber das Weier- 
strass-Cantor’sche Condensation verfahren/* Stockholm d/r., 1896, p. 583; also Math, Annalen, 
voL IJ (1899), p. 318. See further Pompeiu, Math, Anruden, vol. Lxm (1907), p. 326, where it is 
shewn that, if the series be denoted by t, the inverse function x~0{t) is a continuous function 
^ith a limited differential coefficient, which is zero at an eveiywhere -dense set of points, provided 
the series 2:c„* be convergent. This function is accordingly everywhere-oscillating. 
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of a contimious function which at no point has a differential coefficient, 
either finite, or infinite with fixed sign, was settled affirmatively by the 
construction by Weierstrass* of such a non-differentiable function. This 

example of a non-differentiable function, namely the function 

00 

y ^ S a” cos (b^rrx), 

w-O 

where b is an odd integer, and a is such that 0 <: a < 1 , and ah > 1 1 
was first publishedt by du Bois-Reymond, with Weierstrass’ own proof. 

Attention has however been directed J by M. Jasek of Pilsen to the 
existence of a manuscript by Bolzano, said to date from the year 1834, in 
which Bolzano defined a function, continuous in a finite interval, which 
he proved to possess no finite differential coefficient at any point belonging 
to a certain set everywhere-dense in the interval. Jt lias been shewn by§ 
K. Rychlik that, in point of fact, Bolzano’s function possesses no differential 
coefficient, either finite or infinite (with fixed sign), at any interior point 
of the interval for which the function is defined ; at the left-liand end-point 
of the interval there is a derivative on the right of value 4 oo , and at the 
right-hand end-point the derivatives on the left are oscillatory. 

An example of a non-difierential function was published || in 1890, due 
00 

to Cellerier, namely, y ------ S where a is a sufficiently large even 

n - 1 

integer. There is evidence that Cellerier discovered that function as early as 
1830. This function is however not non-differentiable in the same strict 
sense as in the case of Weierstrass’ function, for, although it has no finite 
differential coefficient at any point, it has a differential coefficient 4 oo , 
at the points of an everywhere-dense set of points x, and a differential 
coefficient — oo , at the points of another everywhere-dense set. 

A general theory of the construction of non-differentiable functions 
was given ^ by Dini, which includes that of the Weierstrassian function 
as a special case. Methods of construction of such functions, dependent 
upon the employment of assigned functional values at the points of 
enumerable everywhere-dense sets, have been developed by Faber** and 
by Steinitz f 

* Werke^ vol. n, pp. 92, 97, 223. 

t Crelle's Journal^ vol. Lxxix (1876), pp. 21-37. 

X Sitz, berichte der k. Bohm Oes. der Wiss. (1920-21). 

§ Ibid. (1921-22). 

II Bull, des Sc. Math. (2), vol. xrv (1890), p. 152. A discussion of Cell^rier’s function has been 
published by G. C. Young, Quarterly Journal of Math. vol. XLvn (1916), pp. 137, 171; see also 
Falanga, Qiorn, di Mat. vol. ux (1921), p. 137. In both of these writings however the existence 
of the infinite difiPerential coefificients was overlooked. 

^ Annali di Mat (2), vol. vm (1877), p. 121; see also Dini-Liiroth, Orundktgen filreine 
Theorie der Funktionen einen verdnderUchen reden Orosae, Leipzig, 1892, pp. 206-29. 

Math. Annalen, vol. lxvi (1909), p, 81, and vol. lxix (1910), p. 372. 

tt Ibid, vol. hn (1899), p. 68. 
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It has been shewn* by E. H. Moore that the space-fitting curves given 
by Peano, Hilbert, and Moore (see i, §§ 326-328) are at each point devoid 
either of a unique derivative on the right or of a unique derivative on 
the left, and thus may be regarded as non-differentiable functions ; although 
these curves do not represent single- valued functions, and thus do not 
belong to the class considered here. 

A simple method of constructing functions which are non-diiferentiable 
in the strict sense has been given | by Knopp. This method, of which a 
short account will be given below, is applicable to obtain Weiers trass’ 
function and various other such functions which have been obtained by 
other mathematicians. 

f /x ) — f (x ) 

272. Let the incrementary ratio j y v ^ continuous 

X 2 

function / (x), corresponding to the two points a:,, X 2 , be denoted, as in 
I, § 277 , by / (aji, X 2 ). If a: be a fixed point, and X 2 < x < Xi, we have 

/ (Xj , Xo) ^ 1 (Xj , x) ^ + I (a;,* ~ j if follows that I [x ^ , X 2 ) 

a^i ~ X 2 ~~ ^2 

lies between the two numbers / (a^^, x) and I (arg, x)\ and when these have 
equal values, I (x^ , a^g) has the same value. 

If lim 1 {x^, a:), lim J (x 2 ,x) have one and the same unique value, either 

finite, or -f 00 , or — x ^ lim J {xi , a^g) is unique, and has the same value. 

Xi'^X, Xf'^X 

Conversely, if lim / {x^ , rcg) has a unique value, independent of the modes 

Xi'^X,Xt'^X 

in which x^ and a^g converge to x, then / (a:i, x), I (arg, x) each converges or 
diverges to that value, and there is a differential coefficient, finite or 
infinite, at the point x. 

It follows that, in order that the function may be non-differentiable 
at the point x, it must be possible to obtain two pairs of sequences of 
Xi, X 2 , where each of the four sequences converges to x, such that 1 (x^ , x^ 
does not, for the two pairs of sequences, converge or diverge to one and the 
same value. This is applicable as a criterion to establish the non-dif- 
ferentiabihty of a function at a particular point. In particular, it will be 
sufficient to shew that 1 (x^, x)^ I (xg, x) have not one and the same unique 
limit as x^ ^ x, X 2 ^ x, or that this is the case for 1 (x^, x) and / (iCi, x^. 
As an important example of the use of this criterion, we shall first 

00 

consider Weierstrass’ function f (x) == S cos (b^nx). Let x have a fixed 

r-O 

value, and let c„ be the integer, corresponding to each value of such that 
Cn-i&b"x<c^ + 

* Trans. Amer. Math. Soc. vol. i (1900), p. 72. 

t Math. Zeitachr. vol. u (1918), p. 1. This memoir contains a very full reference to the 
literature of the subject. 
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First, let 


^2- ^ 


I 


(r-=n-l Qn 

then I X 2 ) ^ ib^ \ S a*' (cos b'^TTX^ — cos b^irx^) + (— 1)^" - 

( r-O A ~ 


it being assumed that b is an odd integer. 


Since | cos b'^Tvx^ — cos b'^7TX2 1 ^ b^7T (x^ — X 2 ) = 

r . X o IL (- IK" X - 1 

/ (X, , X,) = |a«6" — ^ + Xn-^~ , 


^TTlf 
2 ’ 


we have 
where - 1 ^ A ^ 1. In case 


we have I (x^, == (— 1)®" a*^b^N„ — ^ ^n> 0. In a similar 

C — i C “h 1 

manner, if we take xJ — ^ , x/ , we find that 

I (a:/ x^’) = - (- ; 

where > 0, and — 1 A' ^ 1, where, as before, ab > 1 f |7r (1 - a). 

In case there is in {c„} a sequence of even integers, it is seen that, as 
Cn has successively the values in this sequence, I {x^, Xg) is positive and 
increases indefinitely, and I {Xi\ X 2 ) is negative and increases indefinitely 
in numerical value. It follows that there is no differential coefficient at 
the point x. The same conclusion can be made in case {c^} contains a sequence 
of odd integers. The theorem of Weierstrass has thus been established 
that, b being an odd integer, if 0< a< 1, ab > 1 I- ^tt the continuous 

00 

function 2 a’* cos {b'^irx) is non-differentiable. That the inequality 

n-O 

06 > 1 + f TT 

may be, as is shewn above, replaced by the less stringent condition 

> 1 -f fTT (1 — a) 

was proved by Bromwich*. 

G. H. Hardy has shewnf, by a method which is much more abstruse 
than the one which has been employed above, that, if 0<a<l, 

QO 

whether b be integral or not, the function 2 a” cos h^x has no finite 

n -0 

differential coefficient, and he has obtained other properties of this and 
similar functions. 


It will now be shewn J that Weierstrass’ function, when the integer b is 
subject to the condition ab> I, has, at an everywhere-dense set of points, 
a unique derivative on the right equal to — 00 , and a unique derivative on 

♦ Theory of Infinite Series^ p. 490. t Trans, Amer. Math. Soc. vol. xvn (1916), p. 301. 

X See G. C. Y oung’s memoir. Quarterly J ournal, vol. xlvii ( 1916), p. 167, where this is established. 
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the left, equal to + oo ; and that at the points of another everywhere-dense 
set, there are unique infinite derivatives, + oo on the right and — oo on the 
left. In geometrical language, the function has cusps at the points of two 
everywhere-dense sets ; in these sets the cusps point in opposite directions. 

Consider the point a: = 0, we have then 

/ (0) - Hh) ^ I _ POS b^TTh) = 2 £ a" sin^ ; 

^ n -0 n -0 

let m be the positive integer such that \ h\h^^\<\h \ 6""+^, we have 
then 

> 26™ "iT a** sin2 J6"7r ] 6 | ; 
ri 

and since sin \b^TT | h | > - (6"7r | ^ |) > have 

f{0)~~f(h) 2 2 2 a^b^ 

*' ' ' > ' ' > /jiW 

“ 1\: ■ 6™^2 „ro “ " ^ 6™+= a62 - I 62 06“ - 1 ‘ 

As ni increases indefinitely, h converges to zero, and since for a6 > 1, a"'b”‘ 
increases indefinitely, we have 

- 74/(0) - - 00 , and />-/(0) = D_.f(0) = + oo . 

2?* 

Let X = x' where r is any positive or negative integer, and m is 

a positive integer; we have then 

m l 00 

/ (o’) 2 a” cos b^TTX S a” cos b^7rx\ 

n •= 0 n « m 

The first term on the right-hand side has a finite differential coefficient 
2/* 

at the point x = , and the second term has a unique derivative — oo , 

on the right, and a unique derivative H- qo , on the left. Thus at the 

2r 

everywhere-dense set of points x ^ we have D+f (x) -= D^f{x) ^ — oo, 

2v "f* 1 

and D-f (x) = D._f (x) ^ oo . If we take x = x' -\ , we have 

m- 1 00 

/(x)= 2 a^cosh’^TTX— H a”cos6"7rx'; 
n-O n-m 

2/* 1 

therefore, at the everywhere-dense set of points x = — , we have 

D+f(x) = D^f (x) - -f 00 ; D-f (x) == D..f (x) - - oo . 

It does not appear to be definitely known whether a non-differentiable 
function can exist which has no cusps. 
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278. The function given by Cell^rier will be now discussed. 

00 2 

Let / (a;) = 2 -- sin a^x, where a is an even integer. We have 

n-l ® 

00 I 

f (x -Jr h) -f (x) == 2 “ {sin {x -f h) — sin a'^x} ; 

n»l ® 

277 

if now ^ , where m is a positive integer, all the terms on the right- 

d 

hand side vanish, except the first m — I terms ; thus 


/(£+ W == "s' -“s 


^-1 . 1 - cos (27ra»*-»'*) 

sin a^x — _ ■ 

n-l 277^”"”^ 

m -1 

The first sum on the right-hand side differs from 2 cos a^x by less than 


n-l 


277a**" 


n - 1 


2772 


1 


; the 


m - 1 1 / 277 \2 

2 ^ ( I , if we assume that a > 2 ; and this is less than „ . 

n-l 6 Va ’ 3a a -1 

general term in the second sum is numerically less than 77a”"*”, hence the 

TT 

sum is numerically less tl^an ^ . We thus have 

7^=-' - / ^ ^ S cos a” a: 4- A^, 

ht n-1 

where | 0 | < 1, and A is a positive number dependent only on a, and 
which may be made as small as we please by taking a sufficiently large. 

If we take ^ the mth term in the incrementary ratio I J does not 
a 

2 

vanish, but has the value sina”*a:; the succeeding terms all vanish, 

77 

m-l 2 

and we find that 1 ^^' = 2 cos a” a; sin a^x 4- X'd\ where I I < 1, and 

n-l 

A' is a positive number dependent only on a, and which becomes as small 
as we please by taking a sufficiently large. From the above results we have 


^ m-hl ^ 1 

1 -I ' 


2 


cos a^x 4- 2A^", 
sin a'^x 4- 2 X' 0 '" ; 


when I i, I 6 '" | are less than 1. It follows that 

<7x2 


(/„ -/„')* + (/ 


m+1 


I 12 

m) 


is, for all values of m, greater than 1 — 2{4A2^"2 + 77^A'2^"'2}i^ or than 
1 — 477 (A2 4- A'2)*, which is certainly positive, if a be large enough. 

It is consequently impossible that and I J should both have unique 
finite limits which have the same value, for it is impossible that both the 
conditions lim — I^') = 0, lim (Im+i — Im) = ff should be satisfied. 

m—00 9 n<-aO 

Therefore, if a be a sufficiently large even integer, / (x) has at no point a 
finite differential coefficient. In order that I ^ and I may both have the 
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same infinite limit, -f qo , or — oo , it is not necessary that these conditions 
should be satisfied. It will be shewn here that there is an everywhere-dense 
set of points in which Cell4rier’s function has a differential coefficient 
+ oo. In geometrical language, the curve represented by Cell6rier’s function 
has a set of points of infiexion. At the point a: ^ 0, we have 


fih) -/(()) 
h 


S “ sin (a”^) ; 


let m be such that | ^ I ^ U ^ 

^TTt 

terms on the right-hand side is positive, and greater numerically than — . 


" 1 

I'he sum of the remaining terms is niimericially less than S ^ , or 

n m M ® I ” 1 

than ^ . If m be indefinitely increased diverges to + ao , 

whether h be positive or negative. It follows that, at the point x 0, the 

Ttt 

function has a differential (joefficient i oo , Let x - x' j — , where r is 
any integer and ?n is a })ositive integer. We have then 


W» 1 00 J 

/ (^) ■ ^ («"*) ^ ^ > 
n-1® n«m + l® 


and this function has a differential coefficient -f oo at the point x 

since the first sum has a finite differential coefficient. It has been shewn 
(t, § 298) that the set of all the points at which the differential coefficient 
is infinite has a measure zero. 


The method which has been applied above to shew that Cellerier's 
function has, for a sufficiently large even integer a, no finite differential 
coefficient, may also be applied* to prove the same property of Weierstrass’ 

ao 

function 2 a" cos (b^nx), where 0 < a < I, and b is an odd integer such 

71 =1 

that ab^ 1. 


274 . An account will now be given of the mode of construction of non- 
differentiable functions developed f by Knopp, and which has been already 
referred to in § 271. 

Let Un (a:) be a continuous function, defined for each value of n (0, 1, 2, 
3, ...) for the indefinite interval ( — oo, oo), as a periodic function, of period 
21, so that tin (x) tin (-^ + 2Z). 

* This has been carried out in detail by Falanga {loc. ciL), where however the condition that 
b must be odd is omitted, although it is necessary in the process. The possibility is also overlooked 
that the function may have an infinite differential coefficient. 

t Math. Zeitachr. vol, ii (1918), p. 1. In this memoir geometrical illustrations of the method 
of const! action are given. 
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If c„ be the greatest value of | {x) |, it will be assumed that the 

eo 

series S is convergent, so that, in accordance with Weierstrass’ test, the 

n -0 

series ^ Un (x) converges uniformly to a continuous function f (x). Let 

n« 0 n 

the partial sum S (x) be denoted by /„ (x), so that / (cr) - lim /„ (x); 

n»0 n~oo 

we thus have/„ (x) ~ f^-i (x) - (:r) - (^)* 


It will further be assumed that each function (:c) has, in a complete 
period (0, 2/) of x, a finite set of maxima and minima, the number of which 
increases indefinitely with n, and so that the greatest interval between a 
minimal point x, of (x), and either of the adjacent maximal points x, 
diminishes indefinitely as n is increased indefinitely. I^et f be any value 
of X, then ^ is in an interval (xl^\ where Xr^^ and are two 

consecutive minimal points of (x) ; the point f may coincide with Xr 
or with x^h . Let be the maximal point of (x) next to, and on the 
left of, the point x^J ^^ ; and let x'l^^i be the maximal point of (^) next to, 
and on the right of, the point ccr u» consider the two incrementary 

ratios 


/ {xitl ) - f (4”’) / (a-t+l) - / (^ 'r -1 ) 


/ «) ( n ) 

Xril-X^ 


4+1 


X r-1 


of the function / (a;). Since the interval (4”^ 4+\) is determinate for each 
value of n, for a fixed point we have, as n is increased, two sets of in- 
crementary ratios off{x) such as are considered in § 272, in expressing the 
condition that the function / (x) shall be non-differentiable at the point x. 
Let it be assumed that, from and after some value m, of n, the conditions 

/ ) > / iff), f {xf\ ) > f (4+1 ) 

are both satisfied, for n^m\ the two incrementary ratios then have 
opposite signs. In case both the incrementary ratios increase indefinitely 
in numerical v«alue, as qo , they diverge to qo and — qo respectively, 
and there is consequently no differential coefficient, finite or infinite, at 
the point In order to ensure that this is the case for all points f, let 
be the upper boundary of the set of absolute values of the incrementary 
ratios of (x) for every pair of points ; this is the same as the upper 
boundary of the absolute values of any one of the four derivatives of (x) 
(see T, § 280). It then follows that the values of all incrementary ratios 
for the function /„_i (x) = (x) + (a?) + ... f (x), lie in the interval 

bounded by the two numbers i (Af^ + A^ + ... + A^.j). 


Let it now be assumed that 


Mn (a:'r+l) > M„ (4“*), and U„ (x'r"\) > U„ (4+l). 


from and after some value m, of n, wherever the point ^ may be; since the 



274 , 275 ] The Construction of Non- Differentiable Functions 409 


functions are periodic these conditions are finite in number, being all 
obtained by assigning a finite set of values to r. 

It follows that 


f/ (4”+ 1 ) - / (4'*’) > fn {Xfll ) - /„ (4”') 

\f{xf\) -/(4?i) >/„ (4"\) -fn (4+'l) 


where n ^ m. 


Let Bn denote the smallest of the finite set of numbers 


/ /(W) V . (?l)v 

Un r+l) “ ip^r ) 


,(n) 

X 1 


in) 


/ fin) . / (^) \ 

Un (Xr-l) - UniXr + l) 


r -1 


in) 

^r+1 


where r has the finite set of values required for points f in the interval 

(0, 21). 


We see then, since f„ (x) ^f„ , (x) + (a;), that 


/(4?,)-/(4”V. o (A + A ^ ^ A ) 

An) (n) ' ••• ■' ^n-lh 

iCr+1 - -^r 


f(xf\) - 

<(rt) (n) 

.t: y_i — Xr-^i 


-- -|- (Aq p- a I p- 


f- .j). 


If now lim {/?„ — (Aq f A^ -4 ... 4 P^n-i)} ^ + Qo the required con- 

U'^CC 

ditions are satisfied by the two incrementary ratios, and the function / (x) 
has consequently at no point a differential (joefficient. It has thus been 
proved that: 


It is sujficiefit, in order that f (x) rnay be non-differentiable, that (1), 

/ fin) V / in) ^ j / fin) . / (n) . » ^ , (n) (n) 

'^n r+ 1 ) > \^-r )) Un(x r-i) > ^n (Xr+i) JOT u ^ ni, where Xf , x^^x are 

any tivo consecutive minimal j)oints of Un (x), in order from left to right, 

xfh is the maximal point of Un(x) next on the right of and .T'r-\ Ihe 

('/I-) 

maximal point next on the left of Xr ; and (2), that 


lim {Bn - (Ao \ A^ F ... + An ^)} - co ; 


where An is the upper boundary of the absolute values of all incrementary 
ratios of Un (x), and Bn is the smallest of the finite sets of numbers 


/ fin) . t in) 

Wn(a’r + l) WnC-Tr ) 


/ fin) V / (^) \ 

Mn(a^r-l) - U„(Xr+i) 


X r+1 


in) 


fin) 

Xr-1 


in) 

Xr-\-l 


275. There are four specially simple types of non-differentiable func- 
tions which may be defined by the method developed above. 

( 1 ) Let the minima of Un (a:), for n^ \, be all zero, from which it follows 
that Un (x) ^ 0, for all values of x. Further, let all the maximal and minimal 
points of Un^i {x) be at zeros of Un (x). In this case the condition (1), of 
the above theorem, is certainly satisfied, since 

“n(44 = 0. Mn(4”4)--0, M„(a:4+l)>0, «„(x'r-4)>0. 
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(2) Let the maximal and minimal points of (x) be all at zeros of 

Un {x)y for w = 1, 2, 3, .... In this case /(a:) (a:), at any maximal or 

minimal point of (x). 

(3) Let the minima of (a:), for ri ^ 1, be all zero; and thus (x) ^ 0, 
and let all the minima of u^-i (x) be at zeros of (x), but not as in (1) the 
maxima. 

In this case we have / (a:) =- (a;) at any minimal point of (a;). 

(4) At every minimal point of u^-i (x), let 

{X), (X) + (x), ...,u„(x) + (x) 4 ... 4 (X), ... 

all have negative values ; and at any maximal point of Un _i (x) let the same 
expressions all have positive values. 

In this case fn+m-i (x) < fn 1 (a:) at a minimal point of i (x), and 
fn+m-i (x) > fn-i {x) at a maximal point of (x). 

As a simple example of type (1), let iff (x) denote the polygonal function 
which is defined in the interval (0, 1) by 

iff (x) ^ X, iov 0 ^ x \ \ iff (x) I ~ x, for J a: ^ 1 ; 

and which is defined for all other values of x by the law that it is periodic^ 
with period 1 . 

Let Un (x) ^ a^iff {b'^x)y where a < 1, and b is an even integer ; since 
0 ^ iff (b^x) it is clear that S a^iff{b^x) converges uniformly to a 

w-i 

continuous function / (x). The maximal and minimal points of iff (6'* ^ x) are 
given by a; ^ r . where r is a positive or negative integer, or zero; 

and all these points are zeros of hence the function is of type (1), and 

therefore the condition (1) of the theorem of § 274 is satisfied. The value of 

is the maximum of | a^b^iff' (6”x) | which is a” 6"* ; also since 

1 3 

0, ^ are consecutive minima of (x), and is the distance of the 

3 

minimal point x 0 from the maximal point x ^ The requisite con- 
dition (2), of § 274, is that 

lim da^b^ — ab - a^b^ — ... — ^ oo , 

n'-oo 

or lim a” 6” y — — ^ ^ , 

n-ao \3 ab - IJ 

which is satisfied if a6 > 4. 

It has thus been shewn that : 

00 

The function H iff (b^x), where a< 1, and b is an even integer, is non- 

n“ 1 

differentiable, if ab > 4. 
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The function ^ (x) was first employed* by Faber, for the purpose of 
constructing a non -differentiable function. The function actually con- 

QO 2 

structed by Faber was the function S — tjj (2^^ x)\ he shewed that this 


n“l 


function satisfies the wider condition that 


f(x + h)-f (x) 


\hY 


for an 


arbitrarily small positive value of e, has arbitrarily large values. 


OO oo 

In general, the function where S is convergent, and 

n ” 1 n - 1 

an integer such that Pnl^n - 1 even integer, is non-differentiable if 

- (aiA + + ••• + ctn-iPn-i) diverges to + <» , as n ^ cso . 

If we take instead of ifj (x) the function | sin tto: | , we obtain the function 

oo 

2a” I sin h^Trx\\ when a < 1, and b is an even integer, then 2 a” | sin b^nx | 

n- 1 

is a non-differentiable function, of type (1), provided the second condition 
of the theorem of § 274 is satisfied. In this case it is found that a^b'^ir^ 

Bn and thus the condition is fulfilled if fa” ft” - - y diverges to 

-1 00 , which will be the case if ab > I + 

As an example of a non-differentiable function of type (2), let x (^) 
denote the polygonal func^tion obtained by joining 

X (x) -- X, for 0 ^ f , x (^) 1 x, for f a: ^ ^ , 

X (x) -- X — 2, for ^ X 2, 

and extending the function so that it is periodic, and of period 2. 

If (x) - 2 a”x (^”x), (.r) --- 2 (— l)”a”;^ (ft”a;), where 0 < a < 1, 

71 - 1 W 1 

and ft is an even integer, the maximal and minimal points of 
Un-i (x) ~ a” or (- l)"~^a”-^X 

are zeros of Un {x). 

If aft > 1, as in the former case the condition (2) is fulfilled, and it is 
clear that the condition (1) is satisfied. Therefore, when aft > 1, the 
functions f^Hx),f^^x) are non-differentiable. 

As before it is seen that the two functions 


oo oo 

2 a”sinft”Tra:, 2 (— l)”a” sin ft”7ra:, 

w = 1 n =- 1 

where 0 < a < 1, and ft is an even integer, are non-differentiable if 

aft > 1 -f- |7r. 

Examples of non-differentiable functions of tjrpe (3) are 
2 a”0 (b^x), 2 a” | sin b^nx | , 

n-l n-1 


* Math. Annalen, vol. Lxvi (1909), p. 81, vol. lxix (1910), p. 372; see also Jahreaber. dtr 
deutachen Math. Vereinig. vol. xvi (1907). 
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where 0 < a < 1, 6 is an odd integer, and in the first case a6 > 1, in the 
second a6 > 1 -h ^'rr. 

Examples of functions of type (4) are: 

00 

2 a'^x where 0 < a < \, b ^ 4m -f- 1, ah > 4, 

w-l 

QO 

2 a” sin where 0 < a < 1, 6 ^ 4m -f \, ab > 1 4- 

n“ 1 

OD 

2 (— l)”a"x where 0 < a < 1, 6 ^ 4m + ab > 4, 

00 

2 (— l)”a” sin (//'7r.r), where 0 < a < I, /> 4m I 3, > 1 I- :]77. 

n- l 

It is easily verified that, subject to the stated conditions, the conditions 
of the theorem of § 274 are satisfied. If, in the second and fourth of these 
functions we change x into x -\- the functions become the Weierstrassian 

00 

function 2 a** cos b^rrx, where b is any odd integer, 0 < a < 1, > 1 + |7r. 

n 1 

THE CONSTRUCTION OF A DIFFERENTIABLE EVERYWHERE-OSCILLATING 

FUNCTION 

276. The first attempt to construct a function with maxima and minima 
in every interval, which should have at every point a finite differential 
coefficient, was made by Hankel*. The function which he constructed is 
however not an everywhere-oscillating function. By Du Bois-Reymondf 
the view was expressed that no such function can exist, but Dini J regarded 
the existence of such functions as highly probable. The first actual con- 
struction of such a function is due to Kopeke, who having first § constructed 
an everywhere-oscillating function with derivatives on the right and on the 
left at every point, in a subvsequent memoir || obtained a function having the 
required properties. Kopeke’s construction has been simphfied by Pereno^, 
and the account here given is based upon the work of the latter. 

On a straight line AB measure off segments AA\ B'B, each equal to 
^i)AS‘ Let O be the middle point of AB, and draw through O straight lines 

^ 2 ^ ^3 5 ••• Risking angles with OA of which the tangents are 

1/2”, 2/2”, 3/2”, ... (2” l)/2” 

respectively. Through A' draw a straight line making with A'O an angle 
of tangent 1/2”. Through the intersection (r^, rg) of and r.^, draw a straight 
line r/ parallel to r, : through {r^, r^) draw a straight line rg' parallel to rg, 

* Math. Annalen, vol. xx (1882), p. 81. t Crdle's Jmirnal, vol. lxxix (1875), p. 32. 

t Qrundlagen, p. 383. § Math. Annalen, vol. xxix (1887), p. 123. 

II Math. Annalen, vols. xxxrv (1889), p. 161, and xxxv (1890), p. 104. 

^ Oiorn. di Mat. vol. xxxv (1897), p. 132. 
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and so on. The straight lines , . . . ^ form an unclosed polygon 

above A'O. On OB' describe a precisely similar polygon on the other side 
of AB. The figure is drawn for the case n 2, and shews the half of the 
figure belonging to A'O. The two polygons form a single polygon joining 
A'B' , and crossing it at 0, On take A' A" - AA' , and describe an arc of a 
circle touching AB at A, and at .4". At each vertex of the polygon which 
has been constructed, mark off on the sides adjacent to that vertex lengths 
equal to of the shorter side, and construct an arc of a circle touching the 
two sides at the extremities of these segments so marked off. We have now 
a figure joining A and B, and composed of arcs of circles and of straight 
lines. This figure, by means of its ordinates perpendicular to AB, defines a 




continuous differentiable function, with a continuous differential coefficient 
which is zero at A and B, and is — (2^^ + l)/2” at O, This function may 
be denoted by (A | B )^ . 

Let x,y he db system of coordinate axes in a plane, and draw a quadrant 
of a circle passing through the points (0, 0) and (1, 0), in the positive 
quadrant. Let (x) be the function represented by this quadrant, for 
the interval (0, 1) of a;. The function Fq (x) has a maximum at a; ^ also 
Fq (0) = 1, (1) ^ II denote the value of Fq (x) at Xq 

describe the curve of wliich the ordinates are ao (0 | , from a: -= 0 to a: -- J , 

and — (Iq(W l)i , from a: = | to a: 1. This curve represents a continuous 
function (x ) ; and we have 

fi (0)=^// a)=/x'(i)=-o, 

fi (i) — ^ 1^0 > /i (I) = 


and 



414 Construction of Functions with Assigned Singularities [CH. vi 

The function (x) = Fq (o;) f fi (x) 

is such that 


^V(0)-=1, F,'(i)^0. 

Thus jPi (x) has a maximum in the interval (0, J), a minimum in (J, J), a 
maximum at x | , a minimum in (| , |), and a maximum in (|, 1). 

Let the interval (0, 1) be divided into sub-intervals, by means of the 
points at which F^ (x) - 0; then, in each of these sub-intervals, F^ (x) is 
monotone. Then divide each of these sub -intervals into 2, 4, 8, ... equal 
parts, until the fluctuation of F/ (x) in each of these parts is ^ this is 
always possible, since F^' (x) is a continuous function. Let c^i \ ... 

denote all the points in which (0, 1) has been divided in this manner. In 
any one part (ci* F^ (r) is monotone, and its differential coefficient 

has a fluctuation ^ 1 . Let ai \ af \ ... denote the values of F^ (x) at the 
middle points of the intervals (0, •••• describe the curves 


^(1) ff. I ii). 

(fl I )2 ’ 


(l\ (^1 1^1 )2’ «1 (^1 Kl )2 


these form together a continuous curve which represents a function /g (x). 
Let 


^2 M - ^0 (^) f fl (^) + /2 ; 


(fl ~ 1) (s) 

then F 2 (x) has, in every interval (ci , Cj ), a new maximum and a new 
minimum. The length of each interval is < 1/2^. 


Proceeding in tliis manner, let us suppose that the function Fn (x) has 
been formed. Take the points at which Fn' (x) vanishes, and, in case Fn (x) 
has lines of invariability, the limiting points of those lines; these points 
divide (0, 1) into sub-intervals in each of which F (x) is monotone. Then 
divide each of these sub-intervals into 2, 4, 8, ... parts, until the fluctuation 
of Fn (x) in each part is ^ 1/2^; let Cn\ \ ••• all tL® points of 

division of (0, 1) thus formed. In any interval (c^ , ), the function 

Fn {x) is monotone, and the fluctuation of Fn (x) is ^ 1/2’*. Let 

( 8 ) 

(^n y > ••• » ••• 

be the values of Fn' (x) at the middle points of the intervals ; and, in the case 
of a line of invariability, take as the corresponding value of the a„, 1/2” or 
— 1/2”, according as the line of invariability is in the interval (0, \), or in 
1). Let the curves a^n (Cn | <^n^)n+i ^ described, and let the function 
Tepresented by the totality of these curves be denoted by/„^.i (x). Then the 
function 

-fn+l (X) = F„ (x) +f„+i (X) 

has a new maximum, and a new minimum, in every interval (cjf ~ **, c^^), 
and the length of each of these intervals is less than 1/2”+^ 
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Jf this law of generation of the functions /„ (x) be employed indefinitely, 
we have a series 

To (^) -f fi (x) /a (x) -f ... f fn (x) -f ... ; 
and it will be shewn that this series represents a continuous function which 
is everywhere differentiable, and which has an ever 5 rwhere -dense set of 
maxima and minima. 

277. Let F,' (x) -I // (x) f/,' (x) + ... +/„' (x) (x); 

it will then be shewn that, for every value of n and x, (x) is numerically 

less than 11 ^1 I , which may be denoted by F. Let us assume that 

" / 1 \ 

I aS'„ (x) I is, for every value of x, less than f I ^ i I j ■ hich may be denoted 

by it will then be shewn that | Snn (^) I < ^wfi* 

Let the point x be in the interval (c^ Cn\ where x < cfn \ the number 
s depending upon the value of x: we have then, in ac'cordance with the 
construction of the functions, 

(^) ' {^) i ^n + l’ 

where 1 ^ a„ ^ I 1). 

In the interval (Cn ^ {x) has a fixed sign, the same as that of 

an\ but this is not the case for (r). If is positive, we have 

If is negative, we have 

I ^nn (*) I < I Pn {x) I < Pn < Pn^l \ 

it has tlms been shewn that if | 8^^ (x) | < then also | {x) | < Pn+i* 

Now I Pj' (x) I is, everywhere in (0, 1), less than (1 + J), and therefore the 
theorem | 8^ (x) | < follows by induction. A fortiori | 8^ (x) | is, for 
every value of n and x, < P. 

The numerically greatest value of /„,! (x) in the interval is 

at some point on the left of the middle point of the interval, and that 

1 1 

value is consequently < ^ , since the length of the interval is 

less than 1/2”^^ Also, as has been shewn above, a^. < P, and therefore 

p 

l/nfl (^) 1 22«+3? 

and hence, since the terms of the series fi (x) -h f 2 (x) + ... are numerically 
less than the corresponding terms of the absolutely convergent series 
P P P 

26 27 ^ 
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it follows that the series (x) 4-/2 (^) h ••• is uniformly convergent in the 
interval (0, 1). It follows that the function F (x), defined as the sum- 
function of the series jPo (^) + /i + /2 (^) •••» is a continuous function. 

In order to prove that the function F (x) is everywhere differentiable, 
we shall shew that it satisfies the conditions stated in the theorem of § 2,35. 

We have first of all to shew that the series // (a:) + /g' (x) 4- ... is 
convergent for all values of x in (0, 1). In ease, for any value of x, all 
the numbers (x), (a:), ..., from and after some value of n, have all 

the same sign, say the positive sign, we have 

(Si) 

(^) = M > 


where m is the value of 71 in cpiestion. 

Sfn-i-2 (^) ^ 1 1 


Also 


M I 


(Sa) 

1 

2 mr2 ’ 


with similar inequalities involving higher indices, 
we find 


^ fni p ^ 


From these inequalities, 
P 

(7m + p~l ^ ^ 

2m+p 2 '^*’ 


and since m may be taken so great that P/2^'^ is arbitrarily small, we see 
that m may be so chosen that ^ (x) is arbitrarily small, whatever 

positive integral value p may have. It has thus been shewn that, in the 
case considered, the series is convergent. 

It may happen that Sn {x) is zero, owing to x being at a point of division 
an ; in this case all the functions /„' (a;) with liigher indices vanish, and 
therefore all the functions (x) vanish, from and after the particular value 
of n. It may happen that (x) vanishes, owing to x being a point of 
invariability of (a:); in this case (a:) may vanish if x is an extreme 
of fn^l {x), and then a: is a point of divivsion an~^ 1 , and all the functions (x) 
for indices 7n > n vanish. Thus if, for any value of x, (x), (x) both 

vanish, then (x) vanishes for all values of m n. If (x) vanishes, but 
not (a:) or (x), x is a point of invariability of {x), and 

o / X - 1 1 \ 

aS^w+ 1 (^) ^ ^Tj 2”"* 

and the same reasoning is applicable as before. Let us next suppose that 
the functions (x) are never all of the same sign, from and after any value 
Tiy and that for some values of n they vanish ; let ti^, ... be the values 
of 7^ for which (x) has a change of sign, for example, let (x) be 
negative or zero, and (x) be positive, and (x) positive or zero, and 
Sn2+1 (x) negative, and so on. If (x) is negative, we have 

(Si) 

‘S'n.+i (X) - S„, (x) 4 a„j , 




+ 1 ), 


where 


1 « a. 
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and since is negative, we have 

o , ^ ^ T P 

tl {^) 2n, 

acjcoimt being taken of the fac^t that the fluctuation of (x) in the 
interval in which x lies is 5 If (a:) is zero, so that x is a point of 
invariability of (x), we have 

J / I \ P 

(^) 2W| + 1 ■f' 2«l^ 1 ^ 2”»* 

In any case we find that 

P P P 

(^) (^) + 2 ^~-ri 2^*» ^ ’ 

where p 1, 2, ... /I2 — 

Similarly, we find that 

and if (x) > 0, we have 

P P P 

I (^) I *■- I (^) I •! 2w7T-1 2^'» ^ 2”* + ^’ 

for p -- J, 2, 3, ... ng — Wg- 

It is seen from these results that | (x) | becomes arbitrarily small for 

all sufficiently great values of 71, and thus lim (x) = 0. It has now been 

W =QO 

shewn that in every case the series 

j^o' (x) + fi (x) +// (x) + ... 
converges for each value of x in the interval (0, 1). 

278 . It must next be proved that, if e be an arbitrarily chosen positive 

number, then, for a given x, a number 8 > 0 can be found, such that, for 

each value of h numerically less than 8, and for which a; 4- is in the 

interval (0, 1), there exists an integer m, variable with h, and not less than 

a prescribed integer m', such that the three numbers 

Pm (x -{-h)- F„, {x) (x 4- Ji) {x) 

h ' ' ^ ^ 

are all numerically less than e ; {x) denoting the remainder of the series 

which represents F {x), that is, F (x) — Fm-i {^)- 

The case may be left out of account in which x coincides with one of the 

points of division of (0, 1); for the function F (x) is then represented by a 

finite series, and is differentiable, since/ 'nr. (Cn) ^ 0, for P> 1. 

Let €, m' be fixed, and let us consider a point a; in (0, 1) ; then a number 

n^w! can be so determined that 

P 1 I 

^ < g €, and I (a:) - (*) i < 3 f , 
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where p, q are any positive integers. For any value of h, such that x h 
falls within the interval c^^), the number m can be determined. Let 

(fl*) (fl) 

h be positive, and determine so that x < Cn.+1 ^ * h A S ^ c„ ; then 
it can be shewn that «i + 2 is a suitable value for m. We have 

(«) 


and 


(C+i) = 0; 

(c».Ti :t k) I < for ]. 


(s') 

The point + i is in general between x and x h, and therefore it deter- 
mines two segments, , where 


(s') 

^ ^*n, 4 1 


A j , X h - [ 1 -[" A 2 • 


We have therefore 

p 

I ftii 13+1 (^) I < ’ I /ni l 1+2 i^) i 

and so on ; and from these inequalities we find that 

1 


_jP_ A. 

2n, + l + 2 '^1’ 


-Rn.HJ (X) I < Pkt + ...| < , 


Pk, 


and similarly that 
Since k ^ , Arg are less than A, we have 


^nH2 (^) 

< , < €, and 

1 ^ni+2 + A) 

h 1 


A 


< 


2ni + l 


It has thus been shewn that m = -f- 2 is a value of m which satisfies 

the required condition. The case in which h is negative can be treated in 
the same manner. 


We have now to prove that 


h 


!(^) 


< e. 


Sn\2 {^) 


We see that 
-Fn.+i jx + h)- F„,^1 jx) 

h 

F„, { x + hy - F „, (x ) _ ^ ^ 

and if a;, a; 4- A are points in (c^, the absolute value of the first term 

on the right-hand side is not greater than 

We consider therefore 

I / ni+l W* 
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From the construction for/„j^., (x), we have 

fmn I l>) ~fn, (*) 
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(s — 1) (s) 

since x, x + h are in the interval J. Let us take the case in which 

(x) increases from to then, for any point x in the interval 

between these two points, we have 

/n. , 1 (•« + I' ) - /n,+I (£) an? 

We shall find also a lower limit for this incrementary ratio. The point x is 
such that the ordinate of | is below the x-axis, and if, for 

that ]>oint, the differential coefficient is negative, we have 

jniil /ni-fl (^) ' 

h 


= /'n, fl (^)- 


Let the sides of the re(;tilinear polygon which was employed in the con- 
struction of Qn! I be denoted by 


^0 . n 


' On, f 1 _ I , r 2"i M + 1 


■ 2"j^^ - 1 ''‘'a ’ *-^1 > *^’o 


where is equal and parallel to 6„/. On produced beyond (r/, r^'), 
take a segment equal to rg' ; then this segment is equal and parallel to .Sfg', 
and the line joining the end of this segment with {s^', s^') is parallel to 
and will cut r/ in a point . But 53' is parallel to r^, and passes through 

(.Sg'i <^'3') ; therefore this segment is the prolongation of and is conse- 

^(s) 

quently inclined to the a;-axis at an angle whose tangent is — 3 

Hence, for a point between Pi > which the ordinate is positive, 

we have 

(n't 

/n,fl + h) -/n,+l (x) ^ Q a„, 

A > “ 

^(«) 

But the greatest value of /'„,+i (x), in this case, is 2^+1’ therefore 


/n.+I > + h) -/ «,+! (X) 


h 




4 


If a point p2 '^2 t>e determined, by making a similar construction with 
instead of rg'? then, for every point on the arc Pi, P2> except P2» 


/n,4l + h) -/, 

h 


Wl4 l (^) ^ ^ ® 


(s) 


2»»i+i ' 


But the maximum value of the differential coefficient is, in this case, 
therefore also in this case, 

fni+l (x + h)- (X) 


2»»i+i’ 


h 


>^n^+l w 


4 

2b^+i • 
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This condition holds for every point on the curve which has a positive 
ordinate. It holds also for points with a negative ordinate; because for 
such points with a negative differential coefficient the relation 

f Hl+l (ar 4- /t) -/n.+i (S') ^ , X 

rti4l \'^} 

holds; and for points where the differential coefficient is positive, the 
expression on the left-hand is positive, and that on the right-hand is 
negative. 

It has now been established that 

f (x\ — 4 — * - J ni^i ^ 

J ni+l 2"i + l Jt. ~ 


and it has already been proved that 


F 
^ «! 

(x -f- 

/*) - K, (x) p, 
h 

n, (^) + 2 n, 

, where 

i 

All 

All 

We now see 

that 





{X) ■ 

0 

+ 2". 

A ^ ^ ^ wi n 
2n, + l ^ 

(x i 

h) - j 

u 

(X) . 


and hence 


«i n (x F if) " 
h 

F 

(•?•) 


< t, 

since a 

<«) , 
n, ^ 

P, and P/2”*-2<j6, 

and j 

6'/2-.| 



It has now been established that the function F {x) has at every point 
a finite differential coefficient which is the sum of the (loiivergent series 

^0 W +// (^) +/2' (^) 1 •••• 

Lastly, it must be proved that F (:r) has an everywhere-dense set of 
maxima and minima. 

It has been shewn that, in every interval (c^ - 1 , 1 ), the function (x) 

has a new maximum and a new minimum, and that the length of the interval 
is less than 1/2”. If :rQ is a maximum of (a:), we have 

-f’n (^o) = -^n+1 (a^o). and M =- 0- 

Moreover fn+l (x) is negative in the neighbourhood of the point Xq, and 
therefore {x^ + h) — F^+i (Xq) is negative or zero, provided | | is less 

than some number k. It thus appears that (a:) has also a maximum at 
Xq. If Xq is a point of invariability of F^ (x), it is no longer one for Fn^i {x), 
and cannot be a point of invariability of all the functions with higher indices. 
If Xq is a limiting point of a line of invariability, F^^^ (x) will have a 
maximum or a minimum, or else a point of inflexion at Xq. In every case 
Fn+i (x) will have a maximum and a minimum in every line of invariability 
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of (X). F or any given interval, a.s small as we please, n can be determined 

Rn crr^iof fViof i* .1 . , ^ >(«-!) fll^ 


c«li) in its 


so great that the interval contains one of the intervals (cj,'r 
interior, and all the functions F„ (x), (x ), ... have maxima in this 

interval; and it follows that F (x) also has maxima therein. 


It may be remarked that F' (x), although definite at every point, has 
discontinuities of the second kind at an everywhere-dense set of points. 
At every point of continuity, this differential coefficient must vanish (see 

I, § 285). The function F' (x) is not integrable in accordance with Riemann’s 
definition. 



CHAPTER VII 

THE REPRESENTATION OF FUNCTIONS AS LIMITS OF INTEGRALS 

THE GENERAL CONVERGENCE THEOREM 

279. In the theory of the representation of a function / {x) as the sum 
of a series of some special type the method of procedure usually consists 
of the partial summation of the series; the partial sum being expressed as 
an integral which involves the number n of terms of the series as a parameter, 
followed by the determination of the nature of the limit of the integral as 
n is indefinitely increased. 

The general theory of the evaluation of a limit of the form 
lim [ f (x\x,n) dx\ 

ri ~ao J a 

or more particularly of the form 

lim I* f {x') <[> (x' — x,n) dx\ 

n-^Qo J a 

is, in its modern form, due to the investigations of Hobson* and of 
Lebesguet, but an earlier theory, of a less general character, was given 
by Du Bois-Reymond J and Dini §. Further developments have been given || 
by Hahn. 

In this chapter the two investigations are welded together into a unified 
form, with a view to the attainment of the greatest possible degree of 
generality. The theory is in part extended to cover the case of functions 
of any number of variables, and to the case in which the function of a 
single variable is non-summable, but has either a /^-integral or an HL- 
integral. 

The following theorem, which may be referred to as the general con- 
vergence theorem, together with specializations and generalizations of it, 
is of fundamental importance in this connection : 

Theorem I. Let f {x') be a bounded or unbounded function, summable 
in the interval (a, b) of the t^ariable x* . Let (x\ x, n) be a function defined 
for all values of x' in the interval (a, b), for all values of n in a sequence of 
increasing numbers without an upj)er limit {in ^particular the sequence of 
integers), and for all values of x in some set of points O. Further let O (x' , x, n) 
satisfy the following conditions : 

* Proc. Lond. Math. Soc. (2), vol vi (1908), p. 349, and (2), vol. xii (1912), p. 166. 

t Annales de Toulouse (3), vol. i (1909), p. 25. 

t Crelle's Journal, vol. lxix (1868), p. 93, and vol. lxxix (1876), p. 38. 

§ Serie di Fourier, Pisa (1880). 

H Denkschr. d. Wiener Akad. vol. xcm (1916), pp. 585, 657; also Wiener Ber. vol. cxxvii 
(1918), p. 1763. 
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(1) For each pair of numbers x, n for which O (x\ x, n) is defined, that 
function of x' is equivalent {see i, § 394) to a function, which does not exceed 
in absolute value a fixed number K, independent of the particular values of 
X and n. The trivial case in which, for a finite set of 'values of n, this condition 
is not satisfied may clearly be disregarded, since such values of n may be 
removed from the sequence. 

(2) For each pair of values of a and such tJiat a ^ a p "i b, 

j (x\x,n) dx' 

exists as an L- integral, for each pair of values of n and x {in G), and it con- 
verges to zero, uniformly for all values of x in G, as n . 

Then j f {x') 0 {x\ x, n) dx' converges to zero as n ^ oo , uniformly far 

a 

all values of x in G. 

It is clear that there will be no loss of generality if the condition 
I <I> {x\ X, n) I if is taken to hold for all the values of x\ x, n without 
exception. 

It should be observed that, in case O {x\ x, n) ^ 0, for all values of 
x\ X, and n, the condition (2) may be replaced by the condition that 

rh 

I O X, n) dx' should converge to zero, as n ^ cc , uniformly for all 
J a 

values of x in 6r. 


To prove the theorem, we observe that, in accordance with the theorem 
in I, § 430, a continuous function (f> {x'), defined in {a, b), can be so deter- 

mined that \f{F) {x') \ dx < where e is a prescribed positive 

J a 

number. The interval (a, b) may be divided into a number of parts (a, a^), 
(«!, ouf), ... chosen that the fluctuation of (f> {x') in each of these 

parts is less than Let ifj (a:') be a function which, in the interior 

of each part (as_j,a,), where s^ 1, 2, 3, ... r, has the constant value 


Cs = <f> At the extremities of the parts we may take i/j {x') to 

have the value zero. Thus ip {x') has the finite set of values Cj, Cg, ... c^, 0. 


Since \ (f> {x ) ^ 

points of the r parts of {a, b), we have 


, everywhere except at the end- 


\'\<f>{x')~ip{x')\dx'<^^; 

.'a ^ 


and therefore 



424 Representation of Functions as Limits of Integrals [ch. vii 


fb 

The integral I f (x')0 (x\ x, n) dx' may be expressed by 
J a 

f {f(^') ~ 0 (^')} ^ + S Cs [ * O (x', X, n) dx'. 

J a s^\ J o-M-i 


Hence we have 

rb 

f (x') O (x', X, n) dx' 


r 


< 2c -1- £ I c, 
s- l 


I, 

<[) (x'y X, n) dx' . 


From the condition (2), of the theorem, a number ne, belonging to the 
sequence of values of n, can be so determined that 


O (x', X, n) dx' 

Ja,! 


S“ 1 


, for .9 = 1, 2, 3, ... r; 


and for all values of x in 6?, provided n ^ Ut. It now follows that 


I 

I J a 


f (x') (t> (x'. X, n) dx' 


< 3c, provided n^rie, 


for all values of x in G. Since c can be arbitrarily chosen, the integral 
rb 

f {x') <I> (x', X, n) dx' has been shewn to converge to zero, as n co , 
J a 

uniformly for all values of x in G. 


An examination of the proof of Theorem I shews that the theorem may 
be stated more generally. In the first place the poijit x' may be taken to 
be a point in a ^^-dimensional cell {a^^\ a^'^\ ... ... which 

will replace the linear interval (a, b) of the theorem. The theorem of 
I, § 430, holds good for a function in a p-dimensional domain, and in the 
proof, the cell (a, b) will be divided into r parts in each of which the 
fluctuation of the continuous function <f> {x') is, 


c 

- aP>) -^W) • 

Instead of (a, jS) a cell ... ... will be employed 

in the condition (2). 


Moreover the set G may be a set of points in any number^, of dimensions. 
Further the numbers n may be replaced by a set of numbers ... 

each of which belongs to a sequence with no upper limit. To the number 
Tie there will correspond a set of numbers ... such that all the 

integrals 


I <I> (x', X, n) dx' 

■J tt*-i 


S |c. 


provided ^ w'-' ^ n'~', ... n'’' ^ n'; 

The single limit, as w oo , will thus be replaced by a f-ple limit, as all 
the numbers n^'^\ vP‘\ ... diverge to oo . 






.(0 
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For example, if x' is in a two-dimensional cell, and n is replaced by two 
numbers the theorem states that 

6 <*>) 

lim / (:rW', x^^y) 0) (xW', a:, tiW, d x^^y) - 0, 

and that the convergence is uniform for all points x in the given set G. 

It should also be observed that it is possible to extend the theorem so 
that n may be taken to be a continuous variable which diverges to oo, 
such that A ^ n, where A is some fixed number, provided the conditions 
(1) and (2) of the theorem are satisfied in such a domain of n. Also n 
may consist of a group ... of such continuous variables, each 

diverging to oo. In this connection the remarks made in i, § 211, on the 
relation of the two definitions, by Cauchy and Heine, of continuity of a 
function at a point are relevant. 

It is clear that, instead of the interval or cell (a, 6), any bounded measur- 
able set may be considered. For, if / {x') is defined in such a set E, by taking 
an interval or cell {a, b) which contains E, we may assume / (a:') = 0 in 
the complement of E with respect to (a, b) ; then the theorem can be stated 

for the integral / (a:') <!> (x\ x, n) dx' . 

Ue) 

A generalization of Theorem I may be obtained by supposing that the 
condition (2) is modified as follows: 

(2*) For each pair of values of a and such that a ^ a ^ 6, 

[ <!> (x', X, n) dx' 

J a 

exists as an L-inte^ral, for exich pair of mines of n and x {in G), and it con- 
verges for each value of x, in G, to zero, as n cc . 

It will be observed, that, on account of the condition ( 1 ), the convergence 

I I . 

is necessarily bounded. This condition is that I O (x', x, n) dx' is less 

I a ! 

than some fixed number independent of x and n, and that for each value 
of X it converges to zero, as oo . 

The condition (2*) is then less restrictive than the corresponding con- 
dition (2), in which uniform convergence is postulated. The result of the 
theorem when (2*) is introduced instead of (2) will be that 

I f {x') <[> (x', X, n) dx' 

J a 

converges boundedly to zero, as n ^ co , for the values of x in G, 

Only a slight modification of the proof is necessary to make the ex- 
tension. In the first place the proof as it stands may be employed to shew 
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that, for each single point x, of 6r, the convergence takes place. To shew 
that the convergence is bounded, we have only to consider the inequality 
rb 


j* f(x')(S> {x', X, n) dx' 


S |c, 

s- 1 


j J * 0 (x' , X, n) dx' j , 


which shews that, subject to (2*), the condition of boundedness is satisfied. 


280. Theorem I is valid when the interval (a, h) is indefinitely great, 
provided the condition (1) holds in the indefinite interval, and (2) holds 

for every finite interval, and provided further that f (x') is absolutely 

r/B 

summable in (— qo , oo ); that is, lirn | / {x') | dx' exists. 

J a 

For all values of {> jS) we have 

f f (x') (t> (x', X, n) dx' I K [ \f(x')\dx'. 

J ft \ Jp 

Since can be so chosen that the integral on the right hand is less than 

E, for 




/ (x') <I> (x', X, n) dx' 


c/K, we have, for all values of (> j8), 
all values of x and n. Similarly a may be so chosen that 

J f (x') 0 (x', X, n) dx' I < €, for a' < «, 
and for all values of x and n. We now have, if jS' > jS > « > a', 


/; 


/ (a;')<t> (x' ,x,n)dx' 


< Se ; 


for all values of n not less than a fixed value rie, and for all values of x 
in (t, since the Theorem 1 holds for the interval (a, jS). 


It follows that I / (a;') O (x\ x, n) dx' 5 3e, for n ^ Ut, and x in G. 

1 J -QO 

Therefore I / (x') O (x'y x, n) dx' converges uniformly to zero, as w ~ 00 , 

J -ao 


for all values of x in O. The case in which the condition (2’’') is employed 
instead of (2) leads, by a slight modification of the foregoing proof, to the 
corresponding extension of the theorem. 


In case (x', x, n) is non -negative for all values of x', x, and n, and 

provided <!> (x',x,n) dx' exists and converges to zero uniformly for 

-00 

all X in G, it is not necessary that /(a:') should be absolutely summable in 
(— 00 , 00 ). It is sufficient that, outside some finite interval (A, B), \ f (x') | 
be bounded (say < f/), and / (a:') be summable in every finite interval. For 

j j f ^ dx'\<u ^ <I) (a:', X, n) dx' 

provided ^' > ^ > B. Hence, if w ^ the expression on the left-hand 
side is < €. Similarly, if the limits of the integral be a', a, where a' <a^ A, 



279-281 J The Gemral Convergence Theorem 427 

the absolute value of the integral is less than €, provided n ^ If rie be 
the greater of the two numbers both the integrals are numerically 

less than €, provided n ~ n^. As before it follows that 


[ f (x')^ (x',Xyn)dx' '^0, 

J -QO 

as n cc , uniformly for all values of x in O. In case I O (a?', x, n) dx* 

J -cc 

converges boundedly to zero, for all values of a:, | / {x') <l> (x', x^n) dx' 

H I 

is less than a fixed number independent of a y n and the corresponding 
extension of the theorem can be made. 


It may happen that, for a particular function cl> (x'y x, n), the condition 
to which / (a:') must be subjected is less stringent in character. If x (^') be 
such that the function (x'y Xy n) ~ x 0^') ^ satisfies the con- 

ditions (1) and (2) of Theorem I, it will be sufficient in order that the 
interval (a, h) can be taken to be the indefinite interval (— oo , oo ), that 

r 


J -OO lx i^') 

be sufficient that 


dx' have a finite value. In case x i^') ^ 

be summable over every finite interval, and that it 


X (^') 

be bounded for all values of x' outside some interval (Ay B). 


It is clear that, with the necessary slight changes of statement, all 
these results are applicable when x' denotes a point in a domain of any 
number of dimensions. 


281 . There are cases besides the case considered in § 280, in which / (x') 
is not necessarily absolutely summable in the interval (— oo, oo), in which 
Theorem I holds for the infinite interval. 

Let it be assumed that jS may be so chosen that the total variation 
of / (x) in the interval (^, jS'), f(x) is finite, for p' > p, and converges 
to a finite limit, as j8' ^ oo ; in that case the total variation of / (x) in 
(Py oo) is said to be bounded. Let P (x), — N (x) denote the total positive, 
and negative variations off (x) in (j3, x), then / (x) = / (P) + P (x) — N (x), 
where P (x) 4- N (x) has a finite limit, as x oo ; and consequently 
P (x)y N (x) have finite limits p, v; the limit of / (x) being f (P) p — v. 
We may now write / (x) =- /i (x) - (x), where /i (x) =/ (j3) -f p - A" (x), 

f 2 (x) = p — P (x) ; and thus /j (x), f^ (x) are monotone non-increasing 
functions, bounded in (j5, oo). In case f(x)^0y as x-^oo, we have 
f (P) + p — V 0‘y and both the functions fi (x), /g (x) are non-increasing 
functions which converge to zero, as x oo . 

Similar considerations apply to the neighbourhood of the point x = — oo . 
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Let it now be assumed that a and ^ can be so chosen that /(a;') is of 
bounded variation in the intervals (jS, oo), (— oo, a). We have 

I fi (^') ^ (x', dx' -/i (P) [ O (x\ X, n) dx/ f /j (^') [ O (x\ x, n) dx' , 
J fi J B J / 3 " 

where p" is in the interval (jS, Let it now be assumed that 


<I) (x\ X, n) dx' 
fi 

is, for every value of (> P), and of x, less than some number , which 
converges to zero, as n oo . 

We have then 


/' 

J fi 


fi (*') ^ (x', X, n) dx' 


<^„|/i(iS)l+2A-„|/i(i3')|; 

<3A-„|/,(i3)|; 


thus the expression on the right-hand side is less than a fixed multiple of 
for all values of hence j L (x') 0 (x' , x, n) dx' does not exceed 
a fixed multiple of and since the same result holds for /^ (x), we have 


lim f {x')^ {x',x,n)dx' -0. 

n-^oo J fi 

The case of the integral over (— oo, a) may be treated in the same manner. 
It follows that Theorem I is applicable to the case in which a and b are 
infinite, when f {x'), O (x', x, n) satisfy the specified conditions, provided 
the conditions (1), (2) are satisfied in the interval (a, /8). 

Next, let it be assumed that/(a;') converges to zero, as x' ~oo, and 

as a;' oo, and also that a, ^ can be so chosen that / [x') is of bounded 

variation in the intervals (^, oo), (— oo, a). In (^, oo) we have 

/ (*) = /l i^) - ffi (3^). 

where each of the functions /j (x), L (^) monotone non -increasing, and 
converges to zero, as a: ^ oo . 


We have f L ^ dx' L (P) ^ dx', 

J A JR 


where jS" is in the interval (^, j8'). Let it now be assumed that 

[ <I) (x', X, n) dx' < k, 

J fi 

where k is some positive number, independent of n, x, and p'. Then we 
have, applying the corresponding result for /g (x'), 

I / (*') ^ (*'> «) dx'\^^k [/i (fi) -I-/, (fi)] . 
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Since jS may be so chosen that /j (^), /a (jS) are both arbitrarily small, 
we have, for a sufficiently large value of jS, 

f f (x') O (x' X, n) dx' < e, 

for all values of n and x. With the corresponding result for the integral 
taken over (— oo, a), it is now seen that the Theorem 1 holds for the interval 
(~ 00 , oo), provided the conditions (1) and (2) are satisfied in every finite 
interval. 

The following results have now been obtained : 

Theorem I holds for the infinite integral (— oo, oo), when the conditions 
(1), (2) hold for each finite interval (a, b), provided also one of the following 
sets of additional conditions holds ; 

(a) / (x') is absolutely summable in (~ oo, oo), and the condition (1) holds 
in thxit interval. 


(b) Outside som.e finite mter'ixil f (x') is bounded, also <!> {x' , x, n) is 

non-negative, and I ^ {x\ x, n) dx' exists, and converges uniformly to 
J ~cc 

zero, as n cc, for all values of x in 0. 

(c) Numbers a, can be so chosen that f (a:') is of bounded variation in 
(P, oo), and in (— oo, a), and that 

[ cfi (x/, X, n) dx' , [ O {x', X, n) dx' 

7/3 .’a' 

are, for every value of p' (> )3), and every value of a' (< a), less than a positive 
number , indej)endent of x, which converges to zero, as n oo. 

(d) f (x') converges to zero, as x' ^oo, ami as x' oo, and numbers 

a, jS can be so chosen that f (x') is of bounded variation in (^, oo), and in 

(— 00 , a), and also f (x', x, n) dx' I , I [ (x', x,n) dx' are both less than 

some positive number k, independent of n, x, a , 

There is another case in which, for an infinite interval, the absolute 
summability off (x') can be dispensed with. The following theorem will be 
established : 

If f (x') be summable, but not necessarily absolutely summable in the 
infinite interval (a, oo ), and if O (x' , x, n) satisfies the condition (1) of 
Theorem I in (a, oo ), and the condition (2) in every finite interval, and also 
the further condition that its total variation in the interml (a, oo ) is less than 

some fixed number L, independent of n and x, then / (x') O (pc! , x, n) dx' 

a 

converges to zero, ae n ^ cc , uniformly for all values of x in O. 
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Let a < A < A\ then, from i, § 424 , we have 

[ f (x') (P (x', X, n) dx' ~ 0 (A, X, n) dx' [ f(x')dx'l 

J A J A I 

A" f ^ ^ 

- Va ^ ^ ) upper boundary of /(^') dx' I , 

where A ^ A'. If rj he a, prescribed positive number, A may be 

so chosen that 


j f (x') dx' I • 

I C'i' 


than A. We thus have 


77, for all values of a, ^ that are not less 
[ f {x') 0 (x', X, n) dx' I < (A^ + L) 77 ; and the 

/ A 


number rj can be so chosen that (A -f- A) 77 < c. We then have 


/ f (x') <P (x' , X, n) dx' < f {x') (p (x', x,n) dx' 

J a J a 


“f- e; 


and if n ^ Uey where Ue is some number belonging to the sequence of values 
of n, 

fOO 

f (x') <I> (x'y Xy n) dx' < 26, for ?i ^ Ut , 

J a 

and for all values of a: in tr. Thus the theorem has been established. 

It is easy to see that the result holds also for 

[ f(x')(p(x'yXyn)dx', 

-00 

provided similar conditions are satisfied. 

282 . In case the function / (x) is such that | / (x) |« is summable in 
(a, b), for some value of g > 1, the condition (1) in the Theorem I may be 
replaced by the following less stringent condition : 

(la) For each pair of numbers x, for which <[> [x' y x, n) is defined, 

timt function of x' is such that | 0 {x'y XyU) I*?'! is summablCy and such that 
rh JL_ 3 

(x' y XyU) dx' does not exceed a fixed number K^~^, independent 

J a 

of the particular values of x and n. 

The condition (2) will be unchanged. 

In accordance with a theorem given in § 173 , a continuous function 
<j> (x') can be so determined that 

la < {kJ ' 

By applying an inequality given in i, § 435, we see that 
If {f(x')-<f>{x')}<l>{x',x,n)dx'\<€. 

]•> a 

fb 

If, for every continuous function (x')y I <f> (x') <I> (x', Xy n) dx' converges 

J a 

to zero, as w 00 , uniformly, or more generally boundedly, for all values 



/, 
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of X in G, it is clear, since c is arbitrary, that the theorem holds for f {x'). 

rb 

Thus it will be sufficient to consider the integral / <f> {x') ^ {x\ x, n) dx', 

where <j> (x') is continuous in (a, h). As in § 279, a function ijj (x') wliich 
has only a finite set of values Cj , Cg , . . . , 0 can be so determined that 

I {^') - -A (^') I < ^ j , except at points of a finite set. The integral 

K (h — aY 

(f) (x/)^ {x', X, n) dx' may be expressed by 

rh ro-s 

/ {(f) {x') — t/j {x/)}0 (x',x,n)dx/ Sc,/ (x' , x, n) dx' . 

‘ « K - 1 a,- 1 

The first integral does not in numerical value exceed 

1 [I - 1 

jj I ^ (a:;') — ifj (x') dx'^ . | j | O (x/, x, ^ d.x'\^ , 
and this is less than c. As before, if condition (2) be assumed, the 

s - r ra, 

expression S c, 1 (x', x, n) dx' is numerically less than e, for n ^ He, 

.s=r 

and for all values of x in G. If condition (2*) be assumed, the expression 
is bounded for all values of 7i, 


'.rhus 


f (f) {x') <I> {x' , x, n) dx' 
J a 


2e, if n ^ Ut , and the theorem has 


been proved for the function 0 {x'), and therefore for / {x'), in case con- 
dition (2) is assumed. In case condition (2*) is taken, 

(f){x)<^ {x \ X, n) dx 


f 


is shewn as above to converge to zero for each value of x, and the con- 
vergence is bounded for all values of x. 


283. In case / {x) is bounded and summable in (a, 6), the condition (1) 
of Theorem I may be replaced by the following condition : 
rb 

(16) I I <I> (x', X, n) I dx' exists, and does not exceed, a fixed number K, 

for all mines of n and x {in G ) ; and also, for each measurable set e contained 

in (a, 6), O (x', x, n) dx' converges to zero, as n cc , uniformly, or more 
he) 

generally, boundedly, for all mines of x in G. 

The condition (2), or (2*), of § 279, is contained in the second condition 
of the theorem. 

If Yj be an assigned positive number, a function (x) can be so defined 
that I / {x') — if) h^')\ < If ^ set of values 

Cl, Cg, ... which it takes in measurable sets «!, eg, ... e^ (see i, § 385). 
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We have 


fb \ r- m If 

{x') O (;x\ X, n) (lx " '^ \ r,. | (I) (x', x, n) dx' ; 

hi I r l \J (fr) 

also, provided 7t ~ Ue, some number dependent on e, 

' Slc,l 

r-1 

and thus we have 


f 


{x') O (x\ X, n) dx' 
and for all values of x in G. 


e, for n '^Ue , 


Again j j {/(x') - (x')} O (x', x, 71) dx' j < ''V j I ^ ^ ) I 

It follows that 


.jK, 


fb ^ I 

I f (x') <I> (x'f X, 7l) dx' < 7]K -h €, for 71 ^ 7le , 

J a I 

and for all values of x in 6', in case condition (2) holds ; and accordingly the 
proposition is estabhshed, since rj and e are arbitrary. 

If condition (2*) holds, it is seen that the convergence is bounded. 


284. In case fix') have only ordinary discontinuities in (u, 6), tlie 
condition ( 1 ) of Theorem I can be replaced by the following : 

fb 

(1 c) I \ (t> (x', X, 7i) I dx' is less than some fixed number K, inde/pevdent 
J a 

of n and x (in G). 

The condition (2) or (2*) will be unchanged. 

If A: be a positive number, the set of points of (a, b) at which the saltus 
of / (x') is A; is finite (see i, § 239). Tliis finite set of points divides (a, b) 
into a finite number of parts ; if (a, jS) be one of these parts, it may be divided 
into a finite number of smaller parts in each of which the fluctuation of 
the function that has the values of / (x') at all interior points of (a, p), and 
has the values / (a 4- 0),/ (p — 0) at a and p respectively has a value < , 

where ki is a number chosen to be > k. The whole interval (a, b) can 
accordingly be divided into a number of parts such that the inner fluctua- 
tion of / (x') in each one of these parts is < Let (x') have in all the 
interior points of each one of these parts the value of / (x') at the centre 
of the part, then | / (x') — cf) (x') | < A^^, except at the points of division of 
(a, 6). In these end-points we may take (f) (x') ^ 0; thus f (x') has only a 
finite set of values. 

f b f bm 

We have I </> {x') O (x', x, n) dx' I O (x' , x, n) dx' , 

a J am 

where is the value of cf) [x') at x' = | {a„^ + 6^), and m has only a finite 
set of values. 
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It follows from condition (2) of Theorem 1 that | </> (x') <1> (x' , x, n) dx' 
converges to zero, as -- qo , uniformly for all points x in O. From con- 
dition (2*) it follows that 0 (x') 0 (x', x, n) dx' is bounded for all values 

J a 

of X, and n converges to zero for each value of x. 

Again f {f {x') — cf) (x')} <1> (x', x, n) dx' < f | (l> (x', x, n ) | dx' < h^K 
J a ' J a 

for all values of x and n. Therefore 

1 I 

lim f (x')<l> (x', X, n) dx' kyK. 

' n~co ® ' 

Since k and k^ are arbitrarily small, we see that if condition (2) is 
rb 

assumed to hold f (x') (x', x, n) dx' converges to zero as n ao , 

J a 

uniformly for all values of x in G. 

If condition (2*) holds, the convergence for each value of x is established 
as above, and it is seen that the convergence is bounded. 


285. In case / (x') is of bounded variation in (a, 6), the condition (1) 
of Theorem I may be replaced by the following : 

(It/) {x' ,x, n) dx' does not exceed a finite number M, independent 

J a 

of a, n, and x (in G); where (a, fi) is in (a, 6). 

The condition (2) or (2*) will be unchanged. 

Since every function of bounded variation is the difference of two 
monotone functions, it is clearly sufficient to consider the case in which 
/ (x') is monotone in (a, 6). 

It has been shewn in i, § 249, that f (x') ^ (f> (x') -V s (x'), where (/> (x') 
is continuous and monotone, and s (a:') is the hmit of a sequence s,. (x'), 
such that the total variation of s (x') ~ (x') in (a, b) diminishes in- 

definitely as r increases. Moreover Sj. (x') is constant in each interval of 
a finite set into which (a, b) is divided ; also .s- (a) =- (a) =- 0. 

Employing the theorem given in i, § 424, we see that 

rb 

{a' (x'} — Sj. (x')} <I) (x', X, n) dx' < MV {s (x') - ~ ( 2 ;')}. 

J a 

Also lim f Sf. (x') O (x', x, n) dx' = 0, the convergence being uniform 

n'^Qo ' a 

with respect to n\ since the expression is the finite sum of multiples of the 
integral of O (x', x, n) taken through intervals contained in (a, b). 

It follows that f s (x') (P (x'y x, n) dx' converges uniformly to zero, as 

J a 

n ^ cc , We have accordingly to prove the theorem for the continuous 
monotone function (x'). 
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First, if <l> {x') is an indefinite integral f ^ + -4, we need only 

J a 

consider / (a;') do;'. By integration by parts we have 

J a 

'b rb fb 

(f> (x') O (x', X, n) dx' == X (^') • I ^ 

-a J a J a 


- X (»') 


I 0{i,x,n)di 

y a 


dx'. 


The first term on tiie right-hand side converges to zero, as n ^ go , uniformly 
for all the values of x, in case condition (2) holds; and it converges 
boundedly if condition (2*) holds. 


Moreover 


X(x') I ^ di 

J a 


is less than the summable function 


Mx (x') and it converges to zero, as n ^oo, hence, by the theorem of 
§ 203, relating to integrable sequences which involve a parameter, we have* 

lim/x(x') j (b{$,x,n)di\ 

J a L a J 


dx' 0, 


the convergence being uniform for all values of x in G. 

li <f) (x') is not an indefinite integral, a new variable t can be so chosen 
that x' (0, y' = <t> (x') (f) {fp (0}» and the function tp (t) is monotone 

non-diminishing; thus <p {p (i)} is monotone and non-diminishing as t 
increases. The variable t denotes the length of the arc of the curve 
y' = (p (x'), so that p' (t) -S 1. We have then 

( p {x') O {x' , X, n) dt = f p {p (0} O (p (t), X, n) p' (t) dt, 

J a Jo 

where t =■■ 0, when x' ~ a\ and 1 = 1, when x' = b. 

Denoting p {p (0} by p^ (t), and (h {p (t), x, n) p' (t) by <l)i {t, x, /?), we 

have to consider the integral I pi (t) {t, x, n) dt. 

J 0 

On account of the equality / O (x', x, n) dx' = I (t, x, n) dt, where 

J OL a/ 

a', jS' are the values of t which correspond to a and p respectively, we see 
that / (t, x,n) dt < M ; moreover {t, x, n) satisfies the condition 

J a 

(2), or (2*), of Theorem I. Also pi (<) is an indefinite integral; for its total 
variation in a set of points t, of measure < e, is given by 

S 1 (f) I = 2 I ^p (x^) I = 2 I Ay' I ^ 2 (Af) < c. 

It follows from what has already been proved that 

f Pi (t) {t, X, n) dx' 

J 0 
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converges to zero as ^ ao , uniformly for all values of a; in ; and there- 

fb 

fore the same statement holds for / (a;') O (|, x, n) dx' . The sufficiency of 

J a 

the conditions (1 d), (2) has now been established. 

THE GENERAL CONVERGENCE THEOREM IN THE CASE OF NON-SUMMABLE 

FUNCTIONS 

286. Theorem 1 can be extended to the case in which / [x') is no longer 
summable in the linear interval (a, b), but has an /fL-integral in that 
interval, provided <1) (x' , x, n) satisfies the additional condition that its 
total variation (x',x,n) in the interval (a, 6), of x\ is less than some 

positive number A , independent of x and n. 

If /a (3'') f (a;') at all points of (a, b) except those of a finite set A of 
intervals which enclose the points of non-summability, and if /a (a:') ^ 0, 
in the intervals of the set A, we have 

I'b rb 

I / (o;') {x\ X, n) dx' = I {/ {x') —/a (a;')} <X> (x', x, n) dx' 

J a J a 

fb 

+ fA(x')<t>(x',x,n)dx', 

J a 

The limit, as ^ oo , of the second integral on the right-hand side is zero, 
since {x') is summable, provided <!) (x\ x, n) satisfies the conditions of 
Theorem I, the convergence being uniform, or bounded, according as 
condition (2) or condition (2*) is assumed to hold. 

The first integral is, in accordance with the theorem of i, § 424, equal to 
O (a, X, n) j {/ (a;') —/a (x')} dx' f O (x', x, n) if, 

- a 

I 

where if is the upper boundary of {/ (^') — /a (a;')} dx' for all intervals 

I a' 

(a', b') contained in (a, b). In accordance with i, § 453, this is numerically 
less than Ke f Ae, where A can be so chosen that e is arbitrarily small. 

Thus we have 

lim f f {x') O (x', X, n) dx' <{K A) €. 

The following theorem has now been established . 

If <I) {x' , X, n) satisfies the conditions of Theorem /, either with (2) or (2*), 
and also the additional condition that V (x' ,x,n), the variation of 
O (x'f x, n) in the finite interval (a, b), of x', is less than some fixed 'positive 

fb 

number, independent of x and n, then lim I / (a:') <I> (x' , x, n) dx' converges 

n-^oo J a 

to zero, as n cc ^ uniformly, or houndedly, as the case may be, for all points 
X, in O ; where f (x') is any function which has an HL-integral in the linear 
interval (a, b). 



436 Representation of Functio7u as Limits of Integrals [ch.vii 
In accordance with i, § 453, if h' be any number in the interval (a, 5), 
{/(^') — /a (ir')} dx' is numerically less than e, for all values of b' in 

J a 

fb' 

(a, b). It is now easily seen that ( f (x') Cb {x', x, n) dx' converges to zero 

' a 

as n ^ cx) ^ uniformly for all values of // in the interval (a, b). 

In order to extend the theorem to the case of an infinite interval (a, oo ), 
it is necessary to introduce the restriction that O (x\ x, n) is, for each pair 
of values of x and n, a monotone function of x in the interval (a, oo ). The 
condition (1) being assumed to hold in (a, Qo ), O [x' , x, n) is also bounded 
in the interval (a, oo ). We have then 

j /(^') O {x\ X, n) dx' -- <1> («, X, n) j f (x') dx' + 0 (a', x,n)j f (x') dx'. 


If j f (x') dx' exists as lim j f(x')dx', a may be so chosen that 
J a J a 

I 

f (x') dx' < Tj for all values oi ^ > a. We then have 

I J a 

I f(x')dx'\^<rj, I f{x')dx' <2rj, 

and if the condition (1) holds in the whole interval (a, oo ) we have, for all 
values of a', 

{a,x,n)\ < K, 10 (a', x,n)\ < K\ 


and thus 


/ (x') O {x'y X, n) dx' < 3Krj 


for all values of a' > a, provided a is sufficiently large, and thus 


J f(x')0 (x', X, n) dx' 


exists, and is numerically 3Kir]. Since the theorem is applicable to the 
integral j / (a;') <D (x', x, n) dx' , we see that it is also applicable to 

J a 

f f (x') O (x',x,n) dx'. 


The following theorem has now been estabfished : 

If f(x') has an HL-integral in (a, oo ), and ^{x',x,n) is monotone ^ for 
each pair of values of x and n in the interval (a, oo ) of x' , and satisfies in 
that interval the conditions (1), and (2) or (2*) of Theorem /, then 

I f(x')0 (x' ,x,n)dx' 

J a 

converges, uniformly or boundedly, as the case may he, for all values of 
X {in O) to zero, as n ^ oo . 
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It will be observed that, in this case, the condition (1), that 
I 0 (x\ X, n) I < A, 

for all values of x, n and x' in (a, <»), includes the condition that Va O (x\ x, n) 
is less than a positive number independent of x and n. 


287 . Let it be assumed that / (x') has a Z>-integral in the interval {a, b). 

Denoting j f (x) dx by F (x), which is continuous in (a, b), we have, if it 
J a 

be assumed that O (x\ x, n) is, for each value of x and n, of bounded 

(x^ X 

variation in (a, b) and has a finite differential coefficient ’ - 

at every point of (a, 6), 

f f (x') O (x\ X, n) dx' ^ F (b) (J) (6, x,n) — f F (x') f dx' , 

J a J a 

since, in accordance with i, § 474, integration by parts is applicable. Let 

ix' X Tt') 

it now be assumed that ^ satisfies the condition ( 1), of Theorem I, 


that 


d<t> {x\ X, n) 
dx' 


< K, for all the values of x and n, or more generally 


that it satisfies the condition (1 c) of § 284, that 
for all the values of x and r?. Since 
0O (x', X. n) 


0(1) (x'y X, n) 
dx' 


dx' < K 


/: 


dx' 


dx' 0 (/3, X, n) - - (h (a, X, n), 


the condition (2) of Theorem 1 will be satisfied by 


0(I> (x' , X, n) . 


dx' 


if, for each 


point x' of (a, b), O (x', x, n) converges uniformly to zero, as oo for 
all values of x in G. If both these conditions are satisfied, 


rh 


„ . ,, 0^ {x', .r, n) J , 
dx! 


converges to zero, as oo , uniformly for all values of x in G. 

Since O (6, x, n) converges to zero, as qo, uniformly for all values 
of X in fr, it is now seen that l / {x') (b (;r', x, n) dx has the same property. 

a 

The following theorem has accordingly been established: 

Let f (x') hai^e a D-inte^ral in the finite interval (a, b). Let (b (x', x, n) 
be for each pair of values of x and n, where x is any point of the set G, of 
bounded variation in (a, 6), and have at each point a differential coefficient 
0(b (x', X, n) 
dx'~ 


. If either of the conditions 

rb 

\<K, I 

J a 


0<b (x', X, 7l) 
dx' 


^ 1 00 (x'f x, n) 
dx' 


K, 
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is satisfied, where K is independent of x and n, and if O (x\ x, n) converges 
to zero, as n ^ , for each value of x' in (a, b), uniformly for all points x of 0, 

fb 

then lim / / {x') O (x', x, n) dx' = 0, the convergence being uniform for all 
n-^oo J a 

values of x, in G. 


NECESSITY OF THE CONDITIONS OF THE GENERAL CONVERGENCE 

THEOREM 

288. It has been shewn that the conditions (1), (2), to be satisfied by 
the function <I) (x', x, n), are sufficient in order that Theorem I may hold 
good for every summable function / (a;'). It will now be shewn that these 
conditions (1) and (2) are necessary in order that the convergence may take 
place for every function / (x') that is summable in (a, b). It will in fact 
be shewn that: 

Unless the conditions (1), (2) of Theorem I are both satisfied, a function 
f (x') summable in the interval (a, b) exists, such that the corresponding 
integral does not converge to zero, as n oo , uniformly for all points x, in G. 

The particular case of this theorem which arises when the parameter 
x is confined to have a single value, and therefore disappears, was given* 
by Lebesgue. 

In order to shew that the condition (2) is necessary, let / (a;') be defined 

to have the value 1 in the interval (a, ^), and the value 0 at all other 

r/3 

points of (a, b). Unless O {x', x, n) dx' converges to 0, as u ^ ^ , 

uniformly for all points x, of G, this function/ (x') is such as is required. 
This will be the case whatever be the interval (a, ; hence the condition (2) 

is necessary. 

For each pair of values of x and n, \<l> (x' , x,n) | must be equivalent 
to a function which has a finite upper boundary in {a,b), U {x, n), which 
is finite; for otherwise a summable function/ {x') could be so determined 
that f (x') O {x\ X, n) is not summable (see i, § 397). For a particular 
pair of values of x and n, there exists a set Ek, of points of x', of measure 
> 0, for which 

I 0 {x' , X, n)\> U (x, n) — A, 

where A is a positive number, provided the smallest possible value of 
U {x,n) has been taken. 

For each pair of values of x and n, the function O {x' , x, n) may be 
replaced, in this manner, by an equivalent function. There is aecordingly 
no loss of generality in assuming that <[) (x' , x, n) is such that, for each 


♦ Annalea de Toulouse (3), vol. i (1909), p. 63. 
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positive value of A, and for each pair of values of x and n, the set of points 
x', at which 

I O {x' , re, I > t7 {x, n) - A 

has a measure greater than zero, and such that at no point is 
I O (x\ x,n)\> JJ (rr, n). 

In order that the integral may converge for each value of x, in G, for 
such a value of x, IJ (x, n) must have a finite upper boundary u (x), as 
71 ^ cc . Tf this is not the case for a particular value of x, there must be 
a sequence of increasing values of n, say ng, ... such that JJ (x, nj, 

U (x, Tig), U (x, Tig), ... forms a divergent sequence of numbers; and for 
each value of p there is a set of points x' of measure > 0, for which 

I (x', X, Tip) I > U (x, T?.p) - e. 

It will be shewn that it is then possible to construct a function / (x'), 
such that the integral diverges as ti ^ oo , for the particular value of x. 

If Ti (x) is finite for each value of x, it may happen that u (x) has no 
finite upper boundary for all values of x in 6r, and then the condition (1) 
is not satisfied. If this is the case there must be a sequence x^, Xg, Xg, ... 
of values of x, such that the sequence u (xj), u (Xg), u (Xg), ... is divergent. 
There then exists a sequence tIj , rig, ... of increasing values of ti, such that 
the sequence U (Xj, ti^), U (Xg, Tig), U (xg, Tig), ... diverges. It then follows 
that there exists a sequence ... of increasing numbers, such that 

the sets of points x' at which | <I) (x', Xp, Tip) | > Arp have a measure > 0, for 
all values of p. It will be shewn in this case that / (x') can be so constructed 
that the integral does not converge to zero, uniformly for all the values of x. 
In case Xp is independent of p, we get back to the case first considered for 
which there is divergence of TJ (x, ti) for one particular value of x, for a 
sequence of values of ti ; and this case is accordingly included in the case 
in which the Xp are not all identical. 

We therefore assume that, for a sequence of pairs of values Xp, T?p of 
X and p, I (b (x', Xp , Tip) | > Arp , in a set Ej , , of points x', such that m, (E^) > 0 ; 
where {Arp} is a sequence of increasing numbers without upper limit. 

The set E^ must have a part jFp, of measure greater than zero, so that 
for all points of i^p, O (x', Xp, Tip) is of the same sign and is numerically 
> Arp *, and this is the case for each value of p. Suppose that, for an infinite 
set of values of p, O (x', Xp, Tip) is positive, and m, {F^) > 0. There is no loss 
of generality in this assumption, because if the sign were negative, it would 
become positive by changing the sign of O (x', ti, x) throughout. 

We may suppose all those values of p and Arp removed, for which p does 
not belong to this infinite set of values of p. It may therefore be assumed 
that O (x', Xp, Tip) > Arp, in i^p, and m (.Fp) > 0, for all values of p. 
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The seta {Fp} may be replaced by sets , such that is a part of Fj , , 
m (Bp) > 0, no two of the sets have a point in common, and 

m (Cp) > m (e^+i), 

for all values of p. To see this, we observe that the sets F^, F^, ... may be 
so diminished, without making any of their measures zero, that 

m{F,)>2m {M (F,, F,, , 

We then obtain by removing from F^ the points which it has in common 
with M {F2, F^, ...); then m (e^) > m {M (i^j, i^3, ...)}. 

Next, by diminishing JP4, ... we may make 
m {F2) > 2m {M (F^, F^, ...)}; 

we obtain Cg by removing from F2 all the points that it has in common with 
M (/'g, F^, ...); thus m (ej) > m (Cg) > m {M (J^g, F^, ...)}. Proceeding in 
this manner we obtain the sets 61,62,63, . . . , no two of which have a point 
in common, all of which have measures > 0, and such that 
m (Ci) > m (62) > m (Cg) .... 

In Bp, we have O (x\ Xp, Up) > kp. 

Let Pi be a value of p, and consider {x\xp, Up) dx\ where pp^ 

hep,) 

is a constant such that Pp^nl (6^,) = J. If the integral does not converge 
to zero, as p 00 , the function / (x') defined by f (x') Pp, , in , and = 0, 
elsewhere, is a function such as is required. If it does converge to zero, 

we have pp <^{x\xp, Up) dx' <1, provided p ^ p<^^ 
hep,) ‘ 

Let Ip denote the lower boundary of <I> (x', Xp, Up) in Cp, and let Up be 
the upper boundary of | <I) {x\ Xp, Up) \ in (a, b) \ then both Ip and Up in- 
crease indefinitely with p. 

There exists a smallest integer pg ^ p^^\ such that /p, > 2 *[ 7 pj ; let pp, 
be such that pp^ m (6p^) = ' 

If Ppj [ 0 ) [x\ Xp , Up) dx' -f Pp, I O (x', Xp , Up) dx' 

J (ep,) J (ep,) 

does not converge to zero, as p --- qo , the function defined as having the 
value Pp^ , in 6p, ; pp^ , in ep^ ; and elsewhere zero, is a function such as is 
required. If it does converge to zero, its absolute value is < 1, provided 
p is not less than some number p^*) ; there exists a smallest integer pg p<*)) 

such that Zp3 > 2 «t 7 p, ; let pp, m (6p,) - . 

Proceeding in this manner, we may be able, after a finite number of 
steps, to define a function / (a;') having the values Pp^ , Pj,* , . • * Ppp in the 
sets 6pj, epj, ... Cp^, respectively, and elsewhere equal to zero, which will 



+ 
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be a function such as is required. When this is not the case for any finite 
value of r, let f(x') have the value in for every value of m. This 
function/ {x') is summable, for its integral in (a, b) is 

oo 00 J 

S /Xp^ m ~ S nrTj > 

r-l r»l " ^ Pr-i 

and this latter series is convergent. Also, we have 

f / (*') ® (*', . n^) dx' = [ a> (a:', x^ , n^) dx' 

^ («Pm) 

' ^ m - 1 r 00 r 

^ L . ^ > ^Vm » ^Dm) ^ H'pr / . ^ > ^Dm » ^J>m) * 

The first term on the right-hand side is ~ (^pm)’ which is 

> > 2 

“ 2"*f/ "" 

^Pm-i 

The second term is > - 1 , and the third term is greater than 

00 

r-m + l 

or than _ S ] > - S ^ ^ 

fh 

It follows that / (x') O (a:', w.p^) dx' >\ \ and since this holds for an 

J a 

fb 

infinite set of values of m, the integral I / {x') (t> {x' , x, n)dx' cannot con- 

J a 

verge to zero uniformly for all values of x in G. Hence the condition (1) of 
Theorem I has been shewn to be necessary, in order that the uniform 
convergence may take place for every summable function / (a:'). 


289. It can be shewn that the conditions given in §§ 282-285 are 
necessary in each case, in order that the uniform convergence shall hold 
good for every function / (a;') of the particular type. The proof will here 
be given that the conditions (1 c), (2) are necessary in the case in which 
/ (x') is restricted to have only ordinary discontinuities. 

It is clear that the condition (2) is necessary, for we may take / {x') = 1, 
in the interval (a, j3), and equal to zero outside that interval. If the con- 
dition (1 c) is not satisfied, it will be possible to determine a sequence 
{Xi,nj), (Xgjng), ... (a?p,Wp) ... of pairs of values of x and n, such that 

fb 

I I <!> (a:', aTp, Tip) | dx' increases indefinitely as p and n^, do so. Let us 
J a 

assume that this integral exceeds , where Li , L 2 , . . . is a divergent 
sequence of increasing numbers. It may happen that, for all values of p, 
the values of a^p are identical ; but this case will be included in the general 
case. It will be shewn that a continuous function / {x') can be defined for 
which the uniform convergence does not hold. 
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We have f j <E> («', x, , Wj) | dx' > ; let Xi = 1, or — 1, according as 

J a 

O {x',Xi , rii) is ^ 0, or negative. Thus xi (^') 1, in a set and xi {^') = — 1, 

in the set C {E^). The set E^ can be enclosed in the intervals of a 
non-overlapping set, of measure < m (E^) f €\ and a finite set of these 
intervals of total measure > m (E^) can be chosen. Let (x') 1 in the 

intervals of this finite set, and let (x') 1 in the rest of the interval 

(a, 6), except that g^ (a) g^ (b) 0. 

The functions Xi 9i (^') differ from one another only at points of 
a set of which the measure is < €. The function g^ (x') is the limit of a 


sequence of continuous functions {hi^ all numerically < 1. Moreover 


we can take all the functions ^ (x') so that they have the value zero at 
a and at 6, since g^ (x') has this property. Since the functions li'i {x') are 
all bounded, we have 

lim f (x') O (x\ Xi, Ui) dx' j' g^ (x') O (x', Xj, rii) dx'. 

By a proper choice of €, we can ensure that 


fb 

I (x') <I> (x', Xj , Til) dx' > Li ; 
J a 


and by choosing a sufficiently large value of t, say , we have 


f 


(x') O (x', Xi, n^) dx' > L^. 

% 

If {x') O {x' , Xp, Up) dx' does not converge to zero, as p --- oo , we 

• a 

have obtained a continuous function hi (x') which vanishes for x' ^ a, 

x' ^ 6, and is such that / (x') O {x', x, n) c?x'does not converge to zero, 

J a 

as 00 , uniformly for all the values of x, in G. If it does converge to zero, 
then, for all sufficiently large values of p, it is numerically < 1. Take pg 
such a value of p that Lp^> and let {x') be the function corre- 
sponding to (x'), where 

fb 

dx' > 


/’ 

J a 


(D (x',x^^,n^) 

r <‘») . 


If (x') + 


does not converge to zero, as p -- oo , then the function h!‘i\x') 4 - 

is a function such as is required. If it does converge to zero, it is numerically 

< 1, provided p is sufficiently large; let pg (> pg) be such a value that 
r & \ 

I O (x', Xp^y Up^) I dx' > Lp^, and also such that Lp^ > 2^Lp^. Let hz* (x') 
J a 

be the function corresponding to hi^\x') and h 2 *^(x'). 


/'z’’ (x') 
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If 


I. 1‘* <"= > 2i„ + 


(x') 


<i> (x',x^,n^) dx' 


does not converge to zero, as p ~ oo , the continuous function 




is a function such as is required. Proceeding in this manner, and assuming 
that > 2^ j , we may, after a finite number of steps, obtain a function 
such as is required. But if not, we have a function 

hjn ) 


r/ M (*r') 

f(x)-h + 


4 - ... 


defined by a uniformly convergent series of continuous functions; thus 
the function / (a:') is continuous, and /(a) ^ f (b) ^ 0. 

Moreover 


f f(x')0 (x', x„^ , nj dx’ - j ’ f h’-f (x') O {x’, x^, , nj dx' 

J a ^ '-^vr—i o. 

8 (t\ 

S j j - I hg (a; ) , ii'pj., '^pj) dx 

\'’li^f{x')<l>(x',x,^,njdx'. 


+ S 

8 - r^ -l -^Ps-i « 

The first term on the right-hand side is : 




, or > 2. The second 


term is > - 1, and the third term is greater than — Lp^ S 


1 


^ ^ os-i r 

r+l ^ -^vs-i 


or 


> — J. It follows that I / (a;') O (x', x^^, dx' > for every value of r, 

• a 

and thus that / (x') is a continuous function such as is required, for which 
b 

f (x') O {x', x, n) dx' does not converge to zero, uniformly for all points 


/, 


X, in G. 


SINGULAR INTEGRALS 


290. The following theorem may be deduced from Theorem I. 

Theorem II. Let F (x', x, n) be defined for each point x in a set G, con- 
tained in (a, 6), and for each value of n in an integral, or non-integral sequence 
of increasing numbers without upper limit, and for all values of x' in the 
interval (a, h). Let p denote a positive number (< b — a), and let F (x', x, n) 
satisfy the following conditions : 

(1) For each pair of values of x and n, and for all the points x' in {a, b) 
such that \x' — X 1 S/x, the function F (x',x,n) is equivalent to a function 
that does not exceed in absolute value a positive number K^, independent of 
the values of x and n. 



444 Representation of Functions as Limits of Integrals [cH.vii 

ffi 

(2) If a, ^ be any two numbers such that a ^ a ^ ^ ~ b, F (x\x,n) dx' 

J a 

exists as an L-integral, for all values of n, and for all those values of x which 
belong to G and are not interior to the interval (a ~ fj., ^ fi) ; and as n is 
indefinitely increased, it converges to zero, uniformly for all such values of x. 
rx~fi rb 

Then / f (x') F {x', x, n)dx', I f (x') F (x' , x, 7i)dx' converge to zero, 

J a J x+fjt. 

<is n oo , uniformly for all values of x, in G ; for any function f (x) that is 
summable in (a, b). 

To prove the theorem, let the function (!> {x', x, n) of Theorem I be 
defined to have the values of F (x' , x, n), for each pair of values of x and n, 
and for all values of x' in the interval (a, x -- /x); let O (x , x,n) 0 
when x' is not in the interval {a, x — p,). Thus O (x' , x, n) satisfies the 
conditions (1) and (2) of Theorem I. 

rh fx-tx 

Also ^ {x' , X, 7i ) dx' ^ / F (x' , X, n)dx' : it thus follows that the 

J a J a 

rx-fji 

convergence of F (x', x, 7i) dx' to zero, as n — oo , uniformly for all the 

points X of G, is established. The second part of the theorem is proved in 
a precisely similar manner. If the conditions of the theorem hold good 
when ^ = 0, it is then identical with Theorem I. In accordance with 

Theorem II, the question of the nature of lim I f {x') F (x' , x, n) dx' is 

71 '^so J a 

rx+fi 

made to depend upon that of lim I f {x') F (x' , x, n)dx' \ the integral 

n— 00 J X- fi 

over the neighbourhood (x — fi, x f /x) of x. In this matter the character 
of the summable function / (x') outside this neighbourhood of a: is irrelevant. 

An integral f f (x') F {x', x, n) dx' , for which the conditions of Theorem 

J a 

II are not satisfied when fx 0, may be termed a singular integral. It will 
be seen that, in the theory of Fourier’s series, and of other modes of repre- 
sentation of functions by means of series or integrals, the theory of singular 
integrals is of fundamental importance. 

In the case of an integral f f {x') F {x', x, n) dx', where x is confined 

— 00 

to belong to a set of points G, contained in the finite interval (ui,6i), 
we may take an interval (a, h) which contains (a^ ,bf) in its interior, and 
consider separately the three integrals taken over the intervals (— oo, a), 
(a, b), (b, oo). Theorem II can be applied to the integral over {a, b), and in 
case the integrals 

j f(x')F (x', x, n) dx', [ f (x') F {x', x, n) dx' 

Jb j -OO 
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converge to zero, as n — oo , uniformly for all values of x, the theorem 

can be extended to f (x') F (x\ x, n) dx'. Sufficient conditions that 

J — ao 

these two integrals may so converge are obtained by employing the 
theorems of § 281 . 


291. It is easily seen that Theorem II can be extended to the case of 
a function of two or more variables. For simplicity, the following theorem 
will be stated for a function of three variables only. 

Let f(x\y\z') be summable in a given rectangular parallelopiped Ay and 
let F (x'y y'y z'y Xy 1 / , 2 , 71 ) ^6 dcfined for all points (x' y y\z') in A, and all points 
(x, y, z) in a given set Gy contained in A ; and for all values of n in some in- 
creasing sequence of numbers with no upper boundary. Let the function F 
satisfy the conditions (1), for each set of values of Xy y, z, n, and for all points 
{x'y y'y z') such that {x' — x)^ + (y' — yY ~h {z' — zy^ ^ p^y the function 
F {x' y y' y z' y Xy y y Zy n) 15 cquwalent to a function that does not exceed in 
absolute value some positive number K^y independent of w, and of (x', y', z')y 
(Xy yy z) ; and (2), in eijery cell Aj contained in A, and for all points {x, y, 2 ), 
of Gy which are at a distance ^ p from every point of Aj , 


F {x'y y'y z'y Xy 2 , U) d {x'y l/y Z' ) 

exists as an L-integraly and converges to zeroy as n cc , uniformly for all 
values of {Xy i/, z). Then 


/, 




/ {x'y y'y Z') F {x'y y'y Z'y 71 ) {x'y 1 /', Z' ) 


converges to zerOy as n uniformly for all values of x, in G; S derix>teSy for 
each point {Xy y, 2 ), the set of points {x'y y',z') at which 


{x' - x)'^ + {y' ~ yY -f {z' - zY < p^- 
In order to prove the theorem, let <[) {x'y y'y z', x, y, 2 , n) have the value 
F {x' y y' y z' y Xy Zy u) whcncvcr {x' — xY + (y' — yY + ■“ ^ p^y and 

when this is not the case, let O {x'y y', z', a;, y, 2 , n) have the value zero. 
We have then only to apply Theorem I to the function 

d) {x'y y'y z'y Xy y, 2 , n). 

Another case of Theorem II which is of importance in the theory of 
double and multiple Fourier’s series may be given for the two-dimensional 
case, and can be immediately extended to the case of any number of 
dimensions. 


If {Xy y) be a point in the rectangle A, a point {x' ,y')y of A, for which 
one at least of the numbers \ x' x\y | y' — y | is ^ /a, is said to be in the 
cross-neighbourhood (p) of the point (x, y ) ; that cross-neighbourhood con- 
sisting of the totality of all such points (x'y y'). 
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The theorem may be stated as follows : 

// (F x\ y\ X, y, n) be defined for each point (x, y) in a set G, contained 
in the cell A, and for each value of n in some increasing divergent sequence, 
and for all values of (x', y') in A; and if F (x', y\ x, y, n) satisfy the following 
conditions : 

( 1 ) For each set of values of {x, y,n), and for all points x' not in the 
cross-neighbourhood (p), of (x, y), the function F {x\ y\ x, y, n) is equivalent 
to a f unction that does not exceed in absolute value a positive number K^, 
independent of (x, y) and n. 

(2) If Aj be any cell contained in A, F [x' , y\ x, y, n) d (x, y') 

.(A») 

exists as an L-integral, for all values of n, and for all those values of (x, y) 
which belong to G, and are such that A^ has no point which belongs to the cross- 
neighbourhood (/x) of (x, y), and it converges to zero, unifcwmly for all such 
points (a*, 2 /). 

Then f (F) F {x\ y', x, y, n) d (x', y') converges to zero, uniformly 

for all points (x, y) in G, for any fu7iction f (x', //') surnmable in A; where 

(x, y) denotes the cross-neighbourhood (p), of {x, y). 

Tlic importance of the theorem arises from the fact that, when it holds 
for every value of p (> 0), however small, the limit, as n ^ cc, of 

I / y') F {F, y\ x, y, 7i) d (F, y') 

depends only upon that of 

I / (F. y') F (F, y', X, y, n) d {F , y') 

taken over the arbitrarily small cross-neighbourhood (p) of the point (x, y). 

In order to reduce this theorem to Theorem I, we have only to define 
O (x', y' , x, y, n) as having the value zero in the cross-neighbourhood {p) 
of {x, y), and as having the value F {F , y' , x, y, n) outside that, cross- 
neighbourhood . 

THE CONVERGENCE OF SINGULAR INTEGRALS 

292. The most important of the applications of Theorems I and II to 
the theory of series and integrals arise in the case in which the function 
F {F , X, n), of Theorem II, has the form F {F — x, 7i). It will be assumed 
that this function satisfies the conditions (1) and (2) of Theorem II, for 
r 11 positive values of p. The question of the character of 

lim f f (F) F (F — X, n) dF 
ri'^oo J a 
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then reduces to the investigation of the limit of 

fX + g. 

/ / (*') F (x' - X, n) dx', 

J X-g 

or of I f (x 1) F (t, n) dt ; where x' ^ x + t. 

J -g 

It tliU8 appears that the character of the limit of the interval at a point x 
depends only on the properties of the function / (x') in the neighbourhood 
of the point x. 

Let it be assumed that the function F (t, ?i) satisfies the two conditions, 


(a) 

lim j F (t, n) dt 

n-^QC J - g 

ib) 

1 



i'A 


where A is a positive number independent of n and /x. 

We have 

I f + 0 / (^) [ (ty n) dt 

J ~g •’ -g 

i- if (^ + 0 -f (x)} F (<, n) dt. 

•' -g 

Let it be first assumed that the function / (:r) is continuous at the point x, 
then fjL can be so chosen that \f{x + t) — f (x) \ <17, for all values of t in 
the interval (— /x, /x), where 7^ is a prescribed positive number. 

It then follows that 


lim f f (x 1 t) F (t, n) dt 


/ (^) 


< ’■> 


and since rj can be taken to be arbitrarily small, by proper choice of /jl, we 
have 


lim f f (a;') F (x' — x, n) dx' == / (x). 

n~oo d a 


If the set 0 consists of all the points of an interval (a, in which / {x') 
is continuous, the continuity at a and jS being on both sides, /x may 
be so determined that the condition | / (a: + t) — f (x)\ < r) is satisfied 
for all the points x of the interval (a, j8). In that case the convergence 
of the integral to the value / (a:) is uniform in the interval (a, j8). 

The following theorem has been now established : 

If the function F (x' — x, n) satisfies the conditions (1) and (2) of Theorem 
IF and satisfies the conditions 

(a) lim f F (t, n) dt 1 , 

n«-oo J -g 

(b) r \F{t,n)\dt^A, 

J ~g 
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where A is independent of fi and nfor all sufficiently small values o/ (>0) , then 
I f (x^) F (x' — Xy n) dF converges, as n oo , to the value f (x) at a jjoint x 

at which f {x') is continuous; and it converges uniformly tof (x) in any interval 
(a, P) in which f (F) is continuous, the continuity at a and jS being on both 
sides. The function f {F) is any function tiuit is summable in (a, b). 

In case / (x') is a function of one of the types considered in §§ 282-285 the 
conditions (1 a), (1 6), (I c)and(l may be substituted for the condition (1). 
It should be observed that, in case F (t, n) is never negative, the condition 
(6) is contained in the condition (a), since, if necessary, a finite set of values 
of n may be disregarded. 

293. In the case in which p can be so chosen that the function / (x') 
is of bounded variation in the interval (x — p, x p), it is sufficient, instead 
of the condition (6), to assume that the condition 

(b') ["'F(tyn)dx 

• A, 

is satisfied, for every interval (Aj, Ag) contained in (- p, p). For in that 
case, in accordance with the theorem of i, § 424, 

r {/ (« + 0 - / (a:)} f (t. n) dt 

J -II. 

cannot exceed A multiplied by the total variation oif{x-\- 1) in the interval 
(— p, p) of t. This is seen by dividing the interval of integration into the 
two parts (0, p) and (—p, 0). In any interval in which / (x') is continuous 
and of bounded variation, it is expressible as the difference P (x') — N (x') 
of two continuous monotone functions. In the interval ( - p, p) of t, the 
total variation of / {x }- t) cannot exceed the sum of the variations of 
P (x 1) and N {x t), which is 

\ P {x p) - P {x - p)\ \ N {x p) - N {x - p)\. 

For a point x of the interval, these are both arbitrarily small, by proper 
choice of p. Moreover, if x be confined to an interval interior to the interval 
in which / (x') is continuous and of bounded variation, p can be so chosen 
that \ P (x + p) - P (x — p) \ y \ N (x -\- p) ~ N (x — p) \ are both less 
than an arbitrarily prescribed number, the same for all the values of x. 
It then follows, as before, that the integral converges to / (x), at a point 
in the neighbourhood of which / (x') is of bounded variation, and uniformly 
in a whole interval interior to another interval in which / {x') is of bounded 
variation and continuous. 

The following theorem has been established : 

If the function F(x' ~x,n) satisfies the conditions (1) and (2) of 
Theorem //, or one of the conditions (la), (1ft), (1 c), (1 c?) instead of (1), 
in case f {x') belongs to one of the corresponding classes of functions, and if 
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further F (x' - x, n) satisfies the conditions (a) and (6'), then at a point x 
in a neighbourhood of which f {x') is continuous and of bounded variation, 

fb 

f (x') F (x' — X, n) dx' converges to f (ar), as n . Also for an interval 

o 

which is interior to an interval in which f (x') is continuous and of bounded 
variation, the convergence of the integral to the limit f (x) is uniform- in the 
interval. 


294 . Let us now consider the convergence of the integral at a point x 
at which the function / (x') has an ordinary discontinuity, so that / (a; f 0) 
and / (x — 0) liave definite values. 

The following theorem will be established : 

If the condition [a) of the theorem of § 292 be replaced by the conditions (a') 

lim f F {t, n) dt lirn f F (i, n) dt 
J 0 n~ao J -M 

the condition (b) remaining unaltered, then at any point x of ordinary dis- 
continuity of the function f (x/), 

lim [ f (x') F {x' ~ X, n) dx' ^ i {/ + 9) + / (a: - 0)}. 

n-^oo J a 

We have 


f (x A t) F (t, n) dt 

[** {/ (* + 0 - / (* + 0)} F (<, n) dt f(x + 0) r F 
Jo Jo 

+ f {f + t) - f - 0)} F {t, n) dt -h f (x - 0) f 


(/, n) dt 
F {t, n) dt. 


It can be assumed that p is taken so small that 

I / (^ + ^) - / (a? + 9) I , I / (a: + 0 - / - 9) I , 

for t in (0, p) and in (— p, 0), are both less than rj. 

It follows that 


lim 


f (x + t)F (t, n)dt ~ i{f {x + 0) -\-f (x 
< 7j f \ F (tyn) \ dt < Atj. 

J -a 


9 )} 


Since rj is arbitrarily small, we have 

lim [ / (z') F {z' - z,n)dt' ^ i{f{z -i-0) +f (z - 0)}. 
n-^oo J a 

In case the point a; is a point in a neighbourhood of which / (a;') has 
bounded variation, the condition (6) of the theorem may be replaced by 

the condition (6')> jj F(t,n)dt^A for every interval {Ai,Aj) 
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contained in (— yii, /x), and for all values of n. The proof is precisely similar 
to that in § 293. Thus : 

// the conditions (a'), (/>') are satisfied by F (t, n), then at any point x, 
in a neighbourhood of which f (x') is of bounded variation, 

lim f f (x') F (x' ~ X, n) dx' = ^ {f (x 0) -h / (x -- 0)}. 
n— Qo J a 

295. It has been shewn in § 294 that, subject to the conditions of 
Theorem II, and the conditions (a), (6) of § 292, the singular integral con- 
verges to I {/ (.r + 0) -j- f(x - 0)} at any point of continuity or of ordinary 
discontinuity. If we assume that the value of / (:c) at any point of 
ordinary discontinuity is taken to be J {/ (x 0) + / (x - 0)), the integral 
then converges at such a point to the value / (x). It c;an, however, be 
shown that, provided F (t, n) satisfies certain conditions, the convergence 
of the integral to / (a:) holds good at all points of a set which includes 
points at which f (x) has a discontinuity of the second kind. 

It will be assumed that F (t,n) is an even function of t, and that it 
possesses a continuous partial differential coefficient F^ (t, n), with respect 
to t, for each value of n. It will further be assumed that F (t, n) converges 
to zero, as /I -- oo , for each value of t that is 0. 

We have 

J f (x -t t) F (t, n) dt J (f> {t) F (ty n) dt -f 2/ (:r) J F (t, n) dt, 

where <f) (t) denotes f (x -h t) -f- f {x — t) — 2/ (x). The second term on the 
right-hand side converges to / (x), as oo , in accordance with the con- 
dition (a) of § 292. 

There then remains for consideration the integral [ 6 (t) F (t, n) dt, 

Jo 

which may be expressed as (f)^{p) F (/x, n) — (t) F^ {t, n) dt, where 

t 

(t) denotes <f> (t) dt \ since F (0, n) is finite, and (0) -- 0. 

J 0 ^ 

Let us assume that I <f) {t) dt has a differential coefficient equal to zero 
J 0 

at the point ^ = 0; we have then <f>^ (t) = tx (t), where x (t) is continuous, 
and X (fi) = II is known (see i, § 432) that this condition is satisfied for 
almost all points x, in (a, b). We have then to consider the limit of 

rtx(t) F, (t, n)dt ; 

Jo 

the term (/x) F (p, n), or px W ^ converges to zero, as n -- x . 

The integral f x (0 (ty ^)] ^ converges to zero, as n x , if the 
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function tF^ (t, n) satisfies the conditions (1 c), (2) of § 284, for the interval 
(/x', /x), and the conditions (a), (6) of § 292, for (0,^'), where /x' < /x; 
since x (0 ^ continuous function of bounded variation in (/x', /x). 

If a , be such that 0 < /x' ^ a' < ^ /x, where /x' is a fixed number 

(< /x), we have 


j tF^ {t, n) dt ^ tF (t, 7 i)J — J F (t, n) dt. 

Since F (t, n) converges to zero, for t = a , and t = and since F {t, n) 
satisfies the condition (2) of § 284, it follows that the integral on the left- 
hand side converges to zero, as tx oo ; and thus that tF^ (t, n) satisfies 
the condition (2) of § 284. 


The condition 


(Ic) that f \tF^{t,n)\ 
J ul' 


dt should be bounded with 


respect to n is satisfied if the condition that | tFi {t, n) | dt is bounded, 

J 0 

and is included in the latter condition. 


I tF, {t, n)\r=^ -J {tF (f, n)~F (t, n)} [tF (t, tx)} | + 1 (f, n) |, 

we see that f | tF, (t, n) I dt is bounded with respect to if 
J 0 

fo I I I 

is so, and if [ | (t, n) | dt satisfies the condition (6), of § 292, which 

Jo 

fM 0 

we assume to be the case. Now {tF (t, n)} dt is the total variation of 

Jo 

d 

/ {tF (t, n)} dt (see i, §415), or of tF(t,n), in the interval (0, /x). 
J 0 ot 

Therefore the condition (1 c) of § 284 is satisfied if tF (t, n) has a total 
variation in the interval (0, /x), less than some fixed number independent 
of n. Moreover 

lim f tF, (t, n) dt - — lim f F {t, n) dt ^ \ ; 

n~ao J 0 n-«oo J 0 

it being assumed that the condition (a) is satisfied. Hence it is seen that 

lim r X (t) [Hi ^)] since x (0) = 0. 

H'^QO J 0 


The following theorem has now been established : 

If F (x' — X, n) satisfies the conditions (1), (2) of Theorem //, for all 
values of fx (> 0), and also the conditions (a), (b) of § 292, and if 

lim F {x' — x,n) — 0 

n-*-co 
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when x' ^ x, and F (t, n) is an even function of t; then, provided tF (t, n) has 
a total variation in (0, fx) less than a fixed number independent of n, 

rb 

f (x) F (x' — X, n) dx' 


f 


converges to f (x), as n qo , for every point x in (a, h) for which 


f {/ (* -+-<)+/(*-<)- 2/ (*)} dt 

J 0 


has a differential coefficient at i ^ 0, equal to zero; this is the case for almost 
all values of x. 

In case F (t, n) is not an even function of t, we may define <f>i (t) to 
denote f (x + t) ~ f (x), or f (x - t) — f (x ) ; and thus 

[ f (x -h t) F (t, n) dt = [ <!> (t) F (t, n)dt + f {x) [ F (t, n) dt, 

Jo Jo Jo 

and by proceeding as before, it can be shevni that, subject to similar 

conditions, the convergence holds good at every point x at which 


{/ + 0 - / (^)} and [ {f (X -t) -f (x)} 

J a J a 


dt 


have differential coefficients equal to zero; and this is the case for almost 
all values of x. 

296. Making, as in § 295, the assumption that lim F (t, n) ^ 0, for 

ri'^co 

each value of t, except zero, we have 

X (<. W) = I + /**} X (<) [<-^1 (<. «)] 

Let it be now assumed that f | </> (t) j dt has a differential coefficient for t 0, 

J 0 

equal to zero; this is the case (see i, § 432) for almost every value of x. 

We have then I \ <f> {t) \ dt txi (t), where Xi (^) continuous, and 
Jo 

Xi (0) == 0. 

We have now 

I [°*X W tFi (t,n)dt\^ f "l X (t).tFi (t, n)\dt< M (a„) f lx(t)l<^^'> 

I Jo 1 i 0 Jo 

where M {a„) is the maximum of | tFi (t, n) | in the interval (0, a„) ; and 

ran 

since / | x (0 I X where 0 < ^ a^, the absolute value of 

J 0 

the integral is < UnM (a„) x (««')> 

If it be assumed that M (a„) a„ has a finite upper boundary with 
respect to n, and that converges to zero, as n — ' oo , we have 


X (t) tF^ {t, n) di 

) 

for all sufficiently large values of n. 


< €, 
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Next, consider f x (*. w) eft, or f [t‘Fi (t, n)] dl. Since 

J an J On ^ 

y (t) 

has bounded variation in the interval (an , /x), the integral is numerically 
less than multiplied by the maximum of jt^Fi (t, n) dt j for 


all intervals interior to (an, where | | total variation 

of ^ in the interval (a„, p). Hence 

1 X (t,n)dt\^<N (an) C , 

where N (a„) denotes the absolute value of the maximum of (t, n) dt, 
for all intervals interior to («„> /x). We have also 

^ .(/) rli — r 1. JL (i\ 1 O ^ I Ji U\ rj* 


n “n J 


Th» - /I f i?’ - If* («) <*; 

and this holds good when ix is replaced by any number t in the interval 

(ttni P)- 

It follows, employing the theorem in i, § 415, that 




V 

4>(t) 



- f 

\<f>(t) 

J an 1 



Xl (m) Xl (“n) 


l/o^ ' 

dt -h 2 f ~xi (t) dt 


< 4- 4 (1 _ y 

/X a„ \a„ nJ ’ 

when Xl is the maximum of xi (^) m the interval (a„, /x). 


It follows that a„FjI 


Xl (m) + 4xi < €, provided p be chosen 


sufficiently small. We have now 

If X (0 • (^j 7i) dt < ^ ^ ; 

and thus, provided ^ is bounded with respect to n, the integral on 
the left-hand side is less than an arbitrarily chosen number. If then also 
I OnM (an) I is bounded, we see that <f> (t) F (t, n) dt converges to zero, 

J 0 


as n ^ Qo . 
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The following theorem has been established : 

// F (x' — X, n) satisfies the conditions (1), (2) of § 290, for every value of 
fjL (> 0), and a sequence of positive numbers converging to zero, as n <x> , 
can be so determined that, for a sufficiently small fixed number p, a^M {«„) 

and are both less than fixed positive numbers independent of n, th^en 

b ” 

/ (x') F (x' — X, n) dx' converges to f(x), for all points x, interior to (a, 6), 

at which f I f (x -h i) -h f (x ~ t) — 2f (x) I dt has a differential coefficient 
J 0 

I BF (t n) 

at t ~ 0, eq'iml to zero. The number M (a„) denotes the maximum of' * ' ’ 


/; 


dt 


in the interval (0, a„), and N {a^) denotes the absolute value of the maximum 
Qf ji 2 all intervals interior to (a„, p). 

It is clear that at any point x, at which f I f (x + t) - / (x) | dt, 

i ^ 

I I / (^ “ 0 ~ / (^) I have, at ^ = 0, differential coefficients of which 

the value is zero, then J j f (x -h t) -h f (x — t) — 2f (x) | dt has at x the same 

property. It follows from the theorem given in i, § 432, that this property 
holds for almost all values of x in the interval (a, b). 

It is clear that, in the proof of the above theorem, there may be sub- 
stituted for Fi (t, n) any function (t, n) which satisfies the same condi- 
tions as F^ (t, n) does in the theorem. 

Thus we obtain the following theorem, due to Lebesgue (loc. cit.) : 

For any point x at which J \ <j> (t)\dt has a differential coefficient for 
t — 0, equal to zero, 

/o [ L ^ (<) <Ai (<. «) dt 

converges to zero as n ^ , provided ^ (t,n) satisfies the conditions that, for 
some sequence {a„} of numbers converging to zero, a^M (a„) and ^ are 

bounded for all values of n; where M («„) denotes the maximum of | t^ (t, n) | 
in the interval (0, a„) and N (a^) denotes the absolute value of the maximum 

of tp (t, n) dt for all intervals interior to (a„, p). 

1 

297 . Let u (t) denote - j {f{x-\-t)-{-f(x — t)} dt, and let it be assumed 
that u (t) has bounded variation in the interval (0, p). For ^ = 0, we may 
take w (0) = (-1- 0) ; then u {t) is continuous in the interval (0, p). We 

denote f (x -h t) -hf(x-~t) hy<p(t). 
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We have 

I </> (t) F (t, n) dt = /x'M (u) F (/x, n) ~ [ u (t)AFj^ (t, n) dt\ 

Jo Jo 

if it be assumed that | tF (tj n)\ < K, for all the values of t and n, then since 

fiu (fi) F (fM, n) = {u (fjb) ~ u 0)} fiF (/X, w) -f (4* 0) fxF (/x, n), 

we have lim {fiu (/x) F (/x, n) — u (+ 0) jjlF (/x, ti)} < 

n~ao 

where ^ 0, m jx ^ 0. 

Again, considering I u (i) {tF^ (t, n)} dt, we have 
J 0 


/' 


{u (t) u ( f 0)} IF^ (t, n) dt 


^ FS {1^ (0} L (/x), 


where L (/x) is the absolute value of the maximum of jtFj^ (t, n) dt in 
intervals contained in the interval (0, /u.). 

Since [tF^ (t, /x) dt ^ \tF (t, /x)] — (t, n) dt, 

we see that L (/x) is less than a fixed number independent of n, provided 
the absolute maximum of ^F (t, n) dt for all intervals contained in (0, /tx) 

is so. Since lim FJJ {u (<)} ^ 0, as fi ~ 0, it follows that 


/ui~oo 

lim 

7J — QO 

where — 0, as /x 0. 
It is now seen that 


[ {u (t) — u ( h 0)} tFj (t, n) dt < 
J 0 


lim 


■ [ 4> 

JO 


(t) F (t, n) dt — u 0) 


I V (t, w) I 


< t7m + Cm; 


and assuming that F (t, n), an even function of t, satisfies the conditions of 
Theorem I, for every interval (/x',fi) when 0< </x, the above limit is 

zero when p,', instead of 0, is the lower limit in the integrals. 

We then have lim [ (f> (t) F (t, n) dt - u ( r 0) lim [ F {t, n) dt. 

fi'^aoJ 0 n~co J 0 

The following theorem has now been established : 

If F {t, n) he an even function oft, and satisfies the conditions of Theorem /, 
in every interml (y, p), (p' > 0), and if | tF (t, n)\<K, for all values of n, and 

all values of t in the interval (0, p), then I f (x') F {x' - x, n) dx' converges 

J a 

<0 w (+ 0) lim I F (t, n) dt, at any 'point at which the function 
n-'oo J 0 

M (<)s| + 0 +/(* - 

has hounded 'variation in some interval (0, p), of t. 
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This theorem is a generalization of a theorem given by de la Vall 6 e 
Poussin for the case of Fourier’s series (see § 345). 


THE OSCILLATION OF A SINGULAR INTEGRAL 

298. Let it be assumed that F (t, n) ^ 0 , for all values of t and n, and 
that the condition lim J F (t, n)dt^\ is satisfied, together with the con- 
ditions ( 1 ) and ( 2 ) of Theorem II. 

If denote the upper and lower boundaries oif{x') in the interval 

(x - fji, X + fi), and 17, L are the lower and upper boundaries of rn^ 
as /X ~ 0 , the number /x can be so chosen that < M + 77 , > m 17 . 

We have 



t) F (t, n) (It < 


{M + r,)j 


** F (t, n) dt > 

-F- 



F (i, n) dt. 


It follows that 


and 


lim f f(x')F (x' 


lim 


rb 

f(x') 

a 


F {x' 


— X, n) dx' < M } 77 , 

— X, n) dx' > rn — 7). 


Since rj becomes arbitrarily small, by choosing fx small enough, we have 
the following theorem : 

If F (t, n) ^ 0 , for all values of t, n, and satisfies the condition 
lim f F (t, n) dt ^ 1, 

n~QoJ -n 

then 'provided the function F (x' ~x,n) satisfies the conditions ( 1 ), ( 2 ) of 
Theorem II, we have 

rh rb 

M ^ lim / {x') F {x' — X, n) dx' ^ lim I / {x') F (x' — x, n) dx ^ m, 
n-«Ja 

where M, m are the maximum and minimum of f (x') at the point x. 


THE FAILURE OF CONVERGENCE OR OF UNIFORM CONVERGENCE 
OF THE SINGULAR INTEGRAL 

299. When the function F (t, n) is such that the condition ( 6 ) is not 

satisfied, so that j \F (t,n)\ dt increases indefinitely asn ^ cc ,itis possible 

to define a function f {x'), continuous in (a, 6 ), and such that, at a particular 

point X, I / («') F (x' — X, n) dx' does not converge to f (x), as n ^ cc . 

J a 

One at least of the two integrals F (t, n) \ dt, | F {t, n)\dtvs 
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unbounded ; let us assume that the first of these is unbounded. It has been 
shewn in § 289, that a continuous function x (0> such that x X (/^) ^ 

exists, such that [ y (0 does not con\rerge to zero, as ao . 

h 

Let f {x') ^ 0, in the interval (a, x) and in the interval (x 4- ft, 6); 
and let f (x') ^ x ~ interval {x, a; + ft). 

We have then 

j f (x') F {x/ — X, n) dx/ = j f (x') F {x' — x, n) dx' = J x (0 ^ ^t. 

It follows that I f (x') F (x' - x, n) dx' does not converge to zero, which 

a 

is the value of the continuous function / {x') at the point x. 

The following theorem will now be established : 


U j I ^ ) I increases indefinitely as n ^ , it is possible to define 

J -y, ^ 

a continuous function f {x') such that f {x') F {x' — x, n) dx' converges 

J a 

to f {x)y as n oo , at a prescribed point a:, but does not converge uniformly in 

any neighbourhood of x. 

It has been shewn in § 289, that it is possible to define a continuous 
function <f> (x'), of which the numerical maximum is M, such that, for 

a given point a:, <f) (x') F (x' — x, n) dx' has a value which exceeds 

J a 

M I F (x' ~ X, n) I dx' — €, where c is arbitrarily assigned. Moreover this 

function (f) (x) can be so chosen as to be of bounded variation ; because 
it is clear that a function which is constant in each interval of a finite set, 
and is elsewhere zero, can be taken to be the limit of a sequence of con- 
tinuous functions of bounded variation. 


Also, if 0 (x') be a function which has the value 0 in the interval 
{x — hy X + h), and is numerically not greater than M, we have 

rb 

i/j {x') F (x' — X, n) dx' 


rb 

a 


£ MB (h), 

f \ F (x' — X, n) \ dx' + f j F (x' - x, n) | dx’ 


where R (h) is the maximum value of 

rx-h rb 


which is finite, on account of the condition (1) of Theorem II. Consider 
a sequence of intervals no two of which overlap or abut on one another, 
and such that their end-points have the point x for limiting point. Let 
their lengths be 4^,, 4^2, ... 4^,, ; and let Xj, Xg, ... ... be their 

middle points. Let be the distance from x of the nearer end of the 
interval of which the length is . 
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A function (x), continuous and of bounded variation, can be so 
determined, that it is numerically < Ip < 1, and such that, for n Up, 

fb 


rb 

fp(x') F {x' ~ Xp,np)dx' 
J a 


> p 4- 2i? (hp ) ; 


the number Up may be so chosen as to exceed any prescribed integer. 

Let (f>p (x') ^ fp (x'), in the interval {Xp — hp, Xp f hp), and let (f>p (x') = 0 
outside the interval (Xp - 2kp, Xp f 2hp). This function <^p (x') may be so 
determined as to be continuous and of bounded variation, and such as 
to satisfy the conditions | {x') | < ^^ < 1, \(f)p {x') - fp (x') | < L in the 

whole interval {Xp - 2hp, Xp f 2hp). 

We have then 

(*') - /. (a;')} f (*’ - «r) I s (A,). 


J a 


and therefore 


f <l>„ (x') F (x' - x^, «„) dx' 

J a 


> p B (hp). 


Now let f (x') <f)p (x') in each interval (Xp 2hp, Xp f 2/ip); and outside 
all these intervals let f (x') -= 0. Then 

fb 


f(x') F (x' - Xpy Up) dx' 


> p -{■ R (hp) - R (2hp) ^ p; 


it follows that f f (x') F (x' ~ x, Up) dx' cannot converge uniformly to 

a 

/ (x) in any neighbourhood of x \ since the numbers rip, Xp can be so chosen 
that the integral increase indefinitely with p. That / (x') may be so defined 

that I f (x') F (x' — x, n) dx' converges at the point x, to the value zero, 

a 

may be seen as follows. 

2hp 


The integral is equivalent to S 


(f>p (x') F (x' “ X, n) dx ' ; and 

P^lJXn- 2hp 

the terms of this series are numerically less than those of the series 

oo 

2 IpR (kp). If we take Ip equal to the smaller of the two numbers 
T t> / h '\^ series is convergent. The series which represents 

p p li (kp) 
b 

f (x') F (x' — X, n) dx' therefore converges uniformly with respect to n, 
and since each terra converges to zero, as w ^ oo , it follows that 

fb 


/, 


/ 


/ (x') F (x' — X, n) dx' 


converges to zero, the value of / (x') at the point x. It is clear that the point 
a: is a point of continuity of the function f (x')\ it is an isolated point of 
non-uniform convergence of the integral. 
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The above constructions of a series which is non-convergent at a single 
point, and of a series which although convergent, converges non-uniformly 
in every neighbourhood of a particular point, are due to Lebesgue (loc. cit.). 


APPLICATIONS OF THE THEORY 
300. As a first application of the preceding theory, let 

{1 - (.r' - 


F {x' , X, n) 


2 (\-t^Ydt 
Jo 


when O^x' ^ 1, and the set G consists of the points of the interval (0, 1). 

To show that the conditions of Theorem II are satisfied, we see that 
a \ x' - X \ ^ fi, 

^ Jo 


F (x\ X, n) ^ 


(1 ~ ,X2)« 


2 [\i - 2^ [\i - 

Jo Jo 


< 


dt 


2^’ 


thus the condition (1) is satisfied ; we can take 


Also 

tfii 

/ F (x\x, n)dx‘ 
J tti 


/'■' 

f J a. 


1 — (x' - xY^}” dx' 


2m- 


^ ^ (1 - . 

/-I ^ 1 / 1\^’ 




rl fjji 1 / l\n 

since j ~ ^ j ~ ^ ” n) ’ 

it has here been assumed that x is not interior to the interval (ai — p, + p). 


We have 


^ lim 




Vn 


(1 + A)” 


0 ; 


1 


where 1 -f A , Hence the condition (2) of Theorem II is satisfied. 

1 - 

Again, we have 


n) 

Jo 


dt 


<i; 


and writing the integral in the form i — 


[*^(1 - f^Ydt 
Jo 

2[ (1-t^Ydi 
Jo 

[ (l-t^df 
J M- 

if (1-t^Yd 
J 0 


, we see that the 


limit of the integral is j . 
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It now follows from the theorems in §§ 292-294, that 

fV - (^' dx' 


lim- 

n-^oo 


5 

Jo 


H/(^ + 0)+/(a;~0)}, 


dt 


at any point x interior to (0, 1), at which f (x) is ordinarily discontinuous. 
It follows also that, in any interval in which / (x) is continuous, the con- 
tinuity at the end-points being on both sides, the convergence to / (x) is 
uniform. The function / (x) is in general subject only to the condition 
that it is summable in (0, 1). 

The asymptotic value of j (1 dt is ; hence the limit 


lim V"" f'l 

n~oo ^ J 0 


[1 — (r' -- dx' 

has the same values as the above limit. 

This singular integral was studied by Landau*, in the case in which 
J (x) is a continuous function, who applied it to obtain a proof of Weier- 
strass’ theorem (§ 159) that a function that is continuous in a given interval 
can be uniformly approximated to by a sequence of finite polynomials. 


Since 


/‘i‘ 


(x' — x^Y is a polynomial of degree 2n in a:, if / (x) is 


continuous in the interval (0, 1), then in any interval (a, 6), interior to 
{0, 1), the sequence of polynomials obtained by giving n the values 

1, 2, 3, ... in the expression ^/- f f (x') [1 - (x' -- x)^]^ dx' converges uni- 

V 7TJ 0 

formly in (a, b) to the value of the continuous function / (x). 

The theorem of § 295 may be applied to the function 


F (t, n) 






a 


We have g- [tF (t, n)] 


-■Ji 


(1 

1 


and thus tF (t, n) increases steadily from t — 0 to t 


^ - and then 

V2n -h 1 


steadily diminishes. The total variation of tF (t, n) in the interval (0, fx) 
is therefore 


* Rend, di circ. mat. di Palermo^ vol. xxv (1908), p. 337. The above theory for any summable 
function was given by Hobson, Proc. Land. Math. Soc. (2), voL vi (1908), p. 364. 
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Applications of the Theory 


and this is less than ^ , whatever value n may have. Thus the conditions 

of the theorem of § 295, being satisfied, it follows that 


- (X' 


dx^ 


converges to / (x) at every point at which 

f {/ (* + 0 -i / (* - f) - 2/ (a:)} dt 
J 0 

has a differential coefficient at ^ = 0, of the value zero, and this condition 
is satisfied at almost all points of the interval (0, 1). 

It has thus been shewn that: 

If f (x) be surnmable in the interval {(), 1), the limit, as n of the 


sequence of polynomials / (x') [1 

interior point of the interval at which 


{x' -- dx' is f (x), at antf 


[ {/ {x f t) -f / (x-t)- 2/ (x)} dt^ o (t ) ; 
.'() 


and which is the case almost everywhere. The convergence to f (x) is uniform 
in any interval of continuity of the function, the continuity on both sides at 
the ends of the interval being presupposed. 


IV f 

301. The limit lim I f dx' 

n^oo v 7T J ~oo 

was considered by Weierstrass, and was employed by him to prove his 
fundamental theorem relating to continuous functions. It will here be 
assumed that / (x) is surnmable in every finite interval, and that, outside 
a certain finite interval ( - ^, ^), it is bounded. 

Taking F (t, n) we have, if ^ ^ /x, F (t,n) ^ ~ 

VTT V 7T 

n 1 

and since - e has the single maximum , _ e~*, we have 
Vtt H' V 27r 

F it, n) ^ r e"*, for ^ ^ /x. 

^ ^ hV27T ^ 

Also, when x is not in the interval (a — fi, jS' - /x), we have 

r ” dx' < f (iS' - «') 6-«v, 

Ja' VtT VtT 

and this converges to zero, as n go , uniformly for aU values of x in any 
finite interval (a, P). 
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We have 

r f {x') dz' - ] r -I- r^l/(x')e-"’<*'-*>’rfa;' 

YttZ-qo V tt (J a J - cc ) 

+ Yir"’*+ r (a;') rfa:' ; 

V 77 (J-A Jx + /J.l V 7T J X-fJi 

and the first part of the expression is less than a fixed multiple of 

( /•<» f~n(A+x)] 

+ \e-‘'dt. 

{Jn(A-x) J -oo ) 

For all points x in a fixed interval interior to ( ^4, this converges 

uniformly to zero, as --- qo . 

The second part of the above expression converges uniformly to zero, 
since the conditions of Theorem I are satisfied. P'urther, we have 

I (/x' - - I ne-’<'>‘dt l d.t\ 

J X V TT VttJo VttJo 


and the limit, as n ^ oo , is Similarly the limit of I --- dx' 

J X-H-V TT 

is 

We have now established the following theorem : 

If f (x') is summable in every finite interval ^ and is bounded outside some 
n r* 

fixed finite interval, then — ( f {x') dx' converges to 

V 77 -00 

i {f {x + 0) + f (x - 0)} 

at any point at ivhich f (a:) has an ordinary discontinuity, or is continuous. 
Moreover, in any interval in which f (x) is continuous, the continuity being, 
at the ends of the inter ^ml, on both sides, the convergence is uniform. 

Since [te~'^'^'] --- (1 — 2nH^), we see that increases steadily 

up to a maximum at t ^ ^ , and then steadily decreases. The total 

Th 

variation of in the interval (0, /x) is according!)^ 

V 77 




which is less than a / - e"*. Hence, in accordance with the theorem of 

V 77 

§ 295, we have the theorem that: 
n 

— f (x') dx' converges to f (x) at any point at which 


f {/(x + () +/(z - t) - 2/(x)}cK 
J 0 


-aa 
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has a differential coefficient at t ^ 0, which has the value zero : and this is the 
case at almost every point of any finite interval. 

Tf / {x) have an ////-integral in (— A, B), and is bounded outside that 
interval, since the total variation of in an interval (/x, a) is 

n (e^ e for all sufficiently large values of n, and this is less than 

- — e which is independent of n. it is seen that the condition of the 

/^V2 

theorem of § 286 is satisfied ; therefore : 


n i 

^ f (x') e j-r (fy co7iverges to i {f (x i 0) \ f {x -| 0)} at any 

V TT yj 

ordinary point of discontinuity, where f (x/) hus an HL-integral in { - A, B) 

and is bounded outside that interval. The convergence to f (x) takes place at 

all those points of the intervals complemeyitary to the set of points of non- 
. ; , [I 

sinnniability of f (x) at which {f (x t) f / {x -- t) — 2/ (a:)} dt has, for 

Jo 

t 0, the differential coefficient zero. 


condition in the above theorems, that / (x') should be bounded, 
outside some finite interval, may be replaced by a less stringent condition. 
It can in fact be shewn that it is sufficient that for | a: | > /4, the condition 
I / (a;) I < e9^' should be satisfied, where A, q are fixed positive numbers. 
We have only to consider the part 


of 


x/tt J _ 


f (.r') e dx'. This is less than a fixed multiple of 


r-X) 

J w ( A 


dt + 


-n{A {-x) ^ t' n 


dt. 


x) 


For Vq, this has a definite meaning, and it converges to zero, uniformly 
for all points x in an interval interior to (— al, /4), as n -- oo 

Other examples of singular integrals, the convergence of which may be 
investigated in accordance with the methods here given, are 


1 /n j, , [ x' ~~ X 

2V -2-. 

In r , r. [ ^ x' . X 


dx\ 

dx'. 


The first of these has been investigated by de la Vallee Poussin*. Other 
applications of the theory given in the present chapter will be given in 
later chapters, in connection with the theory of Fourier’s series and 
integrals. 


♦ Bull, de Vacad. roy. de Belgique (1908), p. 193. 
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THE CONVERGENCE OF THE INTEGRALS OF PRODUCTS OF FUNCTIONS 

302 . The theorems given in §§201-213, relating to the conditions that 
a sequence {«„ (a:)} should be integrable, have been extended, especially by 

W. H. Young*, to obtain conditions that an integral j f (x) (x) dx 

should converge to / f{x)s (x) dx, in a finite or infinite interval or cell (a,b). 
J a 

The function / (x) is in general taken to be summable in (a, b), but in some 
cases it may be less restricted. Theorems of this kind will here be deduced 
from the general convergence Theorem I, of § 279, and its modifications 
and extensions. 

Theorem 1, and its modifications, may be applied to determine sufficient 
conditions that, if {s^ {x\ x)} is a sequence of functions all summable in the 
interval or cell (a, b) of x', for all values of a; in a given set of points G, in a 
domain of any number of dimensions, and if s {x' , x) be another such func- 
tion, then f f(x') Sn {x\ x) dx' converges, as n oo , to / f (x/) s (x', x) dx', 
J a J a 

uniformly for all values of x in 0, for all functions / {x') which are summable 
in (a, h), or which belong to one or other of the more restricted classes of 
functions that have been considered in the modifications of Theorem I. 

Let O (x', n,x)~s (x', x) ~ (x', x); we have then, from Theorem I, 

the following result : 

It is sufficient in order that, for every summable function/ (x'), 

[ / (^') X) dx' 

J a 
fb 

should converge to / f {x') s {x', x) dx', uniformly for all values of x in 0, 

J a 

(1), that, for each pair of values of x and n, | s{x' ,x) — s^ (x', x) | should, for 
almost all values of x', not exceed a number K indepeyident of the particular 
values of x and n; and (2), that, for ejoch pair of values of a, p, such that 

a^a^/S^b, J (x'y x) — 6^ (x', x)} dx' shall converge to zero, as n oo , 

uniformly for all values of x in G. 

It is sufficient for bounded convergence for all values of x in G, if 
condition (1) is satisfied and condition (2) is replaced by (2'), that the inte- 
gral converges to zero for each value of x. This theorem holds good when 
x' is a point in a cell of any number of dimensions, integration over the 
cell replacing integration over the linear interval (a, b) ; {a, j8) will be 
replaced by a cell contained in the cell (a, b). 

* Proc. Land. Math. Soc. (2), vol. ix (1911), p. 463. 
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In case 0 consists of a single point, we have as sufficient conditions that 

lim [ / (x') s„ (x') dx' ^ ( f (x') s {x') dx/ , 

n-^oD j a J a 

the conditions (1), that | .s' (a:') - (a:')| <K, for all values of n and x\ 

r/3 ifi 

and (2), that lim | (x') dx' - / 8 (x') dx\ for each interval (or cell) 

TI.'^QO J a J a 

contained in the interval (or cell) (a, h). These conditions are both satisfied, 
in particular, if (x') converges boundedly to s {x'). 

In case {x\ x) converges uniformly to s {x\ x), in G, the condition (1) 
of the above theorem being assumed to hold, it has been shewn in § 203 
that the condition (2) must be satisfied. 

We thus obtain the following theorem : 

If, in the interval or cell (a, b), the sequence {6‘„ {x', x)} converges to s (x\ x), 
uniformly for all values of x in a given set G, of one or more dimensions, 
and if the condition is satisfied that [ s (x', x) ~ s^ (x\ x) \ < K, a number 

independent of x and n, for almost all values of x' , then f {x') (x', x) dx' 

J a 

converges uniformly in G to \ f (x') s (x', x) dx', where f (x') is any function 

J a 

summable in (a, b). 

rb rb 

In particular lim f {x') {x') dx' / {x') s (x') dx', where f (x') is 

/i~oo J a J a 

any function summable in (a, b), provided { 5 ,^ (x')} converges almost every- 
where to s (x'), and | s (x') — (x') | is less than a fixed number K, in- 

dependent of n and x' . 

This theorem also follows directly from the theorem in § 203, since 
I f (x) {s (x' , x) — s„ {x', a:)} | is less than the summable function K \f (x) \. 

These theorems hold good when the interval or cell (a, b) is infinite, 
provided \f(x) | is summable in (a, b). 

303. Considering the case in which {f (x')}^ is summable in (a, b) for 

Q Q 

some value of ^ > 1, and {5 (a;', (a:', x)}®-! are summable in {a, b) 

for each value of x, we obtain from § 282 the following result : 

It is sufficient, in order that / / (x') s^ (x', x) dx' should converge to 

I d 

[b 

I f (x') s (x', x) dx', uniformly, or boundedly, for all values of x in G, for all 

functions f (x') such that \f(x') \^,for some value of q (> 1), is summable in 
(a, b), tfuit 

(la) I \s(x',x) — Sn(x',x)\<i~^dx' should not exceed a fixed number K^~^, 

J a 

independent of n and x' , and also that the condition (2) or (2*) be satisfied as 

regards the convergence of | s^ (x', x) dx' to s (x', x) dx'. 

la la 



466 Representation of Functions as Limits of Integrals [oh. vii 

The interval (a, h) may in this case also be replaced by a cell of any 
number of dimensions : 

If we employ the results obtained in § 212, we obtain the following 
theorem : 

(^) converge.^ almost everywhere in (a, b) to s (x), and the condition 


L 


is satisfied that | s.,^ (.r) dx < K, where K is independent of n, for some 
J a ^ ? 

value of p > 1 , then f (x) (x) dx converges to f (x) s (x) dx, where f (:r) 

. a J a 

P 

is any function such tJuit | / (x) is surnmable in {a,b). 

304. We find also tin* following results, by employing the theorems 
in §§ 283-285 : 

It is sufficient, in order that / f (x) s„ {x , x) dx' should converge to 

J a 

f (x') s (x'y x) dx' , uniformly, or boundedly, for all values of x in G, for all 
bounded and surnmable functions f {x'), that 

I'b 

(16) / \ s (x' , x) - s^^(x' , x)\ dx' does 7iot exceed a fixed mmiber K, 

J a 

independent of n and x, and that, for every measurable set e contained in 

(a, b) {.$ {x', x) Sn {x', x)} dx' should converge to zero, as 71 ^ cc , 7ini- 
J (e) 

forinly, or boundedly, for all values of x in G, 

It is sufilcient, in order that I / (a;') .9,^ {x' , x) dx' should converge to 

b ^ 

/ / {x') s (x', x) dx' , uniformly, or boundedly, for all values of x in G,for every 
J a 

function f {x') which has only ordinary discontinuities, that 
rb 

(1 c) I \ s {x' , x) — Sn (x' , x) I dx should not exceed a number K, inde~ 

J a 

pendent of n and x, and further that the condition (2) or (2*), 0 / § 219, be 
satisfied, as the case may be. 

It is here assumed that {a, b) is essentially a linear interval. 

It is sufficient, in order that f (x') s^ {x', x) dx' should converge to 

J a 

f {x') s (x', x) dx', uniformly, or boundedly, for all values of x in G, for all 

\ 

functions f (x') of bounded variation in the linear interval {a, b), that 


I. 


(Id) 


fp 

/ (x', x) — s^ (x' , x)} dx' 


does not exceed a fixed number M, 


independent of a, p, n, and x, when a ^ a ^ P ^ h; and further that the 
condition (2) or (2*) be satisfied. 

It will be observed that, in case 8„ (x', x) converges to s (x', x) uniformly 
for all the values of x' and x, both conditions of the theorem are satisfied. 
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306 . Taking the function O {x\ x, n) of Theorem I, let it now be as- 
sumed that the set G consists of the points of the interval (a, b), for which 

b 

O (x\ X, n)f (x') dx' is considered. Let 0 (x' , x, n) be defined by 


/, 


O (a:', X, n) s (x') — {x), for x ^ x, and (!>-(x', x, n) ^ 0, for x' > x; 

and let the Theorem I be applied to this function; there may be a set of 
points x', of measure zero at which the definition of 0 (x\ x, n) does not 

apply. 

The function 0 (x', x, n) is taken to satisfy the conditions 

I S (^') - -fn (*') I < 

for all values of n, and all (or almost all) values of x' in (a, b ) ; and further 

that I {.9 {x') — (a;')} dx converges to zero as n cc ^ uniformly (or 

J a 

more generally boundedly) for all values of x in {a, b). 

We obtain thus the following theorem: 

If f (a;) be summable in (a, />), and | 5 (a:) — (x) | is bounded for all the 

values of n and x (a set of jmnts of measure zero being possibly excepted), 

fx ^ rx 

and if I (x') dx' converges uniformly, or boundedly, in {a, b) to s (x') dx', 
J a J a 

then 1 / (x') s.n {x') dx converges uniformly, or boundedly, as the case may be, 
J a 

in (a, b), to f (x') s (x') dx' . If the interval is(a, <X) )the theorem holds provided 
J a 

f (x) is absolutely summable in {a, go ), the convergeme of f (x) s^ (x) dx 

■ a 

I'x 

to I f (x) s (x) dx being then uniform, or bounded, in any finite interval, 

J d 

In case s^ (iiO converges to s (x) almost everywhere, and so that, at the 
points of convergence, either (1), | ^ (ir) — (x) | < at all the points of 

convergence, or (2), | s,^ (x) | is bounded, it is known (see § 204) that 

j Sn (x) dx converges uniformly in any finite interval to j s (x) dx. We 
J a •'a 

thus obtain the following theorem : 

If s^ (x) converges boundedly to s (x) (with the. possible exception of points 
of a set of measure zero which may be disregarded), and f (x) be absolutely 

summable in a finite or infinite interval, then I / (x) s^ (x) dx converges 

J a 

uniformly to / f (x) s (x) dx in any finite interval. The same result holds if 

Sn (x) converges to s (x) so that | 5 (a:) — (x) | is bounded for all values of n, 

and almost all values of x; provided f (x) s (x) is absolutely summable. If, 
in either case, s (x) - Sn (x) ^ 0, for all values of n and x, it is sufficient that 
f (x) should be summable in every finite interval, and bounded outside some 
finite interval (a, A). 
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306. By applying the modification of Theorem I, given in § 284, we 
obtain the following theorem : 

/// (x) have only ordinary discontinuities, and he absolutely summable in 
the finite or infinite interval (a, b), and if j | 5 (a:) — (a;) | dx is bounded 

J a 

as n varies, and j s^ (x) dx converges to f s (x) dx uniformly in {a, b), or 
J a J a 

in case 6 -- oo , in each finite interval (a, A), then I / {x) s^ (x) dx converges 

J a 

uniformly to / / {x) s (x) dx, in {a, b), or when b ^ cc , in a finite interval 
■ ® 

(a, A); it being assumed that f (x) s (x) is summable in (a, b). 
rb rb rb 

Since I | 6* (x) — (a:) | ^ | ^ (a;) | eZa: + / | (x) | dx it follows that, 

J a J a J a 

if I Sn (a:) I dx is bounded in (a, 6), and | s (x) | is summable, then 

J a 

rb 

I I « (a:) - s„ (x) I dx 

J a 

is bounded. We have therefore the following theorem: 

If f (x) have only ordinary discontinuities in (a, b), and if s (x), f (a:) s (x), 
f (x) Sn (x) be absolutely summable in the finite or infinite interval, then if 

f I Sn (x) I dx is bounded and f s^ (x) dx converges either uniformly, cyr not, to 
J a J a 

rx ^ rx 

I 6' (x) dx, in each finite interval (a. A), f {x) s^ (x) dx converges uniformly, 

J a J a 

or boundedly, as the case may be, to I f{x)s (x) dx in any finite interval (a, A) 

J a 

contained in (a,b). 

A very similar theorem has been given by W. H. Young (loc. cit.) in 
which / (x) is taken to be bounded as well as to have only ordinary dis- 
continuities. 

307. Next, let the Theorem I (a) of § 282 be employed, in the case in 

which the set G consists of the points of the finite, or infinite, interval 
(a, b). Let O (x\ x, n) have the value s (x') — (x'), when x' ^ x, and let 

it have the value 0, when x' > x. It then follows that, | / (x) \^, for some 

value of q> 1, being summable, / f (x') s^ (x') dx' converges uniformly 

J a 

in any finite interval (a. A) to \ f (x') s (x') dx' , provided the condi- 

J a 

fb ^ 

tions are satisfied that / \s (x') —s^ dx' exists and is less than 

J a 

a fixed number independent of n, and further provided that j s^ (x') dx'^ 
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converges uniformly to j « (a;') dx' in (a, b), or in case b is infinite, in each 

a 

finite interval (a, A). 

It has been shewn in § 212 that this last condition is satisfied if either 
q rb 

(1), 1 .9 is summable in (a, 6) and \8 {x') ~ dx exists, and 

• ® 

is bounded; where {x') converges almost everywhere to s (x')\ or (2), if 
rh q . 

I dx exists and is bounded as n varies, (x') converging almost 

Ja 

everywhere to s (x'). On changing x' into x, we obtain the following 
theorem : 

If (x) converges almost everywhere in the interval (a, b), where b may 
be cc ^ to 8 (x), then, if f (x) be any function such that \ f (x) |q, ivhere q> I, 

is summable in (a, b), f f (x) s^ (x) dx converges to | / (x) 5 (x) dx, uniformly 
J a J a 


in (a, b), or if bis infinite, in any interval (a, A ), provided either (1), {,9 (x)}q~i 

cb j 

is summahle in (a, b), and {s (x) — Sn (x)}^~^ dx exists, and is bounded 

J a 

rb ..q_ 

as n varies, or (2), if { 5 ^ (x)}q ^ dx exists, and is bounded. 


The theorem, holds also when it is not assumed that (x) converges to s (x), 
q q rb ’ ,q, 

'provided\f (x)\^, |<9(x)|q"^, \sn{x)\^~^ are summable, \ |5 (x) — (x)|q”^ c?x i? 

a 

bounded as n varies, and that j (x) dx converges to I s (x) dx, uniformly 

J a J a 

in (a, b), or in case 6 = oo , in each finite intenxil {a. A). 

The first part of this theorem was given in different forms by Lebesgue* 
and W. H. Youngf, for the case q 2, 


308. In the theorem of § 285, let O (x', x, n) denote 5 (x') — s^ {x'), or 
zero, according as x ^ x', or x > x', when the set G, the field of x, consists 
of the interval (a, b). The function / (x') being of bounded variation in 

(a, b), the conditions to be satisfied are that j {s (x') — (x')} dx' I is 

I .'rt I 

bounded for all values of x in {a, h), and for all values of n, and that for 
each value of x it converges to zero uniformly, or boundedly. These 

conditions will be satisfied if f s„ (x') dx' converges boundedly, or uni- 

J a 

formly, to I s {x') dx'. We have thus the following theorem: 

J a 

If f s„ (x) dx converges uniformly, or boundedly, to f s (x) dx in the 
J a J a 


♦ Annates de Toulouse (3), vol. i (1909), p. 50. 
t Proc, bond. Math, 80 c. (2), vol. ix (1911), p. 469. 
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interval (a, 6), and f (x) be any function of bounded variation in (a, b), then 
[ (^) / (^) dx converges uniformly, or boundedly, to [ s (x)f (x) dx, in 

the interval (a, 6). 

In the case of an infinite interval (a, » ), it must be assumed that the 
total variation of / (a;) in (a, A) has a finite upper limit, as A is increased 
indefinitely. 

We have 


I {« (x) - s„ {x)}f{x) dx -f (A) I {« (x) - .s„ (x)} dx 

J A J A 


<M.V.f{x), 


where M denotes the upper boundary of 


(*) - s„ (a:)} d.x 

J a 

1 1 rr^' 


for all 


intervals (a, in (A, A'). By choosing A large enough f(x)<€, 
for all vlaues of ^ ; and iif(x) converges to zero, as a: — qo , ^ may be chosen 


is less 


1 P 

so small that I / (J.) | < e. In this case (x) — Sn (^)}f(^) dx 

L' A 

than a fixed multiple of e; it being assumed that {.9 (x') — s.„ (x')} dx' 

} a 

is bounded with respect to {n, x) in the whole interval (a, oo ). Since e is 
arbitrary, the theorem holds for the case of the infinite interval. 

If instead of the condition that / (x) converges to zero, as ^ oo , it 

be assumed that j s (x) dx exists, and that the convergence of f s^ (x) dx 

J a J a 

to s (x) dx is uniform in (a, oo), the result will also follow. Thus : 

J a 

The above theorem holds for an infinite interval (a, oo ) 'provided either 
(1), / (x) converges to zero as x ^ , or (2), j s^ (x) dx converges uniformly 

J a 

to I s{x)dx, in (a, oo). The convergence of j s„ (x)f(x)dx, in (a, oo ), to 

J a J a 

s (x) f (x) dx is bounded, and is uniform in each finite interval, in case 

I s„ (x) dx converges uniformly in each finite interval to j s (x) dx, 

J a J a ^ 


I. 


309. Let a denote a parameter which is confined to have values in 
some set G, of points in one or more dimensions. Let s^ (x, a) be positive 
and steadily diminishing, as x increases in (a, oo), for each value of a and 
each value of n, and let | s„ (a, a) | be less than a fixed number A, inde- 
pendent of n and a. Let be a divergent sequence of positive numbers, 
and let f(x) be summable in the infinite interval (a, oo). Further, let it 
be assumed that, in any fixed finite interval, (x, a) converges to s (x, a) 
for each value of x in the interval, uniformly with respect to a. 
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Taking the theorem in § 279, let O {x, a, n) have the value 

(x, a) ~ s {x, a), 

when a ^ X ^ A„, and let it have tl'e value zero when A„ < x. 

In accordance with the hypotheses | O {x, a, n) | is bounded with 
respect to (x, «, n), and thus the condition (1) of the general theorem in 

[bi 

§ 279 is satisfied. Again {x, a) — s (x, a)} dx, for each pair of values 

•' fh 

of Uj and in (a, oo), converges to zero, as n cc, uniformly for all the 
valu€‘8 of a ; sin(;e | (x, a) | < | (d, a) \ < K (see § 203), thus the con- 
dition (2) is satisfied in any finite interval. 

The total variation of 0 {x , «, n) in the interval (a, oo) is 

(n, a) - s {a, a), 

which is Jess than a fixed number independent of n and a. It thus appears 
that all the conditions of the last^theorem in § 281 are satisfied. 

The following theorem has been established : 

V (x, a) is positive for all values of n, x, a, and steadily decreases 

as X increases in the interval (a, oo), for each value of n, and each value of 
the parameter a in some set of points of one or more dimensions y and (2), if 

f {x) dx is convergent y and (3), (x, a) converges to s (x, a) for each value 

J a 

of X, uniformly for all the values of the parameter y and if {A„} be a divergent 

r An 

sequence of positive number Sy then f (x) s^ (x, a) dx converges to 

a 

[ f (x)s{x,a)dx, 

Jo 

as n CO y uniforrnly with respect to a. 

In case there is no parameter, which is equivalent to taking the set 
of points to which a belongs to be a vsingle point, we have* the following 
theorem : 


If Sn (x) is positive in (a, oo), for all values of n, and decreases steadily 

rco 

as X increases, for each fixed value of n, and if f (x) dx exists, then 

Jo 

TAft /•'» 

lim / (x) s„ (x) dx - f(x)s (x) dx, 
ii'^oo J a 0 

where 6’„ {x) converges to s (x) for each value of x, and s^ (a) is less than a 
fixed number independent of n, and {A„} is a divergent sequence. 


* See Bromwich’s Theory of Infinite Series, p. 443. In Bromwich’s statement it is postulated 
that the convergence of Sn {x) to 8 (a;) is uniform in any fixed interval. This assumption is un- 
necessarily restricted, since (a;)} is monotone for each value of x. 
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EXAMPLES 

(1) Consider j a:*'(l + x)~^ log X dx, where /> + 1 > 0. If 0 < c < ] , the series 

1 - 2a: + 3x2 - 

converges uniformly to (1 + x) “2, also x**logx is bounded in the interval (0, c). Thus 

I x*'(l + x)~2 1ogxdx may be obtained by substituting the expansion and integrating 
J 0 

term by term. 

Next consider j x*’(l + x)~2 log a: dx = j (1 - x')*^(2 - x')“2Iog(l - x') dx\ 


(2) Consider 


j (1 + x)~'^<^x*^ (log x)®dx. 

J 0 


310 . In the theorem of § 286, let <!> (x\ x, n) s (x') — (x'), for 

x' ^ X, and Q> (x', x, n) 0, for x' > x, where the set G, the field of x, is 
taken to be the interval {a, b). In accordance with the condition (2) or 

(2*), f Sn (x') dx' converges uniformly, or boundedly, to f s (x') dx/ \ also 
J a J a 

in accordance with condition (1), | 5 (:r') ~ (a:') | is bounded for all values 

of n and x' (in the interval (a, 6)). If it be assumcHi that 6’,^ (x') converges 

everjrwhere to s (x'), and that V\ (^') is finite, and bounded for all values 

of n, then it can easily be shewn that V\ s {x/) is finite, and consequently 

Fq {6’ {x') ~ Sn (^')} is bounded for all values of n. We have accordingly 
the following theorem : 

If in a finite interval (a, 6), a sequence {.9„ (a::)} commgzs to s (x), and 

I 5 (a;) — (x) I is bounded for all n and x, and consequently j (x) dx con- 

verges uniformly to s (x) dx^ and if V^s^ (x) is finite^ and bounded for all 
J a 

values of n, then if f (a:) be any function which has an HL-integral in (a, b), 

I f (^) (^) converges uniformly to j f (x) s (x) dx. 

J a J a 

In particular, if the functions s„ (x) are all monotone (increasing or 
diminishing) in the interval (a, 6), s^ (a), s^ (b) are bounded, | s^ (^r) | is 

then bounded for all values of n and x, and it then follows that j s^ (x) dx 

J a 

converges uniformly to I s (x) dx. 

J a 

We therefore have the following theorem : 

If in any finite interval (a, 6), s^ (x) is monotone in the interval (a, b) 
{increasing or diminishing) for all values of n^ and s^ (a), (b) are numerically 
less than fixed numbers independent of n, and s^ (x) converges everywhere to 
8 (x), then, if f {x) be any function which has an HLdntegral in {a, b), 
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f{x)s„{z)dx converges uniformly to f (x)s(x)dx. The. theorem also 

► rr J a 

Mdsfor an infinite interval (a, qo ), it being assumed that lim s^ (x) is hounded 

X'^oo 

for all values of n. 

The extension to the case of an infinite interval is made by an applica- 
tion of the mean value theorem. 


If we apply the theorem of § 287, to the case in which G consists of the 
points of the interval (a, 6), and d) (x\ x,n) s {x') — s^ {'x'), for x' ^ x, 
and O (x\ X, n) - 0 when x/ > x, we obtain the following theorem: 


Let f (x') have a l)-integral in the finite interval (a, b), and let it be assumed 
that (jc') converges to s (x) everywhere in (a, 6), and that 


J'' 


dx' 


exists and is less than some number K, independent of n, and that s^ (^' ), <5 {x') 
are, for each value of n, of bounded variation in (a, b), then f {x') s^ {x') dx' 

J a 

converges, uniformly in (a, b), to j f {x') s (x')dx' , 

J a 


311. Instead of Theorem I, of § 279, the following theorem is sometimes 
useful for application: 

If (x', x,n),f (x') are such that f {x')<t> (x', x, n) is summable for each 


j f(x')^(x',x,n)dx' 


< €, 


iKilue of n, and for each value of x, in G, and if, (1), 
when € is arbitrarily chosen, provided m {E) < iqe, n > Ne, ivhere con- 
verges to zero with e, whatever value x may have, in G, and if, (2), <!> (x' , x, n) dx' 

converges to zero, as n ^ uniformly for all values of x, in G, whatever values 
a, may have, such that a S a < ^ S. b, and. if, (3), I O (x , x, n) dx' < e, 

I 

rb 

provided n > Ne and m (E) < rj/ ; then / f {x') ^ (x', x, n) dx' converges 

J a 

to zero, as n cc , uniformly for all values of x in G. Further the integral 
may be taken over any measurable set H, in [a, b), instead of over the whole 
inter ml. 


Let iV be a fixed positive number, and let f (x') fN (x') +(/>N(x')f 
where /jv (x') - / (x'), 4>n (x') = 0, when | / (x') | ^ N, and <f>N (x') = / (x'). 
In (x') = 0, when \f(x')\>N, A function (x') having only a finite set 
of values, all in the interval (— N, N), can be so defined that 

0 (x') - {x') < rj, 

and </rjv {x') -= 0, when/^r (x') = 0; where p is an arbitrarily chosen positive 
number. 
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We have now 

I f (x\ X, n) dx' — f tpx (x') O (x\ x\ n) dx' 

J a ^ J a 

+ I {/n (x') - iffN {x')\ <I> (x\ X, n) dx' -f I f (a?') 0) (x', x, n) dx'. 

Ja J(Ea) 

where jB/jv is the set of points at which (x') 4=^ 0. The number N may be 
so chosen that the absolute value of the third integraJ on the right-hand side 
is < for n > and for all values of :r in G. 

We have [ {x') O {x'. x. n) dx' OCc [ <t> (x', x, n) dx', 

J a J (cc) 

where the numbers c are the values, finite in number, of i/j.y (x'), and is 
the set of points at which i/fAr {x') = c. Each set can be enclosed in a set 
of intervals of which the total measure is < in (e^) f 1 ]^ , and a finite set 
of these intervals can be so chosen that the ineasun^ of the remainder of 
them is arbitrarily small. The set consists of a set contained in Ag, 
and of a set in the remaining intervals; also m (A - e^) < • 


Thus f (x', X, n) dx' — ■! I — f 

J(ec) i MAc) J(dc-e/^ 

Since 0 (x', x, n) dx' converges to 0, 

J (SX 




/ < 

j(A ) 


' 00 , uniformly for all 

X in G, and since m (Ac 4^^)^ m (4"^) are arbitrarily small, it follows that 
0 (x', x,n) dx' < provided n is greater than some number 
where r denotes the number of values of i/jjy (x'). 

Since this holds for each value of c, we have 

rb 

I {x') O (a;', x, w) dx' 

a 

provided n is greater than n. the greatest of all the numbers n^. We have 
further 

I {fx\ (x) " ipN (x')}dx' < y I I 0 (x'. X, n) I dx'. 

It will be shewn that it follows from the conditions (2), (3), of the 
theorem that [ | O (x', x, n) | dx' is less than a fixed finite number A, for 

• a 

all values of x and n. 


6, for all sets F such that rn (K) 




Since 0 {x', x, n) dx' 
ihE) 

and for n > N/, we have 

I <1)+ {x', X, n) dx' ^1 O ^ {x'. X, n) dx' 

He) \ \J (El) 

for n > Ne', where 0+ (x', x, n) is the function which is equal to 0 (x' , x, n) 
when this latter function is ^ 0, and is otherwise zero; denotes that 
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part of E in which 0+ (x\ x, n) dx' > 0; this set Ei depends on x but its 
measure cannot exceed r)^ . 

Now divide the interval (a, h) into s parts, each of length < 7/e'; we see 
that 0+ (x\ X, n) dx' < re, provided n > N/ , and for all values of x 

J a 

in O. Therefore I 0+ (x', x, n) dx' is, for all values of n and x^ less than 
J a 

some fixed number, when, if necessary, a finite set of values of n is rejected. 
The similar property can be shewn to hold for the corresponding function 

rb 

O' (x', X, n). Therefore I | O {x', x, n) | dx' cannot exceed a fixed number 

J a 


A, and hence 


I/: 


{/n (x') {x',x,n)dx' 


^7/. 


Lastly, we have 


O (x', X, n) dx' 


<€,< 


— , for all sufficiently large 


rc 


values of n, whatever value x has, in G. The same holds for (A - ec ). 

It has now been shewn that f f (x') O (x' , x, n)dx' is in absolute value 

a 

less than an arbitrarily chosen number, provided n exceeds some value 
dependent on that number, whatever value x may have, in G. 

Let O (x' , x, 7i) 6* {x' , x) — .s„ (a:', x) \ we have then the following 

theorem ; 

If f (x') .s (x', x) arid f (x') (x', x) are sumrnahle in (a, 6), for all values 

of n, and for all values of the parameter x, in G, and if I (x', x) dx' con- 

J O 

verges to 1 s {x' , a:) dx' , for each pair of values of (a, /3) in (a, 6), uniformly 

J a 

for all points x in G, and if 
Mm 


* {E) 

m (A’)-O 

lim 


[ / (x') {«„ (x', x) - s {x‘, x)} dx' = 0, 

I {•% x) — s (x', a:)} dx' = 0 , 

/ (E) 


uniformly for all x in G ; then 

lim f f (x') Sn (x' , x) dx' f f (x') s (x', x) dx', 

and the interval (a, h) may he replaced by any measurable set of points in 

(a, 6). 

The particular case of this theorem when G consists of a single point, 
so that the parameter x may be omitted, was established otherwise by 
W. H. Young. In that case the conditions are simplified, because 

lim f(x')s (x') dx' and lim ^(x') dx' are both zero. 

rniE)'^^hE) n, (E)^rr HE) 



CHAPTER VIII 


TRIGONOxMETRICAL SERIES 

312. The theory of the representation of functions of a real variable by 
means of series of cosines and sines of multiples of the variable is of the 
highest importance, not only on account of the fact that such mode of 
representation is at present an indispensable tool in the various branches 
of Mathematical Physics, but also because this theory has exercised the 
most far-reaching influence upon the development of modern Mathematical 
Analysis. Historically, the questions which have arisen in connection with 
this theory have influenced the development of the theory of functions of a 
real variable to an extent which is comparable with the degree in which 
the theory of functions in general has been affected by the theory of 
power series. The theory of sets of points, which led later to the abstract 
theory of aggregates, arose directly from questions connected with trigono- 
metrical series. The precise formulation by Riemann of the conception of 
the definite integral, and the gradual development of the modern notion of a 
function as existent independently of any special mode of representation 
by an analytical expression, are further examples of the results of the 
study of the properties of these series upon Mathematical Analysis. 

It is a significant fact that the theory of this mode of representation 
of a function had its origin in the attempt to investigate the form of a 
stretched string in a state of vibration. The problem of the expansion of 
the reciprocal of the distance between two planets in a series of cosines of 
multiples of the angle between their radii vectores led to an independent 
development* of the theory of trigonometrical series. The discussions 
which arose in connection with the first of these problems were, however, 
of much greater importance in the history of the development of the theory 
of functions ; they form the first stage in the development of what is known 
as the theory of Fourier’s series, in intimate connection with which the 
modem theory of functions of real variables had its origin. 

THE PROBLEM OF VIBRATING STRINGS 

313. The first general solution of the differential equation 

which determines the form of a string vibrating transversely, was given by 
d’Alembertt in the form y -= f {x at) + (f> {x ~ at). He further shewed 

* The importance of this fact has been emphasized by H. Burkhardt in his work “ Entwicke- 
lungen nach oscillirenden Functionen,” published as a Jahresbericht der deutschen MathemcUiker- 
Vereintgung, vol. x (1901), and later. 

+ Jfemotr& of the Berlin Academy, 1747, p. 214. 
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that, ii X = 0, X ^ ly represent the fixed ends of the string, the form of the 
string at any time t is representable hy y = f (at x) — f (at — a:), where 
the function / (z) is subject to the condition / (z) = / (2Z + z). D’Alembert 
was thus led to the search for analytical expressions which remain unaltered 
when 21 is added to the argument. In a second memoir, d’Alembert ob- 

served that the motion is determinate if the values of y and be assigned 

By 

at some fixed time. Thus, in modern notation, ii y = (x), (x)y 

for t ^ 0, then, for all values of x between 0 and I, 

f{x)^f(~x)=^U(x). 

fix) +fi-x) -- ^jfi{x)dx; 

it follows that / (x) is determined for all values of x between I and — ly and 
thence, by means of the condition / (z) ^ f (21 + z), for all values of x. 

The treatment of the same problem which was shortly afterwards given 
by Euler* was in form of a similar character to that of d’Alembert, but 
the difference of meaning assigned by these writers to the word “ function ” 
was of fundamental importance in the controversy which afterwards arose 
between the two mathematicians in relation to this problem. D’Alembert 
understood by a function y ^ f (x)y a single analytical expression, whereas 
Euler employed the same expression and notation to denote an arbitrarily 
given graph. Both, however, held the view that two analytical expressions 
which are equal for values of the variable in a given interval must also be 
equal for values of the variable outside that interval. D’Alembert argued 
that Euler’s mode of determination of the function in the solution of the 
problem presupposes that y can be expressed in terms of x and t by means 
of a single analytical expression, and that thus an undue restriction is 
imposed upon the modes of vibration of the string. For example, in the 
case in which the initial figure of the string is polygonal, d’Alembert 
regarded the solution of the problem as impossible. The general effect of 
the controversy is to exhibit on the one hand the narrowness of the restric- 
tion of the conception of a function as held by d’Alembert, to functions 
possessing at every point differential coefficients of all orders, and on the 
other hand the looseness of the conception of Euler that the ordinary 
methods of the Calculus are applicable without restriction to quite arbitrary 
functions. 

314. The formal solution of the problem by means of trigonometrical 
series was given by Daniel Bernoulli f in a memoir in which he shewed that 
the differential equation and also the boundary conditions of the problem 

* Memoire of the Berlin Acjod/emy^ 1748, p. 69. 
t Ihid, 1763. 




of the vibrating string, for the case in which there are no initial velocities, 
are formally satisfied by assuming 


y ^ di sin 


. 2ttx 27rat . *^7TX ^rrat 

dg sin cos - ^ f daSin --^ cos ^ + .... 


He asserted that this represents the most general solution of the problem, 
and that the solutions of d’Alembert and Euler must therefore be contained 


in it. In a later memoir, he considered the case of a massless string loaded 
with n masses vibrating transversely, and indicated an indefinite increase in 
the numbers. A criticism of Bernoulli’s theory was published immediately 
afterwards by Euler, who pointed out that a consequence of Bernoulli’s 
formula was that every arbitrarily assigned function of a variable x could be 
represented by a series of sines dj sin x f- dg sin 2x 4 sin 3x- ~\- .... This 
appeared to Euler to be a reductio ad absurd um, since such a series c^ould 
represent only a function which is odd and periodic; the notion that a 
function could be capable of representation by a certain analytical expres- 
sion only in a limited interval being contrary to established opinion at 
that time. Bernoulli’s solution was consequently regarded by Euler as 
lacking in generality. A considerable controversy* took place on the 
subject between Bernoulli and d’Alembert. 


This problem, together with the related problem of the propagation of 
plane waves in air, was next taken up by Lagrangef, who obtained Euler’s 
results by the method of starting with a finite number of masses fixed at 
intervals on a massless string, and then proceeding to the limit when the 
number of masses becomes indefinitely great. In the course of his analysis 
Lagrange came near to the determination of the form of the coefficients 
in the expansion of a function in a series of sines of multiples of the 
argument. The defect of Lagrange’s method lies in the lack of any in- 
vestigation of the validity of the process of passing to the limit ; no restric- 
tions upon the nature of the arbitrary functions were recognized by him as 
necessary. The remarks made by Euler, d’Alembert, and Bernoulli in the 
course of the discussion of Lagrange’s work failed to elucidate the difficulties 
connected with this point, and no generally accepted theoretical views 
emerged from the lengthy controversies, the general course of which has 
been indicated. 


The difficidties felt by the mathematicians of this period in regard to 


* For a detailed history of these controversies, see Burkhardt’s BerichU vol. i. The early history 
of the theory of trigonometrical series is given by Riemann in his memoir, '‘Ueber die Darstell- 
barkeit einer Function durch eine trigonoraetrische Reihe,” Math. Werifce, p. 227. For the general 
history of the theory of these series see Sachs, “Versuch einer Geschichte der Darstellung wilt 
kiirlicher Functionen einer Variabeln durch trigonometrische Reihen,” Schlomilch's Zeitachrifty 
vol. XXV, supplement (1880), p. 231, and Bulletin des sc. math. (2), vol. iv, 1880; also Gibson, “On 
the History of the Fourier Series,” Proceedings of the Edinburgh Math. Soc. vol. vi, p. 137. 
t Miscellanea Taurinenata, vols. i, n, in. 
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the generality of the representation of a function by a trigonometrical 
series arose in large measure from their restricted conception of the nature 
of a function. To them it was conceivable that a function given by a 
continuous curve might be so representable, but since they regarded a 
function obtained by piecing two or more such curves together, not as one 
function, but as several different functions, it seemed to them impossible 
that such a broken curve could be represented by one trigonometrical 
series ; a separate series seemed to be required for each separate portion of 
the given composite curve. Moreover, the idea was unfamiliar that a 
particular mode of representation of a function need only be valid for 
some restricted range of values of the abscissa; and thus a portion of a 
non-periodic curve was regarded as incapable of being represented by 
means of a periodic series. 


SPK(UAL CASKS OK TRIGONOMETRICAL SERIES 

315. Independently of the discussions of the problem of vibrating 
strings and of other physical problems, a number of trigonometrical series 
representing special functions of a simple character were obtained by Euler, 
d’Alembert and Bernoulli. The methods employed by these writers for this 
purpose are of a character which fails to satisfy the requirements now 
regarded as necessary for the establishment of such results; moreover, in 
many cases the ranges of values of the variable for which the representations 
of the functions by the series are valid were not assigned. 

For example, the series 

sin X — i sin 2x 1 ^ sin Sx -- | sin 4cx . . . , 
cos a; I cos 2x ! ^ cos 3a: — cos 4a: - ..., 

were obtained by Euler*, as representing |a;, -- Ix'^ respectively; the 

range of values of a: ( — tt, tt) for which these representations are valid was 
however not given by Euler, who appeared to regard them as valid for all 
values of x. These series were obtained by integration of the series 
cos a: cos 2x + cos 3a: |- ... , the sum of which was maintained by Euler 
to be — . 

00 I 

By D. Bernoulli I the series E sin nx was obtained as a representation 

of \ (tt - x)y and the range of values of x (0, 27r) for wliich this representa- 
tion is valid was assigned. It was also observed that the sum of the series 
is discontinuous for x 0, 27r, 47r, — The following series were also 

♦ Pelrop. N. Comm. 1754-55, and Pefrop. N. Acta^ 1789. 
t Petrop. N. Comm. 1772. 
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obtained by Bernoulli, and the ranges of the validity of the equations were 
assigned : 
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The following results among others obtained by Euler may here be 
mentioned : 

2r+l • 

4^"* .to' ’ (2rfl)2 ’ 

- L ( - i)rCOs{ 2 r+ l)x 
8 U / ' ( 2 r+l)» • 

The true range of validity of these equations will appear later. 


LATER HISTORY OF THE THEORY 

316 , No further advance was made in the subject until 1807, when 
Fourier, in a memoir on the Theory of Heat, presented* to the French 
Academy, laid down the proposition that an arbitrary function given 
graphically by means of a curve, which may be broken by (ordinary) dis- 
continuities, is capable of representation by means of a single trigono- 
metrical series. This theorem is said to have been received by Lagrange 
with astonishment and incredulity. 

Fourier shewed, in a variety of special cases, that a function / (a;) is 
representable for values of x between — n and tt, by the series 
Juo 4 - (ai cos X bi sin x) (ag cos 2a; 4 62 sin 2a;) f 

I fir I rn 

where a„ -- - f {x) cos nx dx, b„ == - f (x) sin nx dx, 

TT J -rr TT J 

1 rir 

Oo = - /(x) dx. 

TT J 

Fourier’s results in connection with this subject are best studied in the 
collected form in which they appear in his Thiorie de la Chalenr, published 

* Bulletin des sciences de la soc. philomathique, vol. 1 , p. 122. 
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in 1822. Trigonometrical series of the above form, in which the coefficients 
are determined as above, are known as Fourier’s series. It should, however, 
be remarked that Fourier also studied other trigonometrical series, in 
which the cosines and sines do not proceed by integral multiples of the 
argument. 

Although Fourier attained to correct views as to the nature of the 
convergence of the infinite series he employed, he did not give any complete 
general proof that the series in the general case actually converges to the 
value of the function ; he indicates* however a process of verification of 
such convergence which was not actually carried out until Dirichlet took 
up the subject. 

317. An attempt to prove Fourier’s theorem was made by Poisson, who 
started with the formulaf 

cT f / ^ ^ f f n {x — x') dx\ 

J -n n^l J -IT 

which holds provided — 1 < h < 1 . 

Poisson proceeded to shew that, as h approaches the limit 1 , the integral 
on the left-hand side of the equation approaches the limit / (x), and 
argued that f {x) is represented by the series obtained by putting ^ = 1, 
on the right-hand side. Apart from the questions connected with the 
limit of the integral on the left-hand side, the conclusion is invalid unless 
it is shewn that the series obtained by putting h I is convergent. In 
ac^cordance with a known theorem, given by Abel, for power series (see 
§ 126), in case the power series is convergent for h ^ 1, it converges to the 
limit of the sum of the series for values of h which are < 1, as A approaches 
the value 1 : but no conclusion can be made immediately as to whether the 
series is really convergent, or not, when ^ = 1. A direct investigation of 
its convergence would be required to make the proof a valid one. It will 
however be shewn later that, by the employment of a theorem due to 
Littlewood, Poisson’s proof may be made complete in the case when / {x) 
is of bounded variation in the interval (— tt, tt). 

Two proofs of the validity of the representation were given by Cauchy ; 
one at least of these is certainly invalid in its original form. Both of them 
depend upon the theory of functions of a complex variable, and will conse- 
quently not be discussed here. An example of an invalid proof of a similar 
character to one of Cauchy’s, and also to Poisson’s, is the proof given in 
Thomson and Tait’s Natural Philosophy. 

* See the Thdorie de la chaleur, chap, ix, especially sect. 423. 

t Joum. de V4cole polyt. cah. 19, 1823, p. 404. See also his Thdorie analylique de la chaleur. 
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In 1829, Dirichlet* gave a proof that, in an extensive cla^ss of cases, 
Fourier’s series actually converges to the value of the function. His proof, 
the first rigorous one, was based upon a recognition of the distinction 
between absolutely convergent and conditionally convergent series. 
Since a Fourier’s series, when convergent, is not necessarily absolutely 
convergent, it is impossible to obtain a proof of the convergence from the 
law according to which the terms diminish, as Cauchy had attempted to do. 
As Diriclilet’s proof, apart from its historical interest, still repays a careful 
study, on account of the light it throws upon the mode of convergence of 
the series, it will be given below, with some modifications and extensions 
which arise from later advances in the Theory of Functions. 


THE FORMAL EXPRESSION OF FOURIER’s SERIES 


318. Let f (x) denote a bounded function, defined for the interval (0, /) 
of the variable x. A finite trigonometrical series of the form 

. 7TX 27TX . S7TX . (n - 1) TTX 

Uj Sin y -H Ug sin -j- -f ... -ha, sin-y- -h ... + a„_i sin ^ 


can be so determined that its value is equal to that of the function / (x) at 

each of the points x ^ ^ — —K It must be shewn that the 
^ n n n n 

coefficients a^, 0 . 2 , ... a„„i can be determined by means of the linear 
equations 



7r . 27r . in — 1) IT 

a, sm — h Ua sin h ... + a«_i sin — - , 

^ n ^ n ^ n 

. 2tt . 2 . 277 - . 2 in — \) TT 

= Ut sin -- -h a, sin - -h ... H- a„_i sm 

^ n n ^ n 



. ttt . 2r7r . r in ~ \) tt 

= a, sin -h a- sm -h ... -h a-., sm - . 

n ^ n ^ n 




(n — l)7T . 2(n~l)7r . in — l)(n -- l)7r 

sm — ha-sin-^ — h ... -ha„_ism - 

n * n ^ n 


Multiply the expressions on the two sides of these equations by 


. Sir . 2sir 

Sin — , sin , 

n n 


. (ti — 1 ) 57r 

sm — 

n 


♦ Crelle‘8 Joumalt vol. iv (1829), p. 167, “Sur la convergence des s^rieg trigonom^triques, 
qui servent k repr^senter une fonction arbitraire entre des Umites donnees.”' See also his memoir 
in Dove and Moser’s Repertoriumfiix Phyaik, vol. i, 1837. Memoirs by Dircksen, Crette^a Journal, 
vol. IV (1829), p. 170, and by Bessel, Aatron. Nachrichten, vol. xvi (1839), No. 361, are on similar 
lines to those of Dirichlet, but of inferior importance. 
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respectively, and add the expressions on each side together. It can easily 
be verified that 

. rrr . S7T . "IriT . 2s7r . in — \) rir . in — \) stt 

sin sin [- sin — sm - } ... j- sin sm ~ ----- == 0, 

}i n 71 n n n 


provided /• and s are unequal integers not greater than n — \ \ and also it 
can be shewn that 


. „ STT . ISTT 

Sin- { sin^ — 
n n 


f 8111“ 


(n ^1)577 1 


ITsing these two identities, we have at once 


.. /Z\ . STT P /2K . 2s7r .(n — I 7 t\ 

•' \7rJ 71 \nj n \ n J 


sm 


8 (n ~ 1 ) 77 ' 


and thus the coefficients in the series have been determined so that the 
series satisfies the prescribed condition. Let us now assume that the 
function / (a;) is integrable in accordance with Riemann’s definition, and let 
the number n be indefinitely increased. The limit of the expression for is 

O cl STTOC^ 

then seen to be ^ / [x) sin dx' . Tliis process suggests the possibility 

that the function / (a:) may be represented by the infinite series 


. TTX . 2tTX 

sm -y f- ^2 sm y- + ... 


. STTX 

a, sm 


where the coefficients are given by 

2 . STTx' 

a. = I Jo/ 


for points x within the interval (0, 1). It will be observed that the series 
cannot possibly represent the function at the point a; = 0, unless / (0) = 0; 
nor at the point x = I, unless f (1) == 0. Tliis limiting process is entirely 
insufficient to shew either that the infinite series converges at all, or that, 
when it does converge, its limiting sum is at any point equal to the value 
of the function / (x) at that point. 


It will later be shewn by various methods that, for extensive classes of 
functions, the series 


2 

i 


00 

2 sin 

3 = 1 


STTX 

T 



. STTX , , 

sm -y— dx 


( 1 ) 


actually converges to the value / (x), for values of x within the interval 
(0, 1), at which / (x) is continuous. This series is known as Fourier's sine 
series, 

ttx 

Let us now assume that the function / (a;) sin ~y is represented within 
the interval (0, 1) by the Fourier's sine series. 
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This series is, in the present case, of the form 

2 “ . STTX [K, 
f 2 sm -y / (* 

«-l f' Jo 


7TX . STTX , , 

Sin — sin ~ - ax , 


I 


I 


which is equivalent to 


1 * . STTX 

j 2a sm 




1 TTX' 


COS 


s -f 1 ttx' 
I “ 


dx\ 


or to 


1 . TTX 

r‘'‘ I 


1 "" 1 .S- 

/ f (x') dx' 4 S I sin 
Jo ^8-1 I 


1 TTX 


Sin 


- 1 TT-.t) 

r '■j 


/(*') 

/o 


cos 


STTX 


dx ' ; 


and this by hypothesis represents the function / (a:) sin 

It thus appears that, on the assumptions made, tlie function / (x) is 
represented by the series 

T J(x)dx + L cos j(.r)cos dx (2). 

f' J 0 Ks -1 f' - O f 

This series (2) is of the form 

jSo + jS, cos J + ^2 - f 1 • • • + i^s I -I- . . . , 

and is known as Fourier s cosine series. 


The cosine series, unlike the sine series, may possibly converge to the 
values /(O), / (I), for x = 0, Z respectively, when these functional values 
are not necessarily zero. 


319. Assuming for the present that the function f (x) may be repre- 
sented for the points of the interval (0, 1) by either of these series (1) and (2), 
we proceed to consider some obvious properties of the series themselves. 
The sum of the sine series (1) has, for the point — x, the same value, with 
the opposite sign, as for the point x. If then we suppose that the function 
/ (x) is defined not only for the interval (0, Z), but for the interval (— Z, Z), 
it appears that the series can represent the function for the whole interval 
(— Z, Z), only in case / (— x) = — f (x); that is, in case the function / {x) be 
odd. Further, the series (1) is unaltered by adding to x any multiple of 2Z, 
and thus the series, considered as existent for all values of x, defines a 
periodic function, of period 21. If / (x) be defined for all values of x, it can 
only be represented by the series, for all such values of x, provided / (x) 
is periodic and of period 2Z, and also f (x) ^ — / ( — ^) ; otherwise the 
representation of the function by the series is valid only for the interval 
(0, Z). 

The cosine series (2) is unaltered by changing x into — x; therefore the 
series represents the function f (x) for the interval (—Z, Z), only when 
f x) ^ f{x), i.e. when f (x) is an even function. The cosine series, like 
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the sine series, considered as existent for all values of x, is periodic, and of 
period 2Z; therefore the series can represent a function / (x), defined for all 
values of x, only when / (x) is periodic with period 2Z, and also 

/(^) =-/(”- ^)- 

It is thus seen that, if the function / (x) be defined for the interval 
(— Z, Z), it is in general not represented by either the sine or the cosine 
series for the whole of that interval, although it may be represented by both 
the series for the interval (0, Z). For the part of the function / (x) in the 
interval (— Z, 0) is in general independent of the part in the interval (0, Z); 
neither of the relations f (~ x) ^ ~~ f (x), f (— x) = f {x) being in general 
satisfied. In fact there is in general no relation between the values of a 
function, defined for the interval ( - Z, Z), at the two points — x, x. 

It is however possible to obtain, from the series (1) and (2), a series 
containing both sines and cosines, such as to represent the function / (x) 
for the whole interval ( - Z, Z). The function | {f (x) f /( ~ x)} is an even 
function, defined for the whole interval ( - Z, Z), and in accordance with the 
assumptions, representable for that interval by the series 

r cos''^- i f(-x')]cos~dz'. 

Again, the function J {/ (x) f ( — x)} is an odd function, defined for 
the whole interval (— Z, /), and is accordingly representable by 
1 ^ . ,S7rx r, /x-, . .S'TTar' , 

"T Jo ^ T ■ 

By addition of the two series, w'e find the series 

41 ^ lA/ (3)> 

which is of the form 


TTX ^ . TTX 

ai cos - Pi sin 


\ / 27r.r ^ . 27rx\ 

j f I ^2 ^os + P 2 sill -p ) 


as representing the function / (x) for the interval ( - Z, Z). This series (3) is 
known as Fourier's series, the sine and cosine series being regarded as the 
particular cases of it which arise when f ( ~ x) = ~ f (a;), or f ( — x) = f (x) 
respectively. 


320. With certain assumptions, the form of the series (3) may be 
obtained directly. Let it be assumed that a function/ (a;), defined for the 
interval (— Z, Z), can be represented by the series 


mrx 

, cos — ^ - + 


, . nTTX\ 

bn 8in-yj -f- 


in the sense that, for each point x in the interval, the series converges uni- 
formly to the value / (x) of the function at the point x. It then follows that 
f(x) is continuous in the interval (- Z, Z), and that /(Z) ==/(— Z). 
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The fundamental property of the functions 

, TTX . TTX 2ttX . 2TrX 

1, COS Y ’ ~l ’ ~~l~ ' ~l~ ' 


UTTX . nrrx 
cos y , sin y , 


is that the integral of the product of any pair of them taken over the 
interval (—1,1) has the value zero. On account of this property, the set 
of functions is said to be an orthogonal set of functions for the interval (—1,1), 

On account of the uniform convergence of the series to the value / (x) 
through the interval (— tt, tt), it is legitimate to submit the series to term 

by term integration, even when it is multiplied by cos or by sin ^ 

Observing that j dx -- 2Z, J cos^ dx == J sin^ dx L and em- 
ploying the property of orthogonality, we obtain in this manner, 

J J f (x') cos J dx/ — a„ , for n ^0, 1,2.3,...: 

and I J / (x') sin dx' - for n 1, 2, 3 

Therefore we have, for the interval (— 1,1), as the series representing / (x), 
+ J, j] cos ^ l j{x) cos dx 

+ jsin-^ j j -dx'[, 

1 “ 1 ri nrr 

or 2 / I / I J _/ (*') cos J {x' - x) dx'. 

If we replace by x, no essential change will be made in the formula; 

thus there is no loss of generality in taking ( - tt, tt) to be the interval in 
which / (x) is defined, and for which it is represented by 

~ f / (x') dx' -f S ^ f / (x') cos n (x' — x) dx' (4). 

277 J —rr n — irrj_.^ 

This expression (4) will be taken to the standard form of Fourier’s series. 


321 . In the above process, by which the form of the series has been 
obtained, it would have been sufficient to have assumed that the con- 
vergence of the series to the value of the function is simply uniform 
in the interval (— tt, tt). In that case the convergence becomes uniform 
if a suitable system of bracketing the terms of the series is carried out 
(see § 67). More generally, it is sufficient to assume that, whether the 
series is convergent or not, when a suitable system of brackets is intro- 
duced, the new series, in which the terms of the original series that are in 
a single bracket are regarded as a single term, converges uniformly in the 
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interval (— tt, tt). The uniformly convergent series would then take the 
form 


n Hi 1 n-ng 

\aQ H (a„ cos nx sin nx) 4- S cos nx 1 sin nx) 

rt - 1 J n-rh-f-l 

n»n, 

-1 S (a^ COS 4- sin nx) -f . . • , 

n-n2^ 1 

which is assumed to converge uniformly in (- tt, tt). The original un- 
bracketed series does not necessarily converge for the values of x in the 
interval. We find, as before, that 


/ (x') cos 7nx' dx' 


S (a„ COS nx 4^ b^ sin nx) dr 

n - np f 1 


Avhere m is one of the numbers 4- 1, f 2, ... j . In a similar manner 
we find that j f {r') sin 7nx' dx' ^ 7Tb,y^\ hence the form of the series has 

J TT 

been obtained. 


TIJE OENERAL DEFINITION OF A FODRIER’s SERIES 

322. We now take the series 

1 ^ 1 f’" 

o / (‘^') r S - / (X') COS 71 (x' - X) dx' 

J -n J -rr 

as the starting point, independently of any assumption as to its con- 
vergeiK^e. In order that the series may be said to exist, whether it converge 
anywhere, or not, it is necessary that the coefficients 

Ij-TT J|*n- 

o / ^ f ^ f 

-277 : - TT 77 j „ 77 J 

should have definite meanings, whatever value n may have. 

Until the last few decades it has been assumed that / (x) is either 
bounded in the interval (— tt, tt), and integrable (E) in that interval, or 
else that / (x) is unbounded in that interval, but possesses in it an integral 
in accordance with one of the earlier definitions which were employed to 
meet such cases. The recent extension of the definition of integration, due 
to Lebesgue, to the case of functions which, whether bounded or not, are 
not integrable (E), has led to a corresponding extension of the range of 
Fourier’s series. It has been proposed by Lebesgue* to assign to the series 
(4) the name Fourier's series, in every case in which / (x) is summable, and 
consequently also / (x) cos nx, / (x) sin nx are summable, in the interval 

* Lebesguo’s trc*atment of the series is contained in a memoir, “ Sur les series trigonomctriques,” 
Annales jur. dc Vdcole norwMe, mpdrieure (3), vol. xx (1903), p. 453, in a memoir, “Hecherches 
sur la convergence des Series do Fourier,” Math. Annalen, vol. lxi (1905), p. 251; and in the 
Lecons sur hs sdries trigonorndtriques, 1900. 
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(— 7T, tt), whether the function be bounded or not. This terminology will 
be here adopted. The two series 

I rrr 2 

- f (x') dx' f S cos nx f (x) cos nx' dx\ 

TT Jo n»l Jo 

00 2 

2 sin nx f (x') sin nx' dx', 
n “ 1 ^ Jo 

in which / {x) is taken to he summable in the interval (0, tt), will be termed 
Fourier's cosine series, and Fourier's sine series respectively. The first of 
these series is the Fourier’s series corresponding to f {x), provided/ (a;) is 
an even function of x, so that it exists in the interval ( - tt, tt), and the 
coefficients 


1 

TT 



sin nx' dx' 


then all exist, and have the value zero. The Fourier’s sine series is the 
Fourier’s series corresponding to f (x), in case/ (x) is an odd function, 
defined for the interval ( tt, tt), in which case the coefficients 




cos 7ix' dx' 


all exist, and have the value zero. 


Each extension of the definition of an integral, beyond that of Lebesgue, 
leads to an extension of the scope of the series. Thus cases may be con- 
sidered in which the coefficients exist as //L- integrals, as /^-integrals, as 
D/ry -integrals, or as F-integrals, or as integrals existing in accordance 
with other definitions which have been suggested. All series of these kinds 
may be termed generalized Fourier's series, but the only kind which will 
be considered in this work will be those in which / (x) and consequently 
/ (x) cos nx, f (x) sin nx, have Z>-integrals, or in particular, ^L-integrals, in 
the interval (— tt, tt). Such series will be termed Fourier's D-series or 
Fourier's (H L) series. There may exist also Fourier’s i^-cosine-series, 
and Fourier’s i)-sine-series, w'hich as explained above are Fourier’s D- 
series in case the absent coefficients exist and have the value zero. 


EXAMPLE 

Let us consider the function f {x) = where <f){x) is summable in the interval 

X 

(- TT, tt), then the coefficients ^ ^ dx, ^ f cosnx will not in general exist, 

either as L-integrals or as D-integrals. Thus the function will, in accordance with the 

X 

definition given above, have no Fourier’s series, or Fourier’s /^-series, corresponding to it, 
although the coefficients - gjn nx dx will exist as L-integrals. The series 

-IT ® 

' ^ - am nx dx 


2 sin Tio: 
^n-l Jo 




will, however, exist, but it is not a Fourier’s sine-series, because 


0 


is not summable in 
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(0» n). For example’’* * * § , lefc <ti{x) = ix oot Ja:, (0) - 1, in the interval (0, tt). It is easily 

found that ^ f \ cot ^x mn tix dx — 1, but ^ f i cot ^x cos nx dx does not exist. It follows 
’’■Jo* ’’■Jo 

that sin a: + sin 2x + sin 3a; + ... is a generalized Fourier’s sine-series corresponding to 
the function J cot ^x, non-summable in the interval (0, rr), but it is not a Fourier’s D-series. 
Discussions of such series have been given by Titchmarshf and by Perron|. 

It should be observed that all summable functions which are equivalent 
to one another correspond to one and the same Fourier’s series. Conditions 
have been investigated by (/arath6odory§ that, among the functions that 
are equivalent to a function / (x) to which correspond the Fourier’s co- 
efficients Uo, Ui, b^, ^ 2 , ^2 ••• » there should exist one which is integrable (/?), 
so that the Fourier’s series defined by means of these coefficients should 
be a Fourier’s /^-series. 


A series of the form | S (a„ cos nx h,^ sin nx) is not necessarily 
a Fourier’s series, even assuming that ^ o (1), 6,^ -= o (1 ). An example 
sin nx 


is the series 2 

n 2 


log n 


THE PARTTAE SUMS OF A FOURIER S SERIES 


323. It being assumed that / {x)y as defined for the interval ( tt, tt), is 
such that the coefficients in the series (4) exist, either as L-integrals or as 
/)-integrals. We denote by (x) the finite sum 

J 

277 


r-n 

/ (x') dx' I 2 K cos rx 

r r=l 


H- 


1 


j* / (x') COS rx' dx' 
sin rx j / (x') sin rx' dx'\ , 


or 


77 

Since 


/ i^') [1 +■ (^' — x) cos 2 (x' -- x) }- ... 4 - cos n (x' — a:)] dx. 


I ] cos (.r' — x) 1 - COS 2 (:r' x) ^ + cos,n{x' — x) 


sin (2n 4- 1) ^ 


1 sin 


X - X 


1 f’' 

we have (.r) ~ j ^ / (x') 


sin (2n 4- 1) 


X — X 


sin 


X — X 


dx'. 


If we change the variable x' by taking x' = x 2z, and write 2?i f I — m, 
the expression takes the form, 


where in - 2n f 1. 


1 ri(rr~x) , 

(x) - - f(x-h 2z) dz, 


sin z 


* See W. H. Young, Proc. Land. Math. Soc. (2), vol. ix (1911), p. 431. 

f Proc. Land. Math. Soc. (2), vol. xxiii (1924). Records, p. xn. 

t Math. Annalen, vol. lxxxvti (1922), p. 84. 

§ Math. Zeitschr. vol. i (1918), p. 309. 
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It is convenient to extend the definition of / (x) so that it may apply 
to all values of x outside the interval (—77, n). We assume that f (x) is 
so defined as to be periodic, of period 27 t; thus f (x) = / (:r i 2r7r), for all 
integral values of r. In case, in the original definition of / (x) for the interval 
(— 77, 77), the values of f (tt) and /(— tt) are unequal, it will be necessary 
to alter the value of the function at one of the points 77, — 77, in order that 
the function, in accordance with the extended definition, may be periodic. 
This can be done without affecting the values of the coefficients of the 
series, or the value of (x). Taking the function / (a:) then to be periodic, 
80 that it is defined for all real values of x, it is clear that in the expression 
for (x) the limits of the definite integral may be altered to any two values 
which differ from one another by 77, without altering the value of the inte- 
gral. We have thus 


1 

/(* 

^ J - in 


sin ?n z 
sin 2 : 


I r* 


TT Jo 


{/ ^ 22 ) + / (x 


, sin mz , 

2z)) : az. 

sin 2 


The integral of the form F (z) — dz is known as Dirichlefs 

integral, the term being, however, generally applied to the more general 

form [ F iz) dz, and also to [ dz, where a is such that 

Jo z Jo z 


0 < a ^ J77. 


If we take | + cos (x' — x) -I- cos 2 (x' — x) 't • -f J eos n (.r' - x) 


which is equal to • 


sin (2n + 1) 


we see that 


^ . X - X 

-2 


J COS n (x/ — x), or to 


1 sin V (x' - .r) 

2 tan .1 (x' — x) ’ 


•Vo {*) 


277 


\j {X') co« n (*' - X) dx ’ .. I jj (X’) 7 dx' 

1 i 

f(x+2z) 

n J -j. 


ii(x‘ 

sin 27?z 
tan z 


Thus S 2 nri (^) value* dependent upon an integral 



sin 2nz , 

dz. 

tan z 


of a form very similar to that of Dirichlet. 


* See Neder, Math, Annalen, vol. lxxxiv (1921), p. 120, where it is pointed out that this form/ 
for <5f2»-n (^) Bometimes be conveniently employed. 
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THE CONVERGENCE OF FOURIER’S SERIES 

324. If the function f {x) be summable in the interval (— tt, tt), the 
coefficients in the Fourier’s series corresponding to / (x) all exist, and are 
given by 

1 1 
(^n ^ \ f (^) cos nx dx, />« = - / {x) sin nx dx \ 

] --n tt j 

and this independently of any assumption as to the convergence or non- 
convergence of the series at points of the interval. Thus, corresponding to 
any summable function / (a;), there exist the numbers ® 2 > ^2 ••• > 

which may be termed the Fourier's coefficients, or Fourier's constants, for 
the summable function / (a:). The relation of the constants to the function 
may be expressed by* 

/ (^) + (®i cos x f sin a:) 4- (Ug cos 2a; + sin 2a:) -4- . . . 

which does not involve any implication as regards the convergence of the 
series. It will be seen that all equivalent functions have the same set of 
Fourier’s constants. 

A similar definition will apply to the Fourier’s (D) constants corre- 
sponding to a function / (a:) which has a D-integral in the interval (— tt, tt). 

It will be seen later that the Fourier’s constants of summable functions, 
and of particular classes of such functions, possess important properties 
which do not depend upon the convergence of the Fourier’s series. 

The question as to the convergence of the series in the whole, or in a 
part of the interval (—77,77-), or at assigned points of that interval has 
been fundamental in the history of the subject, and the earher investiga- 
tions, from the time of Dirichlet’s investigations onwards, were almost 
exclusively concerned with this question. In considering this question, two 
lines of investigation may be pursued, according as the function itself, 
or the series as defined by its coefficients, is taken as the starting point. 
In the first of these lines of investigation, the question takes the form — 
what properties must the function have, in order that the Fourier’s series 
may converge at a particular point, or in the whole or a part of the interval ? 
In the second of these modes of approach it is not usually assumed that 
the series is a Fourier’s series, and the question takes the form — what 
can be inferred as to the convergence of the series from the existence 
of special restrictive properties of the coefficients? An account will be 
given of investigations of both these classes; in the earlier investigations 
the first of these modes of investigation was alone employed. In the first 
instance an account will be given of the investigations, by various writers, 
which have as their object the determination of sufficient conditions to be 
satisfied by the summable function f (x) in order that the series may con- 

♦ See Humitz, Math. Annakn, vol. lvii (1903), p. 427. 
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verge either through a whole interval, or at particular points of the interval 
( - TT, tt). It will appear that, for a summable function / (x), the convergence 
or non-convergence of the series, at a particular point, depends only upon 
the nature of the function in an arbitrarily small neighbourhood of that 
point ; and is independent of the general character of the function through- 
out the interval ( — tt, tt) ; this general character being limited only by the 
necessity that the function shall be summable in the whole interval. These 
investigations have resulted in the discovery of sufficient conditions, of 
considerable width, which suffice to ensure the convergence of the series 
at particular points, or generally through the whole or a part of the interval 
for which the function is defined. The necessary and sufficient conditions 
for the convergence of the series at a point of the interval, or throughout 
any particular portion of the interval, have not been obtained. This is 
not surprising, in view of the very general character of the problem; 
and indeed it may be the case that no such necessary and sufficient con- 
ditions may be obtainable. It is possible that the mere fact of the conver- 
gence of the series at a particular point (*haracterizes the nature of the 
function in the neighbourhood of that point in a manner incapable of 
reduction to any simpler form; so that, although the characteristics of 
various sub-classes of the functions which satisfy this condition may be 
obtained, as has in fact been done, yet the whole class of such functions 
has no property capable of being stated in any form essentially different 
from, or simpler than, the mere statement of the fact of the convergence 
of the series at the point. It will appear that there exist functions, and 
even continuous functions, for which the series fails to converge at every 
point belonging to an every where-dense set of points. The question whether 
a Fourier’s series, corresponding to a continuous function, can be so 
determined that it fails to converge at all points of a set of measure greater 
than zero, or in particular almost everywhere, has not yet been answered. 


In order that the Fourier’s series, corresponding to a summable func- 
tion/ (a;), may converge at a point x, it is necessary that (x), or 


1 

TT 


J -In- 


Sin z 


should converge to a definite limit, as the odd integer m is indefinitely 
increased. 

It will appear (§ 434) that - / (x') cos n (x' — x) dx' converges to 

^ J — IT 

zero, as 00 , consequently it is necessary, for the convergence of the 
series at the point x, that the integral 


i I * / (x + 2z) 

^ J -*ir 


Sin 2nz , 

— dz 

tan z 


€ihould converge to a definite limit, as n oo . Either of these expressions 
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may be used in the investigations, but Diriclilet’s form will be here 
employed. 

It was first shewn by Dirichlet that, for an important class of functions 
/ (x), 8^ {x) converges to the value / (x) at every point x interior to the 
interval (— tt, tt), at which / (a:) is continuous ; that, at a point of ordinary 
discontinuity of / (x), the series converges to the value 

U/(^.o)4(-o)}, 

which is, of course, not necessarily equal to / (x) ; and that at the points 
TT and — TT, the series converges to the value |{/(7r — 0) +/(- tt -f 0)}, 
Although Dirichlet’s investigation has now been superseded by the em- 
ployment of methods applicable to a wider class of cases than was con- 
sidered by him, his investigation has still an interest not exclusively 
historical. It will therefore be given in § 328, in a form in which certain 
modifications and simplifications will be employed. 

More recent investigations, an account of which will be given, shew 
that the Fourier’s constants have important properties which are related 
to the functional values, independently of whether the series converges 
or not. It will appear that, in important classes of cases, Fourier’s series 
may be employed, independently of whether they are known to converge, 
for the representation of functions, and that such series may be validly 
subjected to many of the ordinary processes of Analysis, such as substitu- 
tion for the function in a definite integral and subsequent term by term 
integration. Much of the recent progress in the Theory of Fourier’s series 
is due to the employment of the conventional sums of the series, especially 
those of Riemarm, Cesaro, and Poisson. By tliis means a representation 
of a function by means of a convergent sequence can be obtained when the 
Fourier’s series corresponding to the function is not convergent, or is not 
known to be convergent. 

PARTICULAR CASES OF FOURIER’S SERIES 

325. Before proceeding to the theoretical investigations relating to 
the convergence and the properties of Fourier’s series, it will be instructive 
to consider some simple cases of the use of the series. It will be assumed 
that, for the functions employed, the series corresponding to a function 
/ {x) converges at every point to the value i {f (x -h 0) f (x - 0)}. 

If we employ the sine series to represent the function defined, for the 

interval (0, tt), hy y ^ ^ {tt ~ x), we find on evaluation that 

2 1 

- i {tt — x) sin nxdx = - ; 

TT Jo n 

and thus the series is of the form 

sin X -r i sin 2a: -f I sin 3a: -f ... -f - sin w.t -F 
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The function defined for all values of x by 

y sin X l~ i sin 2x ^ sin nx 4- . . . 

is represented grapliically in the figure. The function is discontinuous at 
the points 0, 27r, in, ... — 2 tt, — 47r, the functional value being zero 
at all those points. It is seen that the series represents the function ^ (rr ~ x). 
not only for the interval (0, tt), but for the interval (0, 27r), except at the 
points X ~ 0, X ~ 27t, where the sum of the series is zero. For the interval 
(- 277, 0) the function represented by the series is — | (tt -f- x), except at 
the ends of the interval. 


y\ 



This series may be employed to illustrate some important points con- 
nected with the convergence of the series in the neighbourhood of the point 
a; = 0, at which the function represented by the series is discontinuous. To 
this end we shall examine the series by a method employed by Fourier*, 
and further developed by KLneserf. 


Denoting sin x -h I sin 2x f ... ^ sin nx, by .s„ (x), we have 


(x) 

dx 

therefore 


cos x -f cos 2x I ... + cos nx 


sin (n 4" J) x 
2 sin \x 


i, 


, . , r* sin (n + A) X , , 

^ pin(« +A)x^^_ |- 

Jo X Jo 


. , , , (x 2 sm lx) , 

sin (n 1) X ^ dx 

' ^ 2x sin lx 


‘(n+i)x gjyi 2 

Jo 2 : 


dz — \x -\- I (a;). 


On integrating by parts, we find that 

. x — 2 sin lx cos (n + J) ^ ^ {n } J ) x* 4 sin^^ lx — x^ cos 

2xsinix n -h I Jo n -f J ’ ix^sin^lx 


* Thdorie de la chahur, chap. lu, sect, 3. 

t Sitzungaber. of the Berlin Math, Soc. (1904), p. 28. See also Bdcher’s “Introduction to the 
theory of Fourier’s series,” AnruUs of Mathematics {2), vol vii (1906), p. 81, where numerical 
details are worked out. 
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. X - 2 sin 4 sin^ — x^ cos hx . . , 

File expressions -7 : — ; — - , . a both become 

^ 2x sin ix sin^ ^x 


in- 


definitely great, as x increases up to 277 ; but if x be confined to the interval 
(0, h), where 0 < 6 < 277, they are both bounded functions. It follows, since 

I cos (n 4- I "" I, 

that a positive number A can be determined, independent of n and x^ such 
that I / (o^) I < A/(n f J), provided x is in the interval (0, b). Hence it 
appears that 1 (x) has the limit zero, when n is indefinitely increased, 
whether x varies with n or not; in fact | / (.r) | is arbitrarily small for 
sufficiently great values of ri. 

We have now 


r(n + l)x 2 

(•«) - (•«■) r 

Jo 2: 

provided 0 x ^ b ; where 6 is such that — 1 < ^ < 1 . 
Also 


(I . , ,, 1 sin (n f I) X ... 

dx 2 — - ■ ^ 


dA_ 

n f ^ ’ 

X b ; 


A 77 


sin I a: 

and therefore -.s„ (x) s [x) has maxima and minima at the points x 

where A ^ 1 , 2, 3, 

It can now be shewn that, for sufhciently large values of n, at least, 
f 27T \ ( 2 tT \ / 477 \ / 477 \ / 677 \ / ()77 \ 

f ij 'A2/i+lj’‘'‘”Uw + ij \2n+ I j’ 1/ ' 'A27i + ij 
are alternately positive and negative, the first of these differences being 
positive. 

We have 


sin 2 , . /I 

dz -- sin 2: 

Jo 2: Jo \2J 


— 4' 


1 1^ 

f 77 ^ Z 277 

- ... 4- {- 


4- 


(™ 1)^+1 


2 4 (A — 1) 77 , 


dz 


where U 2 , ... are all positive, and ... > u^. Also 


Wa < 


(A - 1) 77 Jo 


sin zdz < 


(A ~ 1 ) 77’ 


hence lim 7 /a 0. 

A «> 30 

r sin z 

Further, it is well known that lim dz^ which is the improper 

A“00 J 0 2 J 

r* sin z 

integral — dz, is equal to ^77 ; it follows that ^ 

Jo 2: 


^1- '2^2 4* 7/3,... 

2d A 

are alternately greater and less than \tt. Since 212, 1 arbitrarily small, 

for sufficiently great values of n, it thus appears that the differences 

/ 2A^ \ J 


2A 4- I77' 
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are alternately positive and negative for A ^ 1, 2, 3, ; and that for A ^ 1 , 

the difference is positive. 

It thus appears that, for large values of n, the form of the curve y ^ (a;) 

in the neighbourhood of the origin is as in the figure ; consisting of a wave- 
form passing above and below the straight lines which represent y s {x). 
The first maximum on the right of the point x ^ 0 has as its abscissa 

277 277 

X ^ and its height above the point whose coordinates are . — r, 

2n + I ^ ^ 271+1 

s (^ 2 ^ 1 l) nearly dz ~ ^ 77 , which is independent of the value 

of n. The first minimum on the right of the point a: ^ 0 has for its 

477 . sin z 

abscissa x ^ ^ depth approximately J 77 — j ^ dz 

below the corresponding point of the locus y - s (x). 



As n is continually increased, the abscissae of the maxima and minima 
of 8n (x) — s (x) become indefinitely small, the magnitudes of these maxima 
and minima remaining however nearly unaltered. If a particular value of 
X can be chosen, n can be so determined that | (x) — 5 (x) | is arbitrarily 

small, for such value of n, and for all greater values; but if a particular 

value of n be chosen, there is always a value of x, viz. * for which 

f w jgjjj 2; 

dz ” J77. 

. 0 2 

The graphs y -= s„ (x), as n becomes indefinitely great, tend to the form 
given in the figure, which consists of the continuous curve fonned by the 

r n- gjjj 

straight lines of length 2 — dz (> 77), through the points a; ^ 0, 277, 

Jo 2 

— 277, . . . , and of the series of oblique straight lines which belong to the 
curve y == s (x). The graph of the curve 1 / — 5 (a?) = lim (x) has been 

n-00 

already given. The limit of the graphs of the curves y = (x), and the 

graph of the limit of (x) differ in the respect that, for the abscissae 
a? — 0, 277, — 277, . . . , the former contains the continuous straight lines of 

— dz, whereas the latter contains only the single points on the 

. 0 ^ 
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a;-axis. Corresponding to any point P on the straight line LM through the 
origin, it is possible to determine an indefinite number of pairs of values of 
X and n, such that the distance of P from the point whose coordinates are 
X, Sn (x), is less than an arbitrarily prescribed positive number e. Thus the 
double limit lim (x) is indeterminate between the limits of inde- 

n-Qo, a:-* 0 

^ sin z , sin z j 

terminacy j ^ dz, — j - ^ dz. 



By letting n increase indefinitely, and x at the same time diminish to 
zero, in such a manner that nx has a as its limit, where a is any fixed positive 
number not exceeding tt, we have as the particular value of lim (x), 

( CC\ r® sin 2 . n-ao,x-0 

- I, the number ^ dz. It will be observed that the repeated 
nj Jo z ^ 

limit lim lim Sn (x) has the value Jtt, or — Jtt, according as x approaches its 

x~0 n-oo 

limit from the positive, or from the negative side. The repeated limit 
hm lim (x) has the value zero. 

n-oo x-0 

The distinction between the graph ^ = s (x), which represents the 
series, and the limit to which the graphs y == (x) tend, is clear, if it be 

borne in mind that the limit t/ = 5 (x) is obtained by the special mode of 
first fixing a value of x, and then letting n increase indefinitely ; thus, for 
example, s (0) -= lim (0) = 0; whereas, as we have seen, lim (x) 

n-oo n-Qo,x-0 

is indeterminate between limits which have been found above. The 
difficulty which has been frequently felt in understanding how a series, 
of which the terms are continuous, such as the series here considered, can 
represent a function which is not continuous, will be removed if the point 
just explained be fully grasped*, that the sum of the series at a 'point x 

* Some oriticLsms of Dirichlet’s determination of the sum of a Fourier's series at a point of 
discontinuity, made by Schlafli, CrdU'a Journal, vol. Lxxn ((1870) p. 284), and by Bu Bois- 
Beymond, Math, Annalen, vol. vn ((1874) p. 244), where it is maintained that the sum of the series 
is indeterminate, are due to a lack of appreciation of this point. 
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mmns the limit obtained by first fixing the abscissa x, and then afterwards 
making the number of terms increase indefinitely. 

It has already been shewn, in § 82, that the points a; == 0, ... , 

must be points of non-uniform continuity of the series; moreover, other 
examples have been already given, in which the peaks of the approximation 
curves y s^ (x) remain of finite height above the curve y = s (x), however 
great n may be. That the portions of the limit of the graphs y -= ,5^ (a:), in 
the present case, have a length greater than tt, the measure of discontinuity 
of the function, was pointed out by Willard Gibbs*. 

In this and all similar cases, the non-coincidence of the upper and lower 
double limits of s^ (x), at a point f , with the upper and lower limits of 6“ (a;) 
as is spoken of as Gibbs’ phenomenon. The phenomenon, however, had 
been discovered earlier, in the case of the series cos ^ cos ‘,^x -f I cos ~ 
by H. Wilbrahamf, at the point x - The plienomenon has been fully 
discussed by Gronwall J, Dunham Jackson §, and B6cher|l. 


r{n + k)x 2, 26 A 

The expression — ~ dz — hir f ^ . , which has been found 

Jo -f r 

above, for (x) - s (x), provided 0 < x ^ b < 27r, may be employed to 
shew that the series converges uniformly in anj^^ interval (a, 6), such that 

r(n+i)a: ^ 

0 < a < 6 < 277. For, by choosing n so great that dz, for x ^ a, 

0 ^ 

differs from Jtt by less than a prescribed number Jc, which is possible on 
account of the convergence of the integral, and further choosing n so great 


2A 

that - ~ < i€, it is seen that n can be chosen so great that, for the 

2n I ^ ^ 


chosen value of n, and for all greater values, | (a:) -- 5 (ic) | < e, for all 

values of x in the interval (a, b). This expresses the fact that the series 
converges uniformly in the interval (a, h). It is clear that the smaller a is 
taken, the greater must be the value of n, so that (?^ -f- a may be siiffi- 

( * (n.+i)a 2 

- dz — 

and that this value of n increases indefinitely as a is indefinitely diminished. 
This is a verification of the fact that the convergence of the series is non- 
uniform at the point a; = 0. 


326 . Let / (x) be defined for the interval (0, tt), by the specifications 
/ (a:) ^ c, for 0 ^ x < f (x) — c, for ^ x ^ rr. 

* See an interesting discussion on this subject in Nature, vol. Lvm (1898), pp. 544, 569; 
vol. Lix (1899), pp. 200, 271, 319, 606; vol. lx, pp. 52, 100, in which Gibbs, Michelson, Love, Baker 
and Poincar^ took part. 

t Camb. and Dublin Math. Joum. new series, vol. in; old series, vol. vii (1848), pp. 198-200. 

X Math. Annalen, vol. Lxxn (1912), p. 228. 

I Rend, di Palermo, vol. xxxn (1911), p. 267. 

!| CreUe^a Journal, vol. oxLiv (1914), p. 41. See also Fej4r, Crelle's Journal, vol. exLU (1913), 
p. 166, where methods are given for determining the saltus, and the functional limits, at a 
point, from a Fourier’s series. 
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To find the sine series for tliis function, we have 

[ / (:r) sin nxdx - c [ sin nxdx ~ c f sin nxdx 
•^0 Jo J Jtt 


499 


- - (cos mr — 2 cos \mT +1). 

This integral vanishes if n is odd, and also if n is a multiple of 4, but if 
n 4m f 2, it has the value ^c\n. The series is therefore 

8c 

- (I sin 2x 4 J sin 6x h -^C) ^ •••)• 

For unrestricted values of x, this series represents the ordinates of the 
series of straight lines in the next figure, except that it vanishes at the 


- 2tt 


-l-ir 




-X 


‘27r 


points 0, Jtt, tt, — ^TT, — 77, — It will be observed that, if the meaning 
of / (a:) be altered, so that it denotes the sum of the sine series for every 
value of X for which that sum is continuous, then at the point tt, for example, 
/ + 9) ^ c, / (tt - 0) - - c, 

and the series represents at the point w the arithmetic mean of these two 
values. 
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In a similar manner, we find that the function defined for the interval 
(0, 7 r) as before, is represented, for the interval (0, tt), by the cosine series 

4c 

(cos a: — ^ cos f J cos — ...). 

TT 

For unrestricted values of x, the series represents the ordinates of the 
straight lines in the figure, except that its sum vanishes at the points 

Jtt, - |7r, .... 

327. Let / (x) a*, for 0 ^ a: ^tt, 

and / (x) = TT — x, for Itt ^ x ^ n. 

In this case we find that 

jjir) sin nxdx j x sin nxdx j (n — x) sin nxdx 
2 . , 

= — ^ sin hriTT. 

Hence the sine series is 



For general values of x, the series represents the ordinates of the line in 
the figure. The broken line in the interval (— tt, tt) is repeated indefinitely 
in both directions. 
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The cosine series, which represents the same function for the interval 
(0, 7t), will be found to be 

^ 77 — - fcos 2x + cos Oar + cos lOar + ...V 

4 77 V 32 52 / 

This series represents, for general values of ar, the ordinates of the line in 
the second figure. As before, the broken line in the interval (— 77 , tt) is 
to be repeated indefinitely in both directions. 


EXAMPLES 

(1) Prove that the series 

sin a; - J sin 2a: + J sin Zx - \ sin 4a: + ... 
represents, for the interior of the interval ( - tt, tt), the function Ja:* 

For any value of x which is not a multiple of tt, the series represents ^ (a? - 2^7r), where 
i(; is a positive or negative integer so chosen that x - 2kn lies between n and - rr. The 
sum of the series vanishes for all values of x which are multiples of rr. 


(2) Prove that the series 

cos a: - i cos 2a: + I cos 3a: - cos ix + ... 
represents the function - Ja;®, for the interval {- rr, rr). 


(3) Prove that 

Jrr = sin a; + I sin 3a: + i sin 5a; + ... , for 0 < a: < rr ; 

Jrr = cos a: - J cos 3a; -f- J cos 5a: - , for - Jrr < a: < Jrr. 


(4) Prove that 

Jrra: = sin a: - sin 3a: + ^2 sin 5a: - , for - Jrr < x ^ Jrr. 

(5) Prove that 

2 n 

e*® = 2 „ (I - 6*^^ cos nn) sin nx, for 0 < x < rr, 

rrn-lit^+W®' 


^ g*;jr _ 1 2ifc * cos nn - 
g** — , + - i 

kn ^ n-1 + n® 


cos nxy for 0 < X < rr. 


(6) Prove that 


rr sin ifcx _ sin X 2 sin 2x 3 sin 3x 
2 Sn*; “ 1* - fc* " 2* - iS;* ^ W- 


where 0 ^ x < rr, 


rr 008 kx 1 k cos X k cos 2x 
2 ^ Tir ~ 2k ~ B -~2^ 


where 0 ^ x ^ rr ; 


k not being integral. 


(7) Prove that 

n sinh kx _ sin x 2 sin 2x 3 sin 3x 

2 sShln- ~ 1* “+ F ~ 2* + F 3> + F ~ 


where 0 < x < rr ; 


rr cosh A: ( rr ~ x) _ 1 COS X _ cos 2x _ cos 3x 
2k “ sTnhllw 2F FTk‘ 2'TF ^Ik* 


where 0 < x ^ rr 



502 


Trigonometrical Series 


[CH. VIII 


dirichlet’s investigation of Fourier’s series 

328. As a preliminary to the consideration of Dirichlet’s integral, some 
properties of the integral 

ir 

sin mz 
j 0 sin z 

are required. 

We have 


sin mz ^ ^ ^ ^ ^ -i 7 

; — - dz ^ \ [1+2 cos 2^ + 2 cos 42 + ... + 2 cos 2 ??. 2 ] dz ----- . 

Jo sm2 Jo' "2 

If we divide the interval ^0, of integration into the portions 
/ 7t\ / 7t 27t\ /m r h IttN fmr tt\ 

m 2 J’ 

we see that, in these portions, the integrand alternately positive 

and negative signs; thus if we write 


Pr-r - { - 


, , sin mz j 

(~ 1)" . dz, 

sin 2 


we have ^ ^ /"o - />i ^ P 2 + ••• + (“ ff-Vr-i + ••• + (“ Pn, 


where all the p’s are positive. 

In pr-i, sin mz is always of the same sign, and 
decreases as z increases, hence 


< (- ly-^ 


1 


is monotone and 

sin z 


2 r — Itt 

sin mz.dz < cosec ; 

m m 


and similarly 


It follows that 


For , we have 


2 riT 

p,_i > — cosec . 

^ m m 

2 riT 

^ ^ m m ^ 

1 niT 1 

~ cosec — > Pn> —y 

/W1 /IVl • ' 


Pn_l > ~ cosec > Pn- 


hence 
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It follows that, if 2p < n, 

TT 

2 < Po — Pi + Pa — ... + pif, 
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and 


o > Po - Pi + Pi 


P2P-I • 


Let us suppose that the function F (z) has a finite upper boundary, 
for the values of z such that 0 ^ z ^ Irr, and further, that it is in the whole 
interval positive and monotone non-increasing; it is consequently an 
integrable function. 

.In the integral [“ F (z) dz, 

® Jo sin 2 

where a we proceed to divide the interval of integration as in the 

case of 


I. 


sin mz 


dz 


Jo smz 

into alternately positive and negative portions ; thus if 


sin mz 


rm cir 

ir’ _ 

J r 1.1” 

m 

I'M-—.*, 


dz, 


where q is a positive integer such that 


- < a , 

m m 


we have 

rF(z) 

Jo 


sin 2 


dz 


-s-i f 52 - ... 4- (~ + ... + (- 


where Sq, are all positive. On account of the supposition made 

as regards F ( 2 ), we have 


From these inequalities it follows that 

and this holds for all values of r from 1 to q. 
We have consequently the result, that 


r7 r® / V sill Wi2 , 

U =\ F iz) dz 

Jo sin 2 




504 


Trigonometrical Series 


[CH. vni 


is less than 5^ — -h ^2 ~ ~ *' 2 p-i + » 

and greater than - 5^ + ^2 — ... — « 2 p-i> where 2p ^ q. 

From these inequalities, with the help of those obtained above, we have 


U > 


also 


(P. - P.) F Q + (P. - P.) F © + ... + (p... . - P..-.) F (-'’V'') 

> ^ {Po ~ Pi + P2 ~ Pa + ■■• + Ptp-i ~ Piv-i)’ 

U < p,F (+ 0) ^ F (p, - p, f p, - ... - p,J. 

On using the theorems which have been proved relating to the p’s, 
we obtain 

»d p < ^ |f ,+ 0, - f (2^)} + g + p.,) P- (^C') : 

where, in accordance with the supposition made, p is any integer such that 

o ^ m« 

2P = ? < -^ • 

7T 


2p 


Now let m and p both increase indefinitely, but in such a way that 


has the limit zero. Since 


Pip ^ 


1 

< - 


2pTr 

m 


. 2p7T jm , 2 v7t 

m sin ‘ sin - 

m m 


we see that pgp has zero for its limit; and hence 

77 

has F (-h 0) for its limit. Again 

It 


7T 7T 2 m 

Po< 2 + Pi< 2 + 

sm - 
m 


and hence pQ has a limiting value not greater than - -f . It follows that 

Z TT 


has for its limit the value - F (-f 0). 

z 
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It has been proved that U lies between two numbers, each of which 
has ^ ( + 0) for limit, when m and p are indefinitely increased in such a 

2p 

way that - has the limit zero ; hence the limit of 
m 

rr N sin mz j 

U ~ \ F iz) . dz 

Jo sm z 


is 


2 ^’{+ 0 ). 


where a is such that 0 < a ^ 

It follows, as a corollary from this theorem, that 




has the limit zero, when m is indefinitely increased ; where a, jS are two 
fixed numbers, such that 0 < /S < « ^ Itt. 


329. We have now seen that, if F (z) be a bounded and positive 
function which never increases as z increases from 0 to Jtt, the integral 


1*2 ^ sin mz 
Jo smz 

converges to the value ^ F ( f 0), as m is increased indefinitely. The func- 
tion F (z) may be freed from the condition that it must be positive in the 
whole interval. For if F is negative, we may apply the theorem to 

the function C F (z), where the constant C is chosen so that 


C ^ F 



IS positive ; thus J {C f F (z)} ^ dz 

converges to the limit ^ {(7 + F (+ 0)}, 

JL 


Now 



sin mz , 

-. dz 

sin z 


converges to the limit ^ G \ hence j F (z) converges to ^ F ( + 0), 

where F (z) is not restricted to be positive. 

Again, the theorem holds for a function F (z) which is monotone and 
never diminishes ; for we can apply the theorem to the monotone function 
— F (z) which never increases. 
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The theorem has now been established, that if F (z) be any bounded, 
monotone function, defined for the interval (0, \7r), then 



sin mz , 

- . dz 

sin z 


converges, as the odd integer m is increased indefinitely, to the value ^ F ( h 0). 

A 

The theorem also holds if the upper limit of the integral be any fixed 
number a, such that 0 < a ^ in. 


It has been shewn, in i, § 244, that any funct ion with bounded variation 
is expressible as the difference of two monotone functions. Hence the 
results which have been established can be immediately extended to 
functions of this class. We have, therefore, the theorem that, if F {z) be 
a function defined for the interval (0, oTt). and tvith bounded variation, then 
the integrals 


F (z) — ; dz, 

0 sin 2 



sin mz 
sin 2 


dz, 


where 0 < a Jtt, 0 < a < ^ Jtt, 

converge, as the odd integer m is increased indefinitely , to the values ^ F ( f 0), 0 
respectively. 


If we apply this result to the two integrals contained in the expression 
for 8^ (a;) , the sum of the first 2n f 1 terms in Fourier’s series, we obtain the 
theorem that, if f {x) be a function ivith bounded variation, defined for the 
interval n,n), the sum of 2n 1 terms of the series 

I / {x’) dx/ f S |- cos nx j f (x') cos nx'dx' 

4 - ^ sin nx j f (x') sin 

converges, as n is indefinitely increased, to the value 

\{f{x + 0)+f(x~0)}. 

It will be remembered that a function with bounded variation is 
integrable, in accordance with Riemann’s definition; and that it can 
have discontinuities of the first kind only, so that at every point the 
functional limits / (a; f 0), f (x — 0) exist. 

In the case x ± tt, the limit to which the sum of the series converges is 

At a point x of continuity of the function f (x), the limiting sum of the 
series is f{x); at a point of discontinuity of f {x), the limiting sum of the 
series agrees with the value of the function at the point only if 
/(^) = H/(^ + 0)+/(a;-0)}. 
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At the points tt, ~ tt, the limiting sum of the series agrees with the value of 
the function only if / (tt), or / (— tt), is equal to 

i{/(^-0) f/(-7r + 0)}. 

330 . It is now clear in what sense the given function / (x) is represented 

by the corresponding Fourier’s series. The representation is necessarily 
complete for all points at which the function is continuous, with the possible 
exception of the end-points ± tt, which cannot both be points of continuity 
of the extended function, unless/ (tt) = / (— tt). At a point of discontinuity, 
or at an end-point ± rr, the series represents the function onJy if the 
functional value is properly chosen in relation to the functional limits at 
the point; in the case of the end-points these functional limits are those 
of the periodic function obtained by extension of the given function beyond 
the domain for wliich it was at first defined, this extension being such that 
/ (^) / (^ + 27r), as explained in § 323. 

The functions with bounded variation include, as a particular case, 
functions which satisfy the following conditions: 

(1) The function is (;ontiniious in its domain at every point, with the 
exception of a finite number of points at wdiich it may have ordinary 
discontinuities, (2) the domain may be divided into a finite number of 
parts, such that in any one of them the function is monotone ; or in accord- 
ance with the more usual expression, the function has only a finite number 
of maxima and minima in its domain. 

These conditions are known as Dirichlefs conditions^ and his proof, in 
its original form, applied to the case only of functions which satisfy these 
conditions. 

331 . .Dirichlet extended his results to the case in which there are a 
finite number of points in the domain ( — tt, tt) in the neighbourhood of 
which I / (x) I has no upper boundary. In this case the Fourier’s series must 
be so interpreted that the integrals in the coefficients are the improper 
integrals 

the function being such that these improper integrals exist. From our 
somewhat more general point of view, we shall suppose that the function 
/ (x) is such that, when arbitrarily small neighbourhoods of these infinite 
singularities are excluded from the interval (— tt, tt), in the remaining 
part of the interval / (x) is of bounded variation ; and further it will be 
assumed that the improper integral 
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exists, and is absolutely convergent. Under these conditions, it can be 

shewn that the theorems still hold, that the integrals 

, sin mz , , _ n ^ i 

^ 'air, , for 0 < a < ^ S ^TT, 

J Bill Z 


^ . .mi mz j ^ ^ , 

F iz) dz, for 0 < a ^ 

Jo sin 2 


converge to zero, and to r (+ 0 ), respectively, as m is increased in- 
definitely. 

If, between a and there is a point c in whose neighbourhood | (2) | 

has no upper boundary, 

^ , sin mz , 

F ( 2 ) dz 

Ja Sin 2 

is interpreted by Dirichlet as the limit of 


TV / V sin mz , ,, , , sin 

F 2 ) dz^ \ F iz) — 7- 

Ja Sin 2 Je+e ' Sir 


where 8 , € have, independently of one another, the limit zero; assuming that 
such limit exists. 

Let S' < 8 , then 

r rc-s' rc-si sin m 2 j . tv . v 1 1 

\ F (z) r dz < cosec a \ \ F iz)\ dz; 

Lia Ja J ' ' Sin2 Jc-6 ' 

where the expression on the right-hand side is arbitrarily small, on account 

of the absolute convergence of the integral of F (2), and is independent 

of the value of m. 


Now, if Ji^ (2) dz converges absolutely at the point c, we can choose 8 so 
small that, for every 8 ' < 8 , 

rc-«' 

cosec a\ \ F (z)\ dz 

J c~^ 

is arbitrarily small ; hence the integral 

TT / , sin m2 , 

F iz) . dz, 

Ja Sin 2 

for a fixed m, converges to a definite value, as 8 converges to zero. Similarly 


it can be shewn that 


r F(z)~~ 

Jc-he sir 


converges to a definite value, as e converges to zero. It has thus been 
shewn that 

J, , sin mz , ^ . , sin m2 , 

F (2) -7 dz - hm F (2) — dz 

Ja Sin 2 5.0 Ja Sin 2 

+ lim [' F (z) dz = (m) + (m) ; 

e-0 Jc+e Sin 2 
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and we have now to shew that (m), (m) converge to zero as m is 

increased indefinitely. It has been already seen that S may be so chosen 
that, for all values of m, 


■c-s 

F(z) 


sin mz 
sin z 


dz ~ j/fj (m) 


< 


where t; is a fixed arbitrarily small positive number. Now, for a fixed value 
of 8, may be chosen so great that, if m ^ mj, 


rc-« 


^ , , sin mz j 
F (z) . dz 

sin z 


<?, 


where ^ is arbitrarily small ; hence, if m ^ mi , 

\ tfii (m) \ < t) + C, 

and therefore ipi (m) converges to the limit zero; similarly (m) converges 
to the limit zero. 


If, between a and there are any finite number of points such as c, we 
may divide the domain (a, into a finite number of parts, such that each 
part contains only one such point as c, and apply the above result to each 
of the integrals which are taken through one such part, 
r **■ sin 7yiz 

The integral F (z) ‘ dz can be divided into two parts 

J 0 sin z 


, sin mz , 

F (z) --- dz + 

Jo 


sin z 


j ttj 


F (z) dz, 

sin z 


where is so chosen that all the points of infinite discontinuity of F (z) are 
in («i , a) ; we thus see that [ F (z) converges to ^ (4- 0), when 


m is indefinitely increased. 

It has now been shewn that: if f (x) be such that, when the arbitrarily 
small neighbourhoods of a finite number of 'points in whose neighbourhood 
I / (:r) I has no upper boundary have been excluded, f (x) becomes a function 
with bounded variation, then the Fourier s series 


~ f f (x') dx' -[ Z - f / (x) cos n {x - x') dx' 

ZTT J n J 

converges to the value \ {/ (x 4- 0) 4-/(^ — 0)}, cit every point in (— n, tt), 
except at the points of infinite discontinuity of the function, provided the 

improper integral [ / (x) dx exists, and is absolutely convergent. 


APPLICATION OF THE SECOND MEAN VALUE THEOREM 

332. An alternative method of investigation of the limit to which the 
partial sum of Fourier’s series, corresponding to a function of bounded 
variation in the interval (— tt, tt), converges, is obtained by the employ- 
ment of the second mean value theorem (i, § 422). This method was first 
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employed by Bonnet, who used his form of the mean value theorem’'*. 
The method was also used in his treatise by C. Neurnannt, and by Jordan J 
who applied it to the case of functions of bounded variation. The method 
is also employed, and discussed in great detail, in Dini’s treatise §. 

We have need of the following lemmas : 

J 'jir fflZ 

(h - ^77, m being an odd integer. This has already been 

0 sin z 
proved in § 328. 

(2) If 0 < a < Itt, J ^ dz o (1), and J ^ dz o (\). 

To prove this, we have, by the second mean value theorem, 

' sin 7nz 
sin z 

where y is in the interval (a, ; and therefore 

I sin mz 
IJa sin 2 

from which the result follows. The second part of the theorem is proved 
in a similar manner. 

sin 6 


I ^ sin 7nz , 1 f r . , 1 f ^ , 

dz ^ . I sin mz dz ^ sin 7nz dz, 

Ja Sin 2 sin «Ja sin p J 


2 , n, 4 

< (cosec a f cosec p) < — cosec a, 
m rn 


(3) If 0 ^ a < /S, then | j dO 

By the mean value theorem, if 0 < a < 
2 


^ sin 6 
. 0 


dO 


2 2 

< + 7 ; and 

a h 


therefore 


J a 




; and if a = tt, w^e have 


•c 

J a 


sin 6 


dO 


2 77 

77^ 2' 


It is clear that, as a increases from 0 to 77, j dO diminishes, since 

j ^ dO does so. Therefore, since J ^ - J77, we have 


j: 


’ sin 0 


dO 


= iw, 


if a < 77, and it has been shewn to be < J77, if cc ^ 77 ; hence 

"^sin^ 


d 


dd 


= 


for 0 S a. It now follows that 


I sin ( 

i. ~e 


d0 


TT, where 0 S a < jS. 


/, 


After having established these lemmas, we proceed to consider 
jir sin 7 nz 

F (z) . dz, where F (z) is monotone, and non -diminishing, in the 
0 sin z 

interval (0, ^77). 

♦ Memoires dee Savants Grangers of the Belgian Academy, vol. xxin. 

t Ueber die nach Kreis- Kugd- und Cylinder ^functionen fortschreitenden Rethen, Leipsic, 1881. 
X Cours d*Analyaet vol. n. § Sopra la Serie di Fourier, Piea (1880). 
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If ju- be a fixed positive number, we have 
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sin m 2 : , f^’^sin 

F(z) . dz F(-hO) 

Jo ^inz 'Jo 


sm z 


' fh 


-- I {F (z) ^ F ( i 0)} dz 4 I {F (z) - F (H ())} 

Jo .sm J h. 

On applying the second mean value theorem, we have 

, , sin m-Z , . rr , f ^ ^ 

^ .I'n ^ ( ■' 

Jo sm 2: Jo 


' dz. 


sm rnz 


dz 


1 {Tifi) 


0)) 


sm 7nz 
sin z 


dz i {F(\it) -F(-\- 0)} 


r sin mz 
'f, sin 2 : 


dz, 


where is some number in the interval (/i, Att), and G (z) denotes the 
monotone, non-diminishing, function {F (z) -- F ( i 0)| 


sm 2 


Again, 


'a (z) dz 


a 


nr^) 


> sm inz 


dz G 


’mfji 

J mt. 


sin 2 


dz, 


where ^ is in the interval (0, /a). 

The number i depends on m, and on the function G ( 2 ); it may happen 
that, as 7)1 is indefinitely increased, f diminishes indefinitely in such a 
manner that rn^ has a finite limit. Wliether this happens or not, we see 
sin 771Z 


from (3) that | G ( 2 ) - - dz I does not exceed n I G (/x) I , and /x may 

I J 0 - I 

be so chosen that this is less than the arbitrarily chosen positive number e. 
Since 


r^ismm2 , 

4 

1 sin m 2 , 

j (iz 

--- dz 

< cosec ix, 

J ^ sin 2 

rn 

J ^ sm 2 


<: - cosec < cosec /x, 


771 m 

it is seen that both integrals converge to zero, as m qo , notwithstanding 
the fact that is dependent upon in. It now follows that /x and can 
be so chosen that, for m ^ mj , 


I J*" ^ , , sm inz , 
F iz) — - dz 
Jo ' sm 2 


IttF ( I 0) 


< 2c. 


Since c is arbitrary, it follows that 
lim 


F (z) dz - \ttF (+ 0). 


Since any function that is of bounded variation in the interval (0, ^tt) 
is expressible as the difference of two monotone non-diminishing functions, 
it follows that this result holds for any function F ( 2 ) which is of bounded 
variation in the interval (0, ^tt). Writing / (x -f- 22 ) f (x ~ 2z) for F ( 2 ), 
we see that 

lim f* {/(* + 2z) +J(x - j,r{/(a; + 0) +/(x -0)}. 


n'^ao J 0 
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Thus the convergence of the Fourier’s series at any point x of the interval 
(— TT, tt) has been established. The following theorem has been established : 

If f (x) have bounded variation in the interval (— -jt, tt), the Fourier’s 
series corresponding to f (x) converges to the value f (a;) at any point within 
the interml, at which the function is continuous; it converges to the value 
+ f — f^)} point at which the function is discon- 

tinuous. At the points tt, — tt it converges to the value 

h {/(- ■n' t- 0) +/(7r - 0)}. 

333. It is known that a convergent series of continuous functions 
is non-uniformly convergent in the neighbourhood of a point of dis- 
continuity of the sum-function, but that the series is not necessarily 
uniformly convergent in an interval in which it is continuous. In the 
case of the Fourier’s series corresponding to a function / (a:) which is of 
bounded variation in the interval (— tt, tt), it can be shewn that the 
series converges uniformly in the whole interval (— tt, tt), provided the 
function obtained by extending / (x) beyond the interval, as a periodic 
function, is continuous in the closed interval (—tt, tt). This requires 
the condition / (tt — 0) =/ (— tt -f 0) to hold, in which case the complete 
continuity holds if the values of / (tt) and f {— n) are the same as those 
of / (tt — 0) and /(— tt + 0). The function then converges uniformly to 
f (x) in the whole interval (— tt, tt). 

It can further be shewn that, provided / (x) is of bounded variation in 
(— TT, tt), the series converges uniformly to f {x) in any interval (a, 6) in 
which the function is continuous, the continuity at the points n, h being 
on both sides. 

It has been shewn in § 332 that 

I f*" ^ , sin mz , n ^ , 

F (z) dz - F + 0 

I 0 sin 2 2 

+ - I F (in) -F(+0) I, 

where F (z) is monotone non-diminishing. Using this inequality, and the 
corresponding one for — F (— 2 ), and writing f (x + 2z) A- f {x — 2z) for 
F (z) -f F (— 2 ), we have 

I (a:) - H/(* + 0) +/(* - 0)} I < I (? (/.) I + I (^) I 

{ I / + 2/i) - / (a; + 0) I + I / (» + tt) - / (* + 0) I 

+ l/(» - 2/i) -/(* - 0) I + !/(* - n) -f(x - 0) |} 

< I (? (^) I + ) (/a) I + — cosec /a; 


<n\G (^) 


m sin lA 


\ / I 
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where A is a fixed number dependent on the upper boundary of / (x) in 
the whole interval ( - tt, tt), and 

(p-) -- {/ + 2/Lt) -f(x-{- ())} fjL cosec fi, 

(^1 M -- {/ (^ - - / (^ - 0)} /X cosec /X. 

If now / (x) is continuous and monotone in the interval (a, b), and is 
continuous at a and b on both sides, on account of the uniform continuity 
of the function, fXi can be so determined, that, for all points x in the interval 

(a, 6), I / (x + 2/x) ~ f {x) \ and \ f (x — 2/x) — / (a;) | are both less than ^ , 

provided fi ^ fx^. Also /x cosec /x < W, thus | 6r (/x) | and | (/x) | are 

both less than provided fx ^ /xj, for all values of x in (a, b). Therefore 

4 

I ^ 2 n M (^) ~ / (^) I < ^ h cosec /xj , for all values of x. The number /x^ 

A 

having been fixed, an integer can be so determined that ^ cosec /x^ < e, 

for m, ^ and therefore | (a:) —f(x) | < 26, for m'^niy, and for all 

points X in (a, 6). Since e is arbitrary, this establishes the uniform con- 
vergence of t<? 2 n+i (^) to j {x) in the interval (a, 6). The function /(x) has 
been taken to be monotone, but a function of bounded variation may 
be expressed as the difference of two monotone functions, each of which 
is continuous in (a, 6) when/(x) is so. Therefore the theorem holds for 
any function of bounded variation in (— tt, tt). 

It has thus been shewn that : 

/// (a:) o/ bounded variation m (— tt, tt), the Fourier's series converges 
to f (x)y uniformly in any interval {a, b) in which f (x) is continuous y the 
continuity at a and b being on both sidss. 

Returning to the general case in which the function / (x)y of bounded 
variation in (— tt, tt), may have discontinuities in an enumerable set 
of points of the interval, we see that, if /x be a fixed number, O (fx) and 
Gi (/x) are bounded for all values of ar in the interval (— tt, tt), since /( x) is 
a bounded function. We find that 

I + l (^) i < ^ ^ 

where K depends only on the fixed number fx, and on the upper boundary 
of the functions | / (a:) | in the interval (— tt, tt). When/ (x) is not monotone, 
the result can be, as before, immediately extended to any function of 
bounded variation, ^ince | ^gn+i (x) \ < K + A cosec /x, it is seen that 
I ^ 2 n+i (*) 1 is bounded for all values of n. 

We have accordingly established the theorem* that: 

If f (x) be any function of bounded variation in the interval (— tt, tt), 
the Fourier's series converges boundedly to the value i {/ (a; -f- 0) + / (x — 0)} 
throughovi the irUerval (— tt, tt). 

♦ See W. H. Young, Proc. Lond, Math, Soc. (2), vol. ix, p. 453. 
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THE LIMITING VALUES OF FOURIER’S COEFFICIENTS 

334. The following general property of the Fourier coefficients of a 
summable function was first established by Lebesgue’*' : 

If , bn denote the Fourier^ s coefficients corresponding to any summable 
function f (x), then ^ o (1), == o (1). 

This theorem is a generalization of the theorem due to Riemannf in 
which the function is restricted to be integrable (R). It is consequently 
frequently known as the Riemann-Lebesgue theorem. The case when the 
function is continuous J was treated by Stackel. 

Lebesgue’s theorem can be obtained as a special case of the 
general convergence Theorem I, of § 279. Consider the interval (a, b), 

and let {x\ x, n) = nx\ the set G consisting in this case of a single 

point, so that x does not occur. The conditions (1) and (2) of the theorem 

are satisfied, since nx' ^ 1, lim [ nx' dx' ^ 0; from which it 

cos n'^ao J a COS 

rb 

follows, in accordance with the theorem, that lim f (^') cosnx' dx' === 0, 

n—w J a 

and lim f (x') sin nx' dx' — 0 . It will be observed that n may diverge 

'a 

as any sequence of positive numbers, not necessarily integral. 

It has been shewn by Lebesgue§ that this theorem cannot be made 
more precise ; that, in fact, if u (n) be any function which converges 
monotonely to zero, as n oo , a continuous function / (x), such that 
I / (x) I ^ I, can be constructed, for which the coefficients are not of order 
superior to that of u (n). 

The following more general theorem may be given : 

jgin 

If f (x) be summable in the finite interval (a,b), then I f (x) ^^^nxdx 

converges to zero, as n cc , uniformly for all intervals (a, jS) contained in 
(a, 6). 

To deduce the theorem from Theorem I, of § 279, let the set 0 be a 
two-dimensional set consisting of all points (a, such that a ^ 
a ^ b, a^ P ^b. Let O (x', x, n), when x = (a, j3), be defined by 
sin 

4) (x'j X, n) = nx', for all values of x' in the interval (a, fi), and 
cos \ ^ rn 

4> (x', X, n) = 0, when x' is not in that interval. 

* Annales sc. de Vdcole normah sup. (3). vol. xx (1903), p. 471. 
t Oes. Werke, 2nd ed. vol. i, p. 264. 

t Leipz. Ber. vol. Lm (1001), p. 147; also NouveUes Annales (4), vol. n (1902), p. 57. 

§ Bulletin de la soe. mat. de France, vol. xxxvni (1910), p. 184. 
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Since | O (x', a:, n) | :^ 1, for all points a;', x, and for all values of n, 
r/s' 2 

and since / O (a;', x, n) dx’ ^ , \^^hich converges to zero, uniformly for all 

Jo.' ^ 

points X, the conditions of the theorem are satisfied. Therefore 

[ / (^") 

J/ ^ cos 

converges to zero uniformly for all pairs of values of a, /S in the interval 

(a, 6). 

It is of interest to have a direct proof of the theorem. First let 0 < a < b ; 
we then prove the theorem for the particular function / (x) = x^. 


Since 

,.sin , 

x^ nx dx 



Ja <"'OS 

Jy COS 


where y is in the interval (a, jS), the theorem is established for this case. 
Next let / (a:) = P (a;), where P {x) is a finite polynomial ; the integral is 
then the sum of a finite number of integrals, each of which converges 
uniformly to zero, as n ~ oo . It is clear that the condition that a and b 
should be positive can be at once removed by changing the variable x 
into a new variable ^ ^ x k; P (x) then becoming a polynomial P (^). 
Thus the complete theorem holds for a function which is a polynomial P (x). 
Next, if / (x) be any function, summable in (a, 6), a finite polynomial P (x) 

Ch 

can be so determined that | / (x) — P (x) | c^x < c (see i, § 430). We have 

J a 

then 


ij Ts r ^ cos 


The second integral on the right-hand side is numerically less than c, 
whatever values a, n may have. The numerical value of the first 
integral on the right-hand side is also < c, provided n> for all values 
of a and Therefore 


/(x)®'"^ nxdx 
1 'cos 


<2e, 


if n> fit. 


for all the values of a, in the interval (a, b). Since e is arbitrary, the 
theorem has been established. It may be observed that the theorem holds 
good if w be a continuous variable which increases indefinitely. 


It may be observed that the extension of Theorem I, in § 280, to the 
case in which the interval (a, 6) is indefinitely great, when/ (x) is absolutely 
summable in the indefinite interval, furnishes a proof of the following 
theorem : 


/// (x) is dbsolutdy summable in one of the intervals (0, oo ), (— oo , oo ) 

/o*^ ® OTjy(x)^nxdx = o (1). 
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335. In case the function/ (a:) is bounded and monotone in the interval 
(— JT, n), we have, 


/(*)„„„»* =/(- + 
IT 


0) f nx dx -h f (tt — 0) f nx dx, 
J _*.cos J a cos 


I f (a:) nx dx 
J _/ ' ' sin 


< where ^ is a fixed number depending only 

upon the upper boundary of f (x) in (— tt, tt). Since any function of 
bounded variation in ( — tt, tt) can be expressed as the difference of two 
monotone functions, we have clearly 


/: 


/ (x) nx dx 

IT COS 


< 


K 


then 


[V (x) nxdx 
L ^ ' cos 


where iC is a fixed number. It has now been proved that : 

If f (x) have hounded variation in the interval (— tt, tt), then a^ ^ O 

6 « = 0 ( to - 1 ). 

It is clear that, if f {x) be of bounded variation in the interval (a, b), 

K 

< - , where is a fixed number, independent of 

n. The number n may be taken to be any positive number, not necessarily 
integral. 

EXAMPLES 

(1) Let /(x) = - x + lim f (1 + coax) (1 + cos 4x) ... (1 + cos then /(x) is 

m^oo/ u 

a continuous periodic function, of period 27r, and it is of bounded variation in the interval 
( - TT, tt). 

It can bo shewn that the Fourier’s coefl&cients of this function are such that = 1, 
when n is a power of 4. This example was given by F. Riesz * to illustrate the fact that, 

for a continuous function of bounded variation, the condition a„ = o o are 

not necessarily satisfied. 

(2) If / (x) is of boimded variation in the infinite interval (a, oo ), and converges to zero 

as X 00 , the integrals f f (x) nxdx exist, and are O V 
J a cos \n/ 

We have / (x) =P (x) -N (x), where P (x), N (x) are monotone non -increasing, and con- 
verge to zero, as X 00 . 


If A' >A >a, we have 


/'(I)®*" ?ixdx =P(A) 

A COS 


\Ja OOi 


nxdx < - P (A). 


Since P (A) is arbitrarily small, if .4 be sufficiently large, the integral on the left-hand 

fco • 

side is <€, for all values of A', when A is properly chosen. Therefore / P (x) nxdx 

jQ COS 

exists. Also { P (x) nxdx~0 and since / P (x) Tixdx =0 we have 
Ja cos \n/ Ja cos \n/ 

r P(x)^^ nxdx =0f-). 

Ja COS \n/ 

A similar result holds for N (x); therefore f f (x) nxdx -O . 

Ja COS \nj 

♦ M<Uh. Zeitachr. voL n (1918), p. 312. 
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(3*) If the even function f {x) is continuous, and is of bounded variation, and is an 
integral in any interval which does not contain the point a: = 0 , then a^-o . 

Since / {x) is an integral in the interval ( 7 , tt), it has a summable differential coefficient 
/' {x), thus 

i }{x)coBnxdx~ - f -- I f ' {z) Bin nxdx, 

Jtf n Ti J ff 

Since /(a:) is continuous and of bounded variation in (0, 7 ), we havei, expressing f (x) 
as the difference of two monotone functions (x), {x\ 

("a (x) cob =/. (0) +/. M , 

Jo n \ n J 

fV,(.)coB«xd.=/,( 0 )«^< +a( 7) 
yo n \ n / 

where 7 ', 7 '' are in the interval (0, 1 ). We now find that 

f {x)QOBnxdx= - I f'(x)ainnxdx+[f^(0)-fj(Tf)]ainnrf'+[fo(0)-f2(r;)]amnT}'\ 

Jo Jv 

hence the expression on the left-hand side is less than 3^, provided 7 be chosen sufficiently 
small, and n sufficiently large. It has thus been shewn that = 0 . 


(4) If / (x) is summable in every finite interval, and g (x) is of bounded variation in 
f ^ sin 

(a, b), then / f {x +u) g (u) nudu converges to zero, as 7 ?. x , uniformly for all values 
J a 00 a 

of X ill any finite interval. 

It is sufficient to assume that g (u) is monotone, then 

f f (x -{-u) g (u)^^ nudv =g {a) \ f (x nudu +g (b) \ f {x -\-u)^^ nudu, 

J a ' COS J a cos J ^ cos 

where A is in the interval {a, b), and depends on n and x. It is sufficient to shew that the 
result holds for each of the integrals on the right-hand side. Let x + w then it is easily 

[ ^ sin 

seen to be sufficient that the integrals / / (r) 7ivdv converge to zero, as w ~ x , uniformly 

J a cos 

for all values of a and ^ in a finite interval. This has been shewn in § 334 to be the case. 


336. Let the function / (x) be assumed to have, in the whole interval 
(— 77, 77), a differential coefficient {x) of order r, which is continuous in 
the interval, or more generally a differential coefficient (x) which is 
an indefinite integral. 


The integral /(^) , expressed by r successive 

J —ir cos 

integrations by parts, and its value depends upon that of 


1 ^ 

'nJ' 


' (^) 
J —IT 


Sin J 
nx dx, 
cos 


See W. H. Young, Proc. Land, Math, Soc, (2), vol. x (1911), p. 256. 
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which exists, since {x) exists almost everywhere in the interval, and is 
summable. As the integral converges to zero, we have the following theorem : 

If f (x) haw a continuous differential coefficient (x), of order r, or more 
generally, if (x) exists and is an indefinite integral, then a„ = o {n''^), 
bn (n-^). 


337. Let us consider the function / (x) = I xi-' <{> (x), where 0 <u < 1, 
and (f> (x) is of bounded variation in (— tt, tt). 

We have 


r 


r— V Sin nx dx 


sin nx dx + 


I ifi (x) si 

J ~n 


sin nx dx, 


where ift (x) ^ in the intervals (— tt, — ^), (fi, tt) and has the value 0 

in the interval (— {jl, y,). The function ^ (x) is of bounded variation in the 
interval (— tt, tt), and therefore | t/j (x) sin nx dx ^ O (nr^). We now 

consider the integral j where x (^) denotes (x) -h (/> (~ x). 

Dividing the interval (0, /x) into the two parts ^0, and we 

have 

f'* X (^) • J f'"T(x) . , . 

~ -- sin nxdx= sin nx dx — sin nxdx, 

J 1 X*’ J J J 1 X'' 


[*^P(x) . , 

— sin nx dx 


---- s\n nxdx, 
1 x'^ 


Vn y/ n y/ n 

where P (x), Q (x) are two non-increasing monotone functions. The ex- 
pression on the right-hand side is, applying Bonnet’s form of the second 

mean theorem, numerically less than a fixed multiple of ^ or 71**'“ 


where f is in the interval fo, ; also a similar result holds for Q (a:). We 


■dx-\-\ P 


thus find that 


I Jo x*' Jo x" Jt X- 

where A and B are fixed numbers, independent of ; we now have 


rvn gin nx ^ If sin a; , 

Jo X'' n^-^Jo x'' 

rvn Qin nx _ 1 f sin x 



336-338] The Limiting Values of Fourier's Coefficients 519 


It is known that 


p sin 

Jo 


sin X , TT 

ax 


2 sin (v) ^ 

and if the indefinite interval of integration be divided into parts (0, tt), 
(tt, 27r), the integral is represented by a series — /g 4- /a — , 

when denotes 

sin X 


(- f" 

Jo 


; thus > l 2 > I 3 — 


'0 (x f w — Itt) 
r ^ sin 

It now easily follows that ^ - dx is numerically less than a fixed 

J a 

number, independent of a and It is thus seen that 

1 

t (^) . / 

^ ~ sin nx dx 

Jo 

is less than a fixed number, independent of n, and it then follows that 
f'* sin nxdx =0 (»*-') + 0 (n”-') = 0 (n-*). 

We have now 

[ sin nx dx ^ O (n-^) -f O === 0 

J -n\ ^ r 

A corresponding result can be obtained when cos nx takes the place 
of sin nx. There is no loss of generality in taking any point ^ of the interval 
as the singular point instead of the point 0, because the interval { — tt, it) 
can be replaced by the interval (P — n, ^ 4 - n), the function / (a;) being 
taken to be periodic. The following theorem has now been established: 

If f (a;) be defined as ^ ^ ^ point interior to [— tt, tt), 

V is any positive number less tiian unity, and <f> (x) is of bounded variation in 
the interval (— tt, tt), the Fourier's coefficients of f (x) have the property 
b^^^O (n-i). 

338. The following theorem is of use in some parts of the theory: 

If f (x) be summahle in (a, b), then 

rb rb 2 

lim / (^) I sin nx\ dx = lim j f (x) \ cos nx\ dx ^ - \ f (x) dx, 

J a ri'^coJ a J a 

where n is unrestricted. 

Let the finite polynomial P {x) be so determined that 
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If 


P{x) 


8’^m 

■- 2 AgX\ 

«-o 


rb 8-m rb 

we have I P | sin nx f dz == 2 Ag j x^ | sin nx | dx. 

Ja s-0 Ja 

Dividing (a, b) into intervals (a, P) in each of which sin nx is of fixed sign, 
we have 

p 6 «-m ( 1*^ 

P {x) \ nx \ dx ^ Yi Ag < Y, x^ \ sin nx | dx 

Ja «-0 l(a,fi)Ja 


8-m 

- 2 ^ J 2 

8-0 {(a, ^) ^ 




where a) is equal to 2, for all the intervals (a, jS) except possibly the two 
extreme intervals, in which it may be < 2 ; and p) is some number in 
the interval (a, jS). It now follows that 


fb 2 ^*^ 

Urn P (x) I sin na: I (ia; — - 2 A^ 

Ti'^cc J a 


“^8-0 


rb 

x^dx 

. ' n. 


2 r*> 

77 


[ P (a;) dx. 

.a 

Since [ / (a:) | sin nx | dx, f P (a:) | sin nx | dx differ from one another 
Ja b ^ b 

by less than rj ; and since / (a:) dx, P (x) dx also differ from one another 
} a J a 

by less than rj, it follows, since rj is arbitrary, that 

. 2 


lim [ f(x)\ 

n'^ooJ a 


sin nx I dx 


f f{x)dx. 

J a 


The case in which cos nx takes the place of sin nx can be treated in the 
same manner, 

339. If f (x) have a D-integral in the interval (a, b), let <f) (x) denote 

the continuous function j / (x) dx. Employing the method of integration 
J a 

by parts (i, § 474) we have 

rb r p rb 

f (x) cos nx dx (x) cos nx n \ (x) sin nx dx. 

Ja L Ja Ja 


Now (x) is summable in (a, b), and j <f> (x) cos nx 
1 


is bounded; we thus 


1 

see that - / (x) cos nx dx converges to zero, as n ^ oc . Similarly 

1 

- j / (x) sin nx dx can be shewn to converge to zero. We thus obtain as 

the analogue of Lebesgue’s theorem of § 334, the proposition : 

If f (x) have a D-integral in (~ n, tt), the FouriePa (D) coefficients a„, 
have the 'property ^ o (n), b„ = o (n). 
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The statement in this theorem cannot be improved. It has in fact 
been shewn* by Titchmarsh that, if A (n) be a positive monotone de- 
creasing function of n which converges to zero, as ~oo, then, however 
slowly 1/A (n) tends to oo, a function which has a single point of non- 
summability, and which has a non-absolutely convergent integral, exists 
for which ^ o {n\ (n)) , {nX (n)} . 


CONDITIONS OF CONVERGENCE AT A POINT OR IN AN INTERVAL 


340. It has been shewn in § 323 that the partial sum of the Fourier’s 
series corresponding to a function / (a:), summable in the interval (— tt, it), 
is given by 


(^) • 277 * / (^ ) 


sin {2n +1) 


X — X 


. dx\ 


In order to consider the behaviour of the Fourier’s series at any point x^ , 
interior to (— tt, tt), let p, be a fixed positive number, so small that the 
interval (Xj — jjl, Xi + fx) is interior to (— tt, tt), and let the function /^ (x) 
be defined to be equal to / {x) in the interval {x^ - fx, x^ -f fx), and to be 
zero in the rest of the interval (~ tt, tt). Let /2 such that 

fl {^) 4 /2 {^) \ 

so that /g {x) has the value zero in the interval {x^ — p., Xj -f /a), and has 
the value / (x) in the rest of the interval {— tt,tt). 

In the general convergence Theorem I, of § 279, let G consist of the 
single point Xj , and let O (x', x, , n) be defined to be zero in the interval 

sin + 1) ^ ^ — 

{Xi — fx, Xj ~h p), and to have the value ; within the 

sin 2 

two intervals (~ tt, x — p.), (x + p, tt). 


We liave then | O (x', x^,n)\ ^ oosec Jp, for all values of x' and n\ 

r/j ^ 

and I O (x', Xj, n) dx* converges to zero, as qo , since cosec — ^ 

summable in the intervals in which <I> (x', x, n) is not zero, and thus the 
theorem of § 279 is applicable to the function /g (x). It follows that, since 
the conditions of Theorem I are satisfied, 

sin (2n + 1) ' 

^ If 



* Proc,. Ijond. Math. Soc. (2), vol. xxn (1924), Eecords, p. xxv. 
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converges to zero. Since / {x') = fi (x') + /j (*') it follows that lim (x^) 

n'^ao 

1 C„ sin(2M + 

depends only on lim (x*) — — dx' ; or on 

n'^OO J -TT 


sin 


X — x^ 


;'”2w 


1 iX, f M 


/(*') 


sin (2n -f 1) 


X — x 


sin 


X -- X 


. dx' \ 


and this is independent of the values off{x') outside the interval 

(X^ - fl,X^-jr /x). 

We have accordingly established the following theorem which, in the case 
of functions that are integrable (R), was given by Riemann* : 

The behaviour of the Fourier's series corresponding to the summable 
function f (a:), as regards convergence, divergence, or oscillation, at a particular 
point, depends only on the values of the function f (x) in an arbitrarily small 
neighbourhood of the point. 

It will be seen that this theorem is an immediate consequence of the 
Riemann-Lebesgue theorem (§ 334) as applied to the function 


/a (a:) cosec - ^ \ 

It has been assumed in the proof that x^ is an interior point of (— tt, tt). 
This does not involve any real limitation, because, when / (x) is defined to 
have the period 27r, we may take for the interval any interval of length 
277, instead of ( — tt) ; and such interval can be chosen so that either of 
the points tt, ~ tt is interior to it. 

If the function / (x) is of bounded variation in the interval 

(Xi - /X, Xj 4- /x), 

the function /i (x) is of bounded variation in the interval ( — tt, tt). Applying 
the results of § 332, to/j (x), we obtain the following theorem: 

If, for a summable function / (x), a neighbourhood of the point x^ can be 
determined so that f (x) is of bounded variation in it, the Fourier's series 
converges at the point Xj to the value i {f {^i -i- 0) + f (xi — 0)}, which is equal 
to f (Xj) in case the function is continuous at x ^ . 

This sufficient condition of convergence was given by Jordanf, and is 
known as Jordan’s condition. 


341. Next, let an interval (a, 6) be taken, interior to (— tt, tt); and let 
fx be a positive number such that (a — /x, 6 /x) is interior to (— tt, tt). 


* See his memoir, “Ueber die Daratellbarkeit,” McUh. Werke, p. 227. 
t Coura d* Analyse, vol. n, 2nd ed., p. 237. 
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Let /i {x) == / {x) in the interval (a — ii,b + /x), and let it have the value 
zero in the rest of the interval (~ n, it). Let /g (x) be given by 

/ (^) = fi (^) + fz (x), 

so that /a (x) has the value zero in the interval (a — b 4- /x), and the 
value / (x) in the intervals (— tt, a — /x), (6 4- /x, tt). 

If in the Theorem I of § 279, we take G to consist of all the points x, 
of the interval (a, 6), and O {x' , x^ n) to be defined as 

- x' — X 

sin (2n 4- 1) — 


within the two intervals (— tt, a ~ /x), {b 4- /x, tt), and to have the value 
zero in the interval (a — /x, 4- yx), it can be shewn that this function 

satisfies the conditions of the theorem. For | <I) {x\ x,n) \ ^ cosec |/x, for 
all values of n, and for all the values of x\ thus condition (1) is satisfied. 
Again, if (a, )3) be any interval contained in (6 4- /x, tt), 

_ . , , , , _ riO-a:) + 1)Z 

\ ^ {x , x, n) dx ^ 2 \ ‘ 

J Ji(a- 


-X) 


sm z 


'■ dz, 


and by the second theorem of § 334, since cosec z is summable in the interval 
(^/x, ^TT — ^a) which contains the interval {J (a — x), \ — x)}, it follows 

that this integral converges to zero, as n — ' oo , uniformly for all values of 
X in (a, 6). The corresponding result can be shewn to hold if (a, is con- 
tained in (— TT, a — ft). Taking the summable function /g (x), it follows from 
the result of Theorem I, that 



• /o . ^ 

sm (2n + 1) — 2 — 



dx' 


converges to zero, uniformly in the interval (a, 6), of x. 

Therefore, in the interval (a, 6), lim (x) depends only on 


i [ A 

^TT J -n 


sin (2n 4-1) 


sin 


X — X 


dx' 


or on 


1 r&+/* 

^ lim / («') 

n^oo J a~fi 


sin (2n 4- 1) 


X — X 


sm 


X — X 


• dbc\ 


We thus have obtained the following theorem* : 

Iff (a:) be summahle in (— tt, tt), and (a, 6) be any finite interval contained 
* See Hobson, Proc. Lond. Math. Soc. (2), vol. v (1907), p. 282. 
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within (— TT, tt), the behaviour of the Fourier's series corresponding to f {x) in 
the interval (a, b) as regards convergence, divergence, and oscillation, depends 
only on the values of the function f (x) in the interval (a ~ p,b p), where p 
is an arbitrarily small positive number. 

In case / (x) is of bounded variation in the interval {a — p,b p), 
/, (x) is of bounded variation in (— tt, tt), and consequently the results of 
§§ 332, 333 can be applied to the function (a:). We obtain accordingly 
the following theorem : 

If f [x) be summable in (— and (a, b) be an interval which is con- 

tained in another interval (a', b'), in which f (x) is of bounded variation, the 
Fourier's series converges uniformly to the value f (x) in the interval (a, b), 
in case f (x) be continuous in (a, b), the continuity at a and b being on both 
sides. If f {x) is not continuous in (a, b), the series converges boundedly 
in the interval {a, b) to the value \ {f (x 0) + f (x — 0)}. 


342. It has now been shewn that, in all cases, the question of the 
convergence of the Fourier’s series at a point x depends upon the con- 

sin {2n -f 1) 2 
sin 2 

arbitrarily small positive number. In fact, it has been shewn that 
1 ^ sin (2w. -h 1) 2 : 


vergence of - I {f [x 2z) f {x - 22)} dz, where e is an 
^ Jo 


lim - [ {f (x + 2z) +f(x- 2z)} ’ 
n~oo J t 


Sin 2 


’ dz = 0. 


Since ^ dz — \tt, for all values of n, and 

0 sin 2 



lim 



71"- 00 

J^ sin 2 

we see that 

lim 1 

psin (2n + l) z ^^^ 


n-'oo J 

' 0 sin 2 ^ 


Thus the condition that the Fourier’s series may converge at the point x 
to the value lim \ {f (x 1) f (x — t)} is that 

lim [ [/ (a: + 2z) + / (a: - 22 ) - lim {f (x + t) + f (x ~ <)}] dz = 0. 

n-ccJo Sin 2 

At a point of continuity of / (x) this reduces to the condition 

lim [ {/ (a; 4- 2z) f {x — 2z) — 2f (a:)} dz = 0. 

n'^QoJo Sin 2 

It can be shewn that, in this integral, replaced by ^ . 
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For the function 


[/ (* + 2z) + / (a: - 22) - lira {/ (x + <) + / (a: - t)}] 

t~o 


526 


sm 2 


i) 


is summable in the interval (0, e) ; and therefore, by Lebesgue’s theorem. 

Urn f ' [ /(* + 22) +/(x - 22) - lim {f{x + 1) +f {x - f )}] dz = 0. 

n-^ao J 0 ^'^0 \ Sin z z / 

Thus the condition of convergence to | lim {f {x 1) + f (x — t)} is 

lim [ [f (x + 2z) + / (x - 2z) - lim {/ (x + <)"}-/ (:r — 0)] dz = 0. 

n-oo/O <-o z 

Writing for convenience 2z ^ t, f (x ^ t) f (x — t) ^ <f) (t), the condition 
of convergence is 


lim 

J 0 




t 


sin Imt dt == 0. 


IS 


This condition is certainly satisfied in case the function ^ 

summable in the interval (0, e), on account of Lebesgue’s theorem (§ 334) ; 

and the condition of summabihty is satisfied in particular if 

is bounded in (0, e), or if | <;)(» (t) ~ <^ (+ 0) | ^ where a < 1, and A 

is a fixed number, in the interval (0, e). 

In case / (x + 0), f (x — 0) both exist, it will be a sufficient condition 
of convergence of the series to the value ^ {f (x + 0) f (x ~ 0)}, that both 

- should be summable in the 

interval (0, e). 

We thus obtain the following sufficient conditions of convergence of 
the Fourier’s series at the point x, 

(a) If e can be so chosen that is summable in the interval 

V 

(0, c), where (f> (t) denotes f (x t) f {x — t), then the Fourier’s series is 
convergent at the point x. This condition is satisfied when f (x 4- 0),f{x — 0) 

both have definite values, and ^ ^ ^ IS ^., — ^ 2) 

are both summable in (0, e); or else when f (x + 0), f {x — 0) are not definite 

(0 — ^ (+ 

t 


but <^ (+ 0) so, and 


is summable in (0, e). In either case 


the series converges to \ lim {/ -f 0 + / (« — 0}- 


<~o 


(6) If X be a point of continuity of f (x), the series converges at the point x 
to the value f (x) is summable in the interval 
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(0, e); and in particvlar if ^ ^ ^ i?- — are both sum- 

t t 

mable in that interval. 

This condition, which is known as Dini’s condition, is satisfied, in 
particular, in case the four derivatives of / {x) at the point x are all finite, 
and in particular if / (x) have a finite differential coefficient. We thus have : 

(c) At a 'point of continuity of the function f (x) the Fourier's series 
converges at the point x to the value f (x) if f (x) have a finite differential 
coefficient at the point, or if all the four derivatives D^f {x), D^f (x), D-f {x), 
D_f (a;) are finite. 

Further we have the following condition : 

(d) 2^ he Fourier's series converges at a point to(f>{+0),if, for all values 
of t not greater than some fixed positive number c, | <^ (^) -- ^ (4- 0) | 5 At^, 
where A and k are fixed positive numbers. 

At a point of continuity of f (x), the series converges if 
\f {x + t) - fix) \ & At^ 

where k, A are positive numbers, provided t is numerically less than some fixed 
positive number e. At a point of ordinary discontinuity it is sufficient that 
both \f{x-\-t)—f{x-\- 0) I and \ f (x — t) — f {x ~ 0)\ should satisfy this 
condition. 


This condition was given by Lipschitz*, and was also given by Dini. 

A more general sufficient condition of summability of ^ f , 

t 

in the neighbourhood of ^ = 0, is that, in a sufficiently small interval (0, e), 

\ <f> (t) - (f> 0)\ ^ j j j— jT; , 

log -log log - ... log log... ^ 

where A and a are positive numbers; we therefore obtain the following 
sufficient condition of convergence: 

(e) The Fourier's series converges, at a point x, to the value 
^lim {f(x 4- 1) +f(x - t)}, 

if, for all positive values of t not exceeding some fixed number c, the condition 

I w - (^ (+ 0) I ^ 

be satisfied; where A and a are fixed positive numbers. In particular it is 
sufficient that both \ f (x 1) — f {x -i- 0) \ and \f{x — t)—f{x — 0)\ 
should satisfy this condition. 


log i log log I 


log log ... 


Crelle'd Journal, vol. Lxm (1864), p. 296. 
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It may be observed that, of the two tests of convergence of Dirichlet’s 
integral, at a point, that of Jordan and that of Dini, neither includes the 
other. 

For, considering the function / (a;) = ^log does not satisfy 

Dini’s condition that is summable in the neighbourhood of the 

point a: 0; but it satisfies Jordan’s condition that it is of bounded varia- 
tion. 

Again the function / (x) \ x sin . - . , where 0<p^ 1, satisfies Dini’s 

I ^ I 

condition, but not Jordan’s. 

343. The condition lim [ ^ ^mt = 0 may be trans- 

m-^cc Jo ^ 

formed so as to yield a sufficient condition of convergence of a very general 
character. 

2ir 


We have 


■ e 

Jo 


4> (+ 0) . 


iprr 

p^q ? m 


p = q I 

p 1 J 

/; 


2(2p l)t 


rm 

^mt dt I X (0 sin imt dt 
Jo 

X (0 - X (< + “)| sin \mt dt 


X (t) sin \mt dt, 


2 (2<Z-f 1 ) »r 

m 

u ^ ^ </> (0 -</»(+ 0) ^2(2g+l)7r 

where v (t) denotes , and 4 (u + 1) > c ^ -A,:* , 

^ t ^ m m 

The last integral is numerically less than the integral of | x (0 | over the 

( Stt \ 

€ — , e j , and therefore it converges to zero, as m ^ oo . The 

first integral is numerically less than tt times the upper boundary of 

( 27r\ 

0, ^ j of t, and this also converges to 

zero, as m ^ 00 . 

The remaining expression is numerically less than 


/Jx(0-x(<+^j) 


dt; 


and thus the series converges if 

lim [ I X (<) - X (< + 8) I 
J« 



528 


Trigonometrical Series 


[CH. VIII 


We have thus obtained the sufficient condition of convergence in the 
following form : 

At any 'point x at which lim {/ (x -I t) f (x ~ ^)} exists, the Fourier's 

series converges to the value \ lim {f {x + t) + f{x- <)}> if 

<~o 


lim I X (<) - X (< + S) 0, 

6~o Ja 


where x (0 denotes 

1 


Af {X + t) + f (X 0 - lim {/ (x + t) +S(x 


<)}]• 


In 'particular, at a point of continuity of f (x) the series urill converge to 
f(x) i/lim I I xi it) - X, (t + 8) I - 0, and lim I | xz (0 - X2 (< + S) | -- 0, 

8-0 Js 8-0 Jfi 

where xi (0 = \ , X2 ^ \ ' • 

This condition, which contains the preceding conditions, was given by 
Lebesgue*. 

The condition may be stated in the equivalent form that 

8-0 J8 t 

where F (t) denotes (f> (t) — (f> {-\- 0), or 

f(x -f t) -i-fix -t) - lim {f(x + t) }-f(x - t)) . 


JSi 


For, if Si denotes a number such that 8 < < e, the difference bet ween the 

two integrals does not exceed 
p IF(t)-F(t-hS) j 

1 

the first integral is less than ^ I F (t) — F (t + S) | dt, therefore the 

two integrals converge to zero, as 8 0, since F (t), x (^) are summable in 

the interval (81, c) (see i, § 431). The number 81 can be fixed so that 

I F (< + 8) I < €, 

in the interval (8, 81) ; thus the third integral is less than c log 2. Thus, since 
the difference between the two integrals is less than an arbitrarily chosen 
number, when 8 is taken sufficiently small, the equivalence has been 
established. 

At a point at which <^ (+ 0) does not exist, the preceding investigation 


* Math. AnnaHen, vol. LXi (1905), p. 251. In this memoir there is contained a detailed ac- 
count and comparison of the various criteria. 
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can be applied to the function f (x ^ t) j (x — i) — 2 j (x). In this case, 

we have x (t) ^ ^ and the integral 

z 

2Tr 

f m 

X (t) sin ^mt dt 

0 

2n 

J “ Tfl 

\ f (x 1) f (x — t) — 2f (x) I dt. Tliis will 

0 

have the limit zero if the condition is satisfied that 

[ \f(x-\-t)+f(x-t)-2f(x)\dt 
J 0 

has as differential coefficient, at the point ^ = 0, the number zero. We have 
thus the following theorem, which includes the preceding theorem: 

A t any point x the Fourier's series converges to f {x) if 
Jo 

has, at the point t 0, a differential coefficient of which the value is zero, and 
if also lim | | x (0 X I = 9, where x (0 denotes 

f(x-^t)^f{x-t)-2f {x) 
t 


344. Returning to the expression 

Apir 


s X W - X (< + :^)r sin 

J3-1 . 2(2p-l)7r ( \ m/) 


this expression is equivalent to 

2/r 


rm p-g- { / 


Ap — 2 tt 


X ^ + 


or to 


f^l 

(t “[- Ap — 277^ 

i, m ) 

1 ^ -f- (42? - 2) 77 


) 


Apn' 

m 


sin ^mt 


dt 


t + 4^77^^ 
m 


) 


sin ^t dty 


t + Apn 

where F (t) denotes (t) — (-h 0). This is less numerically than 


f*” « ] 


/t + 42?77\ 

1 m ) 

Jo P -1 1 

1 t -h 42? — 277 1 


dt 


+ 2 


r2n p->q 

I ^ 

Jo p -1 


^ +jpir'j 


(4p — 2) 4p7r 


dl. 
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The second integral is leas than the maximum of j F 

all the values 1, 2, ... g, of jp, or of the maximum of | (0 | the interval 


(0, c). The first integral is less than 


1 1 

I 2 


... + 


^ql 


the upper boundary of 


- 27 r\ ^ ^ (t -f 4p7r\ 

\ m / \ m } 


multiplied by 


for all values 


of i in the interval (0, 27t) and all the numbers 1, 2. 3, ... Now 


1 1 1 

4 . 4 - _| 

12 2q 


is equal to (C\ + log 2q), when tends, as q increases indefinitely, to a 
fixed number, Mascheroni’a constant. 


Writing 8 - - , 


the upper boundary of 



4 Ap7T\ 

\ m J \ 

7n J 


is that of I (<) — jP + 8) I in the interval (0, e). Thus the first integral 
converges to zero, as m ^ oo , if the maximum of | {F (t) — F {t 4 - 8)} log 8 | 
for all values of t such that t 4- 8 is in the interval (0, c) converges to zero, 
as 8 0. 


The second integral may be taken to be arbitrarily small, by choosing 
€ sufficiently small. 

We have now established the following sufficient condition of conver- 
gence at a point x, of the Fourier’s series : 

At a jx)int at which f (x + t) f (x — t) has a> definite limit, as t 
the Fourier's series converges to \ lim {f (x + t) f (x — t)}, if an interval 

(0, e) can he determined such that 

\{f {z + t) + f (X - t) - f {X + t + 8) - f (X - t - 8)} logs I 

converges to zero, 05 8 ~0, uniformly for all values of t in the interval (0, c). 
This condition will he satisfied in particular if both 

\ {fix + t) - f {z + t + 8)} log 8 I and \ {f (x - t) - f (x - t + 8)} log 8 | 
converge to zero, uniformly for all values of t, in the interval (0, c) of t. 

This condition was given by Dini*. 

In this condition a condition given| by Lipschitz is included. Thus it 
is sufficient for convergence at the point x that 

\f{x 4- 1) +f(x - t) -f(x 4- ^ 4-8) -f(x - i - 8) I < (78*, 
in the interval (0, c), of t, where C and k are fixed positive numbers. 


Serie di Fourier, p. 49. 


t Crelle'a Journal, vol. Lxm (1864), p. 308. 
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346. In accordance with the theorem proved in § 297, if, in an interval 
1 

^ {f + t) f (x ~ t) — 2f (a;)} dt, or Xi has bounded variation 
* Jo 

in (0, /x), then provided | tF (/x, n) | is bounded for all values and n and t 
in (0, /x), we have 


lim f {/ (x i- 1) -hf (x — t)} F (t, n) dt ^ X (+ hm j F (t, n) dt, 
n— oo J 0 Ti'^oo j 0 

where F (t, n) satisfies the conditions of Theorem I, of § 279, in every 
interval (/x', ju) of t, where 0 < /x' < /x. 

In the present case F it, n) ^ ^ | , and thus tF it, n) is bounded. 

sin < 

The following sufficient condition of convergence, first given by de la 
Vallee Poussin*, has thus been obtained: 


The Fourier s series cor responding to f (x) is convergent at any point x 

1 

for tvhich - {f (x t) + f {x ~ t)} dt 1ms bounded variation in some interval 
f Jo 

(0, p) of t. 


This criterion includes the case in which / (x) has bounded variation 
in the neighbourhood of the point x. To see this we need only consider the 

1 1 

case of a monotone function ; the functions t f (x + t) dt, - \ f (x — t) dt 

t J 0 ^ . 0 


are then also monotone, because the mean value of an increasing function 
increases when the function increases. Therefore 

\ {/ (a: + <)+/(« - ()} dt 

has bounded variation whep / (x) has bounded variation in the interval 
{x - p,x + p). 


4>(t) 


Again, it will be shewn that if [ I 

Jo I 

f 0, where (f> (t) ^ f (x + t) -h f (x - t) — 2f (x), then also f | xi' (0 | 

.'0 

exists in that neighbourhood ; and thus xi (0 indefinite integral, and 
accordingly of bounded variation in the neighbourhood. 


dt exists in a neighbourhood of 


dt 


We have 

it being assumed that / {x) is continuous at x, or else that 
lim {/ (a: + t) + / (a: - <)} 


* Rendic<mti di Palermo, vol. xxxi ( 1911), p. 296. Another proof of the theorem was given by 
W. H. Young, Proc, L<md. Math. Soc. (2), vol. x (1911), p. 266. 
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exists and is taken to be the value of 2/ {x). Thus 


[CH. VIII 


and thus 


/; 


Xi(t) 

Xi' (0 I dt ' 


4> (t) 1 


W dt. 


t 


dt 


+ f' f f' I (<') I dt'. 

Jo f Jo 


The integrand in the repeated integral being positive, we may change the 
order of integration, after changing i' into ut; the second integral on the 
right-hand side then becomes 
i ‘ r/t 


[ * (It ^ \ ^ ^ I 

\ (f) {ut) I du, or du | (/> (ut) | dt, 

J 0 0 J 0 . 0 i 


or 


r 1 i 

i du\ I 
Jo Joj 




dt 


which is less than 


r 

\4>{t) 

Jo 1 

t 


dt. It follows that 


dt does so. Therefore de la Valine 


I I Xi (0 I exists when 
Jo 

Poussin’s criterion includes Dini’s criterion (6) of § 342; and it has been 
shewn to include that of Jordan. 


346 . The following test of convergence has been given* by W. H. 
Young : 

//, at the point x, f {x 1) -{■ f {x - t), or (f> (t), converges to a unique 
limit <f> 0), as t ^0, it is sufficient for the convergence of the Fourier's series 

at the point x, to the value (+ 0) that, in some neighbourhood of the point, 

\'\d{t<f> (t)}\=^0(t). 

Jo 

If <l> (x) be a function of bounded variation in an interval (cr, 6), the total 

rb 

variation may be denoted by \df) (x) (, which represents, as in the 

definition of the i2-integral, the limit of the sum of the absolute differences 
of <f> (x) at the ends of a mesh of a net belonging to a system of nets, 
as 00 . In order that the notation may be justified, it is necessary, in 
order that the total variation so defined may be independent of the par- 
ticular system of nets employed (see i, §246), that <f> (x) should have no 
external saltus at any of its points of discontinuity ; and we may assume 
that this is the case, since the set of points of discontinuity is enumerable, 
and thus a change of the values of the function at points of this enumerable 
set is sufficient for the removal of any external saltus which may originally 
exist. Thus, it is assumed in the above test that the function tcf) (^) has 
bounded variation in some neighbourhood of the point f = 0. 

In order to prove the validity of the test, it will be sufficient to shew 
that, when it is satisfied, Lebesgue’s test, given in § 343, is satisfied. That 

♦ Comptea Rendus, vol. CLxni (1916), pp. 187, 976; alfio Proc. Land. McUh. S(K. (2), vol. xvn 
(1916), p. 206. 
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this is the case has been proved* by Hardy, in connection with a general 
discussion of the relations between the tests given by Dini, Jordan, de la 
Valine Poussin, Young, and Lebesgue. 

Let it then be assumed that, in some neighbourhood of the point t = 0, 
(t) is of bounded variation, thus that t {<f> {t) — </>(+ 0)} = gi (t) — (t), 

when g^ (<), g^ (t) are both monotone non -diminishing fimctions, and that 
the total variation of tcfy (t) in (0, t), when divided by t, is bounded in a 
neighbourhood of the point < 0. 

We have, denoting </>(<) — (/> ( f 0) by F (t), 


*e 

J S 


\ F{t) - Fit + 8) 


(it ; 


cnuiF(t) -F^il^ B) 


dt 


+ (• 

JnU 


(<) _ S'! (< + S) 
t t f 8 


dt 

1 






9i(i) _ 9'2 (^+ 8 ) 
t t B 


dt 

1 ’ 


6 t 


*e 

J ih 




where 1 < m, and m8 < €. 

The first integral on the right-hand side does not exceed 
J h t 

and is therefore not greater than 2/i, log m, where fi is the upper boundary 
of F (t) in the interval (0, ni -f IS). 

The second integral does not exceed 

gi (M 8) - !7 i it) 

j wij < (< + 8) 

Of these parts, the second integral is less than k \ ^ or 

Jms \t t + 0/ 

than k log ^ where k is the upper boundary of in the interval 

(0, e {“ 8), and is a finite number, since is bounded in a neigh- 

bourhood of ^ = 0, and the numbers 8, e can be so chosen that 8 + € is in 
that neighbourhood. The first part of can be expressed as 

dt - w 

(mhDsCi-^) + ^ 

+ o) J rm + iu — 8*) Jmj 


re+s 

J(m hi 


dt, 


or as 


1)6 < + 8 ) 
which is less than 

Qiit) 


' (w 


-hl)6t{t^-h^) )m6t(t+h) 


dt, 


^ -f- 8) 


dt 


/•(/n+l) Q (i) 


dt 

(m + l)8 


* See Messenger of Math. vol. xlix (1919), p. 164. 
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C "i“ 2S Vft ~f“ 2 

This is less numerically than h log 7 + B + ^ log — T— + 


4^ 


/a is less than k 


(log 


+ + ^ +log 

m ®m+l m+l ®eH -8 


Tfl \ 171 -f- 1 

€ 4- 28\ 


thus 


First m may be so chosen that k ^log 


m -f 2 


4- 


-i) ' 


is less than an 


m m 4- 

arbitrarily chosen positive number rj, then 8 may be so chosen that 

k log ^ < rj; thus /g < 2rj. Similarly by proper choice of m and 8 we 
€4-0 

have /g < 2rj. 

Also 8 may be so chosen that 2fi log m< r), since F (t) converges to 
zero, as < 0. 

It has now been shewn that f ■ f dt < 5rj, provided 8 

Js I 

is sufficiently small, and therefore Lebesgue's test is satisfied. 

Thus Young’s test of convergence at a point is included in Lebesgue’s 
test. 


Young’s test includes that of Jordan, for assuming that Jordan’s test 
is satisfied, we have 


Jj {<i’ (<)} I £ I V w + // (0 I 

^o{t) + t\*\dF(i)\ 

Jo 

=- o ((). 


That Young’s test does not include that of Dini is seen by considering 
X |p sin , where p > 0 in the neighbourhood of x == 0. 


the function 
We have 


d (tF (t)) = 2 |(p 4“ 1) sin | cos | 


and the condition 


r< 

1 


cos T 

Jo 

t 


dt, 


dt = O if) is only satisfied if ^ ^ 1, whereas 

Dini’s test is satisfied when > 0. Since de la Vallee Poussin’s test in- 
cludes that of Dini (§ 345) it follows that Young’s test does not include 
that of de la Vall6e Poussin. Conversely, it has been shewn by Hardy 
{loc. cit.) that de la VaU6e Poussin’s test does not include that of Young. 

He has shewn that, if F (<) = sin ^log ^^y^log | , then Young’s test is 


satisfied, but de la Vall4e Poussin’s test is not satisfied. A proof has been 
given by Hardy that Lebesgue’s test includes that of de la Vall4e Poussin. 
It thus appears that Lebesgue’s test includes all the other four. 
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347 . If we employ the general convergence theorem of § 279 in a 

modified form, since ^ - is bounded, we obtain the following 

sin < ® 

theorem : 

U fi (^)*/2 (^) sumrrtable in the intenxil (— tt, n) and, in some neigh- 
bourhood of a point x,f^ (x) is of bovnded variation; and further if f 2 (x -f 0), 


f 2 {x - 0) exist, and 


f 2 (x + t)~f 2 (x+ 0 ) /g (x -t) -hix - 0) 


are summable in 


some interval (0, p) of t, then the Fourier's series corresponding to f^ {x) . /g {x) 
is convergent at the point x. 


SUFFICIENT CONDITIONS OF UNIFORM CONVERGENCE OF FOURIER’S SERIES 


348 . Sufficient conditions will now be investigated that the Fourier’s 
series, corresponding to a given summable function /(a;), may be uniformly 
convergent in an int/crval {a, b), contained in ( — tt, tt). It has already been 
seen that this will also cover the case in which {a, b) contains one of the 
points TT, — 7r as an end-point or an interior point, because any interval of 
length 277 may be substituted for ( — tt, tt) without essential change, the 
function / (x) being taken to be periodic. 

It is convenient to employ the following theorem* which may be 
deduced from the general Theorem I, of § 279. 

The function f (x) being summable in the interval (— tt, tt), each of the 

four integrals j* f {x ± 2z) x {‘^) dz, taken through any interval (a, /S) 

such that 0 ^ a < p ^ Itt, converges to the limit zero, as the positive number m 
is indefinitely increased, uniformly for all values of x in the interval (— tt,tt); 
the function x {^) being any function that is bounded in the interval (a, ^). 
The function f (x) is assumed to be such that f (x ± 2tt) = / (x). 

There is no restriction on the number m. 


It will be sufficient to consider j f {x 2z) x (^) sin mz dz ; the cases 

of the other three integrals can be treated in exactly the same manner. 

Taking ( ~ 27r, 27r) as the interval for which / (x') is defined, let the set O, 
in § 279, consist of the points x of the interval (— tt, tt). Let O {x' , x, n) 

( 0 ^' ^ 

- — j sin m 2 X 2a ^ x' ^ X 2)3, and let 


<t> (x', X, n) ^ 0 

in the remainder of the interval (— 27r, 27r). Since 




sin m 


X — X 


is less than a fixed positive number, for all values of x' , x, and n, the 
condition (1) is satisfied. 


♦ See Hobson, Proc. Lond, Math. Soc. (2), vol. v (1907), p. 277. The restriction there made, 
and also in the first edition of this work, § 458, that x ( 2 ) is of bounded variation, is unnecessary. 
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Again 




. X — X ^ . 

sin m - — ax 

2t 


ri(B-x) 

X iA 

Ji(A-x) 


sin mz dr, 


and since (J (A — x), \ (B ~ x)), is contained in the interval 

(i {A - TT), i + tt)), 

whatever value x may have, it follows from the theorem in § 334, that the 
integral converges to zero, as m ^ ao , uniformly for all values of x in the 
interval (— 77,77); thus condition (2) is satisfied. Therefore 




X — X 

sin m - dx\ 

Jd 


/ (rr + 2z) y (z) sin mz dz 


converges to zero, as m ^ 00 , uniformly for all values of a: in (— tt, 77). 

349 . Let it be supposed that, in an interval (a, b), the function / (x) 
is continuous, the continuity at the points a and 6 being on both sides; 
and let f {x + 2z) + f {x — 2z) — 2/ (x) be denoted by F (z). In accordance 

ri"- F (z) 

with the theorem of § 348, sin mz dz converges to zero, as m -- 00 , 

Ju z 


§ 348, 


uniformly for all values of x in (- 77, 77), since ^ is bounded in the interval 
(/X, .J77). In order that the series may converge uniformly, for all values of 


/ (x) in the interval (a, b), it is necessary that 


sin mz dz should 


converge uniformly to zero in the interval (a, b), of x. Since 


F {z) . 

sin mz dz < 


I F (z) 


it will be sufficient that, for all values of x in (a,h). 


dz should 


exist and be less than a number , independent of x, which is such that 
lim = 0. For, in that case, ^ can be chosen so small that < tj; and 

\ I F (z) I 

thus I J Y mz dz\< 2iq, for all values of x in (a, b), provided m is 

not less than some fixed number m^. As 17 is arbitrary, the condition of 
uniform convergence is then satisfied. We have thus obtained the following 
theorem : 

It is a sufficient condition for the uniform convergence of the Fourier's 
series in an interval (a, b) in which f (x) is continuous, the continuity at the 
'points a, b being on both sides, that 

/■<* 1/ (a; + 2z) + / (a; - 2z) - 2/ (x) I , 
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should exist for all values of x in (a, 6), and should converge to zero, as ^ 
uniformly for all values of x in (a, b). The condition is satisfied in 'particular, 
if both the integrals 

p f(x + 2z) -f(x) f- f{ x-^2z )- f(x) 

Jo 2 'Jo Z 

exist, and converge to zero, as /x 0, uniformly for all values of x in (a, 6). 

From this theorem we obtain at once the following sufficient conditions 
as special cases: 

If, in the interval (a,b), in which f (x) is continuous, being continuous at 
a and b on both sides, one of the four derivatives {and therefore each of the other 
three) of f (x) is bounded, the series converges uniformly tof{x), in the interval 
(a, b). 

If, in the interval (a, b), in which f {x) is continuous, being continuous at 
a and b on both sides, the condition is satisfied that \ f {x + t) ~ f (x)\ ^ A | t\^, 
for all values of x in {a, b), and for all mlues of t not numerically greater than 
some fixed positive number, where A, k are positive numbers independent of x, 
then the series converges uniformly in {a, b) to the value f {x). 

The condition may be replaced by 
\f(x + t) -.f(x) \ <-^ J p— j-ppj, 

where A , k are positive numbers independent of x. 

Corresponding to the theorem given in § 343, relating to the convergence 
of the series at a single point, the following theorem may be obtained : 

In the interval (a,b), in which f (x) is continuous, the continuity at a, b 
being on both sides, the series will converge uniformly to f (x) in {a, b), if 

j \ X ~ x(^ ^' ^)\ converges to zero, as 8 0, uniformly for all values 

ojxin (a, b), wUre x «) . 

A slight modification of the proof of the theorem in § 343 is sufficient 
to prove this result. That the first and third integrals converge as m qo , 
uniformly for all values of x in {a, b), follows from the fact that, c being 
sufficiently small, \ f {x t) -\- f {x — t) — 2f {x)\ is bounded in the interval 
(0, c) of t, for all values of x in (a, b). 

The proof of the theorem in § 344 suffices to establish the following test : 

If f (x) be continuous in {a, b), the continuity at a and b being on both 
sides, it is sufficient in order that the series may converge uniformly in (a, b) 
to the 'value f (a:), that an interml {a — e, b c) enclosing (a, b) can be deter- 
mined such that 

+ +/(a?-0 ~f{xAtA8)-~f{x-t-8)\\ogll8 
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converges to zero, ow 8 0, uniformly for all pairs of points {x ~h t, x t B) 

or {x — t, X — t — S) in the interval {a — c, b c). This condition is satisfied 
if \ f (x) — f (x -h B) \ , \ f (x) — f (x ~ B) \ both converge to zero, uniformly 
for points in the interval (a — c, 6 -f c), 8 0. 


350. Let it be assumed that the function / (x) everywhere satisfies the 
Lipschitz condition \f (x t) — f (x) \ ^ A \ t where ^ is a positive 
constant, and 0 < A; < 1. The Fourier’s series then converges uniformly to 
the continuous function f (x). In order to determine the order of the 
coefficients a^y , we have 


f f(x — ^ ^ sin nxdx 

” ttJo V 2nJ 



.. / TT \ 

J. ( TT \ 

hp<r L‘ 

(' - 2») 



sin nxdx. 


1 r2ir I p-n-l ^ n r f ] 

= ” /(^) sin nxdx - E /(x) — /i x + - ) sin nxdx: 

nJo n L ^ 

n 

by means of the Lipschitz condition, we have then 


nA 

7T 


f sin nxdx, 

\nj Jo 


From this it follows that a^ ^ O , b^ O ; thus the following 
theorem has been* established : 

Iff(x) satisfies the Lipschitz condition | / (x 4 ^) - / (x) | ^: ^ | / |^, then 

In case k ^ I, \ f {x ^ t) — f (x) \ ^ A \ t \, it can be shewn that / (x) 
is an indefinite integral of a summable function. For, if we consider, in 
the interval (~ tt, tt), a set of intervals, finite or infinite, of which the 
measure is < c, we see that the sum of the absolute variations of / (x) over 
the intervals of the set is < ^e, and therefore the function/ (x) is an indefinite 
i^“integral. It follows that the Fourier’s series converges uniformly in 

( — TT, tt) to (7 4- /' (x)dx, where (7 is a constant. It will be shewn in 

J — ir 

§ 360 that the summable function / ' (x) has, for its Fourier’s series, the 
series 

iag' 4- S ( ”• 7ia„ sin nx -f nb^ cos nx), 

n« 1 


* See Lebesgue, BvUetin dt la soc. mat. de France, vol. xxxvm (1910), p. 190. 
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where is a constant. Applying the Riemann-Lebesgue theorem, it 
follows that = o (1), nb^ = o (1). Thus we have the theorem* that: 

// / (a:) satisfies the condition \ f {x 1) — f (x) \ ^ A \t\, where A is a 

positive number, then a„ = o , b^ ^ o . 

It has been shewn by Lebesgue (loc. cit.) that the difference between 
/ {x) and the sum of the first 2/i + 1 terms of the Fourier’s series is 

< Other investigations relating to Dirichlet’s integral have 

n 

been made by Kroneckerf, Holder, and Brod^nJ. At the present time 
these have only historical interest. 


POINTS OF NON-CONVERGENCE OF FOURIER’S SERIES FOR A CONTINUOUS 

FUNCTION 

351. The continuity of a summable function at a particular point is 
neither necessary nor sufficient for the convergence, at that point, of the 
corresponding Fourier’s series. The first example of a continuous function, 
for which the Fourier’s series fails to converge at a particular point, was 
given by Du Bois-Reymond§, who also constructed a continuous function 
for which the Fourier’s series fails to converge at the points of an every- 
where-dense set. It is the most important outstanding question in the 
Theory of Fourier’s series whether a continuous function can exist for 
which the Fourier’s series fails to converge at all points of a set of positive 
measure, or at the points of a set of measure equal to that of the whole 
interval, or at every point of the interval. A function has been con- 
structed || by Kolmogoroff for which the Fourier’s series fails to converge 
at the points of a set of measure 27r; but this function is not continuous, 
and neither is its square summable in the interval. 

It was suggested^ by Fatou that trigonometrical series of the form 
Jao -f S (a„ cos nx + b^ sin nx) might exist, such that == o (1), = o (1 ), 

n- 1 

which converge only at points belonging to a set of measure zero. Such 
a series was actually constructed** by Lusin. A simple exampleft of such 
series was given by Hardy and Littlewood, who proved that the series 
S 71 cos nhrx, 2 sin nhrx, where 0 < a J , are convergent when 

n-l n™ 1 

x is a rational number of one of the forms , in the case of 

2^+1 49- + 3 

* See Fatou, Acta Math. vol. xxx (1906), p. 398. 

f Berliner Sitzungsber. 1885, “Ueber das Dirichlet’sche Integral,” by Kronecker; and in the 
same volume, “Ueber eine neue hinreichende Bedingung...” by Holder. 

% Math. Anncden, vol. m (1899), p. 177. 

§ Abhandlungen der bayer. Akad. vol. xii, Abthg 2 (1876). 

II Fundamenta Math. vol. rv (1923), p. 324, 

Acta Math. vol. xxx (1906), p. 398. *♦ Rendiconti di Palermo, vol. xxxn (1911), p. 386. 

ft Acta Ma(h. vol. xxxvn (1914), p. 232. 
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the cosine series, and of one of the forms J in the case of the 
' 2g + 1 ’ 4g + 1 

sine series; but that the series do not converge for any irrational value 

of X. It was shewn that, at a point at which the series is not convergent, 

it is not summable by any Ces^iro mean. Since the series are non-summable 

at points of a set of measure greater than zero, it follows from § 368 that 

they are not Fourier’s series. It can be shewn that, when a > the series 

are Fourier’s series, and that they converge almost everywhere. A series 

for which o (1), 6,^ o (1) has been constructed* by Steinhaus which 

is nowhere convergent. 

The general condition that, at a particular point of continuity of the 
function, the Fourier’s series should fail to converge, has been investigated 
by Lebesguet, and by HaarJ. The former of these also investigated the 
condition that, although the series converges at the point, the convergence 
should be non-uniform in every neighbourhood of the point. 

A method of constructing continuous functions for which the Fourier’s 
series exliibit these singularities at a point, or in an everywhere-dense set 
of points, was given by Fej6r§. This method is of great simplicity as com- 
pared with that of Du Bois-Reymond, although the latter was simplified 
by Schwarz. 


352. In accordance with § 299, in order that a continuous function / (x) 
may exist, for which the Fourier’s series will not converge at a particular 
point, or that it may be convergent at the point, but may not converge 
uniformly in any neighbourhood of the point, it is sufficient to shew that 
the integral »r 


•2 

Jo 


sin (2n 4- 1)^ 
sin f 


dt 


increases indefinitely with n. 


Taking the portions of the integral, in which (2/^ + 1)^ lies in the 


intervals 


/TT 37T\ /StT TttX / 

U’ 4/’ U ’ 47’ V 


TT 3tT 

rTT + 7 , rTT -f ^7 
4 4 

1 


)... 


in all of which intervals | sin (2w -h 1) / 1 > -y . we see that the integral 

V ^ 

exceeds in value 


n-l 1 j-Jn+lrff 1 ”v‘i /i , i \ 


TZitkZ. 

2n+l 


* Comptes Renduft soc. sc. de Varsovie (1912), p. 223. 

t AnncUes de Toulouse (3), vol. i (1999), p. 76; Comptes Rendus, vol. oxu (1905), p. 875. 

X Math. Annalen, vol. Lxrx (1910), p. 336. 

§ Crelle's Journal, vol. cxxxvn (1909), p. I, vol. oxxxvni (1909), p. 22; Rend, di Palermo, 
vol. xxvra (1909), p. 402. 
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j n-1 

and this exceeds log FI 

V2 ^ T O 

definitely increased. 

The numbers "" f +1)^ n = 1, 2, 3, ... have been 

TT Jo Sin t 

termed by Fejer the Lebesgue constants for Fourier's series. He shewed**^ 
that these numbers pj, p 2 > • given by the asymptotic expression 

dt-^ -l,\ogn\c, + 1 + 0 [IJj, 

where Co,Ci are determinate numbers. A complete investigation of the 
asymptotic expression for p„ has been givenf by Gronwall, who shewed 
that the divergence of the sequence {p„} is monotone. 

353. The method given by Fejer for the construction of Fourier’s 
series for continuous functions which exhibit these phenomena depends 
upon the following I^mma: 

The series 

cos (r 4- 1) •'T ^ cos (r 4- 2) ic I ^ cos (r + n) x 

^ ■ ■> i' ■■ + ••• + i 

cos (r 4- ^ -f 1) cos (r -f- n + 2) x cos (r 4- 2n) x 

1 2 n 


2 r2 
^.'0 


sin (2n +1)^1 


^ which diverges, as n is in- 


is less in absolute value tlmn a fixed positive number A, independent of x and 
of the integers n and r. 

The expression is equal to 


• / 1\ ( . a: , 1 . 3a: 

3 in ( r + n -h - 1 a: jsin 2 + 2 “2 ‘ * 


1 . (2n- l)x 

- sm — ^ 

n 2 


Let Sn (x) denote 


sin a; 4- ^ sin 3a: 


-f - sin I2n — 1) a:; 
n 


and let s^ (x) denote 

sin 2 : 4- ^ sin 3a: -h ... + ~ 

then 

S„ {X) - 1 (a;) = jL sin X + sin 3* + ... + 

hence s^ (x) — \sn (a:) < 4- ^^ . + ...< 1 , for all values of n and x. 

Since Sn (x) is the partial sum of a Fourier’s series (see Ex. 3, § 327) of 
bounded variation, | (a:) | is bounded with respect to (n, a:) (see § 333). 


* CreUe'8 Journal, vol. cxxxvra (1910), pp. 22, 30. 
t Math, Annalen, vol. Lxxn (1912), p. 244. 
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It now follows that | (a;) | is bounded with respect to (n, x), and thus the 

Lemma has been proved. 

In order to define a Fourier’s series, representing a function which is 
continuous, but such that the series does not converge at the point x — 0, 
let ^ 2.2”**; and consider the series S cosnx, of which the terms 

71-1 

are grouped as follows: 

n Qi 0i + 9i Qi f Ot 4; • • + 17m 

^ A„ cos nx H An cos na: 4 cos nx -f .... 

n "" 1 n-i7i4-l 7I.“'17 i4i7i+<.. 4'^m— 14 1 


In the wth group, let be so chosen that the group is 
;eos (g^ 4- ^2 + j 

COS (g^ f- f/2 f ... “f gm-\ + + 1) 


1 (cos (gi 4- ^2 + ... -\^gm~\ + J 1 {9l^ 92 + i9m 


_ (^1 + 92 + + gm) \ 

I i9m'' j' 

This is less, in absolute magnitude, than ^ 2 , and therefore the series, so 

grouped, is uniformly convergent, and the original ungrouped series is 
consequently (§ 321) the Fourier’s series for a continuous function. 

At the point a: = 0, the value of the 4 $^2 + ••• + 9m~i + \9m)^^ 
partial sum is o + ••• which is > \ log 2”** > m log 2; 

7Tl \ Jd o £1 J TYt 

and this increases indefinitely with m. Therefore the sum does not con- 
verge. The (s^i 4- ^^^2 + + P'm)fh partial sum is zero. 

The series S sin nx converges at a: = 0, the coefficients being 

71-1 

taken to be those defined above; it will be shewn that both the series 
2An cos na:, IIA„sin?ix converge uniformly in the interval (e, 2?? — c), 
but that the series S sin nx does not converge uniformly in the interval 

71-1 

71 cos 

(0, e). Consider a partial remainder g {x) = 2 . nx. We have in 

n-=p Sin 

the interval (c, 27 t — c) 


1 ” 

4 S cos rx 
^ 1 


sin(2r^4 l)^ 


2 sin 


<lcosec|<£, 


hence S cos rx 


< -- ; and similarly 


2 

S sin rx 


< 


cos (r 4- 1) a: 


n 


4- ... 


cos (r n) X 


1 *^1 + J {<S2 ” ^ 1 ) + + - (5„ ~ s„^i) 


(1 - J) «! + (i — i) ^2 + ••• + 


Therefore 
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where s, = cos (r 4- n) x, = cos (r + n)x + cos (r + n — 1) x, ; hence 

( 1 \ TT 77 

^ ~ n) € ^ Tie' 

less than If we split each group of terms in (x) into its terms with 
positive and with negative coefficients, the absolute value of the sum of the 

1 277 

terms in the group is < ^ 2 *~ > holds good if only a part of the 

group is contained in (a:). It now follows that 
277 / I 1 


277 “ 1 277 

“ o 


1 


' I ' £ _l_ 1)2 + ••• ^ ^^ 2 ) ^ c “ mp2 ^ e 'rrij, ~ T 

for all values of q. It now follows that the series are both uniformly con- 
vergent in the interval (c, 277 - e). 

To shew that 2 sin nx does not converge uniformly in the 

n-l 

interval (0, e), observing that the part of the mth group which has positive 
coefficients is 


1 jsin ((/, I (72 } .. 
m2 ( 2^' 

consider the point x 


i 90, I - 4 i)x 92:!: 

' " 1 

; this is in the interval (0, ^ 


2 (gi + 92 ^ ••• + yj' 
if m is sufficiently large, and all the terms in the bracket are positive. 
Den(3ting gi f ^2 1 9m-i t)y p, the expression becomes 


m 


1 jsin (/X + 1) a: sin -f x] 

2m* j p 


and observing that fx -f Ig^ > i + i9m), the expression is greater than 


1 


- I' 


1 1 

+ 2 + 


+ 


1 


log 2, which increases 


J2"»* + 1] ’ 

_1 
m2V2 

independently with m. Since these are partial remainders which increase 
indefinitely with m, for some point in (0, c), the series cannot converge 
uniformly in (0, e). 


1.1- 1 1 1 1 ^ log 2 

and this ex(;eeds - - h)g 12^ , or — 
m^y/2 \/2 


364. In order to construct a series which fails to converge at an every- 
where -dense set of points, taking the series 2 cos nx^ defined in § 353, 

n- 1 

in the first group of terms write 1 ! x for x, in the second group write 2 ! x 
for X, and generally in the mth group write m ! x for x ; we have then a series 
^ An COS A,,x, where A„ ^ 1 ! n when 1 ^ n ^ gi ; A„ = 2 ! n, when 

n-l 

STi + 1 = W = S-I + rf'*. 

The series then fails to converge at every point x =■ ± , where m and n 
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are integers; but the series converges uniformly when it is grouped, and 
thus it corresponds to a continuous function, and therefore (see § 321) the 

fri/TT 

series is a Fourier’s series. When x ^ , the part of the vth group which 
has positive coefficients, if v be sufficiently large, has the value 



and this increases indefinitely with v. The series cannot therefore be con- 
vergent at the point. 


365. Let<f>n (x) have the value f 1 , or — 1 , according as 


sin I {2n 1 ) x 


is positive or negative, and when it is zero, let (f>n ^ fh The nth. partial 
sum of the Fourier’s series corresponding to (x) is at the point .r 0, 


j sin (2n + 1) ^ 


dXy and this diverges, as n qo (see § 352). 


Let ifjn (x) sin ^ ^ ~ tt ^ x tt, then the nth partial sum 

of the Fourier’s series corresponding to i/f„ (x) has, at a: ^ 0, the value 


2 [2 gin2 {271 f 1) < 


(it which diverges with n. Let «/» (^, x) denote the even 


— X .,* — '-‘ C ) — r 

7T 0 Sin t 

function, defined in the interval (— tt, tt), which has the value sin fMX in the 
interval (0, tt) ; and let + Sa„ cos nx denote the Fourier’s series corre- 
sponding to ijf x) \ we find then 


1 -f (— l)n+l eoS fl7T 2/jl 


1 — cos /JLTT 2 


hence is positive if n < ft, and negative if n > /jl. It is easily seen that 
^ (2, a;), ^(4, a:),..., have the same properties, as regards the partial 
remainders at the point a: = 0, as if/i (x), (x), — If we define a function 

sin 2 ^*x 

by means of the expression S 2 ~ in (0 < a; < tt), it is seen from the 

m-i ^ 

properties of ip (2, a:), 0 (4, x), ... ,*that the cosine series for this function 
does not converge at the point a; = 0. 


, 8in(2-» + 1)| 

Again, if we take /j (x) = S 5 , then /j (x) is continuous in 

the interval (— tt, tt), but as is seen from the properties of tp (J, x), tp (f, a:), 
the cosine series for/j (a:) does not converge at the point a: = 0. 
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356. An example, due to Schwarz*, will be given here of a function 
which is everywhere continuous, but for which the Fourier’s series fails to 
converge at a certain point. It will here be shewnf that the series is, at that 
point, oscillatory, with an infinite upper sum. 

Let the product 1.3,5 ... (2A -f- 1) be denoted by [2A +1], and let the 
function (z) be defined for the interval (0, a), where 0 < a ^ Jtt, in the 
following manner: In the interval (7r/[A], 7r/[X — 1]), let (z) ^ Cx sin [A] z, 
where Cx is a constant, depending upon the value of A ; let A have all values 
Ai, Ai f 1, Aj 4- 2, ... , where Aj, is a fixed integer, and we may suppose a so 
chosen that a == 7r/[Ai — 1] ; also let </> (0) = 0. If the sequence Cx^, Cx^+j, 
Cxj 1 2 ? ••• j so chosen that it converges to the limit zero, the function <l> ( 2 ) 
is continuous at the point z ^ 0, but it has an indefinitely great number of 
oscillations in an arbitrarily small neighbourhood of that point. If the 
constants Cx satisfy the further condition, that Cx log (2A + 1) becomes 
indefinitely great, as A is indefinitely increased, it will be shewn that the 
integral 

.'0 ^ 

will increase indefinitely,, as n has successively the values of integers in 
a certain sequence. Thus the Fourier’s series, corresponding to the con- 
tinuous function defined hy f (x) -= 0 , for — tt 1 ^ 0 , and/ (x) = (f> (|a:), 

for 0 ^ a; ^ 2a, and / {x) -- 0, for 2a ^ ^ tt, does not converge at the 

point X ^ 0, 

Let 2n -f 1 1.3.5 ... (2/x + 1) = [/x]; then 


may be written in the form 

rnflu.-!] gijj2 2 : 




r-A, .L 


dz 4“ 


dz 


4- S c,. 
r-M+l 


^Jlr] ^ 

gin [r] z sin [fi] z 

tr/(r] 2: 

The first integral may be written in the form 

|'ir/[^-l] I _ COS 2 [fl] z 


dz. 




dz, 


which is equivalent to 


^c^log (2/x 4- 1) - K 




r/M 


cos 2 [fl] z dz, 


where p is some number between 7r/[/x] and 7r/[/x — 1 ]. 


* See the history of the theory of Fourier’s series, by Sachs, ScMomilcKs Zeitachr. Supplement, 
vol. XXV (1880), p. 231. 

t See Hobson, Proc. Land. Maih. Soc. (2), vol. ni (1904), pu 66. 
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Now let log (2^ + 1) increase indefinitely with /x. This is consistent 
with Cn having the limit zero ; for we have only to take 

Cm = {log (2ft + !)}-«, 

where s is some fixed positive number, less than unity. 


Since 


-- 


[ cos 2 f/x] z dz 
J n/lti] 


is numerically not greater than we see that, with the supposition made 
as to the expression 


J 7 


*/[M-i]sin2 [^]z 


dz 


] nflfi] ^ 

becomes indefinitely great, as /x is increased indefinitely. 


To evaluate 


M-l 

C>Y 


w/fr-1) gin [yj z sin [/x] z 


dz, 


ir/lr] ^ 

we see, by writing sin [r] z . sin [/x] z as half the difference of two cosines, 
and applying the second mean value theorem to each integral, that the 
absolute value of the expression is less than 

1 1 


or than 


r-X, tt 


+ 


[/^] - [r] M + [r] 


W ( L _ 

-M/[p 

TT [ft 


1 


1] i2p+ 1 

which is less than 
and this is less than 


l]^2ft+ 1 -r[r]7[M~ J]j’ 


w .. \. 

i]>’ 


TTfJb 


1 + 


1 


2ft - “1 (2ft - 1) (2ft - 3) 

Therefore the absolute value of the integral is less than 2cx/7r/x; and this 
becomes indefinitely small, as /x is indefinitely increased ; and therefore the 
limiting value of the expression is zero. 

Lastly, we have to consider the expression 

|’>r/Ir-ii sin [r] z sin [/x] z 

»r/[r1 ^ 


1 


-h 


Since 


S c, 

r-fi+l 

sin [jjl] z 
z 


■i: 


■ dz. 


.[ < [m]» I sill W 2 : 1 ^ 

the absolute value of the expression is less than Trc^+i; and this has the 
limit zero, when /x is indefinitely increased. 

It has now been shewn that 

r* <f> (z) sin [ft] z 

Jo 

increases indefinitely with /x, where [ft] = 1.3.5 ... (2/x + 1), provided 
has the value {log (2A 4- 1)}“*, where 0< s < 1. 
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367. We proceed to consider the case in which 2w + 1 = (2p 4- 
where p is an integer which varies with /x in such a manner that it always 
lies between 0 and ft. 

In this case, as before, we divide the integral 

sin {2n + 1)2 
z 


(f> (z) ' 


dz 


into three parts, 


, sin (2p + 1) [m 
sin [pj 2 


1]2 


dz 


M-l fTT 

+ S cj 

r A, J TT^ 


+ s cJ 

r = K + l J If l\ 

The first part is equal to 

I 

^/M 


■/[r - 1 ] sixi [r] z sin {2p + 1) [ft -- 

/[r] ^ 

sin [r] z sin (2p + 1) 

■/[r] 2 


1]2 


dz 
1]2 


dz. 


2tt 


f [cos {[ft - 1] (2ft — 2p) z} — cos {[ft — IJ (2ft 4- 2p + 2) z}] dz, 

J ir/[M] 

where is a number between 7r/[ft] and 7r/[ft — 1]; and this expression is 
less, in absolute value, than 

c-Jm 1 j _ 1 1 


+ 


TT IL/X - 1] {2/x - 2p) ' [m - 1] (2/x + 2p + 2) 


■T,l. 


or than 


1 + 1/2/x 1 + 1/2/1. 


It 


4- 


' 1 + 1//X + p/p] ' 

If, now, p increases with p in such a manner that p/p is always less 
than some fixed number which is less than unity, then this expression 
diminishes indefinitely, as p is indefinitely increased. It would also be 
sufficient that 

p/p - 1 - k: {log (2p + 1)}-'', 

where s' < s, and = {log (2p + 1)}”*; the positive number k being fixed. 
The second part of the above integral is less, in absolute value, than 


'‘s' etW I 


1 


((2p+ l)[p- l]-[r] 

[^1 ( 1 


-f 


1 


r™ A, 

or than S — , 

77 [p - 1] l2p + 1 

and this is less than 

Ca, (, 1 


^.1 

>77 { 


P77 2p 




+ 


i + . 


(2p + 1) [p - 1] + [r]J ’ 

1 


1] 2p + 1 + [r]/[p 
1 


i]r 


+ 




1 ‘ (2/4 - 1) (2/4 - 3) 
or than 2cxJp7T. Therefore the expression diminishes indefinitely, as p is 
indefinitely increased. 

That the third part of the above integral has the limit zero is seen from 
the fact that its absolute value is less than (2p + 1) [p — 1] 77/[p], or 
than 77C^+i (2p + l)/(2p +1). 
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It has now been proved that 

has the limit zero, if 2 /^ -f 1 increases indefinitely through a sequence of 
the form 

I.Ml - 1] (2^1 + 1), - 1] (2^2 ^ 1). (2??3 + 1), ... 

where , /Xg , / 13 , ... is an increasing sequence of integers, and , Pz .... 

are such that pjp- ^ 1 - ac {log ( 2 /x 4 - 1 )}“^^ , where .s*' < 6 *. 

It has now been shewn that the sum of the Fourier's series oscillates; 
the limit being infinite, or zero, according as one or other of two particular 
sequences of values of n is chosen. 



THE ABSOLUTE CONVERGENCE OF TRIGONOMETRICAL SERIES 


358. Let ^ (®n cos nx 4 - sin nx) be a trigonometrical series 

ri”" 1 

which converges absolutely at the point We have then 

n 

Juo 4 - S {Un COS n (f + h) sin n 4 //)} 
n - 1 




4- 2 (a,, cos n (^ — h) ^ sin n — h)] 


== 2 


Juo 4- 2 (a„ cos bn sin 71 ^) 

n- 1 


4 D sin^ (a„ cos + 6,^ sin ) ; 
«,* 1 


and it follows that the expression on the left-hand side converges as 
n ^ 00 . If either of the expressions in the two brackets is convergent as 
n cc ^ then the other is so, and if either is non-convergent the other is 
so also. Also, if either converges to a surn-f unction which is continuous 
with respect to h, for h the other has the same property. It has 

thus been shewn* that: 


The points of continuity of the sum-function of a trigonometrical series, 
and the points of convergence of the series, are symmetrical with respect to 
a point of absolute convergence of the series. 

Since 

I a„ cos n{^ — h) -{-bn sin n(^ —h)\ 

^ j cos ri 4- 4- sin n (f 4- I 4- | cos n^ 4- b^ sin n^ | , 

it follows that, if the trigonometrical series is absolutely convergent at 
the two points ^ + h, it is also absolutely convergent at f — h. By con- 
tinued application of this result it then appears that the trigonometrical 
series must be absolutely convergent at all the points f ± ih, where i is 
any integer. In caae hjir is an irrational number, and {a, P) is any interval 

♦ See Fatou, Acta Math, vol xxx (1906), p. 398. 
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contained in (— tt, tt), t can be so determined that ^ ± ih differs by some 
multiple of 2tt from a number in the interval (a, j3). It follows that: 

If a trigonometrical series is absolutely CAmvergent at two points arj, x^, 
such that — x^ is incommensurable with it, then it converges absolutely at 
the points of an everywhere-dense set. 


359. The following theorem was given* by Lusin: 

If a trigonometrical series \aQ f S (a„ cos nx + sin nx) is absolutely 

W .-1 

convergent at all points of a set of which the measure is positive, then S | «« | 

n-l 

and S I I are convergent, and the trigonometrical series is absolutely con- 
1 

vergent everywhere. 

If I I flo I + Spn I COS {nx - a„) |, where p„ ■-= («„=“ + bj)^, converges in 
a set E, such that m (E) > 0, there exists a perfect set P, contained in E, 
of measure p (> 0), in which the series converges uniformly (see § 99). If 
s (x) denote the sum of the series, we have 



dx==p.\\a„\ + 


00 


2 p. 

n- 1 


I cos n(x— ttn) I dx. 

hr) 


It will be shewn that I cos n (x — a„) I dx is not less than a fixed 
Up) 

positive number Kj,, independent of 7i. 

If 6 be between 0 and In, we have | cos n (x — a^) \ ^ cos 0, when x — an 
is in an interval ^ ^ » where r is a positive or negative integer, 

20 

including zero. The condition is satisfied in each interval of length — 
belonging to a set, consecutive intervals of the set being separated by an 

7J- _ 20 

interval of length — - . It follows that, in the interval (— n,n), the 

condition | cos n (x - a„) | « cos 0 is satisfied at all points belonging to a 

set of which the measure is 40. If 0 be taken to be > ? there is a 

4 

set of points of positive measure q, contained in P, at v^hich 
I cos (x - a„) I ^ cos 0. 

It then follows that I | cos n (x — a„) | dx exceeds a fixed number K^,, 
hr) 

independent of n. 

00 If 

We have then S ^ 8(x)dx\ and therefore S pn is con- 

n-=l ^vhP) n-l 

vergent. The result in the theorem then follows at once. 

It is clear that the series converges uniformly in (— n, n) ; hence it is 
the Fourier’s series of a continuous function. 


Comptes Bendusj vol. ojlv (1912), p. 580. 
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It follows that : 

Unless a trigonometrical series is the Fourier* s series of a continuous 
function, it can only converge absolutely at the points of a set of measure zero. 
The following Lemma will be applied : 

If E he a measurable set of points contained in (~ 77, tt), and there are 
in (— 77,77) an infinite number of points with respect to which E is sym- 
metrical (when E is repeated periodically beyond the interval (— 77, 77)), then 
E has either measure zero or measure 2tt. 

Let Pj, Pgj ••• ••• be an enumerably infinite set of points of sym- 

metry; and let us consider any pair P^, P^ of these points. Let Ers be 
the component of E in the interval P,. , P^ , of length ; then if m (Ers) = 0, 
it is clear from the double symmetry of E that m (E) = 0 . If m (Ers)-^ ha > 
we see that m (E) = nhs , where n is the integer such that 

nbr,^ 277 < (n + 1)8,,; 

and thus m (E) > (277 — 8,,) . Since the set {P,i} is not finite, it contains 

^rs 

an infinite number of pairs of points P,, P, for which 8„ is less than an 
arbitrarily chosen number t], hence m (E) > 277 — rj. If possible, let 

< h < 1, for all pairs of values of r and s for which 8„ < 7; ; thus every 

^rs 

point of E in 8,, has a neighbourhood 3rs (< lor which the component 
of E in that neighbourhood has measure < A8,,. Now any fixed point P, 
of E, corresponds, on account of the symmetry of the set E with respect 
to the points P,, P,, to a point of 8„ ; hence P has a neighbourhood of 
length brs in which the component of E has measure < ^8,, , where h < 1 ; 
and this for every pair of values of r and s for which 8,, < 7y. Since 8,, has 
indefinitely small values, this is contrary to the fact that P may be so 
chosen that E has metric density 1 in its neighbourhood (see i, § 140). 

It is thus impossible that h < 1 ; and r, s can be so chosen that " is 

arbitrarily near unity. Hence m (E) > 277 (1 — ^) — 17; where 7/ and ^ are 
arbitrarily chosen positive numbers. It thus follows that m (E) = 277. 
From the Lemma, combined with the results in § 358, we obtain the 
following theorems given by Lusin : 

A trigonometrical series having in the interval (— 77, 77) an enumerable 
set of points of absolute convergence is either almost everywhere convergent, or 
almost everywhere non-convergent. 

For the set of points of convergence must, in accordance with the 
Lemma, have either measure 2tt, or measure zero. 

A trigonometrical series having two points of absolute convergence, of 
which the distance is incommensurable with 77, is either almost everywhere 
convergent, or almost everywhere non-convergent. 
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The theorem has been given* by S. Bernstein that : 

If the function f {x) satisfies the Lipschitz condition that, for any pair of 
points iPj , in the interval (— tt, tt), | / (x^) — f (X 2 ) | ^ A | u)here 

0 < a < 1, and X is a positive constant, then, provided a > ^ , S | | , S | | 

are convergent, so that the Fourier's series converges uniformly and absolutely 
to f (x). There are Fourier's series of functions which satisfy the condition 
for a value of a (< \) rvhich do not converge absolutely at all points. 

The more general theorem has been givenf by Sz4sz that: 

If the function f (x) satisfies the Lipschitz condition, S (| |* + | |*) 

n“ l 

is convergent if h > ^ ^ , but may diverge if k < 


THE INTEGRATION OF FOURIER’s SERIES 


360. Let 4 S cos nx 4- />„ sin nx) be the Fourier’s series corre- 
1 

spending to a function / {x), summable in the interval (— and of 

period 277. No assumption is made as regards the convergence of the series. 

The function g (a;) = | / {x) dx — 1%^ continuous and of bounded 

variation in any finite interval ; also it is periodic, and of period 2??, in the 
variable x. It can consequently be represented everywhere by a Fourier’s 
series \af 4- S (a„' cos nx 4 - b^' sin nx) which converges uniformly to g (x). 
If"' 1 

We have a^' 9 (^) cos nxdx, b^' -- - g (x) sin nxdx. Since 

V" J ir jr 

g (x), sin nx are both indefinite integrals, the formula of integration by 

parts can be applied to the expression for a„'. Thus 

1 f”' 1 f’' 

S' (^) COS nxdx — sin nx . Dg (x) dx, 

rr J . rr ^77 j . ,r 

where Dg (x) is any one of the four derivatives of g (x) (see i, § 420). Now, 

at almost every point of {— 77, 77), the four derivatives of g (x) are all equal 

(^) "" (®cc T, § 405). Accordingly, we have 

1 1 

f (x) sin nxdx = - ^b„; 

in a similar manner it can be shewn that It has now been 

n ^ 

shewn that the series 


i(h' + 


S 

n” l 


a„ sin nx — bn cos nx 
n 


* Comptes JRendiis, vol. CLvni (1914), p. 1661. 
t Munch. Sitzungaber. (1922), p. 136. 
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converges uniformly in any interval to the function 

( f(x)dx- ioax, 

J -tr 

where ^ \ g (x) dx. 

J -n 


The following theorem has been established : 

If f (x) be any summable function, periodic, and of period 2tt, then, if 
(Xj , X 2 ) be any finite interval, f (x) dx is represented by 

. Xt 

® a„ sin nx 2 — b„ cos nx^ [" v sin nx-^ — b^ cos nx^' 

^a^x^ -f- Is - -- ■“ 

n-l U J L 

CO 

which is obtained by integrating the series Jap + 2 (a„ cos nx + sin nx) 

n-l 

term by term. 

This theorem, which in this general form was given* by Fatou, was a 
generalization of an earlier form of the theorem due to Lebesgue. It is 
remarkable in view of the fact that the Fourier’s series which is integrated 
is not necessarily known to converge. 

It follows, by letting x^O, that the series S is always convergent. 

n“l 

The necessary and sufficient conditions that S should be convergent 

n-l 

have been givenf by Hardy and Little wood. 

To obtain the converse of the above theorem, let it be assumed that 
00 

the series ^a^ -f 2 (a^ cos nx + b^ sin nx) is such that the series 

n-l 

^ a„ sin nx — b„ cos nx 

converges in (— tt, n) everywhere to a function F (x) which is an indefinite 

i^-integral of a summable function. The function F (x) being continuous 

and of bounded variation, is representable by a Fourier’s series which 

converges everywhere to the value of the function. As there cannot be 

two distinct trigonometrical series which have this property (see § 320), 

® sin nx — b^ cos nx . ^ ^ n / . 

2 " - _ " - IS the Founers senes corresponding to F {x). 

n-l ^ 

Therefore 


n 


1 r»r b • \ 

F (x) sin nxdx, ” = ^ cos nxdx, 0 = ^ dx. 

77 J _,r ^ ^ j -TT J -n 


* Acta Maih. vol. xxx (1906), p. 384. 
t Math. Zeitschr. vol. xix (1924), p. 96. 
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Let DF (x), one of the four derivatives of F (x), be denoted by / (x)\ 
we have then, on integration by parts as before, 

1 i" TT 1 r "" 

= f (^) COS nxdx^ bn == / (x) sin nxdx, 

7T J TT ; _,r 

Therefore Jap + S (a„ cos nx + b„ sin nx) is the Fourier’s series correspond- 
ing to the function / {x) + or DF (x) -h 

Combining this result with the previous one, the following theorem has 
been established* : 

The necessary and sufficient condition thnt the series 
\aQ + S {an cos nx ^ bn sin nx) 

n-l 

should be a Fourier's series of some function f (a:), summable in (— tt, tt), is 

that the integrated series 

, V nx ~ bn cos nx 

ia^x + 2^ 

n-l 

should converge throughout the interml (— tt, tt) to a function which is the 
indefinite L~intejgral of a summable function. The function f (x) differs by a 
null-function from any one of the four derivatives of the L-integral. 

361, The theorem of § 360 can be applied to shew that two non- 
equivalent functions, summable in the interval (— tt, tt), cannot have one 
and the same Fourier’s series. For if / (x)y (f> {x) be two summable functions 
which have the Fourier’s series \a^ -1- S (a„ cos nx -f bn sinnx), it follows from 

n-l 

the first theorem of § 360 that f (x) dx = i (f) (x) dx, where A is any 

.'A .'A 

finite interval. Since the integral of / (a:) — f> (x), taken over every interval, 
is zero, it follows (i, § 394) that the two functions / (x), </> {x) are equivalent. 

The following theorem has accordingly been established : 

There cannot exist two non- equivalent functions f {x) such that 

If" 1 

f (x) cos nxdx any - f(x) sin nxdx ^ bn , 

TT J TT J 

for 0, 1 , 2, 3, . . . , where Oq , Uj , 6j , ^ 2 ? > • • • given numbers. 

362. If fn {x) denote the finite sum 

+ («! cos a: -f sin a;) -f ... + (a„ cos nx -f bn sin nx) 
of the first n 1 terms of the Fourier’s series corresponding to the function 
/ (a*), the theorem of § 360 may be expressed in the form 

lim [ '{f(x)-fn {*)} dz = 0, 

where {Xi, xf) is any finite interval. 

* See W. H. Young, Proc. Lond. Math. Sac. (2), vol. ix (1911), p. 423. 
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Let it now be assumed that { / (a;)}® is summable in the interval (— v, tt) ; 
then 

f = I {f(x)Ydx-Tr iao®+ S (a,® + 6^®) , 

J-ir J -IT 1_ r~l 

since f / (x) (x) dx == + tt 2 -f br^), 

J -n r-1 

[ {/n dx = + tt i (a/ + br^). 

J-TT r-1 

( *»r 

{/ (a;) — /„ (a;)}^ c?a: is essentially positive, it follows that the series 


4- 2 (a,2 ^^2) ig convergent, and has for its limiting sum a number 

r-1 

1 

~ {/ (^)}^ dx. This result is known* as Bessel’s inequality. 


all values of n, where 


We have now j {/ (a:) — /„ (a:)}^ dx - for all values of n, where 

J —IT 

K is some fixed number, independent of n. 

If e be any measurable set of points in (— tt, tt), we have, by Schwarz’s 
inequality, 


■'(e) .(e) 


Let the set e be enclosed in intervals 8i , 82 , ... of a set A, of non-overlapping 
intervals, such that 7n (A) — m (e) < € ; and let jP denote the set of points 
A — e; thus m (i^) < e. If A,, be a finite set of the intervals Sj, 82, ... , such 
that m (A) — m (A,.) < c, we have 

f {/(^)-/n(^))'ix= j f +1 -f \[f(x)-fn{x)]dX. 

Jie) (.'(Ar) J(F)f 

Since A,, consists of a finite set of intervals. 


lim [ {/(x)-f„(x)}dx=^ 0 . 

Tl'^oo J (Ar) 


|| -f \[f(x)-f„(x)]dx&KVmlA-^r) + K^ri{F)< 2 Ke^, 

l.'(a-A,) J(F)) 

for all values of n. It follows that 


iim f {f(x)-f„(x)}dx ^ 2 KeK 

n — 00 •'(®) 


Since € is arbitrary, we obtain the result 

lira [ { / (x) - f„ (a:)} da: = 0, 

n—oo (e) 

and thus the integral of / (x), over any measurable set e, is obtained by 


♦ Astron. Nachrichtenj vol. vi (1828), pp. 333-348. 
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term by term integration, over the set e, of the Fourier’s series corre- 
sponding to / {x). 

In accordance with the definition (§201) of complete term by term 
integration of a series, the following theorem has been established : 

If f (x) be a function of which the square is summable in (— tt, tt), the 
Fourier^ s series corresponding to f (x) is completely integrahle term by term^ 
giving as its sum, when taken over a measurable set of points, the integral of 
f (x) over that set, 

363. The method of § 360 can be applied to prove the following 
theorem relating to the integration of a Fourier’s D-series corresponding to 
a function for which the set of points of non-summ«ability has measure zero. 

If f (x) be a function which has a Denjoy integral, and for which the set 
of points of non-summability has measure zero, in the interval (-- tt, tt), the 

Fourier's series corresponding to f (x) dx — ^a^x is 

, , ^ a„ sin nx — cos nx 

\a^' + S . 

The class of functions considered here includes those which have an 
HL-integral in (— tt, tt). 

In this case the function g (x) ~ j f (x) dx — \aQX is continuous, 

although in general not of bounded variation, in (— tt, tt). The Fourier's 
series corresponding to g {x) has for coefficients a„', given by 

~ f 9 (^) COB nxdx, bn = - [ g (x) sin nxdx. 

Since g (x) is of bounded variation in any closed interval which contains 
no points of H, the non-dense closed set of points of non-summability of 
/ (x), the Fourier’s series converges uniformly to g {x) in any interval 
interior to an interval contiguous to H, but it cannot be assumed that the 
series converges to g (x) at points oiU. In any case the Ces^tro sum of the 
Fourier’s series is everywhere g (x) (see § 365). At almost all points of an 
interval contiguous to II, g' (x) exists and has the value /(x) — \aQ. In 
the case here considered, in which H has content zero, this also holds for the 
whole interval (~7r,7r). The method of integration by parts being applicable 
when one of the fimctions is a Z)-integral, and the other is of bounded varia- 
tion (i, § 474), it follows, as in § 360, that a„' = — - b„, b„' = a„ ; and the 

Tt 1ft 

theorem has thus been established. 

364. Taking the case in which the closed set H is enumerable, let it now 

be assumed that the senes -f S converges through 
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the interval (— tt, tt) to a function F {x) which is the ^L-integral of a 
function which has H for its sole points of non-summ ability ; except that the 
convergence is not assumed to hold at the points oi H. In case tt and — it 
belong to H, F (x) will be defined at these points so as to satisfy the condition 
F (tt) ~ F tt) ttUq ; otherwise this condition follows from the periodicity 
of the series. If (a, h) be an interval interior to an interval contiguous to 
H, the series converges everywhere in (a, b) to the continuous function 
F (x) which has bounded variation in (a, h). The Fourier’s series of 
F (x) — converges to F (x) ~ ^agX at every point not belonging to N. 
Since there cannot be two trigonometrical series both of which converge, 
at every point not belonging to an enumerable set, to the same function 

(see § 442) it follows that L ^ is the Fourier s senes 

of F (x) — ^aQX, and therefore 

d 1 b 1 

^ - I (F (x) — iaQx} sin nxdx, ~~ ~ ■— - j {F (x) — nxdx. 


Since F (x) — JagX has almost everywhere a differential coefficient 
/ {^) “ where F (x) — j f (x) dx, we find, by integration by parts, 


or 

also 


rn , s 1 , Sin no: 

{F{x)-\a^x} — - 


-f f (x)dxBiiinx, 

UTT} 


n 


1 f 

\ / (^) nxdx \ 

TT J 

{F (x) — \aQx} \ ^ nxdx, 


or ~ - / (x) cos nxdx. Hence the series + S (a„ cos nx + b^^ sin nx) 

'TT } -n 

is the Fourier’s Hiy-series corresponding to/ (x). 

The following theorem has now been established* : 


The necessary and sufficient condition that a trigonometrical series 
K -h S (a,j cos nx + sin nx) should be the Fourier^ s HL-series corre- 
sponding to a function with only an enumerable set of points of non-sum- 

mability is that the integrated series ha^x + S should, 

n- 1 n 

except at an enumerable set of points, converge throughout (— tt,tt) to a 
function F (x) which is the HL-integral of a function with only an enumerable 
set of points of non-summability. Also, in case tt, — tt are points of non- 
summability, the condition F (tt) — F (~ tt) = tto^ must he added. 


♦ See W. H. Young, Proc. Land. Math. Soc. (2), vol. ix (1911), p. 425. 
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THE SERIES OF ARITHMETIC MEANS RELATED TO FOURIER S SERIES 

365. If the Fourier’s series corresponding to a summable function /(a;) 
be summed by the method of arithmetic means (§ 27) we find, since 
the sum (x) of the first n terms of the Fourier’s series is 

^ I f {x')dx' + ^ S I / (x') cos r (;x' — x) dx' , 

^7T J— n- TT 

that the Ces^ro’s partial sum (a:) is given by 


(X) 


1 

O + L - 
2 n 


cos r (x' — x) [ / (x') dx\ 


from which it is easily found that 


” ^ ^ 2n7r J i sm^ (x' ~ x) j ^ ^ 

If we apply the Theorem 1, of § 279, to the case in which 
ry , , y 1 (sin in ix' — x))'^ 

• ZuTT ( Sin I {x — x) ) 

for aU values of x for which \ x' ~~ x \ and F (x\ x,n) ^ 0 for all 
values of x for which \ x' ~ x \ p, where a: is in the set G which con- 
sists of all the points of the interval (— tt 4- tt — p,), it can be verified 
that the conditions (1) and (2) of the Theorem I are satisfied. 

For --- cosec^ la, for all values of n, and of x 

2mr ( sin \ {x - x) I 2mr 

(in G) such that \x' — x\> jx', and for the other values of x, F {x\ x, n) 0, 
for aU values of n. Therefore the condition (1) is satisfied. 

Also [ 1? — dx' , where x > — tt f /x, does not exceed 


J 2/177 i Sin i (x' ~x)i ” 

cosec^ and therefore converges to zero, as n -- oo , uniformly for all 


the values of x in G. 


Similarly 


I sin - (x' ~ x) 


J^,^2nn{sini(x'-x)) ^ 

converges to zero, as // — oo , uniformly for all values of x in the interval 

(— 77 + /X, 77 — p,) of X. It follows that j F (x', x, n) dx' converges uniformly 

to zero, for all values of x in (— 77 -f p, 77 — /x), where (a, /3) is any interval 
in (— 77, 77); thus the condition ( 2 ) of Theorem I is satisfied. 

1 f -x . fsin^(x'-x)|' 

2». ) J + J„ j 




converges uniformly to zero. 
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The behaviour of S {x) at any interior point x of the interval (— ■n, n), 
as regards convergence, divergence, or oscillation, accordingly depends 
only upon the limits of 

(■ ' si" 

o j {x') \ I 

as 71 ~ 00 , where jx is so chosen that x — fi, x + fi are interior points of 
(—77,77); and this expression is equivalent to 

^ f {f{x + 2t)+fix- 2<)} dt, 

7177 Jo V Sin / y 

where e ^ 


That the behaviour of S {x) at a point x depends only upon the character 
of the series in an arbitrarily small neighbourhood of :r is a consequence 
of the corresponding property of f {x). For, as in § 340, f (x) may be 
expressed as {x) -f (x ) ; and since the series for (x) converges to zero 
at the point x, the corresponding Ces4ro sum is also zero at x^ and S (x) 
depends therefore only on the function /j {x). 


Taking the case in which f (x) ^ 1 , in the interval (— 77, 77), we see that 


lira ^ 

H~oo ^77 


* /sin nt\^ 
. 0 V sin ^ / 


dt = lira 

w-oo niT 


1 /sin 71^2 


I /sii 

Jo vsi 


sin t 


dt. 


and the expression on the right-hand side is 


lim I 2 4- cos 2t + cos 4^ -f . . . + cos 27i^] dt \tt. 

Therefore lira - I dt=-\, 

Jo \ Sin< / 

where 0 < € < |77. 

At a point at which / (x 4- 2t) -\- f (x — 2t) has a definite limit as < 0, 

the limit of 

,^/;(/(.+2o+/(*-20)(7^)'<« 


may be evaluated. For the value of the integral lies between 

n^’^Vd,. and r(S£^)*d(, 

W.77 J 0 V Sin < / ' ' 7177 J 0 V sin ^ / 


when M (e), m (e) are the upper and lower boundaries off(x + 2t) -h/(x — 2t) 
in the interval (0, e). It follows that S (x), S (x), the upper and lower limits 
of 8n (x), as 71 X , lie in the interval (^tti (c), (c)). 

As € is diminished indefinitely, \m (c), \M (e) have one and the same 
limit \ lim {/ (a; 4- c) 4- / (x — e)}, to which 8^ (x) must converge. 
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In case f {x e) f {x — €) does not converge to a definite value as 
€ 0, it will have finite or infinite upper and lower limits 

f(x + 0) \ f(x-0) , 

which certainly lie in the interval 

" fi ) + / 0 ) + / + fi))* 

We have accordingly established the following theorem : 

If f (x) be a summable function, 'periodic and of period 2 tt, the Cesdro 
partial sum (^r), for the Fourier's series corresponding to f (x), converges 
at any point x at which f (x) is continuous, to the value f (x) ; at any point at 
which f (x) has an ordinary discontinuity, J { / (x + 0) -f / (x — 0)}; and 
at any 'ix)int at which f {x e) + f (x — e) has a definite limit, to 

J lim {f(x + €)-hf(x~ €)} . 

e-O 

Moreover, at any point x, the upper and lower limits of (x) both lie in the 
interval bounded by the finite or infinite upj)er and lower limits of 

I {/(-^ + €) +/(x - e)}, as € 

This theorem, so far as it applies to points of continuity, or points of 
ordinary discontinuity, of / (x), was first established for the case in which 
/ (x) is integrable (B) in the interval (— n, n), by* Fejer. 

366. It has been shewn in §27 that, if /(x),2 (^) denote the upper 
and lower sums of the Fourier’s series at the point x, 

/(x) ^ ^5 (x) S (x) ^ / (x). 

It follows that Sn (x) cannot diverge unless {x) diverges, and thus that, 
when Sn (x) converges, /„ (x) must oscillate and cannot be divergent, 
unless it also converges. We have accordingly the following properties of 
Fourier’s series : 

At a point of continuity of f (x), or at a point of ordinary discontinuity at 
which / (x 4- 0), / (x — 0) are finite, the sum of the Fourier's series is either 
f (x) or ^ {f (x 0) f (x — 0)} , or else it oscillates between finite or infinite 
limits so that f (x) or ^ { / (x f 0) + f {x — 0)} lies in the interval bounded by 
these limits, but it cannot diverge. It can only diverge if the Cesdro sum S (x) 
is cc , or — . 

Next, let (a, b) be an interval which is contained in another interval 
{a — B, b + S) in which / (x) is bounded. The limits oi Sn(x), as w ^ oo , 
for points in (a, b), are given as the limits of 

(ffij)’'"’ 

* Math. Annalen, vol. Lvni (1904), p. 61 ; also Compies JRendus, vol. cxxxi (1900), p. 984, and 
vol. oxxxiv (1902), p. 762. 
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where e may be taken to be so small that the points a — 2e, 6 -l- 2€ are in 
the interval (a — S, h f h) for which / (x) is bounded. The value of the 
above expression, for all values of x in (a, h), does not exceed, numerically, 

(*sinT) where A is the upper boundary of \f(^)\ in 

(a — S, 6 + 8). 

The remaining part of (x) has been shewn to converge to zero, as 
U'^oo, uniformly for all values of x in (a, 6), an interval interior to ( - tt, tt). 

We have accordingly the following theorem : 

In any interml (a, b), contained .n an interval (a — 8, b + 8) in which 
f (x) is bounded, | (x) | is bounded for all values of n, and of x, in (a, b). 

If also all the points of {a, b) are points of continuity, or of ordinary discon- 
tinuity, Sn (x) converges boundedly to f {x) or \ {f {x + 0) f {x — 0)} . 

367. In case f{x) is continuous in (a, b), an interval interior to ( - n, tt), 
the continuity at a and b being on both sides, e may be so determined 
that 

\f{x + 2t)-f{z)\, \f{z-‘2t)-f (z) I 

are both < rj, for all values of x in (a, b) and for t ^ €. We have then 

Sn fix) = {fiz + 2t)^f(z~ 2t) - 2Jiz)) 

where 6^ is a number which converges uniformly to zero, for all values of 
x in (a, b). From this equation we deduce that 

I (x)-}iz) I < 2, ( stnT)''^^ + I I < , + I I < 2,,. 

for all values of x in (a, 6), provided n is not less than some fixed value 
71, . It follows that Sn (x) converges uniformly to / (x) in the interval (a, b). 

The condition that (a, 6) is interior to (— 77 , tt) may be removed by 
considering overlapping intervals, each of which by proper choice of the 
origin may be made interior to (— 77 , 77 ). 

It has thus been established that : 

In any interval (a, b), in which f (x) is continuous, the continuity at a and 
b being on both sides, the Cesdro sum (^r) converges uniformly to the value 
of the function. 

This theorem illustrates the greater precision of the knowledge we have 
of the convergence of the Ces^tro sum of the Fourier’s series, as compared 
with the ordinary sum. For, comparing this theorem with the corre- 
sponding one for the ordinary sum, given in § 341, we observe that in the 
latter case the assumption that / {x) is of bounded variation in an interval 
containing (a, b) is made, whereas it is not necessary for the validity of the 
above theorem. 
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368. A more general theorem than that of § 365 has been obtained by 
Lebesgue. He has in fact shewn that the Ces^tro sum converges to / (x) at 

any point x for which \ f (x t) f {x — t) ~ 2f (x)\dt has a differential 
Jo 

coefficient equal to zero, at the point t ^ 0. Tliis condition will be satisfied 
at any point x for which both the functions 

I + f \f{x-t)-f(x}\dt 

Jo Jo 

have differential coefficients of value zero, for ^ 0. It has been shewn 

in I, § 432, that these conditions are satisfied almost everywhere in the 

ijiterval ( - tt, tt), of x. At a point of continuity of f (x), these conditions 

are satisfied, and the complete condition is satisfied at any point at which 

lim [ / (^ + 0 + f — 0] has a definite value, provided / (x) is taken to 
t-^o 

have as its value half this limit. Thus Lebesgue ’s theorem includes the 
theorem of § 365. 


In order to prove the theorem we have to shew that, when the con* 

dition that \ (f> (t)\dt has a differentia} coefficient of value zero, at the 
J 0 

point t 0, then </> (t) dt = o (1), where (f> (t) denotes 

/ {x -f t) -f / (x ~ t) — 2/ (x), and p is such that 0 < /x ^ Taking 

1 

(f> (t) dt X i ^) ^ point Xy at which the condition is satisfied, 
t Jo 

X (0) ^ 0, and x (0 is continuous in the interval (0, ju). 

Since 


2n7r Jo \ sin j 


fix (n) / sin 1 

2n7r \ sin J/x 


) 2n7T j 0 ^ ( sin ' 


it is seen that it is only necessary to shew that 


1 

2mT 


Jo 




We have 


d /sin ^nt\^ __ n sin nt sin^ ^nt 


ty _ ns] 
) ^ 2 si 


dt V sin \t 

and it will be sufficient to shew that 
1 


sin^ \t sin® 


cos 


W ~ 51 cos itdt = o ( 1 ), 
nJo ^ ^ ' sin® ^ ' 


and 


ftxW 

Jo 


sin ?U 


dt~o (1). 


sin® 

In order to prove the first of these results it is sufficient to shew that 

- satisfies the conditions (1) and (2) of Theorem II of § 290, 

n sin® o » 

and also the conditions (a) of § 292, and (6') of § 293. Since the function is 
numerically <- cosec® Jf, in any interval interior to (0, tt), it converges 

TV 
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uniformly to zero, as w ^ oo ; therefore the conditions (I), (2) are both 
satisfied. In the present case conditions {b') and {a) may be taken 
together. 

To prove that these conditions are satisfied, we have 

.'a, n sin® n Ja, \ sin / w- Jo V sin \t j 

thus the conditions (a), (6') are satisfied. The first part of the result has 
accordingly been established. 

rt sin 7 it 

To consider the integral J tx (t) ^pply method of 

t sin 7ht 

§ 296. The function . is bounded for all values of n in any interval 
sin* 

(a, which does not include the point f — 0, and | dt, where 

0 < a < jS 77, converges to zero, as t?. -- qo , since t cosec® \t is summable 
in (a, jS). 

Thus the conditions (1) and (2) of the theorem of § 290 are satisfied. 
To apply the condition (3), of § 296, we have to write for tF^ {nt), the 
expression t sin nt cosec® \t. 

The maximum M (a^) of t sin ni cosec® \t in (0, a„) is less than 77 times 
the maximum of sin nt cosec and this is less than 77®7i. If we choose 

we have a„ M (a„) < tt®. Again, N (a„) denotes the absolute 
maximum of [<® sin nt cosec® \tdt, for all intervals contained in (a„ , p) ; and 

;/3 ' r/3 

since /® sin nt cosec® \tdt = (/5 cosec |jS)® sin ntdt, where a' is in the 

J a J a 

277® N id ) 

interval (a, /9), we see that N (a„) < — ; and thus < 277. The two 

n 

conditions of the theorem of § 296 being satisfied, it follows that 

r< sinn^ 

It has now been proved that : 

The Fourier's series corresjponding to f (x) is summable by Cesdro's means, 
ai almost all points of the interval (— tt, 77), the Cesdro sum being f (a;). These 

points include all points at which [ j / (z + t) -i- f (x — t) — 2/ (x) | dt has 
the differential coefficient zero, for t = 0. 

369. The theory of the Ceskro sums may be applied to throw light upon 
the convergence of an important class of Fourier’s series. If the coefficients 

satisfy the conditions a„ == 0 , b„ = O , in which case 

a^ cos nx -1- sin wa: = O Q j , 
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we have a class of Fourier’s series which includes the series corresponding 
to functions of bounded variation. By Hardy’s theorem (§ 54), at any 
point at which the series is summable (O, 1) it is convergent; therefore the 
Fourier’s series converges almost ever3rwhere, and in particular, at every 
point of continuity or of ordinary discontinuity of the series. Although 
the convergence of the Cesaro partial sums is uniform in any interval of 
continuity of the function, provided the end-points are points of continuity 
on both sides, it does not follow, that the convergence of the Fourier’s 
series itself is uniform in the interval. It has thus been shewn that: 


A Fourier's series for which O 


is almost everywhere 


convergent; in particular, it converges at every point of continuity, or of 
ordinary discontinuity of the function. 

The more general theorem has been established* by Hardy and Little- 
wood that: 

The necessary and sufficient condition that a Fourier's series for which 
®n ~ ^ j should converge at a point x is that 

U\f(x + t)+f(x-t)- 2/ (x)} dt^o (1). 

^ Jo 

The theorem will be proved in § 414. 

370. It will be shewn that: 

The Fourier's series for f (x) is summable {C, 2) at every point x at which 

{/ (^ + 0 + / “ 0 ~ 2/ (a;)} dt has, for t — 0, a differential coefficient of 

Jo 

value zero. 

This theorem is duef to Lebesgue. The set of points at which the 

condition is satisfied includes those for which | f{x)dx has a differential 

coefficient equal to / (x), and the set also contains that set of points at 

which \f{^^t)-^f{x--t) — 2f{x)\dt has a differential coefficient at 
Jo 

the point ^ = 0, of value zero. To prove the theorem, we take for (x), 
the Ces^tro partial sum, of order 1, the expression 

IT 

(*) -Six) = ^ {/(* + 2<) +S{x - 2«) - 2/(a:)} dt; 

writing u (t) =/(x -f- 2^) -h/(x — 2t) — 2/(x), ?7 (<) = [ u {t) dt, 

J ft 


• Proc. Lond. Math. Soc. (2), vol. xvni(1917), p. 229. 
t Math. Annalen, vol. lxi (1905), p. 278. 
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and integrating by parts, we have 

ir 

(^) - / (^) =" - ^ sin2 ^ [ U (t) cot t dt 

' UTT \2J 2 niTjo \mitj 

n 

t/(<) cosec ,—~dt. 

TT j 0 sin t 

We now form the arithmetic mean ^ {S^ (x) -f (a:) + ... + (x)} — / (x) 

for the expression (a:) ~f(x), and consider separately the parts of this 
mean corresponding to the three terms on the right-hand side. The first 
term converges to zero, as n oo, and therefore also its arithmetic mean 
converges to zero, as n oo . At a point at which U (t)/t converges to zero, 
the second term converges to zero, as ~ oo , by the theorem of § 365, and 
therefore its arithmetic mean does so also. The integral in the third term 
can be expressed by 


j\(t) 


sin (2n f 1) t -f sin (2n — l)t 
sin t 


dt. 


where x (0 

x(+0)^0. 

expressions 


IJ (t)jsm 2t, and for the point t = 0, x (^) continuous and 
Applying the theorem of § 365, the arithmetic means of the 


/' 




f 


^ 8in(2n-l)f^^ 

^ ' Sin / 


sin t 

both converge to zero, as ti ~oo. It has now been shewn that the sum 
(II, 2), and consequently the sum (C, 2), of the series exists, and has the 
value / (x), at a point at which the condition stated in the theorem is 
satisfied. 


THE PROPERTIES OF A CERTAIN CLASS OF FUNCTIONS 


371, For the investigation of the Ces^ro sum of order k, not equal to 1, 
of a Fourier’s series, it is convenient to employ certain functions, of which the 
properties have been investigated* by W. H. Young. Only those properties 
of the functions which are absolutely necessary for the purpose will be 
given here. 

The function defined for all finite values of t by 

f (V + 1) I b + 1) (p +'"2) (p + 1) (p + 2) (p + 3) (p‘+ 4) 
where p « 0, will be denoted by (t). It will be seen that Cq (t) ~ cos t, 

Cl (<) = sin t, C 2 (<) = 1 — cos t, - == ^i>-i (0- Writing tu for t, and 



multiplying by (1 — where g > 0, since (1 — is summable in the 
♦ Quarterly Joumaly vol. XLin (1912), p. 161. 
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interval (0, 1), and the series which represents Cq (iu) converges uniformly, 
we may apply term by term integration, and thus obtain the formula 

qiQ r ^ 

(^) = fry \ S')* driving p the values 0, 1, 

A (^) i 0 

wc obtain the formula 


qjQ r 1 

Cg (u) p I (^ ~ 0*'“^ CO® tudty q> 0, 

ftiQ — 1 I* 1 

= r (g _ 1) J„ ~ t)'‘^^smtudt,q> 1, 

«ii0— 2 r 1 

c« (m) = f'(^2) Jo ~ ~ coatu)dt,q> 2. 

It will be shewn that the function Cg (u) is bounded for all values of q 
such that 0 ^ q ^ 2, and for all values of ^ 0. 


We have F (q) Cg (u) ^ I cos (1 — 0 where q> 0; thus 

Jo 

r (q) Cg (u) ^ I cos u cos tudt + sin u sin tudt 

Jo Jo 

ru ru 

cosu costdt -f sin I/. p-^sintdt 

Jo Jo 

TT IT 

== cos I j* -f j • cos tdt + sin 14 1 j** -f j | sin tdt. 

2 2 

COS cos 

. tdtj when <7 < 1, is equal to (^ 77 )*^-^ . tdt, which is 

irr sin ^ ^ ' J*. sin 

cos 

sin 

1 /'TtY 

numerically less than - ( g ) • have thus 

|r(,)C.(.)|<j(|)' + 4(’)'“, 


when 0 < g < 1. As g increases from 0 to 1, F (g) decreases down to a 

minimum M w^hich lies between 1 and 2, hence ^ i > ttt— — ^ > 

F (g) M' T {q + 1) M 

0 < g < 1, and thus | Cg (u)\< (tt + 4) < (tt -f 4) ; since Cq {u) is 

also bounded for aU values of u, it has now been shewn that | Cg {u) | is 
bounded for 0^g<l,i4^0. In case 2 ^ g ^ 1, by employing the formula 
r 1 

F (g — 1) (7^ ( 44 ) = 44«~^ cos (I — <)t4dHn a similar manner, it can be 

Jo 

shewn that | Cg {u) | is bounded for all such values of g, and for t4 ^ 0. 
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It q> 2, we have 


o, (U) = Y(q - 2) Jo (1 - cos tu) 


dt 


«»- 




r(9-i) r(gr 


-2 f 1 

(I — t)^-^ cos tudt, 

— Jo 


and therefore 




'^r(q- 


hence | u-^ C^j (u) | < ^2 ’ ^ is a fixed number. 

When 0 ^ 2, it has been shewn that | u-^ 0^ (u) | < 




Since 
we have 
and 
and 


d 


■ qu-^-^ Cg (u) 4 - u-^ 1 (u). 


du 


{u-^C\(u)} 


w 


fl+1 


for 1 < (7 ^ 2, 


d,{--OAu)} 


du 






< - 


for 2< q < 3,- 


for g > 3, 


where P and Q are fixed numbers independent of u. 

d 


Therefore, when ^ > 1, 


is, for all values of u greater 


than 1 , less than a fixed multiple of u~^, or of u-^, according as ^ > 2, or g ^ 2. 
Since the variation of Cg (u) . in the infinite interval (0, qo ) is given by 

du, 

which integral exists, as the integrand is less than a fixed multiple of 
or of it is seen that Cg (u) is, for q > 1, of bounded variation. 

If g > 1 , we have 




cos xtdt ■■ 


r(g 




dt , 
0 t 


cosa;^ 


'1 

sin tu(l — uY~^du, 
Jo 


and the order of the successive integrations may, in accordance with the 
theorem of § 241 (2"), be changed, since (1 — u)^-^ is summable in (0, 1 ), and 

is a bounded function of (t, u) in a rectangle (0, 0 ; ^ , 1 ), whose in- 
t 


si 

tegral over (0, A ) with respect to t converges boundedly to 

.0 

Therefore 

f" 1 ^ ... 1 fi ,, «j f" sin fM cos 


sin tu cos xt 


t 


dt. 


dt 


r(g- 1) 


. Jtt [ (1 — uy-^du, if a;^ 1, and = 0, if a:^ 1. 
Jx 
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Therefore 

1*00 

(t) cos xtdt ^ ^ = 0 , if a: ^ 1 , 

Jo ^1 (</) 


provided q> I, 


THE SUMMABILITY ((7, k) OF FOURIER’s SERIES 


372. It was shewn by M. Riesz*, Chapmanf, and W. H. Young J that a 
Fourier’s series is summable (C, k), where k> 0 , at any point of continuity 
or of ordinary discontinuity of the function. The theorem was extended 
by Hardy §, who shewed that the summability holds good almost every- 
where in the interval (— 77 , 77 ), of x. 


Since / (x) ~ f D (a^ cos mx + sin mx), 

m -■ 1 

we have 

00 

+ 0 + / (^ “ 0 } ^ («m cos mx + sin mx) cos mt. 

Vi 1 

By the theorem of § 384, since (a>^)~o+A:) jg pf bounded variation 

in the whole interval ( 0 , qo ) (see § 371 ), and since it is absolutely summable 
in ( 0 , C30 ), we have 

y I ” c\, , M) [f{x+t)+f{x- <)] <u 

i -oo 

(co^)~0+fc) (^0 

0 

00 ,* *» 

f 2 cos rnx + sin mx) (a)^)“0+fc) (7^^^ (c^^) cos mtdt. 

771-1 Jo 


Changing wt into t, and using the theorem 





where m < w, we have 


( m\^ 

1 ) (a^n cos mx {- b^ sin mx) 

U) ) 


r (fc+ 1) I 

IT 


dL 


where k is any positive number. The expression on the left-hand side is 
the partial Riesz’s sum of the Fourier’s series, of order k (see § 45). 


• Comptea Rendua, vol. cxlix (1909), p. 909. 

f Proc. Land. Math. Soc. (2), vol. ix (1911), p. 390; also Quarterly Journal^ vol. XLiir (1911)^ 

p. 26. 

% Leipziger Ber. vol. Lxni (1911), p. 377. 

§ Proe. Land. Math. Soc. (2), vol. xii (1913), p. 365. 
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. 0 \<^ 


= + S ( 1 — - ) (a„, cos mx + sin mx) — / (x). 

It will be proved that 

w-00 Jo V^/ 

r ^ 

for any point x at which \<f>{t)\dt has a differential coefficient of value 

Jo 

zero, for ^ 0. This is the case for almost all values of x, and in particular 

at a point of ordinary discontinuity, provided / (a::) ^ ^ {f (x -\- 0) -{- f (x — 0)}. 
Thus the theorem is established when the limit of the above integral has 
been shewn to be zero. It will be assumed that 0 < k < 1, because the 
summability when A; > 1 follows from the summability (C, 1) which has 
already been established. 

The interval (0, qo ) may be divided into three parts (0, 1), (1, co), and 
(a>, 00 ). Considering these separately, we have 

I C...W# 0^1 <^f‘L0U. 


dt\< A 


fXi) 


since (t) is bounded for t ^ I, At a point at which 

lim ^ f \ (f) (t) \ dt = 0, 
t^o ^ .'o 


we have [ j </> (f) j dt < €l provided t is sufficiently small, thus 
Jo 

1 

I \ <f> (^\\dt ^ (jj \ \ 4>(t)\dt < €, 

Jo I \^/ 1 .'o 

if CO be sufficiently large, or 

where € is an arbitrarily chosen positive number, provided cu > ct>6 . 

Again j (t) <f> ^ dt, since (t) is bounded for < ^ 1, is 

numerically less than 


-A: P ^-(1 + *:) \<f,(t)\dt', 

J fc)”* 


B j I ^ ^ j or than Boj-^ j j <^(t) j dt; 

and this is equal to 

J ‘ I ^ (<) I *_ + (i: .+ 1) J ^ <-<*+*' I Jj ^ W I 

J5a>-* I® (1) - a.*+i O + (jfc + 1) I ‘ _<-<*+»> O (i) <ft| , 


or to 
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where <!>(<)=[ | (<) | dt. Since O (1) < et , for 0 ^ t ^ ri-, and dividing 

J 0 

the last integral into parts taken over (a>“\ 77), (77, 1), we see that this 
expression is numerically less than an arbitrarily chosen positive number 
provided w is sufficiently large. 

Lastly, [" (t) dt, or 0)-*= (wf) <!> (t) dt, is 

numerically less than a fixed multiple of co-^ J \ (f> {t)\ dt, or than 

j \ (/> (t) \ dt. + 2u^a: + •••) which is less than a fixed multiple 

of oj~^, and thus converges to 0, as oi ~ qo . The theorem has now been 
established that: 

A Fourier 8 series is summable (C, k), where k> 0, almost everywhere in 
the interval (— n, tt), the sum (C, k) being f (x). At any point of continuity 
of the function , the sum {C, k) is f (x), and at any point of ordinary discon- 
tinuity it is I {/ (^ + 0) } f(x-~ 0)} ; at any point at which f {x -\-t) + f (x — t) 
has a definite limit, as t ^ i), the sum {C, k) is \ lim {/ (;c + t) f (x — t)}. 

If F {x) denote an indefinite integral of / (x), the theorem, when com- 
bined with that of § 370 , may be stated as follows: 

A Fourier's series is summable (C, 2) at any point x at which 

has a unique value, and the set L of all such points contains a set, of measure 
277 , at each point of which the series converges (C, k), where k > 0. 

373 . It is easily seen that, in any interval (a, 6), in which / (x) is 
continuous, the continuity at a and b being on both sides, the sum {C, k) is 
continuous. For a number S can be so determined that \ (f> (t) \ < rj, for 
all values of t such that | ^ | < 8, and for all values of x in (a, b). The 

integral I (0 ^ j than Aq, for ^ < 8. The integral 

I ^-(1+^) ^ ^ {t) <f) dt converges uniformly in (a, b) to zero, as cu 00 , 

1 

because - | <^ (0 I converges to zero, uniformly for all values of x in 

* Jo 

r ■ t\ 

[a, b). Also (0 <t^[~ )dt converges uniformly to 0, as cu 00 . 

J « 

Thus it has been shewn that : 

In any interval (a, b) in which f (x) is continuous, ike continuity at a and 
b being on both sides, the partial sum {C, k), where k> 0, converges unifornily 
to f (x) in {a, b). 
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374 . The theorem that a Fourier’s series is summable (C, k), for k> 0 , 
almost everywhere, does not provide necessary and sufficient conditions 
that the series should be summable {C, k) at a particular point, and no such 
conditions, of a simple character, are known. The question has been 
considered by Hardy and Little wood, of the conditions under which, at 
a particular point, the series is summable (C, k), for some value or another 
of k. They have obtained* the following theorem : 

The necessary and sufficient condition that the Fourier's series corresjxmd- 
ing to f (x) should be summable ((7, r), for some value or another, of r, at the 
point X, is that there should be an integer k such that, if 

<t>(t)=^f(x f t) +/(:r-0-2/(x) 
and 4 ,, (t) -- J I V (<i) , <l>z (t) - ) f ■Ai («i) dt,..., 

then lim <f>j^ (t) -- 0. 

The function f (a:) may be either summable, or may satisfy a certam more 
general condition of integrability . 

From this theorem they have deduced that : 

U f (^) bounded in a neighbourhood of the point $, the Fourier's series 
corresponding to f (x) is, at the point either summable ((7, k) for every 
positive value of k, or summable far no t>alue of k. 

375 . At a point x at which the condition 

|j/(a; i t)+f(x-t)- 2 f{x)\dt^-o{t) 
is satisfied, the condition 

J^/(a; + <) \ f{x~t)- 2 f{x)}dt = o(t) 

is also satisfied, but the converse of this does not hold. 

It has been shewnf in § 370 that, at any point at which the second 
condition is satisfied, the series is summable (C, 2), and it was shewnj by 
W. H. Young that the series is summable (t7, k), where A: > 1. 

An example has been given § by Hahn of a function which at a particular 
point X satisfies the condition j {/ {x -f t) + f (x - t) ~ (a;)} dt ^ o (t), 

but at which the series is not summable (C, 1); at this point the condition 
I / (* + 0 + / (a; — <) — '2f (x) \ dl — o (t) is of course not satisfied. Ac- 
cordingly the first condition, although necessary, is not sufficient, for the 

* Math. Zeitschr. vol. xix (1924), p. 70. 

t Math. Annalen, vol. lxi (1906), p. 274. 

X Proc. Land. Math. Soc. (2), vol. x (1912), p. 268. 

§ Deutsch. Math. Vereinig. vol. xxv (1916), p. 369. 
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convergence (C, 1) of the Fourier’s series. The series is then however 
summable (C, 2). 

It has been shewn* by W. H. Young that the series obtained by term 
by term differentiation of the Fourier’s series corresponding to a function 
of bounded variation is summable ((7, k), for k>0, almost everywhere, 
the sum ((7, k) being equal to the differential coefficient of the function. 

For example S cos nx is a series of this kind, since S is the Fourier’s 

n-l n=l n 

series of a function of bounded variation ; but S sin nx is not such a series, 
cos nx 

since 2 is not the Fourier’s series of a function of bounded variation. 

n »> 1 ^ 


THE CEsARO summation OF A FOURIEB-DENJOY SERIES 


376. Let / (ic) have a Z>-integral in the interval (— tt, tt), then the nth 
Cesaro sum, of order 1, of the Fourier’s D-series, corresponding to f (x), is 


1 

2n7r 


fix'. 


sin (x' — x) 


dx' 


sin J (x' ~ x) J 

Let (a, b) be an interval interior to an interval contiguous to the set 
H, of points of non -summahility of the function/ (x); and let 

f (x) = fi (x) + U (x), 


where /j (x) = / (x) at all points of the interval (a, b), and let /j (x) 0 at 

all other points of ( - tt, tt). The function /j (x) is summable in the interval 
(— TT, tt), and consequently (see § 368), 


1 

2mT 



sin ^n (x' — x) 
sin J (x' — x) 




dx' 


converges to / (x) almost everywhere in (a, 6), and in particular at any 
point at which {f(x-{-t)^-f{x~t)} converges to 2/ (x) as ^ 0, Also the 

convergence to / (x) is uniform in any interval contained in (a, 6) in which 
the function is continuous, the continuity at the end-points being assumed 
to be on both sides. 


We have to examine the convergence of 




sin (x' — x) 
[sin J (x' — x) 


dx' 


in the interval (a f /x, 6 — /x), where fi is an arbitrarily chosen positive 
b — a\ 


number 


. The function /g (x') has the value zero within the 


♦ Proc. Land. Math. Soc. (2)» vol. xin (1913), p. 23. 
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interval (a, 6), and elsewhere it has the values of f (x'). The expression to 
be examined is equivalent to 


1 r® 


sin {%' ~ x) 
[ sin \ (x' — x) 


dx ~\~ 


_L 

2n7r 


Jb 


fix'] 


‘sin (x' — x) 
sin 1 (x' — x) 


dx'. 


ra 

Let us consider f(x')<i> {x' ~ x, n) dx' , 


where 


O {x' ■ 




\ 

27177 L sin J (x' ■ 

We shall suppose x to be confined to the interval {a -f /x, b ~ fx); so 
that, in the integrand, x ~ x' ^ fx, x — x' b /x -f tt < 277 — /x, and thus 
I sin \ {x' — x)\^ sin ^fx, for all the values of x and x' concerned. Applying 

the theorem of § 287, we see that lim j / (x') <!> (x' — x, n) dx' = 0, and 

n-^oo J —TT 

the convergence is uniform for all values of x in (a + fi, b — /x), provided 
(1), O (x'j X, n) is, for each pair of values of x and n, of bounded variation 


xY 2 


in (— 77, a), and (2), the condition 


0<I> {x', X, n) 


< A is satisfied, where K 


is independent of x and n, and (3), <I> (x'^ x, n) converges to zero, as ti qo , 
uniformly for all points a:, in (a + /i, b- fi). 

It is clear that the condition (1) is satisfied; also 

^ (x' ,x,n) < cosec 2 |/x, 

and therefore (3) is satisfied. 

We have also 


thus 


(x' — X, 7l) _ 1 

dx' 27777 

0O (x' — X, n) 
dx' 


n sin n (x' — x) sin^ (x' — x) cos \ {x' — x) 
2 sin^ I {x/ — x) 2 sin^ J (x' — x) 

< coseo^ + 7 cosec^ 

477 


477 


and hence the condition (2) is satisfied. 
It has now been proved that 


1 


sin 2 {x' — a:) 


dx' 


[sin \ (x' - x)j 

converges to zero, as ti qo , uniformly for all points x in the interval 
(a 4- /X, 6 — ju). 

In a similar manner the corresponding result can be proved for the 
integral whose limits are b and 77. 

It has now been shewn that, for any interval (a, b) interior to an interval 
contiguous to H, the partial sum (C, 1) of the series converges to f (x) 
almost everywhere in the interval (a, 6), converging to 

Jlim{/(x4-<)+/(x-0} 
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at a point at which the hmit exists. Moreover the convergence is uniform 
in an interval interior to (a, 6), in which / (x) is continuous, provided it is 
continuous on both sides at the end-points. 

For that class of Den joy integrals for which m (II) = 0, including the 
i/^iz-iiitegrals as a sub-class, the series must converge almost everywhere 
in (— 77, tt). 

The following theorems have accordingly been established* : 

If f (x) have a D-integral in (— tt , tt ), then, almost everywhere in an 
interval contiguous to the set H, of points of non-summability of f (x), the 
Cesdro sum (C, 1) of the corresponding Fourier's D-series exists, and is equal 
to fix). 

In case the set H have measure zero, and in particular for all functions 
which have an HL-integral in (— tt , 77), the series is summable (C, 1 ) almost 
everywhere in (— 77, 77). 

In any interval of continuity of f (x), provided the continuity at the end- 
points is on both sides, the Cesdro partial sums converge uniformly to f (x). 

The first theorem cannot be improved by taking the Cesaro sum (C, 8), 
where 8 < 1, instead of (C, 1). For if the series were- summable (0,8) at 
a particular point a, which we may, without loss of generality, take to be 
the point x = 0, we should have a^ o (n^) (see § 52). It has been shewn 
by Titchmarsh (see § 339) that a series of the type in question can be 
constructed for which this condition is not satisfied. 

A proof has been publishedf by Priwaloff that every Fourier’s (D) 
series is summable (C, 1 f 8), (8 > 0), almost everywhere, but there is a 
part of this proof which appears to need elucidation. 

PROPEKTIES OF THE FOURIER’S CONSTANTS 

377. Let/(a:), g (x) be functions such that {f(x)P, {g (x)}® are both 
summable in the interA’^al (— 77, 77). It will be shewn that 

gix){fix)-fn{x)}dx 

converges to zero, as n -- 00 ; /„ (a;) denoting the sum of the first 2n -f 1 
terms of the Fourier’s series ^a^ -f S (a„ cos nx -f b^ sin nx), corresponding 
tof(x). 

First, let g (x) be a bounded function, then a function g^ (x) can be 
defined (i, § 385) which takes only a finite set of values in the interval, 
and is such that \g(x) — ge (x) | < c. We then have 

[" 9‘ix){f (a;) - fn (*)} C, [ {fix)-f„ iz)} dx, 

.'-IT a-1 Jie,) 

* See Hobson, Proc. Lond, Math. 80c. (2), vol. xxii (1924), pp. 429-424. 

f Eendiconii d. Palermo, vol. xli (1916), p. 203. 
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where Cj, C 2 , ... are the values of (x), and where e, is the set of points 
at which g€ {x) = 

In virtue of the theorem of § 362, the expression on the right-hand side 
converges to zero, as ri qo . 

Thus lim I g, {x) {f(x)- /„ (x)} dx = 0. 

W — 00 J — It 

Also 

I g (•<-•) {/ (•«) - fn (x)} dx^\ [g (x) - g, (x)} {,/' (a;) - /„ (x)} dx 

j ~ IT J - IT 

+ [ (x)- f„(x)}dx. 

J ~ir 

The first integral on the right-hand side is numerically less than 
^|_ lf{x)-f„(x)\dx, 

or than e ^2-n- [ {/ (x) - f„ (x)}^ dx^ 

which is less than a fixed multiple of e. The second integral converges to 
zero, as n ^ 00 . It follows that 

I f S' (x) {fix)- /„ (x)} dx 

n~oo • ^ 

cannot exceed a fixed multiple of € ; and since € is arbitrary, it follows that 
lim I g (x) [fix)- /„ (x)} dx = 0. 

n^<x) . -IT 

Next, let g (x) be unbounded, but such that {g {x)Y is summable, and 
consequently such that / (x) g (x) is summable. 

Let g (x) -- g^ (x) -f g^ (x), where g^ (x) -= 0 when | g (x) | > N, and 
9i (^) = 9 (^) when | ^ (x) | ^ iV^ ; where N is an arbitrarily chosen positive 
number. 

We have 

f 9 ix) {fix)- fn (x)} rfx = I g^ (x) {/ (x) - fn (x)} dx 

J —TT J —IT 

+ f 9iix){fix)-fnix)}dx\ 

• /r 

the first integral on the right-hand side converges to zero, as ri oo , since 
(x) is boimded ; and the second is numerically less than a fixed multiple 

(independent of n) of 1 1 {g (x)}^ dxj^; where E denotes the set of points 
in which | ^ (x) | > For {f{^) — fn thaii a fixed number. 

J{E) 
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Since {g (a:)}^ dx converges to zero, as m (E) converges to zero, which 
J{E) 

happens when N is indefinitely increased, it follows that 
f 9{x){f{'->:)-fn{x)}nlx 

J “ rr 

converges to zero, as n qo . 

The following theorem has now been established : 

If f (x) he a function whose square is summable in the inter ml (— tt, tt), 
the Fourier's series corresponding to f (x) is integrable term by term over 
( - 7T, tt), when multiplied by any function g (x) whose square is summable, 

and the integrated series converges to f (x)g (x) dx. 

J —n 

It may be observed that the theorem holds when the integration is 
taken over any measurable set e in (— tt, tt); for we have only to replace 
g (x) by a function which is equal to g (x) in the set e, and to zero in the 
complementary set, 

378. If the Fourier’s series corresponding to gr (a;) be denoted by 
^af -4- S (a„' cos nx sin nx), 

we obtain the following theorem : 

If f (x), g (a:) be two functions such that the square of each of them is 
summable in (— tt, tt), and their Fourier' s constants be denoted respectively by 

CO 

a ^ , , a ^^ , ^2 J 5 5 5 5 ^2 > * * * the sene^s t idn^n ) 

n « 1 

1 

converges to \ f {x) g {x) dx. 
n J ~jr 

In particular, let g (x) = f (x) ; we have then the theorem that : 

If f (x) he a function such that its square is summable in (— tt, tt), and 

00 

Fourier's constants, the series ^af^ ^ S 4 

n 1 

1 f" 

converges to - {f(x)y^dx. 

77’ j -fl- 
it will be observed that these remarkable theorems express properties 
of the Fourier’s constants for functions whose squares are summable, and 
do not involve any knowledge as to the convergence or non -convergence 
of the corresponding Fourier’s series. They have been obtained as the 
result of a whole series of investigations in which the theorems were proved 
for the ceises of functions of special classes involving greater restrictions 
than the sole condition that the squares of the functions should be sum- 
mable. The first theorem is known as Parseval’s theorem, in virtue of the 
fact that it was first stated* by Parseval, whose proof was valid only 


Sav. Ar. vol. i (1806). 
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subject to very stringent assumptions. For the case in which the function 
is integrable (R), the theorems were proved independently of one another 
by Hurwitz* * * § , Liapounofff, and de la Vallee PoussinJ. The theorems were 
extended by Lebesgue§ to the case of bounded sum m able functions, by a 
method involving Fejer’s theorem relating to arithmetic means. The 
theorem, as given above in its complete generality, was obtained by Fatou ||. 
It will be shewn in § 399 that the theorem may be extended so as to apply 
to any two functions / (x), g (x) such that \f(x) |^, \g {x) are summable 
in the interval ( — 7r,7r), where p and q are two positive numbers such that 

p q 

379. Let iuo r ^ (Un cos nx + sin nx) denote any trigonometrical 

n = l 

QO 

series such that S (aj- + is convergent. Denoting by (x) the partial 

n 1 
P 

sum ^ i^n cos nx + sin nx), it is seen that 

1 

i {/c (*)-/p (*)}■■* S + 

• TT r< /> -i- 1 

where g > p, and it follows that 

lim [ {/, (a:) - /, (a;)}^ da: == 0 ; 

and thus that the sequence /j {x), /g (x), /., (x), ... is convergent on the 
average (see § 170). Consequently, a sequence 

fn, (*),/„, (X), ... 

can be so determined as to converge almost everywhere to a function / (x) 
whose square is summable, and which is such that I {/ (x) ~~ /„ (x)y^ dx 

J ~ TT 

converges to 0, as « ; and thus the sequence {/„ (x)} converges on the 
average to / (x). 

It follows, as in § 172, that f {f (x)}^ dx ^ lim j {fn(^)Vdx, and 

J - n 7l~ooJ— jr 

1 f"” 

therefore - {/ (x)}^ dx is the sum of the convergent series 

+ E (a„^ f 6„»). 

n =1 

* Math, Anjuden, vol. Lvn (1903), p. 425, and Comptes Rendua, vol. cxxxii (1901). p. 1473; 
.«<ee also AnnaJes de V4o6le normale aup. (3), vol. xix (1902), p. 357. 

f Stekioff states in the Comptes Rendua for Nov. 10, 1903, that the first theorem was com- 
municated by Liapounofi to the Kharkow Mathematical Society in 1896. 

t Annales de la aoc. act. de BrttxeUeSf vol. xvi (1893). 

§ Lemons sur lea a&iea trigonomitriquea, pp. 100-101. 

!1 Acta Math. vol. xxx (1906), p. 352. 
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Since j {/ (a?) ~ /« (ic)} cos mxdx cannot numerically exceed 

it follows that | f (x) cos mxdx — ira^ is less than the arbitrarily chosen 

number e, as is seen by taking n sufficiently large. 

1 

It follows that -r- f (x) cos mxdx ; and similarly it can be proved 

TT } -„ 

1 

that = - / (a:) sin mxdx. 

7T J -rr 

Consequently the trigonometrical series is the Fourier’s series corre- 
sponding to/ (a;). It has now been established that: 

Any trigonometrical series such that the sum of the squares of its coefficients 
is convergent is the Fourier's series of a function f (x), of which the square is 
summable in (— tt, tt). 

This is the converse of the theorem of § 378. 

That the function / (x) is unique, in the sense that every function which 
satisfies the condition that its Fourier’s series is the given series differs 
from / (x) only at points of a set of measure zero, has been estabhshed 
in § 36 1. It can also be proved as follows: Let (x), f^ (a;) be two sum- 
mable functions to which correspond one and the same Fourier’s series. 
By the theorem of § 368, the Cesaro sum of the series is almost everywhere 
equal both to /i (x) and to f^ (x). Therefore the values of fi (x) and f^ (x) 
coincide almost everywhere. 

This may be stated in the form that: 

//tto , ai , 6i , flg j ^2 > • • • ® given sequence of numbers such that the sum of 

their squares forms a convergent series, there exists a function f (x), and it 
is unique except for equivalent functions, for which > ^2 > ^ 2 » • • • 

the Fourier's constants. Moreover the square of this function is summable. 

This theorem is known as the Riesz-Fischer theorem*, for trigonometrical 
series. An account of various proofs of the theorem has been givenf by 
W. H. and G. C. Young. 

A simple proof of the Riesz-Fischer theorem has been obtained, but 
not yet pubhshed, by Pollard, who proves that, when {/ (x)}^ is not 

* See F. Riess, Compies Rendus, vol. cxuv (1907), pp. 615-619 and 734-736; also Gottinger 
Nachr. (1907), p. 116 and Comptes RenduSy vol cxlviii (1909), pp. 1303-1306. See abo Fischer, 
Comptes Rendtis, vol. cxliv (1907), pp. 1022-1024. 
t Quarterly Journal, vol. xliv (1912), p. 49. 



678 Trigonometriccd Series [ch. viii 

summable, this implies that + S (a„* + 6 „“) is divergent, and who 

n =” 1 

proves simply, by means of Ces^tro summability, that 

^ r {f{x)y dx < + S (a„^ + 

77 j _ w n “ 1 

which is the reverse of the inequality of Bessel. 

The above theorem may be expressed in the form that, if a^, 6 ^, 

ag, ^25 ••• numbers such that ... is convergent, 

the set of equations 

If'" If’" If”" 

^0 / (a:) dx, = - \ f (x) cos nxdx, b^^ - \ f (x) sin nxdx, 

where n == 1, 2, 3, ... is satisfied only by a single summable function, apart 
from equivalent functions, and this unique solution is such that its square 
is summable. If the sum of the squares of the numbers is not convergent, 
it has not been established that there exists any solution of the equations. 

It is thus seen that no summable function F (x) exists which differs 
from zero at a set of points of positive measure, such that 

F{x)dx==-0, J JP (a;) for — 1 , 2 , 3, .... 

This may be expressed by the statement that no summable function 
exists which is orthogonal to all the orthogonal functions 

1 , cos X, sin Xy cos 2x, sin 2x, . . . , cos nx, sin 7ix, . . . 
the orthogonality having reference to the interval (— tt, tt). 

In other words these functions form a complete system of orthogonal 
functions for the interval (— tt, 77 ) (see § 489). 

CO 

A sequence of numbers Xg, ... x^, ... such that S x^^ is convergent 

n- 1 

is said to define a point in Hilbertian space. The above theorem shews 
that there is a unique correlation of the points of Hilbertian space with 
functions whose square is summable in a given interval, provided equi- 
valent functions are regarded as identical. 


380 . Parseval’s theorem, given in § 378, may be extended to the case 

in which one of the functions / (a;) is summable, but not necessarily either 

{f(x)Y or \f(x) for any positive value of q, and the other function 

g {x) is measurable and bounded ; provided that the series 

iaotto' + 2 (a„a„' + 6„6„') 
n» 1 

is convergent. 

It has been shewn in § 366 that the partial Ces^ro sum 
-f- {a^ cos a: -j- 61 ' sin a;) ^1 

+ cos n — I X b\_^ sin 71 — la:) ^1 — 
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converges boundedly, provided g (x) is bounded in (— tt, tt), and that it 
converges almost everywhere to g (x). Denoting this partial Cesitro sum 
by (x), we have 

I (®) Cfn (*) dx = JaoOo' + (a,ai' + bibi) + ... 

+ («n-l«"n-l + ^n-l^'n-l) ^ ^ 

the sum on the right-hand side being the nth partial Ces^tro sum of the 

oo 

series ^a„ao' + S (a„a„' + b„b„'). 

n- 1 

In accordance with the theorem of § 305, since Gn (x) is bounded for 
all values of n and x, j f (x) G^ (x) dx converges to j / {x) g (x) dx, and 

J ~n J —IT 

consequently the sum on the right-hand side is convergent. Therefore in 
1 

any case f ('•^) 9 (^) is the Ces^iro sum of the series of products of 

TT j -n- 

the Fourier’s constants of the functions / (x), g (x). In case this latter 
series is convergent, its sum is equal to the Ces^iro sum. 

The following theorem has accordingly been established : 

If f (x) he summable, and g (x) be measurable and bounded in (— tt, tt), 

OO 

and if the series ^a^ag' -h 2 + b^bf) is convergent, its sum is 

n - 1 

I frr 

f (x)g (x)dx. In any case the Cesdro sum of the series exists, and has 

J - rr 

this value. 

In the particular case in which g (x) is of bounded variation in the 
interval (— tt, tt), it has been shewn in § 333, that^„ (x) converges boundedly 
to g {x) ; and it therefore foUows that 

lim I f{x)g„(x)dx=\ f{x)g{x)dx, 

n-^OO J - TT J —IT 

from which Parseval’s theorem follows. It has accordingly been proved 
that : 

ParsevaVs theorem 

1 rir C30 

f{x)g {x) dx = («na/ + ^n^n') 

TT J —ff n =• 1 

holds for any pair of functions, one of which is summable, and the other of 
which is of bounded variation, in tt, tt). 


381. The theorem can be extended to the case in which the function 
/ (x) possesses only an ^L-integral in (— tt, tt), the other function g (x) 
being of bounded variation. 
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The functions /(*), g{x) will be taken to be periodic, of period 2ir. 

We have g (a:) = lim 0„ {x) = lim j g (x + z) provided 

gix) = i {9 (* + 0) -i- g (x — 0)}, at any point of discontinuity of g (x). It 
is known (see § 366) that G^ix) is bounded with respect to (n, x), and it 
will be shewn that the total variation of (x) in ( — tt, it) is bounded with 
respect to n. 

Since g (a:) is of bounded variation in (— 27r, 27 t), g {x) can be expressed 
in the form P(x)-- N (x), where P (x) and N (x) are boimded and mono- 
tone non-diminishing in the interval (— 277, 27r); and thus 
g [x z) P (x z) ~ N (x -f 2 ), 

where P (x -f 2 ), N {x + z) are monotone non-diminishing, for each value 
of X, in the interval ( - tt, 77) of 2 , provided x is in the interval (~ 77, tt). 

The function _ - I P (x -f z) dz is a monotone non-diminish- 

2n7T \ sin 42 J 

ing function of x, in the interval 77, 77 ), and thus its total variation is 




sin |n 2 y 
sin ^2 / 


dzy 


1 r /sin ^Ti>z\^ 

which does not exceed a fixed multiple of J J which ^ 1, 

for aU values of n; therefore the total variation is bounded with respect 
to n. The same argument applies to the case in which N (x 4 z) takes the 
place of P (n -h 2 ), and therefore the total variation of Gn (x) is bounded 
with respect to n. 

In accordance with the theorem of § 310, since | ^ (x) - (r„ (x) | is 
bounded with respect to (n, x), and VlyrG„(x) is bounded with respect 
to n, and Gn (x) converges to g (x), it follows that 


/ (x) g (x) dx - lim [ / (x) Gn (x) dx. 

J -n Tl'^oo J -TT 


Therefore 


- r / ^ Ik«o' + ( 1 - i + *1^') + 

TT J — ft n'^ao( \ 

The following theorem* has therefore been established: 

Iff (x) have an HL-integral in (— 77, 77), and g (x) be of hounded variation 
1 p 

in the same intervaly then - f (x)g (x) dx is the sum of the series 
TT J —It 


JOoOa' + L (a„o,' + 


* Bee W. H. Young, Proc. Lond, Math. Soc. vol. ix (1911), p. 468. 
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'provided this series converges, and it is in any case equal to the Cesdro sum 
(C, 1) of this series. 

The above theorem may be extended to the case of integration over 
any finite interval («, in which f{x) has an /fX-integral. If («, |8) be 
contained in (~ tt, tt), we may take the function which has the value f{x) 
in the interval (a, /9), and the value zero in the remainder of ( — tt, tt). It 
thus follows that 

[ f{^)g{^)dx^ lim [ f(x)G„(x)dx. 

J a »~oo J a 

In the general case the same result follows by dividing (a, P) into a finite 
number of parts, each of which is in an interval (rn, r f 27r), where r is 
integral. We have therefore 

j f (x)g (x) dx - lim TUo' [ /(^) 

J a n~QO L 

r-n-1 / r r/3 

f 21 ( 1—1 ■?«/ I / (x) cosrxdx + />/ I / (x) sin rxdx 

It may be proved, in a similar manner that, if f{x) have the period 277, 
and have an ^fiTL-integral in (~ tt, tt), and g (x) be any function of bounded 
variation in (a, fi), then 

I f(x)g (x) dx - lim Joo I g(x)dx 

J a n ~ OO [ -a 

r - n - 1 / r\ f ) 

-f 2(1- ) -’ar g (x) QOBrxdx + 6,. g (x) sin rxdx]- 

r 1 \ ^/ ( .'a .'a j 

These results have been extended’*', by W. H. Young, to the case in which 
p is infinite, provided, in the second case, that a^ ^ 0 , and that g {x) ^ 0 , 
as a; 00 . 

THE SUBSTITUTION OP A FOURIER’s SERIES IN AN INTEGRAL 

382. If f{x) be a periodic function, of period 27r, and the corresponding 
Fourier’s series be denoted by Jao -f 2 (a„ cos nx + 6„ sin nx), no assump- 
tion being made as to the convergence of the series, it is frequently of 
importance to be in possession of sufficient conditions for the validity of 



the process of substituting for / (x) in an integral j f (x) g {x) dx, the terms 
of the series, and of asserting that 

CO ( rp \ 

\aQ j g (x)dx 'L |a„ J g (x) cos nxdx 4- 6„ | g (x) sin nxdxj* 
converges to [ / (x) g (x) dx, where (a, p) is any finite interval. The 

J a 

function g (x) need not be supposed to be periodic, but is defined for the 
finite interval (a, P). In case (a, P) is contained in the interval (— tt, tt), 
we may replace g (x) by a function g^ (x) which has the same values as 
g (x) at all points of (a, P), and is zero in the intervals (— tt, a), (P,-rr). If 
/ (x), gi (x) satisfy the conditions of the theorem of § 377, by applying that 

♦ Loc. cit. p. 459. 
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theorem, we obtain the required justification of the term by term integra- 
tion indicated above. In case (a, jS) is not contained in the interval (— tt, tt), 
we may suppose it to be contained in an interval (rir, stt)^ where r and s 
are odd integers, positive or negative. The function {x) may be taken 
to be zero in the intervals (r7r, a) and {sttj jS), and to be equal to g {x) in 
the interval (a, j8). If {f(x)y is summable in (— tt, tt), and {g (x)Y is 
summable in (a, jS), {g^ is summable in each of the intervals (ttt, r -f- Itt), 
(r "f Itt, r -f 2tt), ... {s — Itt, stt). The theorem may then be applied to the 
functions / (a:), g-^ (x) in each of these intervals ; then, by addition, the result 
is obtained. We have therefore established the following theorem : 

If {f(x)}^ be of period 27r, and summable in the interval (—77,77), and 

{g (a;)} 2 be summable in the finite interval (a, p), the integral | f (x) g (x) dx 

may be obtained by substituting for f (a:) its Fourier's series, and applying 
term by term integration. No assumption is made as regards the convergence 
of the Fourier's series corresponding to f (ar). 

383. In case / (x) is summable in (— 77, 77), and g (x) is of bounded 
variation in the interval (a, ^), or in case / (a:) is periodic and of bounded 
variation in (— 77, 77), and g {x) is summable in (a, ^), precisely similar 
reasoning, assuming the result of § 380, establishes the following result : 

If the periodic function f (x) be summable in (— 77, 77), and g (x) be of 

rfi 

bounded variation in the finite interval (a, then f (x) g (x) dx may be 

J a 

evaluated by substituting for f {x) its Fourier's series, and applying term by 
term integration. The same holds in case the periodic functions f (a;) is of 
bounded variation in (— 77, 77) and g (x) is summable in (a, ^). 

By appl 3 dng the theorem obtained in § 380, we have the result that: 

If the periodic function f (x) be summable in (— 77, 77), and g {x) be bounded 
in the finite interval {a, P), then the integral f (x) g (x) dx may be evaluated 

J a 

by substituting for f (a:) its Fourier's series and applying term by term 
integration, provided the resulting series is convergent; in any case the series 
is summable (C, 1). The same holds if f (x) is bounded in (— 77, 77) and g (a;) 
is summable in (a, j8). 

From the theorem of § 381, we find that: 

If the periodic function f (x) have an HL-integral in (— 77, 77), and g (x) 
is of bounded variation in the finite interval {a, ^), then f (x) g (x) dx may 

J a 

be evaluated by substituting for f (a;) its Fourier's HL^series, and integrating 
term by term, provided the resulting series is convergent; in any case the series 
is summable (C', 1). The same holds if f(x) is of bounded variation in (— 77, 77), 
and g (x) has an HL-integral in (a, j8). 
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384. For the case of integration over an infinite interval (0, cjo), the 
following theorem, which is of use in the evaluation of integrals over an 
infinite interval, will be established : 

If f (a;) have the period 2 it, and he summable over (0, 27r), and g {x) 
satisfies the conditions (a), that it is of bounded variation over the interval 

rac 

(0, oo), and (6), that \g {x)\ is summable in (0, oo), then f (x) g (a;) dx may 

.'o 

be calculated by substituting for f (x) its Fourier's series, and integrating term 
by term. The conditions (a), (b) are satisfied, in particular, if (a)' , g (x) 
is positive and monotone decreasing, and (6)', g (x) is summable over the 
interval (0, oo). 

// Uq ~ 0, the condition (b), or (6)', may be replaced by the condition that 
g {x) converges to zero, as x ^ cc. 

This theorem was given* by Hardy, who states that it can be obtained 
by the collation of results due to W. H. Young. 

It will first be shewn that, if g (x) satisfies the conditions (a), {b), the 
series g (x) ~h g (x f 2tt) g (x -\ 47r) -| ... converges, for every positive 
value of X, to a sum G (x) which is summable and of bounded variation in 
the interval (0, 277 ). 

r.T-hCJn I 2) n 

Denoting | g (t) dt by v„ (x), where 0 x ^ 27t, we have 

ir4 ‘inn- 

71 i r ti mj r rx\ (2v \-2)n r* 

S \v„{x)\‘z- S I \(j{t)\dt\ 

1 /< //<! 1 2nir . (2w-f 2 )it 

71 171 { r 

thus S I v^ (x) I < €, for a sufficiently large value of m, and for all 

71 '‘^ 777 ^ 1 

values of r. It follows that the series Hv^ (x) is absolutely and uniformly 
convergent. 

We have also 

rj-H (2« 1-2) jr 

2TTg (x + 2?i7r) - t\, (x) --- {g (x f 2mt) - g (<)} dt -, 

2nn 

and thus | 2TTg (x + 2 ^ 77 ) - v„ (x) | is not greater than 27tV„, where is 
the total variation of g (t) in the interval (x 2n7r, x + 2n -j- I 77 ). It follows 
that E {27Tg {x -f 2 / 177 ) — {x)} converges absolutely and uniformly ; and 

consequently S gr (ic -f 2/?77) is absolutely and uniformly convergent in 
n " 0 

(0, 2n). Denoting its sum, in that interval, by G (x), we have 
I « (x) I i; I gr (X \- 2n7T) | ; 

71^0 

r27r roo 

thus I 6r (a:) I is summable in (0, 2/7), and | (r (a;) | ^ | 9^ (^) | dx. 

Jo .'0 

Further, if Xj, Xj be any two points in the interval (0, 277-), we have 
I G (Xi) - G (Xj) I S I gr (*, 4- 2mr) - gr (Xj + 2w7i) |. 

71 0 

* Mes8P7igfr of Math. vol. Ll (1922), p. 186. 
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It follows that the total variation of O (x) in (0, 27r) cannot exceed the total 
variation of g (a?) in (0, oo). 

If we multiply the partial sum (x) of the Fourier’s series corresponding 
to f (x) by g (x)y and integrate over the interval (0, oo), we have for 

[ fn (^) 9 (^) expression 


I 

27T J 


r 


g (x) dx 


[2^ sin (n 4- \) (x — t) 


sin \ (x — t) 




and since the integrand g (a;) / 


sin (ti -f i) {x ~ t) 


is absolutely sum- 


sin l(x t) 

mable over the domain (0, 0; oo, 27r), the order of integration may be re- 
versed, and becomes 


1 ' 
277 . 0 


/ (<) dt g {x) 

J 0 


sin (n -f- J) {x — t) 


dx 


sin \ {x — t) 

r2rr 

or f(t)G^(t)dt; 

Jo 

where (t) is the sum of the first 2n -f 1 terms of the Fourier's series 
corresponding to the function G (i), defined in the interval (0, 27r). 

Since G (i) is of bounded variation, G^ (t) converges boundedly to G (t ) ; 
hence, applying the theorem of § 380, we have 

lim j / (t) Gn (t) dt^\ f(t)G (t) dt, 

n^Qo Jo Jo 

It follows that 


lim j f„ (x) g (x) dx ^ [ f(t)G{t)dt=\ f(t)g(t)df, 
n~oo Jo Jo Jo 

and thus the first part of the theorem has been established. 

Let it next be assumed that 0, and that the condition that 
p (oo) ^ 0 takes the place of the condition (6). 

Let y (x) ---= g (2m7r), where 2m7r ^ x < (2m + 1) tt; and let 
g (x) ==y(x) -g (x). 

It is clear that y (x), and consequently g (x), is of bounded variation in 
(0, oo). Also, we have 

r(2m+2)Tr j’(2m+2)Tr 

\g{x)\dx=\ {g (2m77) - g (a;)} dx •£ 277 ; 

J 2m-n J 2mn 

r* 

therefore the integral \g (x)\dx exists. Since g (x) satisfies the conditions 
Jo 

which g (x) satisfied in the first part of the theorem, we can apply to the 
Fourier’s series for f (x), term by term integration over (0, oo), after 

multiplication by g (x), and the result converges to f (x) g (x) dx, 

Jo 
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Since 

t"*- r(2n+2)jr oo f2iT 

f (x)y (x) dx = \ f (x) y{x)dx= t. g (2?i7r) f(x)dx = 0 \ 

Jo n - 0 i 2nn * n - 0 J 0 

r 00 rcc 

and similarly y (x) cos nxdx ^ 0, y {x) sin nxdx 0, 

Jo Jo 

it is seen that the second part of the theorem is satisfied. 


THE FORMAL MULTIPLICATION OF TRIGONOMETRICAL SERIES 

385. If two trigonometrical series 

-f (tti cos X f sin x) + ... 4 (a„ cos nx + sin nx) 4- ... (1), 

^«o 4- («i cos X sin a:) 4- ... 4- (a„ cos nx 4- sin nx) 4- ... (2) 

be multiplied together, as if the series were finite, and the result be 
arranged as a trigonometrical series, we obtain the series 

iAo 4- (A^ cos X -f i?i sin x) 4- ... 4- (A^ cos nx 4- sin nx) 4- ... (3), 
where 

^Aq — ^ ^ iP'n^n 't' ^n^n)'> 

n - 1 

•^n ~ ^ ^ [®j) {^p+n ^j)-n)]> 

^-1 V...(K), 

Bfi ” "1“ ^ ^ i^p+n ^p-n) ^p (^p+n ^p—n)]> 

1 

where it is assumed that (iky = — ^k- 

In this expression, the numbers and Oq, «„> may be inter- 

changed. 

The series (3) is said to be the formal product of the series (1) and (2). 
In case the series S | | , S | [ , S | «„ | > ^ I i^n I ^^e all absolutely 

r/ ■= 1 n 1 n 1 n - 1 

convergent, the series (1), (2) converge absolutely and uniformly to con- 
tinuous sum-functions /i (a :),/2 (x). In that case the Cauchy-multiplication 
of the series (1) and (2) yields an absolutely and uniformly convergent 
series of which the sum-function is the product (x)f 2 {x). The series may 
then be arranged in the form (3) without altering the character of its 
convergence; and therefore the series (3) converges to/i {x)f 2 (x). 

In general, since the process of obtaining (3) from (1) and (2) is purely 
formal, it is a subject for investigation what relation there may be between 
the sum-functions of the three series, in case they exist, or between any 
conventional sums of those series that may exist at particular points or 
in an interval. 

Let the series (1) be the Fourier’s series corresponding to a function 
/ (x), summable in the interval (— tt, tt). It will be shewn that the formal 
product of the series (1) into a finite trigonometrical series is the Fourier’s 
series corresponding to the function which is the product of / (x) and the 
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function which is represented by the finite series. It is clearly sufficient 
to consider the cases in which the finite series consists of a single term 
cos kx, or sin kx, where A; is a positive integer. Let = 0, except when 
n — k, when ajc 1, and let 0, for all values of n\ the system of 
equations (K) then becomes 

Aq ~ Q/-, ^ i^k+n ^ 

We have now 

^0 / (^) kxdx. An -- / (a:) cos kx cos nxdx, 

TT } --n TTJ n 

1 i 

Sn ^ f (^) sin nxdx ; 

TT j _tr 

it follows that the formal product is the Fourier’s series corresponding to 
/ (a:) cos kx. Similarly, it is seen that, when we take sin kx, the formal 
product is the Fourier’s series corresponding to / {x) sin kx. 

Next, let (1) and (2) be the Fourier’s series which correspond to two 
summable functions/ (x), g (x) which are such that either (!),{/ (‘T)}-, {g (a;)}^ 
are both summable in the interval ( — tt , 77), or (2), one of the functions 
g (x) is of bounded variation in ( - tt, tt). In either case, Parseval’s theorem 

cos kx 

is applicable to the two functions / (x) . 7, \ (^)> where k denotes a 

sin n.'x 

positive integer. We have accordingly 

1 — _ _ 

f(x)g (x) cos kxdx = J4o«0 + - (^«“n + JK§n), 

7T J __n 

where Aq, An, Bn are the Fourier’s constants corresponding to the function 
/ {x) cos kx. The expression on the right-hand side is 

^d^dk "f" {djc^n ^k-n) “i" (^fc+n 5 

where is the coefficient of cos kx in the formal product of the series 
(1) and (2). It thus appears that Af^ is the coefficient of cos kx in the 
Fourier’s series corresponding to the function / (a;) g (x). Similarly, it 
may be shewn that is the coefficient of sin kx in the Fourier’s series 
corresponding to / (x) g (a:). The following theorem has now been 
established : 

If either ( 1 ), {/ (a;)}^, {g are both summable in the interval (— tt, tt), 
or ( 2 ), one of the functions f (x), g (x) is summable, and the other of bounded 
variation, in the interval (— 77,77), the formal product, of which the coefficients 
are given by (K), is the Fourier's series corresponding to the product f (x) g (x). 

This theorem was given* by Hurwitz for the case in which the two 
functions are both integrable (i2) in the interval (— 77, 77) ; and byt Lebesgue 
in the case in which they are both summable and bounded. The theorem 

* Math. Annalen, vol. lvii (1903), p. 46, and vol. lix (1904), p. 663. 
t Lemons sur ha airiea trigonomUriguea, p. 101. 
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may be extended to the case in which \f(x) |*, \g (x) |*' are summable in 
(— TT, 7r), where A; and k' are positive numbers such that ^ p “ ^ 
(see § 399). 

386 . The theory of formal multiplication has been applied by Rajch- 
man* and by Zygmundf to more general classes of trigonometrical series. 

It has been proved by Rajchman that: 

if ^ (^n nx f sin nx), ^Oq -f- S (a„ cos nx -f sin nx) he two 
trigonojnetrical series such that o (1 ), = o (1), o (1), ~ o (1), 

then the convergence to zero, of the second series, at the point Xq, involves the 
convergence to zero, at x^ , of the formal product of the two series. 

If, at Xq , the second series converges to a value different from zero, the 
convergence, or the summability {C, r), or the summability by Poisson's 
method (§411), or by Riemann's method (§ 420), of the formal product of the 
two series is the necessary and sufficient condition for the convergence, or for 
the summability by the same procedure, of the first series, at the point Xq. 

This theorem has been extended by Zygmund, who proved that: 

If the two trigonometrical series are such that, for some value of y{^0), 
n-ya^ =■-- o (1), o (1), n^y'^^Un = o (1), ^ o (1), and further (C) 

the sum-function of the second series, and its first k differential coefficients, 
where k<y \, all vanish at the point Xq , then (1), the formal product of the 
two series has its sum {C, y) equal to zero; (2), the series conjugate to (§ 400) 
the formal product series is summable (C, y) with the sum (G, y) in general 
different from zero; (3), the series obtained by differentiating the formal 
product p times is, at x^, summable (C, y p)^ with its sum (C, y + p) equal 
to zero, provided the sum-function of the series possesses a sufficient number 
of differential coefficients which vanish at Xq , with an analogous result for the 
conjugate series; (4), if the conditions (C) are fulfilled in a closed set of 
points E, the summability is uniform in E. 

Further, analogous results hold when y is negative, but not integral, the 
second of the conditions {C) then disappearing, 

AN EXTENSION OF THE THEOREM OF ARITHMETIC MEANS 

387 . It has been shewn in § 368 that, almost everywhere in (— tt, tt), 
the arithmetic mean of the partial sums of a Fourier’s series converges to 
the value of the function. This may be stated in the form 

{/o (*) - / (*)} + {/i (*) - / i^)} + •••+{/« (*) - / (*)} = o (n) 

at each point x at which \f{x-\-t)-{-f{x—t)—2f(x)\dx^o (<). 

Jo 

♦ Comptes Bendus, vol. clxxvii (1923), p. 491. 

t Ibid. vol. CLXXVII (1923), pp. 521, 676, 804. Zygmund has developed the method in M(Uh. 
Zeiiachr. vol. xxrv (1925), p. 47. 
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For the case in which {f (x)}^ is summable, the more precise theorem 
has been given by Hardy and Little wood that : 

At almost every point in the interval (— tt, tt), and in particular at every 
point at which f {x 1) f {x ~ t) is convergent as t ^ 0, and f (a;) is half 
the limit, the relations 

I /o (x) - f (x) \ + \ fi (x) - f (x) \ + ... + \ f„ (x) -f(x)\=o (n) 

{/o (*) - / (*)}“ + {/, (X) - / {x)}^ +...+{/„ (a;) _ / (x)Y = 0 (n) 
are satisfied, provided {/ (x)Y is summable in the interval (— tt, tt). 

It is clear that, if the second of these relations holds good, then the 
first holds also ; this follows from the known inequality 

/ |Ct| + |c,| + ■■■ + |c „ \y^ C,^ + C a^ + ■■■ + 0 ^==^ 

V n ) ~ n ' 

It is therefore sufficient to prove the second relation. The first relation 
shews that, in the case of a function whose square is summable, the 
average of the numbers (x) — / (x) tends to zero because the number of 

n 

terms in 21 {/^ (x) — / (a:)} which are not themselves small is small compared 
0 

with n, and not merely on account of the cancelling of positive and negative 
terms. 


Denoting /(a: -f t) f /(a; — t) — 2f (x) by (/> (t), we have 
1 f 

/)« (*)-/(*)=- ^ {t) sin (m + J) < coaec \tdt 

TT Jo 

1 1 r»r 

= - (f>{t) sin mt cot \tdt f - (f> (t) cos mtdt 

n Jo n Jo 

"1“ “1" ym> 

1 f’" 

- (f> (t) sin mt cot ^tdt, — (f> {t) sin mt cot ^tdt, 

rr Jo Je 

1 

Ym = - ^(t) COS mtdt \ 

rr Jo 


where a 
and 


and € denotes a fixed number in the interval (0, tt). 

Employing an inequality given in i, § 435, we have 

{ m-n \l /m - n \1 n \l 

s |/™(^)-/(*)|4 ^( s | a „| M * + ( S +( S | y„|M ; 

m“0 j \m«0 / \W“0 / \r/i-0 / 

and we can estimate the values of the three expressions on the right-hand 
side separately. 

We have | sin mt cot \t\ < m\t cot | < Am, where ^ is the maximum 

of I t cot \t I in (0, tt) ; therefore < Am I \ <l>(t)\ dt. It follows that 

Jo 

] S I is o (c), or n^ o (e), if a? is a point at which 

(m«0 ) 


f I 0 (<) I = o (e). 

J 0 


* Comptes Rendus, vol. olvi (1913), p. 1307. 
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Again, 2y^ is the coefficient of cos mt in the Fourier’s cosine series which 
represents the function <f> (t), the square of which is summable; it therefore 

follows from Parseval’s theorem that S \ ^ O (i). 

m >« 0 

00 

We have next to evaluate S | 1^. By integration by parts we find 

»»<= 0 

that 

= cot . >jj^ («) + 2^^ >/)„, (t) cosec^ itdt, 

where ipm (t) denotes f (jl) (t) sin mtdi. 

J 0 

It follows, by employing the same inequality as before, that 


~mn 

S |j8„ 

_m “ 1 


I . 1 


cot 


m - n 


-f 


Now 


1 rm^n ( fir 

L ^ 

bw=l (.-/e 


(t) cosec^ \tdt 


j (0 cosec^ ^tdt^ ^ j cosec^ (t)}^ dt J cosec^ ^tdt 

cosec^ {ifi„ (<)}“ dt. 


4 

.J. 


Hence we have 

rm=-n 


2 1/5.1 = 

m l 


^ 5 ^ cot Jc 

TT 


■?/< 7t 

1 


1 

+ — 

TT V e 


J e 


m“ n 

cosec^l^ 2 

-- 1 


i 


The Fourier’s sine series of the odd function which has the value <f> {t) 
in the interval (0, e), and the value zero in the interval (e, tt), is 
2 


2 sinm^ 

^ W” 1 

2 
77 


■f <^(t) si 

J 0 


sin mtdt 


2 iff^ (e) sin mt. 

It follows by Parseval’s theorem that 

I S {.^„(€)P= 

JO 

and this can be shewn to be o (c), almost everywhere. For we have 

( {^(<)}*d«S2[ {/(* + <)-/ (a;)}* rf< + 2 [ {f {x - t) - f {x)}*dt 
Jo Jo Jo 

and 

[’ if (x + t)-/(x)}^dt = f {/(X + t)}^di + € {/(X)}* - 2/(x) ['/(* + 
Jo Jo JO 
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J 0 

I f(x-i-l)dt=^ef (x) + O (e), 

J 0 

almost everywhere, since (i, § 432) for any summable function ^ (x'), 
[ {<f> (x') — <j> (x)}dx' has a differential coefficient equal to zero for almost 

J X 

all values of x, and we may put x' - x t, and / (x), or {/ (x)y^, for </> (x). 
Hence 

[ {/ (^ + 0 ~ / dt-- 0(e), 

Jo 

for almost all values of x; similarly 

f {fix-t)-fix)}^di=--o{e), 

Jo 

almost everywhere, and therefore 

l\<f> (t)y^dt -=o(e), 

J 0 

for almost all values of x. 

In particular this relation holds at every point at which 
lim{f(x-ht) t)} 

is convergent, in which case the limit is 2/ (x), by adjustment if necessary, 
of the value of f (x). 

We now have 


wt oo 


1,1- k 
0(ei)+ . 

€ 




cosec 2 .0 (t)dt 


€2 6 
where k, k* are fixed numbers. 

Let c = the right-hand side is then o (n). 

We now have, for almost every value of x, 

rti'-n *1 J 

2 |/m(a:)-/(*) 1^ <wio(l) + 0(l)+o(«) = o(w), 

in 0 

and the theorem has thus been established. 

The foregoing proof is founded upon the proof given* by Carleman of 
the following more general theorem : 

//, at a particular point x, the relations 

[ lf(x + t)+f(x-t)-2f(x)jdt = o(e), 

J 0 

f '{/(* + <)+/ (a; - 0 - 2/ (x)}^ dt = 0 (e) 

J 0 

* Proe. Lond,. Math, Soc. (2), vol. xxi (1923), p. 484. See also Sutton. 
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j m n 

hold good, then lim , . ^ I /m (^) — / (^) I ^ for every positive value 

n~oo n i /H -0 

ofk. 

It has been shewn above that, if {f (x)Y is a siimmable function, the 
second relation holds for almost all values of x, 0 (e) being in that case o (c) ; 
but in the theorem it need only be assumed that {/(ir)}^ is summable in 
a neighbourhood of the point x. 


EXTENSION AND GENERALIZATION OF FARSEVAL S THEOREM 


388. Some caution is requisite in the employment of Parseval’s theorem 
in particular cases; it is always necessary to make sure that the conditions 
of one or other of the theorems given above are actually satisfied. It has not 

been proved that the existence of the integral I f (x)g (x) dx is by itself 

J —n 

sufficient for the validity of the theorem. For example, it f (x) has the 
value zero at all points of a measurable set E, contained in (— tt, tt), and 
g (x) has the value zero at all points of the set which is complementary to 

E relatively to (— tt, tt), the integral j f (x) g (x) dx exists, and has the 

value zero; but, unless /(x), g (x) satisfy further conditions, it cannot be 
inferred that the series ha^ao' -f S I converges to zero. In 

n = 1 

the particular case however in which the set E consists of a finite set of 
intervals, it can be shewn that, subject to a certain condition, Parseval’s 
theorem is still valid. The following theorem will be established: 

If the summable functions f {x), g (x) are such that f {x) has the value zero 
at the points of a finite set of intervals contained in (— tt, tt), and if g (x) has 
the value zero at all points not in these intervals, and has bounded variation 
in sufficiently small neighbourhoods of the end-points of the intervals of the set, 
then ^a^af + S (a,^af b^bf) converges to zero. 

n ^ 1 

It will be sufficient to take the case in which there is a single interval 
(a, jS), for which the conditions of the theorem are satisfied. There exist 
intervals (a — h, a h), — h', p -f h') in which g (x) has bounded 

variation, and we may assume that in intervals (— tt, a -f ^), tt), 

where ^ is less than both h and h', the convergence of g^ (x) to g (x) is 

bounded (see § 341), so that \ g^ix) \ < A^, Let ^ be so chosen that 
r<^ r ^ ^ 

I f (x) j dx < €, j f (x) I dx < €, where e is a positive number, 
chosen arbitrarily. We have 

[ f (z) g„ (x) dx + j f(x)g„(x)dx 

J — TT J — IT J a — C 


f(x)9n (x)dx 


f{x)9n (oc)dx-, 


+ 
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in the intervals (— n, a — and (jS -f rr), {x) converges uniformly to 
zero, since the intervals are interior to intervals in which g (x) is of bounded 
variation, therefore the first and fourth integrals on the right-hand side are 

each numerically less than e |/(^) | dx, provided n is not less than some 

J —TT 

integer Ue, Also g„ (x) converges boundedly to its limit in the intervals 
(a — a), (jS, and thus the second and third integrals on the right- 

hand side are numerically less than for all values of n. We now have 

,'n rn 

f (^) 9n (^) dx < 2e \f{x)\dx^ for \ and thus, since 

J ~n J - ir 

€ is arbitrary, and is independent of €, it has been shewn that 


lim f(x)g„(x)dx=-0, 

n~oo J -n 

which is equivalent to the result stated in the theorem. 

From this theorem the following extension of Parse val’s theorem may 
be deduced, which is capable of application in certain cases: 

Iff (x), {g (x)}'-^ are sumrnable in the interval (— tt, tt), and if the further 
conditions are satisfied that (1), in some neighbourhood of a 'point c in the 
interval^ {f(x)}^ is sumrnable, and (2), g (x) is of bounded variation in (— tt, tt), 
when a neighbourhood of the point c is excluded from the interval, then 

ParsevaVs theorem holds good for j f (x)g (x) dx. 

It can easily be seen that the theorem can be extended to cases in 
which there are a finite number of such points c. 

To prove the theorem, let / (x) ■— fj (x) 4 fz (x), where (x) — 0 in the 
interval (c — 8, c + 8), and f^ (x) = 0 outside this interval; thus fi (x) == / (x) 
outside the interval, and /2 (x) = / (x) in the interval. The interval can be 
so chosen that {/g (x)}^ is sumrnable in (~ tt, tt). 

Let g (x) be expressed in a precisely similar manner as the sum of two 
functions gi (x) and ^2 (^)- Any Fourier’s coefficient for / (x) or g (x) is 
the sum of the corresponding Fourier’s coefficients for f^ (x) and /g (x), or 
for gi (x) and g 2 (x). 

Parseval’s theorem holds for j /j (x) g^ (x) dx, because /j (x) is sum- 
mable and g^ (x) is of bounded variation. It holds for [ f^ (x) g^ {x) dx 


because both f^ (x) and ^2 {^) have their squares sumrnable. It holds for 
I h(p^) 9 \(^) dx, since {fzix)}^, sumrnable. By the last 

theorem it holds for [ /j (x) g 2 (x) dx, since /j (x) = 0 in the interval 


(c — 8, c -f 8), and g^ (x) is zero at all points not in that interval, and has 
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bounded variation in neighbourhoods of the points c — 8, c -h 8. It now 
follows, by addition, that ^a^aQ + 2 {a^aj H- b^hn) converges to 

n~ 1 

-| f(x)g(x)dx. 

389 . The following theorem is an extension of the first theorem of 
§ 388: 

If the summable functions f (a;), g (x) are. such that f (x) has the value zero 
at the points of a finite set of non-abutting intervals A, contained in (— tt, tt), 
and if g {x) has the value zero at all points not in those intervals, and is bounded 
in the neighbourhood of the end-points of the intervals, then the sum {C, 1) of 

CO 

the series ^a^^af -f- S {andn + zero; and consequently, if the series 

n‘“ 1 

is convergent, it converges to zero. 

We may say that ParsevaFs theorem holds (C, 1) for the two functions. 
If be one of the intervals of A, the points Pr have neighbour- 

hoods in which g {x) is bounded. Let (a;) be the nth Ces^ro partial sum 
of the Fourier’s series corresponding to g {x). It is known (§ 366) that, 
in any interval interior to an interval in which g (x) is bounded, (x) is 
bounded with respect to (n, x). The integral of / (x) (x) over (— n, tt) 

may be expressed as the sum of integrals over the intervals 

(~ 7r,«i - 1 ), («1 - (^1, -f 1 ), (^1 + C, «2 - («2 - ty «2), 

... (Pr + Ci ^)' 

We may choose ^ so small that | 6r„ (x) | is bounded in the intervals 
(«! — oTi), (Pij pi + («2 “ •••> I Gn (x) | 18 less than a 

fixed number A, through these intervals. 

If e be an arbitrarily chosen positive number, ^ may be so chosen, by 
diminishing it, if necessary, that the integral of | / (x) | over each of these 
intervals is < €. 


It follows that / (x) G^ (x) dx is numerically less than 


f(x)G^(x)dx + ... 


f(x) Gn [x)dx 


+ f S(^) (^) dx + 2rA€. 

JPr-\-C 


Now lim / (x) (x) dx = 0, since {— tt, ai — ^) is interior to an 

H'^oo .’ -n 

interval in which g (x) is bounded, and 0„ (x), g^ (x) converge to zero. A 
similar statement applies to each of the other integrals. It follows that, 
if n is ^ an integer ne, 


f(x) Gn (x)dx < € (1 -f 2rA) 

J — ir 
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irr 

and, since e is arbitrary, liin f (x) (x) dx = 0; thus the theorem is 

n-^ao J —n 

established. 

From the above theorem the following theorem may be deduced : 

Iff {x), {g are summahle in (— tt, tt), and the closed set H of points 
of infinite discontinuity of g (a:) is such that no point of H is a point of non- 
summability of {f (x)Y, then ParsevaVs theorem holds (C, 1) for f (a;) g (x). 
In case the series is convergent, ParsevaVs theoreyn holds in its original form. 

The closed set H may be enclosed in the interior of the intervals of 
a finite set A, so that A contains no point of non-summability of {/ ; 

for the set of all such points is closed, and therefore has a finite distance 
from the set H. Each end-point of an interval of A has a neighbourhood 
in which g (x) is bounded. 

Let f (x) = /i (x) -f /g (:r), where f\ (x) == 0 in A, f^ (x) = 0 outside A, 
and g (x) = g^ (x) -}- ^2 (^)j where g^ (a;) -= 0 in A, g^ (x) -- 0 outside A; it 
follows that 1/2 (x)}^ is surnmable in the interval (- tt, tt). 

For /i (x) g^ (x),fi (x) is suinmable, andgr^ {x) is bounded; thus Parseval’s 
theorem holds ((7, 1) for/j (x) g^ (x). 

For /2 (^) (^)j 1/2 {92 ^re both surnmable, and thus 

ParsevaPs theorem holds for/2 (x) g^ (x). 

Similarly ParsevaFs theorem holds for /g (x) g^ {x). 

For (a:) g^ (a:), we have/j {x) = 0 in A, g^, (a;) is zero outside A, and is 
bounded in neighbourhoods of the end-points of the intervals of A ; there- 
fore, by the last theorem, Parseval’s theorem holds (C, 1) for/i (x) g^ (x). 

The truth of the theorem now follows by addition. 

390. We can now establish the following general theorem : 

Iff (a:), g (x) are both surnmable in (— tt, tt), and the set of points of non- 
summability of the functions {f (x)}^, {g (x)}^ be respectively; which 

are contained respectively in the closed sets of points of infinite dis- 

continuity of f (x), g {x) ; then, if have no point in common with , and 
no point in common with , ParsevaVs theorem holds (C, \) for f [x) g (x). 

In accordance with the assumption made in this statement there is no 
point which is a point of non-summability both of {f {x)Y and {g {x)Y, 
and at each point of non-summability of either fimction, the other function 
is bounded in the neighbourhood of the point. 

Let be enclosed in the interior of intervals of a finite set A; then 
g (x) is bounded in the neighbourhoods of the end-points of the intervals 
of A. 
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Let / (x) = /i (x) + /g {x), where /i (a;) = 0 in A, and /g (a;) = 0 outside A, 
and let g (x) == (a:) + g 2 (^), where {x) = 0 in A, and g^ (x) = 0 outside 

A; {/a (a:)}-* is summable, because A can be so chosen as to contain no 
points of the closed set . 

Since fi (x) is summable, and g^^ (x) is bounded, Parseval’s theorem 
holds (C, 1 ) for (x) g^ (x). Since (/2 (a:)} 2 , g^ (x) are summable, and no 
point of infinite discontinuity of /, (x) is a point of non-summability of 
{92 5y the last theorem, Parseval’s theorem holds ((7, 1) for /2 (a;) ^2 (^)- 
Since (x) is summable and g^ (x) is bounded, Parseval’s theorem holds 
((7,1) for f 2 {x)gi{x). Since /i (a:), g^ix) are summable, and g^ix) is 
bounded in the neighbourhoods of the end-points of the intervals A, 
Parseval’s theorem holds ((7,1) for /i (a;) ^2 W* follows that 

Parseval’s theorem holds ((7, 1 ) for f (x)g (x). 

The above theorems and those of § 389 are capable of generalization 
by taking into account M. Riesz’ theorem given in § 399, in which powers 
of I / (a;) I other than the square are taken into account. 

391 . It has been shewn, in § 230, that f(x + t)g (i) dt is a continuous 

J —IT 

function of x if, either ( 1 ), f {t) is summable and g {t) is bounded, or ( 2 ), 
\f{t)\^ and |^(^)|^ are summable, where p and q are both positive, 

and such that ^ -h ^ = 1 ; ( 2 ) includes the case in which p == 5 = 2 . The 

functions / (t), g (t) are here supposed to be defined for all values of t so 
that they are periodic, with period 27r. 

Let + S (a„ cos nt + sin nt), + S (a„' cos nt -f b„' sin nt) 

n “ 1 n- 1 

be the Fourier’s series corresponding to the periodic functions /(<), g (i). 

1 

Let us consider the function I [/ (t -h x) -{- f (t — a;)] g (t) dt which 

is an even periodic and continuous function of x, when one of the above 
conditions is satisfied. The coefficient of cos nx in its Fourier’s series is 


^dx I [f(t-^x) +f(t-x)]g{t)i 


The same conditions that are satisfied by / {t), g (t) are satisfied by | / (<) | , 
\g (t) \, and thus, by the theorem of § 230, when the same conditions are 

satisfied j \ f (t + x) g (t) \ dt, j \f(t — x)g (t) | dt are continuous func- 
tions of X, and therefore the repeated integral 


j* \cosnx\dx^ \f{t'^x)+f{t--x)\\g(t) 


exists. 
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In accordance with the theorem of § 237, cos nx[j(t-\-x)+f{t — x)]g it) 
is therefore summable in the domain of (t, x), and its repeated integrals 
are equal to one another. Therefore the coefficient of cos nx in the Fourier’s 
series is 

2^2 j [/(< + «)+/(<- ^) l cos nxdx, 

and this is equal to I g (i) (a„ cos nt + sin nt) dt or to • 

TT j „ 

In a precisely similar manner it can be shewn that the coefficient of 
sin nx in the Fourier’s series corresponding to the continuous odd function 
1 

n L/ “ ^)1 9 (0 d't is — a„6„' + b^an'. We have now ob- 

mTT j — jr 

tained the following theorem* : 

If f (t), g (t) be jjeriodic summable functions, with period 2tt, and (a„, b^), 
((^n\ bn) be the Fourier's constants in the Fourier's series corresponding to 
them, then 

4- 2 (anUn + bnbn) cos nx 

n- 1 

2 (b„a„' - a„b„') sin nx 


and 

are the Fourier's series corresponding to the continuous functions 
~j {f{t + x)+f{i-x)}g{t)dt, ^j_Jf{t + x)-f{l-x)}g(t)dt 


respectively, provided either (1), g (t) is bounded, or (2), \f{t)\^, | ^ (t) are 
summable, where p, q are positive numbers such that i ^ 1 . 

As regards the convergence of the Fourier’s series in this theorem the 
following statements may be made ; 

If either (1),/ (^) is summable and g (t)is of bounded variation, or (2), {/ (t)Y 
and {g (/)}2 are both summable, the series 

la^af -f S (a„a„' + 6„6„') cos nx, 

n» 1 

2 (6„a^' — a„bn) sin nx 

n- 1 

converge everywhere to the continuous functions which they represent. 

If (3), 1/(0 I 9 (0 I® summable, where p> l,q> 1, i -f. 1 the 

Cesdro sums (C, 1) of the two series are everywhere equal to the functions 
which the series represent, and for any value of x at which one of the series ia 
convergent, that series converges to the value of the function. 

To prove the statement (1), we see by a change of variables that 

f [f(t + x)±/(t-x)]g(t)dt=^±j Jg(t + x) ±g(t-x)]/(t)di; 

• W. H. Young, Proc. Roy. 8oc. vol. Lxxxv (1911), p. 110. 
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if now g (t) be of bounded variation, so also ib g {t x) ± g {t — x), con- 
sidered as a function of x, and this property is preserved after multiplication 
by / (t) and integration, since the property is clearly so preserved in the 
case of a monotone function. Therefore, when g (t) is of bounded variation, 
the continuous functions of x which the Fourier’s series represent are of 
bounded variation, and consequently the series converge everywhere to 
the values of those functions. 

To prove the statement (2), we observe that the general term of either 
series does not exceed numerically \ -f -f -f b^^), which is 
the general term of a convergent series. This is seen from § 378, or by 
observing that if / (x) ^ g {x), and x -■= 0, the series S (a„2 -h is con- 

n- 1 

vergent, since it cannot oscillate. It follows that both series are abso- 
lutely convergent, and that the convergence is uniform, and they therefore 
converge to the values of the corresponding functions. 

In case (3), the Ces^ro sum of the series always exists and has the value 
of the function, since the functions are both everywhere continuous; and 
when either series converges, its sum is equal to the sum ((7, 1). 

If we consider the point x ^ 0, we obtain the following extension of 
Fatou’s form of Parseval’s theorem (see § 378): 

If I / (^) 1^, I <7 (-J^) h summable in the interval (— tt, tt), where 

p and q are positive numbers such thut ^ ^ I, the series 

+ S + ^n^n) 

n - 1 

If’' 

converges (C, 1) to the value - f (^) 9 (^) dx, and if the series be convergent, 
its sum has this value. 

These theorems were given* by W. H. Young. An indication will be 
given in § 399 of a proof, due to M, Riesz, that the series in the last theorem 
is necessarily convergent, and thus that \aQaf S -f -h con- 

n™" 1 

1 

verges, in the case specified, to f {^) 9 (^) ; the extension of Fatou’s 

n j - „ 

theorem being accordingly complete. 


EXAMPLES 

(1) The Fourier’s coefficients coiTesponding tof{x) being shew that 


2 / dx f{x)dx- f{x)dx. 

Fj,«l n 2rr J ~Tf J ~ir J — tr 


In §300 it has been shewn that 


a- sin nx - bn cos nx 


converges uniformly to 


Proc. Lond. Math. Soc. (2), vol. xi (1912), p. 88. 
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/ X b 

f{x)dx- Taking the point z =0, - 2 converges to / / (z) dx; therefore 

-n n-1 ^ J -n 

h 

2 conveiges to - I / (z) ciz, which is 

n»l w ^ -n- 

-L f{x)dx- ia^x^ -j f(x) dx 

or J~ f ^ I f (x) dx - I / (x) dx. 

2i7r J ~ n •— ir j — n 


{2*} If 0 <9 <1, then, provided / (z) has bounded variation in the neighbourhood of the 
point z =0, 


J 0 
J 0 


(X) dx = r (q) cos igir 2 ", 

n = l 

(x) (it = r (?) sin i?" ^2^ ^5, 


where /i (*) = i [/(*)+/('*)] “^ ^ [ / (a;) +/ ( - x)] <fo, 

/2(x)=i[/(x) -/( -*)]• 

Shew that, if ^(<^<1, the result still holds if {/(z)}^ is summablo in the neighbourhood of 
the point z = 0. 


(3*) Prove that, provided {/ (z)}* is summable in some neighbourhood of the point z =0, 
If" * a 

-I i (i cosec^ i 3 :)/(z) dx— 2 The Fourier’s series corresponding to 
tr J -TT n-l w 

i log ( J cosec* ix) 

is 2 . The function J log (J cosec* Jz) has its square summable in the interval 

n-l n 

( - TT, tt), and it is of bounded variation, except in a neighbourhood of z =0. Thus, since /(z) 
has its square summable in some neighbourhood of z =0, the conditions of the second theorem 
in § 388 are satisfied. Hence the result is obtained by applying Parseval’s theorem to 
the two functions /(z), g (z). The necessary and sufficient conditions that, for any summable 

function, 2 should be convergent have been givenf by Hardy and Littlewood. 

n-l w 


(4*) Obtain expressions for 


% o,n % K % % K V «« % h 

n-l 71*’ n-l n-l n-l^®*^^’ n-iw^“’ n-in«+*’ 


where 0 <3^ < 1. 


(5.) if/i£L-/Xi£) 

' z 


is summable in an interval which contains the point z =0, then 


-1 TT y 0 z 


♦ See W. H. Young, Proc. Roy. Soc. (A), vol. lxxxv (1911), pp. 14-24, see also p. 415. There 
is an hicUits in the proof given (p. 19) of the result in Ex. 3, as the necessity for employing a 
theorem such as that in § 388 appears to have been overlooked. When the interval ( - ir, ir) is 
divided into two parts, there are four separate products to consider; and one of these requires the 
extension of Parseval’s theorem given in § 388. 
t Math. Zeitschr. vol. xix (1924), p. 95. 
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392. We proceed to establish two theorems, the first of which may be 
regarded as a generalization of Parseval’s theorem, and the second as a 
generalization of the Riesz-Fischer theorem (§ 379 ). 

I. If p be a number ^ 1, and th^ function f (x) be such that \f{x) is 
integrable (L) in the interval (— tt , 77), and the Fourier's series corresponding 
to f (x) be denoted by f 2 (a„ cos nx f b^ sin nx), then the series 

n^l 


00 

n*- 1 


is convergent, and its sum is 




II. If, for the trigonometrical series \a^ f Z (a„ cos nx -\-b^ sin nx), the 

71“ 1 


Ival 

is convergent, for a value of p that is ^ 1 , then the trigonometrical series is a 
Fourier's series corresponding to a function f (x), such that \f (x) is 
summable in {— rr, tt) ; and. the sum of the series of powers of the coefficients is 

= A-|[ . 


In case p = 1 , the two theorems reduce to the equality 


{/(a;)}2da; = IV+ S 

J ~ It 71 ‘ 1 


which is equivalent to ParsevaFs theorem. In this case, II is equivalent 
to the Riesz-Fischer theorem. 

A slightly less general theorem than I is : 

I'. If I / (x) is integrable (L), where \ < 2, then the series 

7f“ 1 

is convergent. 

This follows from I by taking account of the inequality 

/o„=' + ^ 


It follows from II, by taking account of the inequahty 

I a»* I*® + I V I*® 

I - 2- - = 2 


that: 
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00 

II'. If the series 2 (a„* + is convergent, where 1 < g ^ 2, then 

n“l 

Q 

a„, bn are the Fourier's coefficients of a function f (x) such that \f{r) is 
integrable {L). 

The Theorems I, II were first established* by W. H. Young, for the 
case in which p is an odd integer. They were extended to the general casef 
by Hausdorff ; and by F. Rieszf they were established, in the general case, 
by a method applicable to a bounded set of orthogonal functions in 
general. The proofs given below are substantially those of F. Riesz. 

The numbers p and ^ cannot in either theorem be interchanged. In 

the case of Theorem I, it has been shewn by Carleman§ that a continuous 
function, of which all powers are consequently integrable (L), exists for 
which 2 (I fln -{“ I diverges when p < 1. It has been shewn 

n-l 

by Hardy and Littlewoody, by means of an example, that when 

n = l 

converges for a value of p that is < 1, the coefficients are not necessarily 
Fourier constants. A case of a function which illustrates this matter has 
also been given^ by Titchmarsh. This is the odd function / (x) which has 

TT Tt 

the value log n cos log n) in each interval = ; v c <x i , 

^ ^ ^ log(ri +l) log 7? ' 

where = 3, 4, 5, ... , and which has the value zero elsewhere in the 

interval (0, tt), and is such that f {x) = — /(— x). It can be shewn that 

\f(x) I is not summable in (0, tt), and thus that the series corresponding 

to it is not a Fourier’s series, although the Fourier coefficients exist as 

non-absolutely convergent integrals. But b^ = 0 {n-^ (log ny } , therefore 

2 I bn is convergent if A; > 0. 

It is convenient to replace the functions 1, cos a?, sin a;, ... cos war, 

, 1 cos X sin X cos war sin war , . , . , ^ i 

sin war, ... by - , — pr- , , ... , - , , which are said to be 

V2tt V TT Vtt V tt Vtt 

normal functions, because the integral of the square of any one of them 
over {— TT, tt) has the value 1 . 

If we denote these latter functions by (ar), (j>^(x),,.., we have 

* See Comptea Rendua^ vol. olv (1912), pp. 30 and 472; also Proc. Roy. Soc. vol. lxxxvii (1912), 
p. 331, and Proc. Lond. Math. Soc. (2), vol. xn (1912), p. 71. 
t Math. Zeitachr. vol. xvi (1923), p. 163. 

X Ibid. vol. xvra (1923), p. 117. 

$ Acta Math. vol. xli (1916), p. 378; see also Landau, Math. Zeitachr. vol. v (1919), p, 147. 

II Acta Math. vol. xxxvn (1914), p. 237. 

^ Proc. Lond. Math. Soc. (2), vol. xxii (1923), Rec<jfda, p. xxi. 
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j {<!>„ (a;)}® dx = 1, for m = 0, 1, 2, 3, ... and the Fourier’s series corre- 
sponding to a summable function may be denoted by 

Cl-Al (*) + W + ••• + {x) -h .... 

The series ( JL] 2) {1 4 - | will be equivalent to 

\V2' n-‘l 

L s I c„ 


and the same statement holds good if p is changed in ^ . 

Consider* first the first r functions (f>i {x), <^2 (^)j ••• (^)j 

r constants Cj , Cg , . . . coiTesponding to a function / (a:) such that 

\f(x)\ ^ is summable, for a value of p > 1. 

n r 

We subject the constants c^, Cg, ... to the condition S | c„ 1^+*^ = 1, 

n*" 1 

and proceed to shew that a function f (a;), for which | / (a:) | ^ is summable, 
r "" H- ^ 

exists such that | / (^) | ^ dx has a minimum value when / (a;) = / (a;), 

for all functions of the given type such that the r constants Cj , C 2 , . . . 
satisfy the imposed condition. 

If S I c„ 1^+*^ 1, it is clear that [ lf(^)l^^^dx has a lower 

boundary ^ 0, which cannot be an isolated point of the set of all values 
of the integral. If L denote this lower boundary, there exists a sequence 
of functions {f^ (^r)}, for which 


Urn l/nWl ^dx=^L\ 

n~oo ^ -IT 

all the functions (x) being such that their first r constants Cj , Cg , ... Cr 

n^r 

satisfy the condition S | = 1. 

n* 1 

In accordance with the theorem given in § 176, a sub-sequence (a:)} 
of the sequence {/„ (a:)} exists which converges weakly, with exponent 
1 - 

1 + -, to a function / (a) ; so that lim (x) g(x)dx= f (x) g {x) dx, 

P J a Ja 

for every function g (a:) of type also, as has been shewn in § 175, 

we have 

[ \f{^)^^^dx^ lim [ (a;) X. 

J -ir n'-oo 

* A modification of F. Riesz’ procedure is made. He took the set of normal functions to 
•he in the first instance finite. 
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Let g (x) = (x), then f f (x) (*) dx= lim f /<"> (x) <f>„ (x) dx, for 

J -TT n—oo J ~n 

w = 1, 2, 3, ... r ; and it follows that, for the function / {x), the r constants 

n-r 

satisfy the condition S | = 1 ; hence we have 

n-l 

, 1 


/: 


,1 + 


/ (a:) p ^ dx^ L. 

From the two inequalities we find that I / (^) I dx ^ L, and / {x) 

J —TT 

is a function whose r constants Cj, c,, ... satisfy the condition 

Y I c„ = 1, 

n ” 1 

and thus / (x) cannot be a null-function, and we have consequently L> 0. 

The existence of the minimal function/ (x) having been established, it 
is clear that it is the minimal function for 




when the condition E | = 1 is no longer imposed. For iif(x) could 

n - 1 

be such that this ratio were < L, writing 


<!> (a?) = 


/(*) 


Y\ c„ |a+» 

n-1 


_ 1 _» 

1+p 


we should have, for the constants of tp (x), 
s I C„' p+p = 1, and [ 
which is impossible. 


Let 


ip (x) dx < L, 


f W =/{x) + Xh (x), C„ = C„ + \Cn\ 


where h (x) is any chosen function, of type [L' and cjf * are the constants 
corresponding to k (x). The ratio must then satisfy the necessary condition 
that A == 0 makes it a minimum, namely, that its differential coefficient 
with respect to A vanishes when A — 0; we thus have 

f l/(!>f)l’’^gn[/M]k(x)dx= f l/(x)j''^Pdx. £ lc„j^.cl^Uign[c„], 

J —n J -n n*“l 

where sign (z) = 1, — 1, or 0, according as z is positive, negative, or zero. 
If we give h (x) the special values (p^ (x), where n = 1, 2, 3, ... r, succes- 
sively, we obtain the values of the r constants corresponding to the 
function 

1 

\f(x) |*>sign[/(a:)], 
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which we may denote by F (x ) ; the value of is thus 

If we assign to h (a:) the value of a function which is orthogonal to aU 
the functions (a;), <^2 ••• aiid for which therefore = 0, for 

= 1, 2, 3, ... r, we see that this function is also orthogonal to F (x). 
Therefore all the Fourier constants, after the first r, corresponding to 
the function F (x) vanish, and thus the Fourier’s series for F (x) con- 
verges everywhere, being a finite trigonometrical polynomial. It follows 
that, almost everywhere, 

jP (x) = I / (*) |P sign [/ (z)] = f I /(x) I ' rfa: . ’‘s | c„ | » sign [c„] (x) ; 

and from this we have 

r {F(x)pdx = r i/» iPdx^Yic„ i*p ) f' i/>) 

J -rr J -n n -1 .'-ir ) 

Let p. = 2p—l, then 1-h — = + + — where t == ; 

^ Pi \ p/ p 2p~ I 

we have then 

/ ^ \^^~^~'dx = j f^*^**^ !/(*) 

^1/ J { /_, I ^ 

On substitution of the value of j | / (x) \p dx, obtained above, we have 

J —rr 

|/(*) {/'^ \/{T) I g„ 

the expression on the right-hand side is not less than the minimum of 

l/_^ |/(*) 

for all functions for which the first r constants satisfy the condition 

Y|c„p+p. = 1. 

n “ 1 

f" 1 + " 

Denoting the minimum of j | / | ^ dx, for all functions for which 

n-r 

the first r constants satisfy the condition S | = 1, by 24 ^, we have 

n" 1 

Pi 

K Pi+1. 
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Similarly it appears that 

JPj^ 

Uj,^ = ••• where p, = 2p,_i - 1. 

1 f" 

The constants c„, for a function f(x), are numerically \ | / (^) I 

V TT l -n 

which is 


vt 

1 f fir 1.1 )P*+1 ._1_ 


“a/, 

and if / (x) be chosen to be the minimal function for all the functions of 
the prescribed type whose coefficients c„ satisfy the condition 

1, 

71=“ 1 


1 J_ JPl 

s — (27rF'+i Upt“+K 
V TT 


we have 


71 *“7* 1 -j' P« 

From this we have 1 = S | 27ttUp\I7t ^ . 

71-1 

Now Ps increases indefinitely with s, hence if Uj^JVtt were less than 1, for 
sufficiently large values of s, this inequality would be impossible. It follows 
that Uj,, i.V7ry for all values of s; and we have 

P1P2 ••• Ps 


for every value of 6, where Pg denotes 


(l + pi)(l + p,)...(l4-pj 


; it can 


lira Pg 


thus be inferred that Uj, ^ (V , assuming that the formation of the 
sequence {p^ is continued indefinitely. 

Now 
1 


hence 



Pi 

f 1 _ i ^ _ _ Pi 

Pz (. 

_ n 

p Pi + i 

Pi + 1 

V Pi/ Pi + i 

’Pz+1\ 

Ps/ 


PlP2^--Ps 


1 


lim = 1~ 

,.«(Pi+l)...(p,+ l) p 

1 1 


and thus we have Uj, ^ ^p; therefore 

fir liA 1_J_ ;n-r )1 

j_ J / (*) r** <fa; S TT* I I c„ li+pjp, 

where are the first r constants, corresponding to f (z). 

If the constants Cf^ are expressed in terms of the ordinary Fourier’s 
constants and we obtain or by multiplying by l/Vw, except 
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that o>i, = \J^ ■ We have therefore, since the above inequality holds 

V TT 

for every value of r, the result of Theorem I, that 

V 1 + jj 00 


( f! Xl+JJ 00 

vl) 

1 ( r»r I] P 

converges to a value r5 ^ | j \f (x) \ • 


393. In order to prove Theorem II, let Aq , cij , . be such that the series 




f Ci(i\ ^ ^ 14^ 1 + ^ 

(^2) + S (|«„| |6„| H 

for a value of p ^ 1 , is convergent ; and let (x) denote the sum 


la^i + 2 (a„ cos nx + sin nx). 
n - 1 


( yl ^ \ 1 + P 00 

+ 2 (I + I 1^+^) is 

V 2' n“"l 

convergent, which will, in accordance with Theorem I, be the case if 
Aq, Ai, Bi, ... are the Fourier’s constants corresponding to a function <f> (a:), 

such that I <f> (x) f is summable. We have then 


-f <j> (x) fr {x) dx 
TT J -rr 


^QqAq -f 2 (a^An -f 
n»l 


^0 

Vi 


U’^r 111 14-- 

-f S (I aj + I 

n-=l 


+Y{\A„\^^^+\B„ |>+r) 


P4-1 


1 

1+P 


" l\V2) 

Employing Theorem I, the expression in the second bracket on the 
right-hand side is 

Assigning to <f> {x) the value | /,. (x) sign {/,. (a;)}, we obtain 

1 


(x)\^^^dx\^^p 


p 

7T^+P 


3^ 

V2 


P tl'^T 1 -i-^ 14.1* 

+ 2 (|aV ^p-^\b,rp) 

n- 1 




Thus I I fr {x) I dx is, for all values of r, less than a fixed positive 
number. Accordingly the sequence {fr(x)} contains a sequence which 



606 Trigonometrical Series [ch. viii 

converges weakly, for the exponent p -f- 1 (see § 176), to a function f (x), 
which is such that 


^sinra; 6, 

Therefore ao , Uj , 6^ , ... are the Fourier’s constants corresponding to the 
function / {x ) ; and in accordance with the properties of weak convergence, 
we have 

f \f{x)\^+^dx^l^f \fr(x) 

^ T'-oo*' 

It follows that 

V~2\ 


V+’^dx. 




+ ^ dx ^ TT 


1 “1 P 


V H-oo J , 1+^ ~ 

+ ^ (| <3^71 I + I I 


or 


V2 


1 + 


»“ 1 
1 


i: (I a„ + I 6„ S -- I [ I / (x) !»+>’ <«a:}- , 

T^P 


which is the result stated in Theorem II. 


394. The following Lemma was (ioc. cii.) established by W. H. Young: 
If g {x) is summable in the linear interval (a, 6), and f {x) is summable 
in every finite interval, j f {x + t)g (t) dt is a function of x which exists for 
almost all values of x in any finite interval, and is summable in such interval. 

Since each of the functions / {t), g {t) can be expressed as the difference 
of two non-negative functions, it is clearly sufficient to prove the theorem 
for non-negative functions, / (a: -h t), g {t). 

The repeated integral f dt f f (t -h u) g (t) du is equal to 

j a J a 

f [F(x + i)- F(a + ()]ff(t)dt, 

J a 

which exists, since F {x + t), F (a 1) are continuous functions of t, where 
F (x) denotes [ / (x) dx. It follows, by applying a theorem in i, § 429, that 
f{t + u)g (t) is summable in the domain [a ^ u ^ x, a ^ t ^ 6] ; conse- 
quently the repeated integral is equal to f du f f (t -j- u)g (t) dt. It follows 

J a J a 

rb 

that f {t + u)g (t) dt exists for almost all values of in a finite interval, 

J a 

and that it is a summable function of u. 


395. To apply the above Lemma, let f (x), g (x) be summable periodic 
functions, of period 27r, and let a„, b„ and a„', be respectively their sets 
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of Fourier’s coefficients. We have then, since the Fourier’s series corre- 
sponding to F {t H- x) — Jtto {t 4- x) is 

sin n {t -f x) — cos n (t + x) 


0 + S 

n«l n 


F {x -\- t)g (t) dt C + ^agagX + D 

J -TT n- 1 


a„ cos nx -f sin nx j , 

n ~~ 

V rin nx - cos nx , 
f- 2- . 


The series on the right-hand side being the Fourier’s series of an integral 
in X, we see that the differentiated series 

icToCTo' ^ H bnb^')Go^nx ~ ~ «n'^n) sinna; 

n 1 n '» 1 

J fn 

is the Fourier’s series corresponding to the function f (x -+ t) g (<), 

and the Theorem I, of § 392, may be applied to this function. We have 
the known inequality 

I I umv 1 dt ri I j \u\^ dt^ j^l 1 p dt^ |/ J ' 

where a ^ y 1, a > 0, ^ > 0, y > 0. Let a --- 1 — \ R == i ^ \ 

ft A’ 

y ^ -f - 1, where A > 1 , /x > 1 ; and let j 2 /. j =. | u \v\--\v 


\ydt\\ 


I I I V the inequality then becomes 

:h 

' dt 


W-i 


dt 


rb I rb ( fb 

j uvdt j I I ur I ^ I I I a p j r p 6^1 

j/Vi-i,} '{£ih> 

where A>l,/x>l, — 1>0. 

A ft 

Now let it be assumed that \f(x) 1*+”, | g (x) |i+« are summable, for 
1 + - A, 1 + 5 = /i, + J > 1 ; if we put 6 = 77, a = - 77 , 

u = f (x + t), V — g (<), we have 

(i+^)a+(7) 

I I.J + (*) ' 

= |y_ J / (a: + 0 1 *+*’ I S' (<) dt^ 


\dt 


1-pq 


Q[l+P) 


I / (* + 0 I <**1 I j I S' (<) I 


P(l-f-ff) 
pq 
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The expression on the right-hand side is a summable function of x, by 
applying the Lemma to the first factor; it follows that 


\ frr 1-pq 

f{x + t)g(t)dt 

I . — TT 

is summable, provided pq < l,p>0, g>0. 

Applying the Theorem 1, of § 392, we have then the following extension 
of ParsevaFs theorem : 

If p, q be positive numbers such that pq < I , ^ ^ ^ 2, the series 

I a„a„' + b„b„' 1*^* -f I a„b„' - 6„a„' p+>} 

converges to a sum 


f dx - I f(x + t)g(i) dt 


1 


/ J — P</) 

where ^ ^ provided summable, and 

the constants a„, 6„ are the Fourier's coefficients for f (x), and a„', b^' those 
for g (x). 

In case k — I, the relation is that of equality; thus for example, if 
\f(x) 1^, I ^ (a:) 1^ are both summable, the series 

K^ao'2 + £ {aj 4- 6„2) (a,'^ -f b,'^) 


n-l 


converges to ^ J dx j f (x -t t) g (t) 


dt 


396. The following theorem has been given* by F. Riesz : 

The necessary and suffiicient condition that the trigonometrical series 


ittn + S (a„ cos nx + sin nx) 

n-l 

is the Fourier's series of a function f (x) such that \f{x) is summable, where 
pis a positive number > 1, that a positive number M should exist such that, 
for every value of n, 


la^af 4- 2 (a^a/ 4- b^bf) 

r-l 


^HL 


ffn (*) \'‘dx 


where a^', af, b^, ... is an arbitrarily chosen set of constants. The constant 
M is independent of n, a^ , a{ , b^ , ... , and g^ {x) denotes the sum 


T’^n 1 I 

Ioq' + 2 (a/ cos rx -f 6/ sin rx), and - + - = 1, 
♦ r-l q P 


Math. AnnaUrit vol. lxix (1910), pp. 469-474. 
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It may be observed that the method of proof is such that the theorem 
holds good when any bounded set of normal orthogonal functions {</>„ {x)} 
is substituted for the special set 

11 1 . 

, COS X, Sin a:, 

V 27r V 77 V 77 

That the condition stated in the theorem is necessary follows at once 
from the inequality 

1 i 

I _ / (^) fl'n dx -< |j^ I / (*) I” |j ^ I gr„ {x.) jo dx\^ . 

In order to prove the sufficiency of the theorem, let 

r ' n 

4’ ^ -f" ) 

r* 1 

be denoted by and let the constants Uq', a/, 6/, ... be subjected 

r ^ 

to the condition | </„ (x) | ria: — 1 . We proceed to determine the 

J — n 

maximum value of | 11^ | for all values of the constants ao', a/, ... such 

that I I hdx 1. This maximum value must then satisfy the 

1 

condition | | *: M^. We equate to zero the partial differential coefficients 

with respect to a/, of 

I I" - ^ [ \gn{^)\'‘ dx\ 

J —IT 

we have then 

a,.\ U„ |<'-‘.8ign U„ - A [ cos ra: | g„ (x) |’-i.signgr„ (x) dx = 0. 

. — IT 

A similar equation holds for b^. . Taking these equations for r = 0, 1, 2, . . . n ; 
multiplying them by a/, b/ and adding, we find that | r/„ — A 0. 

We thus find that 

a, = [/„ j cos rx | g„ {x) | . sign g„ (x) dx, 

U„j sin ra; I g„ (z) | . sign g„ (z) dx. 

Let/„ (x) denote nUn - 1 Qn (^) (^); we have then 

I |/„(a;) tt” I I® [ |sr„(a;) |»daj-s 

J —w ' —IT 

1 fir 1 rir 

Also Ur = - I fn (x) COS Txdx, 6,. = ~ (x) siu rxdx. 

T/rJ-ir 

Assuming that n may have all integral values, the sequence {/„ (a;)} 
converges weakly, with exponent p, to a function / (a;), such that | / (x) 1^ 
is summable in the interval (— tt, tt). 
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1 . 


We have also 

ll’ lin ^ ) /» shi" = ft' : 

^ J ~n Sin 7T n,-wao -tt SIH Oj. 

therefore a^, ... are the Fourier’s constants for the function / (x). 

The sufficiency of the theorem has now been established. 

A proof of the Kiesz-Fischer theorem (§ 379) may be obtained from the 
above theorem. 

Taking p 7 J, we have, 


+ S (a^-a/ + bj.b/) 
r - 1 


r-l 

^ r 

IT L 


Jao'“ + S {ar- + V") 

r-l 

j_ 


It follows that the condition in the above theorem is satisfied if 

r-l 

is convergent; and therefore a function f {x) exists such that \f(x) is 
summable, and such that its Fourier constants are the numbers Uq , Uj , 6 ^ , — 


M. RIESZ’ EXTENSION OF PARSEVAL’s THEOREM 


397. It will be shewn that the condition that J | /« (^) dx is a 

r*n 

bounded function of n, where /„ {x) denotes Juq 4- S cos rx + sin rx), 

r-l 

and p is a number > 1, is a sufficient condition that the series 
Jao + 2 (a„ cos nx 4 - 6 „ sin nx) 

n - 1 

should be the Fourier’s series corresponding to a function / (z), such that 
\f(x)\^is summable in the interval (~ tt, tt). 

In accordance with the theorem of § 176, a subsequence {/„^(:r)} of 
{fn (^)} exists, which converges weakly with exponent ^ to a function / (x) 
such that 1 /( 0 ;) I is summable. We have then 

I f(r)g (z) d* = lim I (*) g {x) dx, 

J —TC T'^CO J — IT 

where g (x) is any function such that | 7 (x) is summable. 

Let g {x) == mx, then 


1 

TT 



COS 

sin 


mxdx = lim 

r— 00 



mxdx = 
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and thus / {x) is such that its Fourier constants are ag , , 6^ , .... Therefore 

the sufficiency of the condition has been established. 

It is however possible to shew that the condition stated is necessary, 
and thus that : 

The necessary and sufficient condition tJiat «o » j ® 2 » ^ 2 » • • • the 

Fourier constants corresponding to a function f (x), such that \f{x) is 

summable in (— 77, tt), where p is a number > 1, is that j |/n (^) |^ 
should be a bounded f unction of n ; where /„ (x) denotes 

Iuq -j- 2 {a^. cos rx + br sin rx), 

r - 1 

We have 




x) 


dt 


f (t) !^ii^ (t — cot ^ dt 4- J f (i) cos n (t — x) dt\ 
J Z ZTTj^jr 


1 

hence f^ (x) — 2 ^ / (1) cos n {t — x) dt 

may be expressed in the form 

1 rn- I X \ 

cos nx f (t) sin nt cot - - dt — ^ sin nx f {t) 

ZtT J ^rr ^ 


cos nt cot 


t — X 


2 


where the integrals 
are taken to denote 


f {t)^^^ nt dt 

/ ^ ' sm 2 


lim 

e~0 


% , .V cos . .t 
f (0 . nt cot — 
^ ' sm 


dt 


f /w 

Jx-Hc 


COB ^ ~ : 

. nt cot — - 
sin 2 


dt 


and are not necessarily L-integrals. 

In connection with the theory of the series allied with a Fourier’s series, 
an outline of a proof has been given* by M. Riesz that, if \f(x)\^ is 
summable, for a value of p^ > 1, and if / {x) denotes 


1 

277 



cot 


dt, 


then \f(x) |p is summable, and 


\f(x)\^dx^ M I \f{x) 

J ~ IT J —n 


^ dx, 


where M is independent of the particular function / {x) and depends 
only on p. This theorem will be assumed here. Applying it to the two 
functions / (x) cos nx, f (x) sin nx, we have 

I /n (*) I < * + i /l (*) 1 + I A (*) I . 


* Comptes Pendus, vol clxxvi (1924), p. 1464; and Proc. Lond. Math, Soc. (2), voL xxii 
(1924), Records, p. iv. 



612 


Trigonometrical Series 


[oh. viii 


where k == 
integrals 


I / (<) I dt, and where /, (x), (x) denote respectively the 


’ fit) 

J — TT 


.t - XC08 . 

cot . ntdt. 

2 sin 


It follows that j \ fn (^) \^ dx does not exceed a fixed multiple of 

J — TT 

2Tik^ +1 1 /i (a^) I” + j I A I” 

J —IT J —TT 

Employing M. Riesz’ theorem, and the fact that does not exceed a 
fixed multiple of j \f{x)\^ dx, it is now seen that 

J - TT 

I |/« (*) |’’«^* “^ A I (/(xjl^dx, 

J — n J — TT 


where A depends only upon p. It has now been established that the 
condition in the theorem is necessary, as well as sufficient. 

An earher theorem, of a similar kind, in which (x) the nth Cesaro 
sum (C, 1) was employed, instead of /„ (x), has been given* by W. H. and 
G. C. Young. 


398. The following theorem, statedf by M. Riesz, will now be estab- 
lished : 

If j \f{x)\^dx has a finite value, for a value of p (> 1), then 
lim j \f{x) ~f„(x) \^dx=^ 0, 

Tl'-^OO J —IT 

where (x) denotes a partial sum of the Fourier's series for f (x). 

The proof of this theorem given here is due substantially to Littlewood. 
We have (see § 365) 

Sn (*) -/W = j _ {/(* + <) -/(*)} (t) dt, 

where Xn (^) satisfies the conditions 

X„(<)S0, [ Xn(t)dt=^\, limj[ Xn{t)<lt-\ Xn(<)<^4 = 0- 

Employing Holder’s inequality, we have 

I (x) -fix) I S [ \f{x + t) -fix) I {x„ (<)}P {x« (t)}^dt 

! I 

= [_j/(a^ + <) -/(*) ^Xn(t)dt ^ 


♦ Quarterly Jcumal, vol. xliv (1913), p. 57; see also W. H. Young, Proc. Land. Math, Soc. (2), 
vol. XI (1912), p. 89. 

t Comptee Bendus, vol. clxxvi (1924), p. 1464. 
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or I -/(*) |r£ j \f{x + t)~f{x)\’‘x„{t)dt 

hence [ | ^9^ (*)--/(*) |» rfa: S [ 0(f)xnit)dt, 

J —n . —n 

where (I) (t) denotes | \ f (x t) ~ f (x) dx, 

which is a bounded function of t. 

In order to prove the theorem, we can divide the integral on the right- 
hand side into three parts, over the intervals (— 8, S), (-^ tt, 8), (8, tt). 
Since <!> {t) is bounded, and the limit of the integral Xn (^) over the intervals 
(-tt, - 8), (8, tt) is zero, as — oo, we have only to consider 

n 

this is less than M Xn (0 where M is the maximum of O {t) in the 

} -s 

interval (— 8, 8), and thus the integral is less than M. It can be shewn 
that, by choosing 8 sufficiently small, M becomes arbitrarily small. 

We have in fact to prove that 

lim 1 \ f {x + t) ~ f (x) dx = 0; 

J - n 

and this has been shewn in i, § 433, to hold in the case p -= 2. For general 
values of p (> 1), it has been shewn in § 173 that a continuous function 
</> (:r) can be so determined that 

I I / (-^ + ^) - <f> (x -I- 0 1 ^' ^^x < e, and J \f(x)~~(f>(x)\^<€\ 

J — IT J — IT 

and since 

j |/{a: + <) -/(a:) S"-! I \f(x + t)-(f>(x + t)\^dx 

+ 30-1 r \ 4 , {x + t) 4 , {X) dx + 3’’-^ r \4,{x)-f{x)\^, 


we have [ \f(x + t) f(x) dx "r 26.3*"“^ -f c, 

J —IT 

provided t is sufficiently small. Therefore O (t) converges to zero with t, 
and consequently M is arbitrarily small, if 8 be properly chosen. It has 
now been shewn that 

lim j \8n(x) ~f(x)\^dx=-^0. 

n^oo J -IT 

If now (x) denotes the sum of the first 2n -h 1 terms of the Fourier’s 
series for / (x) — 8 ^^ (x), where is such that 


f \K(x)-f{x)\ 

J — TT 


^dxKr), for n 
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we have j | ^„ (*) dx< At), where A depends only on p. But, for w > n,, 
we have /„ (x) ^ (x) + ip„ (x ) ; hence 

f_ l/(*) -/n(a;) l/(x)-8„^(x)l>’clx + 2»-^l^ l^„(x)l’'dx 

S + 2o~^Ar). 

Since rj is arbitrary, it follows that lim j | / (^) — /n (^) I*’ It 

n-^oc J —tr 

follows from the theorem that, if \f(x)\^ is summable in (- tt, tt), then 

lim [ I/™ (x) (x) \^dx =- 0. 

w~Qo, n~oo J -TT 

Kolmogoroff has shewn* that, for any summable function f{x), 
lim[ \f(x) -f„{x)\'~'dx=^0, 

W~O0J -TT 

where 0 < e < 1 . 

399. The theorem of § 398 may now be employed to prove that; 

U \9 (^) h summable in (— tt, tt), ?/;/iere g are 

vositive numbers such that - f ^ = 1 , then ParsevaVs theorem 
^ P 9 

^ [ fi^)9 (x) dx = |ao< + ^ (««««' + b„b„') 

n J - IT w = 1 

/or the pair of functions f (x), g (x). 

This result may be proved as follows. Since 

1 1 
f f(x){9(x) - gn{x)}dx ^ ||^J/(x) l»'dx|’’||' Jjf (x) -!/„(x) I*!’, 

we see from § 398 that 

1 

I [_ f(x){ 9 {x)-g„(x)}dx\^^t)^^ |/(x)|»>dx|\ 
provided n is sufficiently large. Since t; is arbitrary, we have 
I / (a;) S' (x) dx - lim j / (x) g„ (x) dx, 

J - IT 71-^00 — IT 

which is equivalent to ParsevaFs theorem. 

SYSTEMS OF FOURIER’s CONSTANTS 

400. If {A„} be a sequence of numbers, the question has been investi- 
gated what conditions the sequence {A„} must satisfy in order that the 
series 

Jao^ + 2 K (®n cos nx + b^ sin nx) 

n-l 

may be a Fourier’s series whenever the series 

\aQ 4- S (a^ cos nx b^ sin nx) 

n-l 

* Fundamentn Math. vol. vii (1926), p. 28. 



615 


398 - 400 ] Systems of Fourier's Constants 

is a Fourier’s series. An account of these investigations will be given here ; 
and it will be seen that an answer which contains a characterization of the 
sequences has been obtained (see § 405) to the question, which may be 
stated as that of the determination of all sequences {A„} , each one of which 
has the property of converting every set , ag , 62 , . . . of Fourier 

constants, by multiplication, into another set Aotto , AjOj , Xib^, Agttg , A 262 , . . . 
of Fourier constants. 

In connection with this matter, properties of certain trigonometrical 
series said to be allied with Fourier’s series present themselves. If 
Jfto f 2 (a„ cos nx + sin nx) 

n - 1 

be a trigonometrical series, the series 2 (a,, sin nx — cos nx) is said to 

n»l 

be the trigonometrical series allied with, or conjugate to, the first series. 

The series allied with a Fourier’s series is not itseK necessarily a 

Fourier’s series. For example, it will be shewn later that the series 

QOi^nx . ^ j sin na: . , 

2 , IS a I ouner s senes ; the allied senes 2 , is however 
n»2 ^ogn ,,.2 log^i 

not a Fourier’s series. This is seen from the fact that the integrated 

COS 71/OC 

series 2 is divergent at the point x ^ 0, and cannot therefore 

n^nlogn 

converge to an integral (see § 360). 

It has been proved in § 395, that, if 

2 (^n cos nx + hn sin nx), ^a^ -f 2 (a„' cos nx sin nx) 

n *' 1 n = 1 

be any two Fourier’s series, then 

Jfloao' + S {(«„«„' + b„b„') cos nx - (a„b„' - a„'b„) sin nx\ 

n 1 

is also a Fourier’s series. Taking a„' ^ A,^, b^ = 0 , we have the following 
property : 

// Aj cos X -f- Ag cos 2x + ... + An cos nx be a Fourier's series, the 
coefficients form a sequence {A„} which has the property of converting by 
multiplication of the terms any set whatever ay,b^, a^, b^, ... of Fourier con- 
stants into a new set X^a^, X^b^, Agftg? ^b.^, ... of Fourier constants. 

If we take a^ 0, bf -- An , it is seen that 2 A^ (fln cos nx) 

n " 1 

is a Fourier’s series ; we thus obtain the following result : 

If 2 An sin nx is a Fourier's series, the series 

n-l 

2 (fln sin nx — b^ cos nx) 

n-l 

allied with a Fourier's series 2 (a^ cos nx -f b^ sin nx) is converted by 

1 

multiplication of the terms by X^ into a Fourier's series 
2 An («n sin nx — b^ cos nx), 

whether or not the allied series he a Fourier's series. 
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W. H. Young, to whom the above theorems are due, has combined 
them* into the following statement ; 

If S (a„ cos nx + sin nx) be the Fourier’s series for a summable 

function f {x), and {6^'} be the coefficients in any other Fourier's series, 
then 

S a„' (a„ cos nx 4- sin nx), S (a^ sin nx - b^ cos nx) 

n = 1 n = 1 

are both Fourier's series, whether the allied series is a Fourier's series or not, 

401 . With a view to the generalization of the result contained in § 400, 
the following Lemma, which is a generalization of the Lemma given in 
§ 394, will be required : 

If f (x) be summable in every finite interval, and g (x) be a function which 
has bounded, variation in the interval {a, b), the Lebesgue-Stieltjes integral 

j f (x t) dg (t) taken over the interval (a, 6), of t, exists for almost all values 
of X in {a, b), and is a summable function of x. 

This theoremf was given by W. H. Young. 

Since the function / (a:) may be expressed as the difference of two non- 
negative summable functions, and g [t) may be expressed as the difference 
of two positive monotone non-diminishing functions, it is clearly sufficient 
to prove the theorem for the case in which f [x M) ^ 0, and g (t) is a 
positive monotone non-diminishing function. 

As in I, § 445, let ^ have the value of g (t) at any point t at which g (t) 
is continuous, and let it have the set of values in the interval 

(I - 0), g(t + 0)) 

at a point t at which g (t) is discontinuous. 

Denoting J f (x) dx by F (x), let F {x + t) = (x, f), and 

f{x-ht) = <l> {x, $) ; 

we then have 

f [F (X t) -F (a t)] dg (t) ^ f ' [0) (x, ^) - (a, f)] d^, 

J a J a 

where a =- g (a), p = g (b). These integrals are equal to d^ j <f> (u, $) du, 

which therefore exists for every value of x, since the first integral exists, 
as JF’ (x -f t), F (a 4 t) are continuous. Since ^ {u, f ) is a non-negative 
function it follows, from a theorem given in i, § 429, that (f> (u, ^) is summable 
over the domain of (u, f ), and therefore the order of integration may be 
reversed without changing the value of the repeated integral. It follows 

♦ Proc, Land, Math. Soc. (2), vol. x ( 191 1), p. 351, where another proof of this theorem is given, 
t Proc. Roy. Soc. vol. Lxxxvirr (1913), p. 563. 
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that j duj (m, $) d$ exists and is equal to f [F (x + t) — F (a + <)] dg (t) ; 

J a J a J a 

hence I ^ (u, or / / (u, t) dg (t), exists for almost all values of u, and 
•J a. J a 

is a summable function of u. 

402. In order to apply the theorem, let the Fourier’s series which 
converges to the function g (t), oi bounded variation, be 

, . V ” Pri cos nt 

4^0 ^ n 

n = 1 

of which the differentiated series is 2 {a^co^nt + j8„sin?i<). We assume 

n«l 

that g if) is periodic, of period 27r, so that g g {— tt). Let f (x) be a 
summable function, to which corresponds the Fourier’s series 

Z (a„ cos nx + sin nx) ; 


and let 


“f- S {An COS nx + Bn sin nx) 

w - 1 

1 


be the Fourier’s series corresponding to the function ~ f(x + t)dg (t), or 


1 

7T 


j </) (Xj d^. We have then 

A „ - \ [ cos nx [ (^ (x, i) d^. Bn - \ f sin nx ( <f) (x, f ) d^ ; 

and since ^ {x, f) is summable over the domain of (x, ^), it follows that 
(j> {x, cos nx^ and <f> (x, $) sin nx are both summable over that domain. 
We have therefore 

An =^' 2 \ <f> (x,$)co^nxdx; 

77 J d J —If 

and since 

1 rtr I Ttt CO 

f {x t) COS nxdx - cos nx 2 {a„ cos n (x + t) -f 6„ sin n{x-} f)} dx 

77 J —It 77 } —tt 71 ,“ 1 

= 77 (ct„ cos nt 4- bn sin nt), 

1 

we have A„ == - (a„ cos nt -f 6„ sin nt) dg (t) 

77 j —ft 

= - [ n(an sin nt — cos nt) g (t) dt 

— dn^^n bn^rt' 

Similarly, we have Bn ^ - (dn^n — bndn); and thus the following 
generalization of the theorem of § 400 has been obtained : 

U 9 (^) function of bounded variation such that the series obtained by 
differentiating the Fourier's series corresponding to g (x) is 
2 (a„ cos nx + Pn 

fi-i 
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then, if |oo + S (a„ cos tix + b„ sin nx) be any Fourier's series whatever, the 
« - 1 

aeries S {(a„a„ + h^^n) cos no; f — 6„a„) sin is a Fourier's series. 

n- 1 

It may be observed that the coefficients , pn can be simply expressed 
as Stieltjes integrals with regard to the function g (x). 

a If" 

We have ” =~ g(x) sin nxdx, then remembering that g (tt) ^ g {— rr), 
n TtJ - yr 

since g (x), sin nx are both of bounded variation, we find by integration 

1 f" 

by parts (see t, § 376) that - I cos nxd{f (x). Similarly it can be 


shewn that 


sin nxdg (x). 


If we take g (x) to be an o:ld function, we have — 0 ; and thus : 

A sin nx 

If tJie constants A„ are such that the series X! is a Fourier's 

n^i n 

series corresponding to a function of bounded variation , then if 

S cos nx + 6„ sin nx) 

n 1 

is a Fourier's series, the series S A„ (a„ cos nx -f sin nx) is a Fourier's 

n-» 1 

series. 

If, on the other hand, we take g (x) to be an even function, we have 
= 0 ; and thus : 

A cos nx 

If the constants A„ are such that 2 ” is the Fourier's series 

n-i n 

corresponding to a function of bounded variation, and the series 

2 (a„ sin nx ~ 6„ cos nx) 

n-l 

is allied with a Fourier's series, the series 

2 A„ (a„ sin nx — cos nx) 

n-l 

is a Fourier's series, whether 2 (a„ sin nx — cos nx) is a Fourier's series 

n-l 

or not. 


403 . The following theorem will be established : 

If {A„} be a sequence such that AA„ > 0, A^A^ >0, for n 0, 1, 2, 3, ...,and 
lim An = 0, the series |Ao + 2 A^ cos nx is the Fourier's series of a non- 

n->oo ^ n-l 

negative summable function. 

The series converges uniformly in any interval (e, X), where 

0 < € < X < 27r, 
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fj: 

(see §24 Ex.) to a value /(z). Hence J f{x)dx is the sum of the series 
iK (X - e) + S (sin nX — sin m). It is known that S sin nx con- 

n-l ^ ^ n-1 ^ 

verges uniformly in the interval (— tt, tt), since S is bounded, and 

n-1 ^ 

therefore its sum-function is continuous. 

rx 

It follows that lim / (x) dx exists, and is the sum of the series, for 

€ - 0. 

We have 


2 sin \x Ao 4- S cos ^ sin Jx . AA^ -f- sin \x . AAj f . . . 

. 2m — 1 . . . . 2m -f- 1 

-h sm a:. AA^_i -h A„, sm ^ 

hence 

4 sin^ Ja; -f 2 A„ cos = (1 — cos x) A^Aq -f ( 1 — cos 2a:) A^A^ 

-f . . . -f ( 1 — cos m — lx) A 2 A„j _2 4- ( 1 — cos mx) AA^_j 
-f (cos X — cos m -f- 1 x) A^ . 

The expression on the right-hand side is greater than 

(1 — cos mx) AA,„_i + (cos x — cos m 4 - lx) A^,», 
and this converges to zero, as m oo ; it follows that JA^ + 21 A„ cos nx 

n*' 1 

rx 

converges to a non-negative value. Since / (x) ^ 0, / (x) dx is an 

Jo 

absolutely convergent integral, that is / (x) is summable in the interval 

n 

(o, X), and the series 21 Xn cos nx is such that the integrated series converges 
1 

to an integral, therefore the series is a Fourier’s series. 

These theorems are due* to W. H. Young, who has further given the 
following theorem : 

If AXn » 0, lim A„ = 0, and the series 2) — is convergent^ then the series 

n^oo n-1 ^ 

SA^ sin nx is the Fourier's series corresponding to a function which, for 
positive values of x, has a finite lower boundary, and for negative values of x 
a finite upper boundary. 

This theorem may be proved in a manner similar to that given above 
for the case of the cosine series. 

It follows from this theorem and the last theorem in § 402, that : 

If {^n} such that AA,^ ^ 0, lim A„ = 0, and 2 — is convergent, 

n-oo n-1 ^ 

* Proc. Land, Math. 8oc. (2), vol. xii (1912), p. 41. 
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then the series S {a„ sin nx — b„ cos nx) allied with any Fourier’s series 

n- 1 
oo 

S (a^ cos nx + sin nx) is converted by means of the factors {A^} into a 

n- 1 

Fourier's series S A„ (a^ sin nx — cos nx). 

n» 1 

1 V- nx — cos nx . /v • • » 

For example S , where e > 0, is a Fourier s senes. 

n-2 (IogW)‘+' 

It has been shewn* by Szidon that the conditions AA„ > 0, lim A„ = 0 

n~oo 

are not sufficient to ensure that the series JAo -h S cosna: is a Fourier's 

71-1 

series. He has also shewn that the series is necessarily a Fourier’s 
series if the series S | AA„ log n | is convergent, but that in this result 

n-l 

log n cannot be replaced by a number , for which < 0, and 

lim , 0. 

lOgW 

n 

It follows that ^Ao + 2 A,j cos nx is a Fourier’s series provided A,^ 

1 

converges monotonely to zero, and 2 is convergent. Also, if 2 A„ sin nx, 

71 ... 1 71 71 « 1 

where A„ converges monotonely to zero, is a Fourier’s series, so also is 

JAq 4- 2 A,, cos nx. 

n 1 


EXAMPLES 

(1) The series 2 2 where ^>0, are both Fourier’s series. The series 

2 2 converge to functions which are indefinite L-integrals, and conse- 
nt l 7i=*l 

quently are of bounded variation. 

If An = have lira Xn =0, and >0; also since the function 4 diminishes 

71-00 r (2/ + l)^ 

as y increases, we have > AXn+i , or A^Xn Further, 2 ^ is convergent. Thus Xn satisfies 

n 

cos sin HJC 

the conditions of both the theorems. Therefore 2 ~ . ,2 v - are both Fourier’s series; 

n* n* 

and the integrated series 2 2 represent functions which are integrals. 

(2f ) If 2 (fln cos nx + 6n sill Is a Fourier’s series, then 

n-l 

2 {a>n cos nx 4- 6n sin nx), 2 i {a^ sin nx - 6n cos nx) 

„ - 1 n* 71 - 1 

are also Fourier’s series, where k >0. 

This follows from the theorem of § 402, employing the result of Ex. 1. 

♦ Math. Zeitschr. vol. x (1921), p, 126. 

t See W. H. Young, Proc. Roy. Soc. vol. Lxxxv (1911), p. 417, where applications and ex- 
tensions of this theorem will be found. 
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(3) If 2 (a^ cos nx + sin nx) is a Fourier’s series, so also is 
n- 1 

a„ cos nx + b„ sin nx 


2 

n - 2 


and also 
If X„ 


log n 
ttn COS nx + bn siu nx 


n^2 log » (log log n) 


,yn — , — , wo have aX„ > 0. If n -- - . — — -- , we find that <0, for y > 1; 

logn ” logy log{y + l) dy 

hence u diminishes as y increases, and therefore , >0. It follows that the series 

^ log n 

COS yi/X 

2 is a Fourier’s series. Applying the theorem of § 400, we see that 

n -2 logn 

^ Un COS nx + bnSXf\nX . „ . , 

2 2 ^ 18 a I ouncr 8 senes. 

n - 2 log n 

The second result stated can be proved in a similar manner. 


404 . I n view of the theorem of § 402, it is desirable to possess a criterion 
which will decide the question whether a given trigonometrical series is 
obtainable by differentiation term by term of the Fourier’s series corre- 
sponding to a function of bounded variation. This criterion is supplied by 
the following theorem* due to W. H. Young: 

The necessary and sufficient condition that the trigonometrical series 
H (a„ cos nx -f bn sin nx) should be the series obtained by term by term 

n =» 1 

differentiation of the Fourier's series of a function of bounded variation is 

I * TT 

I 8n (x) I dx should he bounded, where Sn (x) denotes the arithmetic 

. — n 

mean of the first n i>artial sums of the given series. 

First, it will be proved that the condition is sufficient. Both 


[ I S„ (x) I dx and | {| /S'„ (*) | + ^„ (x)} dx 

are boxmded functions of (n, x), and the integrands are non-negative. To 
each of them the theorem given in § 223 may therefore be applied. A 
sequence of integers can be so determined that for this sequence the first 
integral describes a convergent sequence. In this sequence another sequence 
is contained for wliich the second integral describes a convergent sequence. 
Therefore a sequence {n^,} of integers exists such that both the integrals, 

and therefore their difference | (x) dx, describes a convergent sequence. 

By the theorem in § 223, the limits of both integrals are functions of 
bounded variation ; therefore, the limit lim (x) dx is a function- 

P'>~ao J ~ir 

g (x), of bounded variation. We thus have 

rx U^np / t — 1\ ) 

g {x) = lim I S { 1 ) (Ot cos lx b, sin ix) r dx 

— lim* (l ^ ^ \ /®i ^ ~ cos LX -I- ( ~ 1)‘ 6t \ 

P'-^CO 1 « 1 \ '^P / ' ' 

♦ Proc, Roy. Soc. vol. Lxxxvni (1913), p. 672. 
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1\ / (Ze sin LX 6, cos LX -f (— 1) 6 a . 


is a function bounded 


in (p, x), we may integrate term by term after multiplication by cos mx, 

r ^ 

the result being equal to g (:r) cos mxdx\ thus 


1 


g (x) cos trixdx 


1 . I , rn — I \ b, 
hm - 1 4- 

71,, ) 


711 


TYl ' 


In a similar manner we find that 


1 


g (x) ^inmxdx ^ hence the 

r m 

a,,, sin mx ~ h„, cos mx 


Fourier’s series corresponding to g (x) is C -h S 

m -=■ 

and thus the dillerentiated series is X (a„, cos mx 4- sin mx). Hence 

n = 1 

the condition has been proved to be sufficient. 


To prove that the condition is necessary, we assume that 
2 (a„ cos nx 4- tix) 

is tlie differentiated series of the Fourier’s series corresponding to a function 

g (x), of bounded variation. Since g (x) is the difference of two monotone 

increasing functions, and the Cesaro mean (x) may be expressed as the 

difference of two corresponding Cesaro means, it is sufficient to prove the 

necessity of the condition for the case in wliich g (x) is monotone increasing. 

1 1 ru- 

in this case, we have, since ^ ^ j cos ntdg (t) and -- j sin Titdg (t), 

s„ (X) 2nnj , **’'’*' non-negative, 

I 'TT r TT 

I {x) I dx = j (x) dx. 


Hence we have 


[ S„ (x) dx T„ (x) - 


T„ (- n), where T„ (x) is the 


Cesaro partial sum of the Fourier’s series from wliich the given series is 
obtained by differentiating term by term. Since {x) is bounded,’ with 


respect to (ti, x), it follows that (x) dx 


is bounded; and thus the 


necessity of the condition has been proved. 
The following theorem is also of interest : 


The necessary and sufficient condition that a given trigonometrical series 
should be th^ Fourier's series of a bounded function is that | (x) | should 

he bounded ivith respect to {n, x). 


Since S, (X) = ^ f V (0 dt, we have | (x) | < a 

fixed number, when / (<) is bounded. Therefore the condition is necessary. 
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If Sn {x) is bounded with respect to (n, x), the partial Cesaro sums of 
the integrated series form a sequence which oscillates continuously and 
homogeneously. Hence a sequence of these partial Cesaro sums can be 
found which converges to an integral (see § 222). Thus 

rx rx 

f (x) dx = lim S„^ (x) dx, 

J —n p'^ao J - n 

where / (x) is a bounded function. Multiplying both sides by cos mx, or by 
sin mx, and integrating term by term, it is seen that the integrated series 

is a Fourier’s series having | / (x) dx for its corresponding function, that 

is, the integrated series is the Fourier’s series of the integral of a bounded 
function, from which the sufficiency of the condition follows. 

405. If, in the theorem of § 492, we suppose the function g (.r), of 

bounded variation, to be an odd function, we see that, if H sin nx is 

n« 1 ^ 

the Fourier's series which represents g (x), then, if 

^ («n cos nx -f sin nx) 

n 1 ' 

be any Fourier’s series wliatever, the series S (a„ cos nx + sin nx) is 
also a Fourier's series. It fias been shewn by* Szidon that all sequences 

{A„} which have this property must be such that 2 sin nx is the 

n = 1 ^ 

Fourier’s series of a function mth bounded variation. 

The general theorem may be stated as follows : 

It is necessary and sufficient^ in order that a sequence {A„} of numbers may 
haue the property that 2 A„ (a„ cos nx + sin nx) is a Fourier's series, 

n = 1 

provided are any set of numbers whatever such that 

2 {a„ cos nx -f- b^ sin nx) 

n - 1 

is a Fourier's series, that 2 A,^ cos nx is the series obtained by differentiating 

n - J 

the Fourier's series which represents an odd function of bounded variation. 


CONVEKGENCE FACTORS FOR FOURIER’S SERIES 


406. The existence of certain factors {A„} which have the property of 
converting, by multiplication, any Fourier’s series 2 (a^ cos nx -f sin nx) 

n**! 

into a series 2 A„ (a„ cos nx + sin nx) which is almost everywhere con* 

n- 1 

vergent will now be considered. A system of factors which have this 
property may be termed a set of convergence factors. 


Math. Zeitschr. vol. x (1921), p. 121. See also Steinhaus, ihid. vol. v (1919), p. 186. 
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It was first established by W. H. Young that 

A ^ 1 ^ _ 1 

” (log ” log n (log log ’ 

where 8 > 0, are examples of such factors; thus, for example, that the 

„ a„ cos nx + sin nx i ^ u 

series 2 . converges almost everywhere. 

n ^2 (logn)^^^ 

It was afterwards proved* by W. H. Young that the factors 
1 1 1 
vP' (logn)^+^’ log 71 (loglog 

are such convergence factors, and that they are also convergence factors 
for the allied series 2 (a„ sin nx — cos nx) ; both series becoming, on 

n = 1 

the introduction of the factors, Fourier’s series. 

Lastly, it was proved by G. H. Hardyt that ^ ^ convergence factor 

r n in • , • j . u . . . ^ a„ cos nx + 6,, sin nx 

for all Founer s senes, and thus that 2 , converges 

« 2 logn 

almost everywhere. 

It was shewn by Hardy (loc. cit.) that if (x) be a partial sum of the 

Fourier's series |ao -f- 2 (a„ cos nx + b^ sin nx), then s^ (x) ^ o (log n), for 

almost every value of x. 

If (f> (t) denote/ (x t) + f (x — t) ~ 2<f> (t), it is only necessary to shew 

f fi sin nt 

(f> (t) dt ^ o (log n). First, 

0 f 

1 

cn Sin nt 

consider the integral <t>(t) . — dt, that is numerically less than 

Jo ^ 

1 

f n 

\ (f) (t) \ dt, which is o (1) almost everywhere, that is, at every point x 

n 


at which ^ \ <f) (t)\dt converges to zero, as A does so. Next consider the 

A .'o 

integral [ (t) - ^ dt, which is numerically less than I J— ^ dt, which 

J 1 ^ }\ t 

n n 

becomes, on integration by parts, ^ O (t^) — nO 

(^) ^ li 1®^*^ *** 

n 

denotes j | <^ (<) | dt. This is equal almost everywhere to 
0 (1) + o (1) + A„(ri) log (n-ri), 

where \A„(r])\ <K('q), for all values of n(> 1/rj), and K{rj) converges 

K (tj); and consequently 


I ^ (x) 

with 77 to zero. Therefore, we have lim ■ 

n-^oollogT^ 

8n (x) = 0 (logn), for almost all values of x. 


* Comptes Rmdusy vol. CLV (1912), p. 1480. See also Proc, Roy. Soc. vol. Lxxxvin (1912), p. 179. 

t Proc. Lond. McUh. Soc. (2), vol. xii (1913), p. 365. 
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407. If {a^} is a monotone sequence of positive numbers which con- 
verges to zero, and satisfies the two conditions that = O ^ and 
that the series D Aa„ . log n is convergent, then the series 
H (a„ cos nx + 6„ sin nx) 
is convergent almost everywhere. For 

n r - n - 1 

S (a„ cos nx + sin nx) (x) Aa^ + (*) «n . 

1 r-1 

and since | 6*„ (x) | O o (log n) = o (1), almost ever 3 rwhere, we 

sec that the series S a„ (a^ cos nx -f sin nx) converges almost everj^- 

n - 2 

where. 

The condition is satisfied by any of the values 

1 1 

(log ’ 


, ... , where 8 > 0. 


log n (log log ’ 

Therefore these values of «„ provided sets of convergence factors for any 
Fourier’s series. That the new series so formed are Fourier’s series follows 

from tfib fact that the series S ^ 

(log log n (loglog /i)^+^ 

Fourier’s series (see § 403). 

408. It will now be proved that: 

U ^ (®n cos nx -f- bn sin nx) he any Fourier's series ^ the series 

cos nx + b^ sin nx . 


2 

71-2 

where. 


log n 


is a Fourier's series which converges almost every- 


It has been shewn in § 403, Ex. 3, that 2 

n»2 


an cos nx -f b„ sin nx . 

13 

log n 


Fourier’s series, and consequently it is summable ((7, 1) almost every- 
where. The condition that, for a value of x for which it is summable 

(C, 1), it should be convergent is that 2 v . = o (n), 

see Ex. 6, § 6. To shew that this condition is satisfied, we have, when 
Sn (x) -^o(log n), 

a^eosvx + h^sinvx v nSn (x) 

.-2 lOgJ' .-2 lOgl^ logW 

The series on the right-hand side is numerically less than A + nc, 
where c is arbitrary, and A depends only on e. This is seen by taking 
the summation in (2, m — 1) and (w, n — 1) separately. Therefore 

Gos i/x + b^ sin vx / x j .li .li. .li .l 

2 V . — i = o (n), and consequently the condition that 

.-2 log^' 

XT. • 'o cos Tia: sin ?w: , , j , , . « j 

the senes 2 i — — should be convergent is satisfied 

n-2 logn 
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for almost all values of x. The corresponding theorem that the factors ~ 
converts the associated series S (a„ sin nx — cos nx) into a series which 

n-2 

converges almost everywhere is also known* to hold good. 

409. It is not known whether the preceding theorem is the best of its 
kind; that is whether there exists a set of convergence factors {A„} such 
that log n diverges as — ao . But if we restrict the Fourier’s series to 
be such as correspond to functions of which the squares are summable, 

the factors A„ = (log^^+^ ’ ^ j)ositive number, are con- 

vergence factors, and thus, if -f D (a„ cos nx + sin nx) be any 
Fourier’s series for which S -f is convergent, the series 

n - 1 

„ a,, cos nx + sin nx 

(log»)i« ' 

converges almost ever3rwhere. This is a consequence of the following 
theorem due| to A. Kolmogoroff and G. 8eiiverstoff ; 

If S (a„^ + 6„^)(log«r‘(c > 0) is convergent, then 

n==2 

S (a„ cos nx -f sin nx) 

n-2 

converges almost everywhere. 

P’^n 

Let 2 {Op cos 'px bj, sin px) be denoted by (x), and let 

p-i 

P-»A(X) 

2 {Oj, cos px + bj, sin px) 

p = 1 

be denoted by (x), where A (x) is any measurable function which takes 
only the set of values 1, 2, 3, ... w. It will first be shewn that 


n 1 ( p-1 


where C is an absolute constant. 


We have 


fir 

J — IT 


i 'n 

2 COS p (x ~ x')dx' 

r . -TT p 1 


-j {Sn(x')}^dx\ j j^J 2 cosp(x — x')dx \ da:'| 

by employing Schwarz’s inequality. 

* See Plessner’s tract, “Zur Theorie der konjugierten trigonometrischen Reihen” (1923), 
Giessen, p. 33. 

I Comptes RenduSf vol. CLXXViii (1924), p* 303. 
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J ’n ' r ft k{x) 

E cos pix — x') dx 

— IT J - TT P 


627 


dx' 


' n 

dx' 

r J ~n . • 


rr p^‘k{x) 

E cos p(x-- x') . E cos p(y — x') dxd/y 

-ir P^l p - 1 

V^k{x,v) rn 


rn rn p-‘k{x,v) rn 

^ \ dx \ dy E cos p{x— x') cos p(y ~ x') dx\ 

J -n J -n p ■“ 1 J ~ir 

where A (.r, y) denotes the smaller of the two integers A (x), A (y); and the 
expression on the right-hand side is equal to 

rn p=-A(x.i/) 

77 dx \ E cos p{x ~ y) dy, 

J -n J - n p i 

as is seen by carrying out the integration with respect to x'. 

We have further 

p^k(x, V) 


I n rn p^k(x,y) 

dx E cos p (x ~ y) dy 

~n J -n J)^l 


2A (x,y)-i- I 
sm I' (x - y) 


IJ dy\ 


sin \ (x - y) 

the second part of this double integral is — 277 ^. Let A be the part of the 
rectangle (— 77, — 77; 77, 77) for which J | — 1 / | is < or > 77 — 


2/1 -+- 1 ” 2/1 -f r 

and let B denote the remaining part. The portion of the double integral of 
2A {x, y) -I- 1 


sin 


{x — y) j sin | (x — y), taken over A, is less than (2/i + 1) 
area of A, and this =0(1). The double integral taken over B is less than 


HB) 


cosec 


^ |/ 

— £ (I (x^ and this, on changing the variables to 

f = i (a: - y), ■>? = i (* + y)> 

is less than a fixed multiple of 

n 

r''~2nTi 


cosec 


2n + l 


or of [log tan Jf] which is - J log tan, ^ ^)- 

2n+l “ ' ' 


It has now been proved that 


•ir 

j — n 


Sk{x) (^) dx 




\0{logn). E + V) 

Let {u (/i)} be a sequence of increasing positive numbers such that 

S u (/i) converges to a sum A^ and that S — --t converges 

n-i »-i w-w \n) 
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I , j 

to N . Let /S'p, I (ic) = S (a^ cos qx -f sin qx)^ where 22** <l ^ 2^^ ; we 
then have, from what has been proved above, 


Sv,iix) {x)dx 


<{C\og2^^'A^}^<C' (2PA^)i 


where A ^ denotes S 4- and I (x) is a measurable function having 

only integral values 2^^ -f 1, 2^^ + 2, ... 2 ^^^ . Let I (x) be so chosen that, 
at each point x, [ (x) | has the maximum value, that is the value 

of the partial remainder Fourier's series, which has the 

numerically greatest value, for w = 1, 2, 3, ..., 2 ^'^^ ~~ 2^^; and let O,, (x) 
be the value of i (^) , when I (x) is so chosen ; we have then 


r <l)^(x)dx <6"(2Mji 

J —IT 


It can be shewn that the series S (2M^)i is convergent; for 

p-i 

op 

^ («,“ + V) « ( 2 =^). 

^ (2=^) 

from which we have 

2 (2M ,)i < + '"”1 (a,^ + u (2^) 

^(2^ 9=2*" 


2 p 


Also 


9=2*"+^ 

+ S M (g) + h/). 

U (2^ g=2>' 

r= 2 i> ] n= 2 ^-' i 

-<2 2 -,W<4 £ — V-. 

U{ 2 ^) r=^ 2 ^iu( 2 ^) 


2 *’ 


m-p 
! < €* 


It follows that 2S (2Mp)^ < 8i\r + 2A, and thus the series S (2Mp)^ is 
convergent. Let us choose p so large that Z (2^A,„)^ < ^^7, then we. have 

-p 

I fir 

Z (x) dx 

8-p I • -ir 

If we denote by (x) the maximum, for each value of Xy of the 
absolute values of the partial remainders of the series 

Z (a„ cos nx + sin nx), R^,rny for m = 1, 2, 3, ... 2**' — 2 ^, 

we have j t//p^ p, (x) dx < c^. It follows that, in a set of points of measure 

> 27r — €, we have ifsp^ p. (x) < €. Let there be assigned to c the values 
» ^2 > ^3 1 • • • a diminishing sequence of numbers, such that Z €r con- 

r- l 

verges to an assigned positive number rj. Let Pi, P2, be the values. 
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of p corresponding to , eg , . . . ; when p = , we take p' ^ P 2 \ when 
p ^ P 2 , we take p' ^ Pz, and so on. We then see that in a set of points of 
measure > 277 — 7 ;, which is the set common to all the sets of measures 

> 277 — , 277 — € 2 , , employed in the above reasoning, we have 

I (^) I < '>?» for all values + 1, + 2, ... of m. Denote this set of 

points by jE'pj , where m is > 277 — 7 ;. By assigning to ?; a set of values 

00 

T/i, 772 , ... which are diminishing, and such that S 771 = where ^ is an 

» 1 

arbitrarily chosen number, we see that there exists a set of measure 

> 277 “ such .that in this set | (^) I < '>?i> i (^) I < '>? 2 > ••• 

all values of m > 2*^’, > 2^*, .... 

It follows that in the set the series is uniformly convergent; and 
since ^ is arbitrary, it follows that the series 2 (a^ cos nx -f sin nx) is 

71. - 1 

almost ever 3 rwhere convergent. 

The condition that U V , should be convergent is satisfied by 

n.inu(n) 

u (n) — (logn)^^^, where € > 0. Thus the theorem stated above is estab- 
lished. 


We might also take u (n) ^ log n (log log in which case it appears 
that, if S log n (log log (a „2 _|_ ^^ 2 ) jg convergent for a value of c that 

71 4 

is > 0, the series S {a^ cos nx 4 sin nx) converges almost everywhere. 

71-4 

By continuing this scale we have a series of theorems of which the one 
stated above is the first. 


Thus if L {aj‘ 4- b^^) is convergent, the series 
convergent almost everywhere, when k> 0. 


^ a„ cos nx + b^ sin nx . 
(log n)^ (log log 


POISSON'S METHOD OF SUMMATION 

410. One of the most important, both intrinsically and historically, of 
the conventional sums of a Fourier’s series is that which was first employed 
by Poisson. 

If ioo 4 - S (a„ cos nx 4 b^^ sin nx) be a Fourier’s series, let the sum 

71-1 

r^n 

1^0 4 - S /i” (a„ cos nx 4- b^ sin nx), where | ^ | < 1, be denoted by P (x, n, h). 
r- 1 

If lim lim P (x, n, h) exists, it may be defined to be the Poisson sum 

71-^00 

of the Fourier’s series. The ordinary sum, when it exists, is 

lim lim P (x, n, h ) ; 

71—00 A— 1 

and in accordance with the general mode of introducing conventional sums, 
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referred to in §§ 44-46, the Poisson sum is such a conventional sum. The 
Poisson sum of the series is accordingly defined to be 

00 

lim + 2 (an cos nx + bn sin nx) 

L 

whenever the limit exists. 


The condition of consistency must be established, that, when both the 
Poisson sum and the ordinary sum exist, they have the same value. Since 

I an cos nx + bn sin nx | 

is bounded, the limit lim P (x, h) exists for ev^ery value of h such that 

11'^ cc 

I I < 1. In accordance with AbePs theorem (§ 126), when, for a particular 
value of X, the Fourier’s theorem is convergent, the Poisson sum 

lim lim P (x, n, h) 

exists, and has the value to which the Fourier’s series converges. It was 
however assumed by Poisson and by many subsequent writers that the 
converse of this always holds good. Thus, by Poisson and his followers, 
a proof of the convergence of Fourier’s series which is now regarded as 
wanting in rigour was given, which depended upon the ascertainment of 
the Poisson sum, and the assumption that the Fourier’s series necessarily 
converges to the same limit. 


An important application of the theory of the Cesaro summation of 
Fourier’s series may be made in this connection. It has been shewn in 
§ 368 that a Fourier’s series is summable ((7, 1) almost everywhere in the 
interval (— tt, tt), and that in particular its Cesaro sum is / (x) at any point 
of continuity of / (x), and is i {f + 0) -h f (x — 0)} at any point of 
ordinary discontinuity. If we now apply the theorem of Frobenius (§ 128), 
we see that, for any value of x for which the Fourier’s series is summable 
(C, 1), the limit, as /i ~ 1, of the sum of the corresponding power-series, 
in powers of exists, and has the same value as the sum ((7, 1) of the 
Fourier’s series. It thus follows that, for any such value of x, the Poisson 
sum exists, and is equal to the Cesaro sum (C, 1) of the Fourier’s series. 


It has accordingly been established that : 


For any Fourier's series, the Poisson sum exists almost everywhere, and 
has the value f(x); and it is equal to f (x), or to i {f (x 0) f (x ~~ 0)} at 
a point of continuity or of ordinary discontinuity of the function. 


If we consider the class of Fourier’s series for which an O j , 

bn^ O Littlewood’s theorem (§ 132) may be applied to prove that 
the Fourier’s series converges to the Poisson sum, wherever the latter 
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exists; this has been shewn above to be the case almost everywhere, and 
in particular at every point of continuity or of ordinary discontinuity of 
the function. It follows that the series converges to f{x) almost every- 
where, and that, at a point of ordinary discontinuity, it converges to 
i{f(x-\- 0) +f{x~ 0)}. 

Another proof of this result will be given in § 414. 


If we shew, by means of any independent investigation, that in case 
1 


0 


. hr. - O 


0 - 


the Poisson sum exists almost everywhere, Little- 


wood’s theorem (§ 132) enables us to infer the convergence of the Fourier’s 
series at every point at which the Poisson sum exists. Such an independent 

investigation, in the case a„ -- o o j , was given* by Fatou, 

who also shewed that, in this case, the Fourier’s series converges almost 
everywhere. 

If / {x) have bounded variation in (— tt, tt), then a„ = O ,1^ == 0 , 


and the Poisson sum exists everywhere. It follows then, by applying 
Littlewood’s theorem, that the Fourier’s series converges ever 3 rwhere to 
the value I {f (x + 0) f {x — 0)} , Thus, in the case of such functions, 
the hiatus in the older proofs of convergence of Fourier’s series by means 
of Poisson sum is filled up. 

Interesting properties of the Poisson sum have been givenf by Gross. 


411 . The definition of the Poisson sum is applicable to the case of any 
trigonometrical series, which is not necessarily a Fourier’s series, provided 
the series Juo -f- S (a„ cos nx f b,^ sin nx) is convergent when | /?. | < 1 . 

n-= 1 

Applying the ext^ension of the theorem of Frobenius, given in § 128 (3), 
we see that, such a trigonometrical series, when it is summable (G. r) for 
some value of r 0 ), at a point x, is also summable by Poisson’s method, 
at the same point. That this is the case was first provedj by Holder, in 
the case in which r is a positive integer. 

It thus appears that Poisson summation is at least as general as Ces^ro 
summation of a trigonometrical series. 

If / (x) be not summable in (— 77 , 77 ), but have a Denjoy integral in 
that interval, it has been shewn (§ 376) that the corresponding generalized 
Fourier’s series is summable almost everywhere in each integral con- 
tiguous to the set H, of points of non-summability off{x). In case the set 
H has measure zero, and in particular when it has an jHL-integral, the 
series is summable (6\ 1 ) almost everywhere in {— 77, 77), and it is almost 
• Acta Math, vol, xxx (1906), p. 379. 
t Wien. Ber. vol. cxxiv, Abt. Ho (1916), p. 1024. 

X Math. Annalen, vol. xxxni (1882), p. 246. 
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everywhere equal to f (x)\ we have thus the following extension of the 
above result: 

If f (x) have a D-integral, the Poisson sum of the corresponding generalized 
Fourier's series exists, and is equal to f (x), almost everywhere in each interval 
contiguous to the set H, of points of non-sum, inability off (x). When m{H) = 0, 
as is the case when f (x) has an 11 L-integral, the Poisson sum exists, and is 
equal to f {x), almost everywhere in the interval. In either case it exists every- 
where in an interval of continuity of f (x), provided the continuity at the end- 
points is on both sides. 


412. The limit of the sum P (x, w, h), as n qo, is equivalent to 
I f{x')dx/+ S f {x')Q,o^r (x' — x)dx\ 

r^lTT 

or to ^ I /(^') 1 027 “^ / V — \ \ 

2tt J 1 — 2^ cos (x — :r) 4- h^ 

Thus the Poisson sum, when it exists, is given by 




I - - I) + <*'<*'■ 


The value of this limit was studied* by Schwarz in two memoirs. He 
considered the case, more general than that with which we are here con- 
cerned, in which x varies as well as h \ he confined his attention however 
to the case in which / {x) is either continuous, or else has only a finite set 
of discontinuities. A more complete discussion of questions connected with 
Poisson’s integral has been givenf by Fatou. An evaluation of the limit 
will be given here, by an application of the general method developed in 
Chapter VI. 

Let X be any point of the interval (— tt f e, tt — e) ; this will be taken 
as the set G to which x belongs, li p < €, the positive function 


1 - A2 _ 

1 — 2h cos {F — x) 4- h^ 


is less than r-— 

{\ — h)^ 4 4^ sin^^ - ^ 

or than -- cosec^^, provided j x' — x j ^ p, 1 > h > hj, where /a is a 

positive number <6. In order to apply the theorem of § 290, we may 
suppose n =r (1 — h)~^, so that n qo , as ^ ' 1. The first condition of the 

general convergence theorem of § 279 is accordingly satisfied. To shew 
that the second condition is satisfied, we have 


1 -h^ , , 1 - ^ , . _ 

1 — 2A cos (x' — x) -h h^ ^ ^ (1 — hp 4- 4A sin^ ^p 


* Math. Abhandlungen, vol. ii, pp. 144, 175. 

t Acta Math. vol. xxx ( 1906). See also Plessner’s tract quoted on p. 626. 
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where (a^ , jSj) is any interval in (~ tt, tt), provided x is not interior to the 
interval («! — /it, aj H- /x), and belongs to O. This converges to zero, 
uniformly for all such intervals, as ^ — 1 ; thus the second condition 

IS satisfied; and therefore - — , — ,-f(x')dx\ and the 

1 - 2h cos (x' ~ x) ^ ^ 

similar integral with the limits x fx,7r, converge to zero uniformly for all 
values of x belonging to G. 

We have also 


27r J 1 — 2hn cos (x' — j:) 4- 
1 


1 


1 ~ hj 


27r 

n~oo . 


, dx' 

1 - hJ 


— dx' = 1. 


1 — 2hn cos (x' — :r) -f 
It follows, from the theorem of § 292, that the limit of Poisson’s integral is 
^{fix^0)-[-f(x-~0)} 

at any point of ordinary discontinuity. Also it converges uniformly in any 
interval in which / (x) is continuous, the continuity at the end-points of 
the interval being assumed to be on both sides. 

In order to apply the theorem of § 295, we observe that 


lim 


0, for 


n~oo 

l-hj 


2h„ cos t + 

also t . , has, in the interval (0, u) the total variation 

1 - 2h„ cos < + 7 i „2 ’ ^ 

( ] - I I , „ - 7,- “r*.'' , .V. I dt 

which is less than 


1" 

1 

t . 2A„ sin t 

Jo 

1 - 2/i„ cos< 4- h^^ 

(^1 — 2hn cos t f 


Jo 1 ~ 2A„ cos t -H 1 — COS /X + ’ 

or than 2??, which is independent of n. It thus appears that the integral 

converges to / (x) at every point at which {f {x + t) f (x ~ t) — 2 f (a;)} dt 

Jo 

has, at < ^ 0, a differential coefficient of value zero. It has thus been shewn 
that I 


The Poisson sum of the Fourier's series corresj>onding to the summable 
function f (x) is f (x) at every point at which 

lim ^ [ {f(x + t)+f(x-t)- 2f (x)} rft = 0; 

<~o t Jo 

and this is the case almost everywhere in the interval (— 77 , 77 ). The Poisson 
sum is i {f (x + 0) f {x — 0)} at any point of ordinary discontinuity. The 
Poisson summation converges uniformly in any interval in which the function 
is continuous, the continuity at the end-points being assumed to be on both 
sides. 
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413. The following theorem, which is due to Fatou, is of importance 
in the general theory : 

If the summahle function f (x) has, at a point a, a finite differential 
coefficient, and F' {x, h) denote the sum of the series 

CO 

S n (— a^ sin nx -j- cos nx) h^, (h < 1), 

n»0 

then at the point a, lini F' (a, h) = f (a). 

Without loss of generality we may take a ^ 0. If / (a;) 1 , in the 

interval (— tt, tt), the theorem is obviously true, since all the coefficients 
of the Fourier’s series vanish, except Oq. The theorem is also easily verified 
at the point 0 for the function / (a:) = x. Writing 

=f (X) - xf'{o) - / (o), 

we have (0) — 0, (0) — 0, and it is sufficient to prove the theorem for 

this function 4> (x). 


We have since 

^ <»• - i L . - 2Fcir- x)T» 

1 * f i.\ A 1 - f’' (1 — 2/^ sin ^ 

hmF (o.A) =2“ I'm J 

and it is sufficient to shew that this limit has the value 0, that of (o). 
I — h^ 

Writing H for we have 

(1 — h^) 2h sin 6 


<f> {6) de 


~ ^h cos 0 + 

— j ^ H ^ ^ 


1 


2h cos 6 f h^ 


sin 6 
1 — cos 




1 /n\ j /n\ j /Q\ 

Since lim , ' = 2 lim - ^ ~ = 0, the function is summable in 

tan 6 tan ^8 

(— 77, tt), and it has the limit 0 at ^ 0; therefore, by § 412, 


lim r 

h^i J- 


r tan 16 


The other integral may be written in the form 

_ [’ T, ( 1 - W 4> W 

J 1 — 2ft cos 0 + W tan 1$ 

and this is numerically less than 


d8, 




H 


de. 


tan \8 I 

This has the limit 0, as A ^ 1, for a reason similar to the case already dis- 
cussed. The theorem has now been established. 
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414 . The following theorem will be established : 

if = 0 , bn = 0 , the necessary and sufficient condition that the 

series Jao + S (a„ cos nx + bn sin nx) should converge at the point x to the 

n-l 

value f (x) is that the sum of the series 

_ ^ / 7 . , sin 

\a^ + 2 (a„ cos nx + bn sin nx) — j- 

should converge, as h -^0, to f (x). 

The given series is a Fourier’s series, since 2 + bn^) is convergent. 

n-l 

1 

The condition in the theorem may be stated in the form that 


2€ 


/ (<) dt 


should converge to / (x). This condition is satisfied for almost all values 
of X (see I, § 432). 

The theorem was given* by Hardy and Littlewood; it is a generaliza- 
tion of an earlier theorem duej to Fatou, which applies to the case in 
which 


«„ = «(-), K-oQ. 


In order to prove that the condition in the theorem is sufi&cient, it is 
seen from Lebesgue’s theorem in § 370 that, when the condition is satisfied 
at the point x, the Fourier’s series is, at that point, summable {C, 2). 
Consequently, since nbn are bounded, it follows at once, by employing 
the theorem of § 64, that the series is convergent at the point. 

In order to prove that the condition is necessary, denoting 
On cos nx + bn sin nx 

by we may assume, without loss of generality, that f (x) = 0, = 0, 

I nAn I < 1. Assuming that the Fourier’s series converges to zero at the 
point X, we write 


>1 , 8in nh " . sin nh _ ^ ^ 

O = H A„ r- + ^ An -T- + i: An ~-r- = O, + Og + O,. 

nh 7 i»rir 4 -i nh n^m nh 


nri n M + 1 

Having assigned a positive integer k {> 2), let m and h be such that 

k — ] < mh ^ k, 


then 


l‘I>3 


1 s 1 2. 

mh’ 


2 71 ■■ 7/1 gj]Q nh 

and therefore | Og | < r. If the terms of 2 — be grouped, their 

ic 7i 1 Wtij 

order being preserved, so that all the terms in any one group are of the 
same sign, opposite to the sign of the terms in the neighbouring groups, 


* Proc. Land. Math. Soc. (2), vol. xviii (1919), p. 228. A simplification of the proof, due to 
M. Riesz, is given in Proc. Land. Math. Soc. (2), vol. xxn (1924), Records^ p. xviii. 
t Acta Math. vol. xxx (1906), pp. 345, 385. 
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the number of groups depends only on the value of mh, and does not 
exceed a number K (A;), since, for a fixed value of k, the number remains 
less than a fixed number, whatever be the values of m and h. Let e be an 
arbitrarily chosen positive number, and let fx be so chosen that 
71 = M ^ e 

'' K(ky '^Kjky 

for all values of v and v such that fx ^ u < u'. 


We now see that | Og | is less than multiplied by the number of 

groups in S and this is less than e. Also 

n-m+i nh 

I ^1 1 ^ I + 6 <c 26, 

71-1 I 


provided 0 < h ^ , where depends on fx and e. We now have 

I O I < ^ 4- 36, for 0 < A ; 


and since y and 6 are both arbitrarilv small, we have lim (1> - 0. The 
fc ‘ A-o 

necessity of the condition has now been established. 

The theorem established may be stated as follow s : 

if ^^71 bounded, the necessary and sufficient condition that the 
series ia^ -f- 2 (a^ cos nx -f bn sin nx) converges for a given value of x is 


...... \ j j: j 1 , V an^mnx- bncoanx 

that the function g (x) defined as 4 2 . 

71. = 1 U 


shall have a 


differential coefficient g' {x) at the given 'point; and then g' (x) is the sum to 
which the given series converges. 

If an, bn be changed into nbn, ~ the theorem may be stated as 
follows : 


if ^ » ^71 ^ ^ necessary and sufficient condition 


that the 


series 2 n ( — a„ sin nx 4- bn cos nx) converges for a given value of x is that the 

71-1 

function g (x) defined as 2 (g„ cos nx 4- b^ sin nx) shall have a differential 

71 1 

coefficient g' (x) at the given point; and then g' (x) is the sum to which the 
given series converges. 


APPROXIMATE REPRESENTATION OF FUNCTIONS BY FINITE 
TRIGONOMETRICAL SERIES 

415. If the function / (a;), defined for the interval (— tt, tt), be con- 
tinuous in the interval (a, jS), contained in (—77,77), including the end- 
points a, it has been seen, in § 412, that Poisson’s integral converges to 
the value/ (x), uniformly in the interval (a, j3), as h converges to the value 1. 
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Therefore, a value , of A, may be chosen, corresponding to an arbitrarily 
fixed positive number c, so that / (x) differs from the sum of the con- 
vergent series 

1 r IT CO f If”’ 

2 “ J i'{x')dx' H Aj"|cosm’. J f {x') coiinx'dx' 

1 f'' 1 

-f sin nx . j / {x') sin nx' dx' ^ 


by less than Je, for all values of x in (a, ^). Since the series converges 
uniformly for all values of x, an integer m may be so fixed that the re- 
mainder of the series after the mth term is numerically less than for 
all values of x. In this manner we obtain* a finite trigonometrical series 

lAfy f (A^ cos a: -f Z?i sin a:) h ... + (A^ cos mx 4- sin mx), 

the sum of which differs from f (x) by less than e, for every iKilue of x in the 
interval (a, /8) in which f (x) is continuous. 

This mode of approximate representation of / (x), in the interval (a, /S), 
is clearly not unique, because the values of the function in that part of 
(— 77, tt) which is not in (a, p) may be altered in any manner, subject only 
to the integrability of f (x) in (— tt, tt), and the continuity of f (x) at the 
points a, 

In the above finite series, eac-h of the circular functions can be expanded 
in powers of x, and the result rearranged as a power-series, of which the 
sum consequently differs from / (a*) by less than e, for all values of x in 
(a, ^). Since the power-series is uniformly convergent, we thus obtain a 
proof of Weierstrass’ theorem, already established in § 159, that a finite 
polynomial P (x) can be determined, such that \f{x) — P (x) \ < 2€, for 
all values of x in {a, ; the number e being arbitrarily chosen. 

Another method!, not involving the use of Poisson's integral, may be 
employed to determine an approximate representation of a function / (x), 
continuous in (a, by means of finite trigonometrical series. Choose ly 
so that ~ I < a < ^ <1. As in § 159, a continuous polygonal line can be 
constructed, such that its ordinate, for each point x in (a, j8), differs from 
f (x) by less than The polygonal line may be extended to the whole 
interval (— Z, Z), so as to be a continuous polygonal line for the whole 
interval, and to be such that its ordinates at the points x = 1, ~ I are equal 
to one another. In virtue of Dirichlet’s theory of Fourier’s series, the 
polygonal line may be represented, for the whole interval (— Z, Z), by a 
Fourier’s series 

, “ / nux , . n7TX\ 

(^an cos p 4- 6,, sm 


* See Picard’s Traiti (V Analyse, 2nd ed. vol. i, p. 275. 
t Volterra, Rendiconti del Circolo mat. di Palermo, vol. xi (1897), p. 83. 
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and, by the theorem of § 333, this series converges uniformly in (~ Z, 1) to 
the value of the polygonal function. The sum of the Fourier’s series differs 
from / (x) by less than |e, at every point of (a, ^). The integer m may be so 
chosen that the sum of the terms for n >m i» less than Je, for all values of a; 
in on account of the uniform convergence. Therefore the finite series 




n - m 


n-1 


( 


UtTX j 

cos — ^ — I On sin 


n 7 TX\ 

T ) 


has the required property, that its sum differs from / (x) by less than e, for 
all values of x in («, ^). I’liis method may be applied, in the same manner 
as in the case of the preceding one, to prove Weierstrass’ theorem relating 
to the approximate representation of a continuous function by a finite 
polynomial. 


416. Let / (a:) be a function such that both / {x) and {/(a:)}^ possess 
Lebesgue integrals in the interval (-- tt, 77); and let (x) denote the sum 
of a finite trigonometrical series 


1^0 


n=’m 

-f S (An COS mx + Bn sin mx). 
1 


Let us consider the integral 


/m = j {.x)Ydx. 

We find that 


= J {f(x)}^dx + 7T^^^Ao-^jj{x)dx^ 

n^m ( 1 ^ n-m ( 1 

-f S jAn — -j /(x) COS nxdxj- -h 21 ~ j /(x) sin nxdxj- J 




2 1 n - m 

dxl- - S 


iV'** 


cos nxdx\ 


) 


If be regarded as a quadratic function of 

-^0 > -^li Si ... An^, Snuf 

it is clear that the value of will be least, when 


+ ] f{x) sin nxdx 


f]- 


1 r» If"’ 

■^0 = - f{^)dx, j4„=- f{x)cosnxdx, 

TT J TT J _.«■ 

1 

Sn= - \ fix) sin nxdx, 

TT J 

for n = 1, 2, 3, ... m; i.e. when Aq, An, Bn are the Fourier’s coefficients 
corresponding to the function / (a:). These values ot Aq, A^ Bn are there- 
fore such that the finite trigonometrical series gives the best approximation 
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to the value of / (a;), in accordance with the standard of the method of least 
squares. The following theorem has been now established : 

//* f {x) be defined for the interval (— tt, 77), and be such that both the 
function itself ^ and its square, possess Lebesgue integrals in the interval, then 
the values of the 2m -f- 1 constants Aq, A^, ... , which are such that 

J " >r r « ’ m ~| ‘2 

\f(x)-~ \Aq — D {Ajf^ cos rnx + B^^ sin mx) dx 

-TT L T? 1 

has the smalleM value, are the Fourier's coefficients corresimnding to the 
function f (x). 

Tiie minimum value of the integral is 

i n f )i ^ tn 

{f(x)}^dx- 77 ioo=+ ia„^ + h„^) , 

. -n L n- I 

where a^ , , b^ denote the Fourier’s constant s corresponding to the function 

/ (a:). It follows that this difference is essentially positive, whatever value m 

CO 

may have, and therefore the series ^ is necessarily con- 

n - 1 

vergent. It has been shewn, in § 378, that the series converges to the value 
“ I xf An attempt was made by Harnackf to establish this 

fact directly, and to found thereon a theory of the convergence of Fourier’s 


It follows, from the above result, that the series L a^^, S b^^ are both 

1 1 

convergent, and therefore that lim a„ == 0, lim -= 0, which has already 

71 00 n =" 00 

been established in § 334, independently of the assumption here made, that 
{/ (a :)} 2 is integrable in (— 77 , 77 ). 


THE DIFFERENTIATION OF FOURIER’s SERIES 

417 . In general, the series obtained by differentiating a convergent 
Fourier’s series is not convergent, as may, for example, be seen in the case 

of the series S sin nx\ neither is the series so obtained necessarily the 
1 ^ 

Fourier’s series corresponding to/' (x). 

Let / (x) be a bounded function, continuous except for a finite number 
of ordinary discontinuities ; let it also be assumed that /' (x) has a Lebesgue 
integral in (— 77, 77), and that, if it have points of infinite discontinuity, 
such points form a reducible set. This is consistent with there being a set 
of points of zero measure at which/' (cc) has no definite value. At the 

* This theorem was given by Toepler, in a somewhat less general form, see Wiener Ameigen, 
vol. xm (1876). 

t See two articles in the M(Uh.Annalen, voL xvn (1880), p. 123, and vol. xix ( 1 882), pp. 264, 626. 
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points of discontinuity ot J{x), we may regard f'{x) as undefined. We 
have then 

fl 1" 

f (x) cos nxdx = / (x) sin nx — \ f' (^) sin nxdx 

iriTr'' ^ J., niTj^rr^ 

-- [— S { / (a 4- 0) ~ / (a — 0)} sin na \ ~ j / ' (x) sin nxdx, 

the summation S referring to the finite number of points a of ordinary 
discontinuity of f (x) in the interior of (— tt, tt). In a similar manner, we 
find that 

1 

f (x) sin nxdx 

n J „7r 

[(- 1)" {/(- ^ + 0) -/(^ - 0)} + s {/(a + 0) -/(a - 0)} cos w.a) 
nn 

1 

-f f ' (x) cos nxdx. 

Also 

’ I ' / ' {x) dx ^ ‘ - 0) - / (- ^ + 0) - S {/ (a f 0) - / (a - 0)}J. 

n J _.,r ^ 

If then, the Fourier’s coefficients for the functions / (x), f ' (x) be 
denoted by Oq, 6„, and respectively, we have 

«o' = - [/ (’^ - 0) - / (- TT + 0)J - ^ S { / (a + 0) - / (a - 0)} , 

77 77 

a„' = 7^6„ - 4(- 1)" {/ (- ’T f 0) - / (77 - 0)} + S {/ (a + 0) - / (« - 0)}cos«a], 

77 

hj = - nan - ^ S {/(a + 0) -/(a - 0)} sin na. 

77 

In particular, if / (a;) be continuous in the interval (— 77, 77), so that the 
function obtained by extending / (x) beyond the interval, in accordance 
with the rule f (x) = / {x i 277), is continuous except at the points — 77, 77, 
we have 

i ^) - f (- ^)} , < = nbn + ^ - 4" { f { n )- f {- 77)} , 

77 77 

6„' = - nan . Unless / (77) = / {- 77), the Fourier’s series corresponding to 
/ ' (x) is not obtained by term by term differentiation of the Fourier’s 
series for /(a;). Even when this condition is satisfied, no assertion can in 
general be made as to the convergence of the Fourier’s series for f' (x). 
We have thus obtained th 3 following theorem : 

Iff (x) be arrUinuous in (— 77, tt ), and if f (— n) = f (77), and /' (x) have 
a Lebesgue integral, and have at most a redticible set of 'points of infinite 
discontinuity, the Fourier's series for f'{x), whether it converge or not, is 
obtained by the term by term differentiation of that corresponding to f {x). 
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If it be known that /' (x) has limited derivatives at any point, or if 


litn 

-10 


f' {x -f fO) 
h 


lirn 

h= fO 


h) ~f'(x~ 0) 


are definite, or are indeterminate between finite limits of indeterminacy, 
then, in accordance with Theorem (a), of § 342, the Fourier’s series for 
/ ' (x) converges at the point x. 


418. In case the function / (x) have derivatives / ' (x)f" (x), ... of any 
number of orders, and f (x),f' (x),/" (x), ... are all bounded and continuous 
in (— 77, 77 ), except at a finite number of points at which they have ordinary 
discontinuities, the (ioefhcients may be expressed in a form which 

exhibits these discontinuities. 

At a point a, of discontinuity of / (a:;), the function/' (a;) may be regarded 
as undefined, the values of /' (a -f 0),/' (a — 0) being 

lini ^ 7 . lim I -/ <“ - 

/j ■ f 0 b h-+o 

respectively. A similar remark applies to the higher differential coefficients. 
We find, by integrating twice by parts, 

a„ - - 2 {/ (a -I- 0) ~f(a~ 0)} sin na 

- ^ i- 0) - / ' (;8 - 0)} cos I J " (X) cos nxdx, 

b„ - / 2{/(a -f- 0) - /(a - 0)} coswa 

7177 

- ^ ~ I / " 

ft 7T ” J - TT 

where — 77 is now included among the points a of discontinuity of / (a:), and 
amongst the points of discontinuity of /' (x). The points a in general 
occur amongst the points p. 

We may proceed, by further* integration by parts, to express an and 
bn in a series proceeding by powers of I/ti, the coefficients of which involve 
the measures of discontinuity of the functions at the points a, .... 

Conversely, if the Fourier’s coefficients for / (x) are given in the forms 
a„ = - sin na + A cos nB + . . . , 

6n = — - cos na H- \ EjB sin nB — . . . , 

" 71 n^ r » 


* See Stokes, “On the critical values of the sums of periodic series.” Math, and Pkys. Papers^ 
vol. I, where this investigation is carried out in detail, and the resulting formulae for the differentia- 
tion of Fourier’s series are applied to physical problems. 
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so that the Fourier’s series has for its general term 

^ HiA sin n (a — a:) -j- K cos n(B — x) + . . . , 
n ' 71.2 \r f 

we have 

/(a4-0)-/(«- 0)^~7r.4, /'(^ + 0)-/'(iS- .... 

Thus the points of discontinuity, and the measures of discontinuity, of 
/(.r), f' (x), ..., are determined when are exhibited as series pro- 

ceeding according to powers of Ijn. 

419. The following further theorems* relating to the differentiation of 
trigonometrical series will be stated : 

If the trigonometrical series 

ao 

H- 2 (a„ cos nx f sin nx) 

n« 1 

converge for a jxirticular value c of x, and if the series 

oo 

21 (— nOn sin nx -h nb^ cos nx), 

n-l 

obtained by term by term differentiation, converge uniformly in an interml 
(a, P) which contains the point c in its interior, then the original series 
converges uniformly in (a, p), and the function f (x) represented by it has, 
throughout the interval, a differential coefficient represented by the derived 
series, 

00 

If the series 21 (a^ cos nx + sin nx) 

n- 1 

converge for a particular value c of x, which is not zero or a multiple of tt, 
and if lim a„ = 0, lim b^ = 0, then throughout an interval (a, p) which 

n-oc n^oo 

contains the point c in its interior, hut does not include the point 0, or hrr, 
where k is any integer, the series converges uniformly, and the function f {x) 
represented by it will have a differential coefficient /' (x) given by 
00 

2 sin a; ./ ' (a:) = 21 {[(n — 1) a^-i — (ti-i- 1) ttn+iJ cos nx 

n- 0 

+ [{m - 1) - (to + 1) 6„+i] sixi nx}, 

where == 6_i == ao = — 6, provided this last series converges uniformly 

in the interval (a, jS). 

For a function / {x) which possesses differential coefficients of all orders 
in the interval (— tt, tt), it is not in general possible to obtain repre- 
sentations of all these differential coefficients by means of successive 
term by term differentiation of the Fourier’s series which represents / (x), 

♦ See Bdcher’s “Introduction to the theory of Fourier’s series,” Annals of Math. (2), vol. vii 
(1906), p. 120. The eecond theorem is substantially due to Leich, Annalu >c. de V4cole normaif 
<3J, vol. xn (1895), p. 351. 
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The following theorem, due to Borel*, gives the means of obtaining the 
requisite representation of such functions : 

Having given a function f (a;) which has differential coefficients of all 
orders throughout the interval (— tt, tt), the function can be represented by 
means of a series of the type 
00 

2 -I- a„ cos nx + b^ sin nx)\ 

M-O 

and the differential coefficients of f (x), of all orders, are represented by the 
series obtained by successive term by term differentiation of this series. All the 
series so obtained converge uniformly in the interval (— 77,77). 


GENERAL EXAMPLES 

(1) The trigonometrical aeries 

sin a ; +62 8 in 2 a: + ... sin wa; + ... 

is uniformly convergent in any interval not containing the point a:= 0 , or any point 

00 

X — ±%kn, {k integral), if lim =0, and if also 2 | *~hn+i I convergent. For 

n - oo n - 1 

n- 1 

28 in Ja;. = 6 iC 0 Bix - 2 ( 6 ,. - 6 ,.^i)co 8 J ( 2 r + l)a; - 6 „co 8 J( 2 n + l)a;, 
r= 1 

whence the result follows. It sufficesf for the convergence of the series that lim 6 ,^= 0 , and 

n-oo 

that also 6 ,^ > 6 ,^ 1 , for all values of n greater than some fixed value m; the convergence is 
then as before uniform in any interval which does not contain a: =0 or a: = ±2ktr, for any 
integral value of k. 

The series +ai cos a: H-ag cos 2a: + ... may similarly be shewn to converge uniformly 

in any interval not containing x = 0 , or any point ±2kn, if lim = 0 , and if also 

71-00 

00 

2 I I be convergent. If lim a,>=0, and for n>m, the seriesf con- 

n-l 71-00 

verges as before for all values of x, except 0 or ± 2 A; 7 r. 

(2) Let }{x)X be a function, of period 27r, bounded and measurable in any interval which 
does not contain the point a;= 0 , or any point x=2kir\ but let J {x) not satisfy these 
conditions in the neighbourhood of a:=:0. Let it be assumed, (1), that \f{x)^J{-x)\ is 
integrable, in ( 0 , tr), (2), that lim {a;/(x)}=0, and (3), that xf (x) has its Fourier’s series 

x-0 

convergent at the point x=0. The coefficients a„, 6 „, for the function / (x), then 
exist, and lim o„=0. Also it follows from (3) that lim 6^=0. For this last condition is 

n-OO Tl-QO 

equivalent to 

lim r 

n-ooJ~ir smjx' 

which holds if /(x) tan j^x have its Fourier’s series convergent at x=: 0 ; and /(x) tan ^ 
may clearly be replaced by xf (x). 

* See the Lemons mr le9 fonctiona de variables rieUes, p. 68 , where this theorem is proved, 
t Sohldmilch, Compendium d, hdheren Analysis, voL i, § 40. 

See Fatou, Comptes Mendus, vol. oxm (1906), p. 766. 
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It can now be seen easily that 

J sin l{x - x') 

has the limit 0, when n is indefinitely increased, on condition that the integral is inter* 
preted as having its Cauchy principal value in the neighbourhood of x' -0. When the 
conditions (1), (2), (3) are satisfied, the necessary and sufficient condition that the series 
should converge to f {x) is that that function which ~ f (x) in the neighbourhood of the 
point Xy and is elsewhere zero, should be representable by a Fourier’s series. 


Let 




X log * log log ^ 


where 0 < a: < d < 


and let f (x) ■+/ { - x) This function satisfies conditions (1), (2), (3), and is represent- 
able by a series 

. nX . 2nX 
ttiSin ^ 

(f a 

I /(a:) I is not integrable, although /(x) is so; thus the series is a generalized Fourier’s 
series. 


^ Bill fix 

(3) The convergent series* 2 - represents a function which is not integrable 

n - 2 log n 

cos fix 

{L) or (D), in an interval containing the point x:^0. The series 2 is not 

r<logw 

convergent. 


00 

(4) In the series 2 sin (n! irx), the coefficients do not become indefinitely small, and 
1 

therefore the series is not a Fourier’s series. The series converges, however, for all rational 
values of X; it also converges for an infinite number of irrational values, for example, 
for x=sin 1, cos 1, 2/e, and for multiples of these values; also for odd multiples of e. 
This example is due to Riemann, and the series has been considered in detail by Genocehif. 


CO CO 

(5) Consider the series 2 c„ cos w^x, 2 c„ sin n^x, where Cq, Cj, Cj, ... arc fMDsitive 
n - 0 n^\ 

00 

numbers, and such that lim c„ =0, but such that 2 c„ is divergent. The points of con- 

n-*oo n=\ 

vergence, and the points of divergence, of these series both form everywhere-dense ijets. 
These series have been treated^ in detail by Hardy and Littlewood. 


00 J 

(6) The function /(x) = 2 - (wx), where (nx) denotes the excess of ?ix over the nearest 
n“ 1 ^ 

integer, and where (nx) =0 when nx is half an odd integer, is not integrable in accordance 
with Riemann’s definition. Riemann has however given the series 

1 * - 54 -(- 1 )*] , „ 

- 2 — ^sin2n7rx, 

n n = l n 


as representing/ (x); where the summation 8^ refers to all the factors B, of n, 

* See Fatou, Comptea RenSuSy vol. CXLU (1906), p. 767. 
t AUi di TorinOy vol. x (1875), p. 985. 

J Acta Math. vol. xxxvii (1914), p. 222. 
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riemann’s theory of trigonometrical series 

420 . After the fundamental investigation of Dirichlet, in which sufficient 
conditions were obtained for the convergence of the Fourier’s series corre- 
sponding to a given function, the next great advance in the theory was 
made by Riemann*, in his celebrated memoir on the representation of a 
function by means of trigonometrical series. This memoir formed the point 
of departure, on which much of the subsequent development of the theory 
depended. An account of Riemann’s theory, in a modified form, with some 
later developments, will be given here. 

Denoting the series f 21 (a^ cos nx -f- sin nx) by 

n-l 

^0 (^) + {x) + A 2 (x) + ... -f (a:) j" ..., 

where Aq (x) = A^ (x) = cos nx + sin nx, 

it is assumed in general that lim (a„ cos nx h b^ sin nx) 0, for each value of 

n~oo 

a; in a given internal. It was proved later by Cantor that this assumption 
implies that lim 0, and lim b^ = 0. In some parts of Riemann’s 

n — 00 Ti'^oo 

investigations it is sufficient to make the wider assumption that 

I cos nx -j- b^ sin nx | 

is bounded for all values of n, and of x in some prescribed interval. It is 
not assumed that the coefficients necessarily have the form of the co- 
efficients in a Fourier’s series; so that the theory refers primarily to 
trigonometrical series in general. 

Riemann’s method of investigation depends essentially upon his intro- 
duction of a special method of treatment of the series, which leads to a 
conventional definition of the sum of the trigonometrical series. This con- 
ventional sum of the series, which may be spoken of as its sum (J?), is 
equal to the ordinary sum of the series at any point x at which the latter 
exists, but the sum (R) may exist for a point x for which the series is not 
convergent. 

If we take the series 

. , , . , , /sin /a 2 . ^ ,/sin2^A2 /sin7ih\- 

Aq {x) -f Aj (x) ^ J )- A 2 (x) y 2 Ji ) “1" “1" (^) J ^ *" ’ 

where \ A^^ix) \ < k, for all values of n and x, and denote its sum-function 
at the point x hy S (x, h), this sum-function having a unique value, for 

I A. ix) I 

each value of h (> 0), since the series 2 ' — — is convergent, then if 
lim S (x, h) ^ S (x), the function S (a:) may be termed the Riemann sum- 

A-O 

♦ “Ueber die Darstollbarkeit einer Function durch eine trigonometrifiche Reihe.” This 
memoir, originally written in 1864 as a thesis, was published in the Abhandlungen d, K. Oes, d. 
Wissensch. zu OoUingen, vol. xm. See also Riemann’s Oesammelte Werke, 2nd ed. p. 227. 
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function of the series Aq (a:) + (a;) + . . . . This function 8 (x) may, at a 

particular point x, have a definite value, or it may have an upper value 
S (ar), and a lower value § (a:); where 


S (x) == lim 8 (a;, h), 8 (a;) = lim 8 {x, h). 

Thus 8 (x) is the repeated limit 

sin h\^ 


Ao (x) f (a:) 

whereas the ordinary sum-function of the series is 


lim lim 

A'^O n-'oo 


smnh\'^ 
nh 1 


lim lim 

n^^oo A~0 




sin nh\ 
nh 


It is in accordance with a frequent mode of procedure in defining a con- 
ventional value of a repeated limit, to regard it as the repeated limit 
when the order of the successive limits is reversed (see § 46). 


Riemann introduced the continuous function F (x) represented by the 
series 

C + C'x + l,A„x^-Ai {x) - ^^A^(x)- ... - 


which certainly exists when | A^ (x) | is bounded for all values of n and 
of Xy in a given interval. For if | (a?) | < ^, the series 

A, (x) + ^^Ai(x) + ... +;^^A„(x) + ... 


converges uniformly in the given interval, and thus has its sum-function 
continuous. This is in particular the case, in any interval whatever, when 
lim a„ = lim d„ = 0. It is easily seen by substitution that, for the function 

n'-^cc ti'^ao 

F (x) SO defined, we have 

F{x+2h) + F{z-2h)-2F(x) . . /siiiA\* , 

It is convenient to define the generalized second differential coefficient 
of a function <f> (x) at a point x, as lim ^ A 

may have a definite value &^<f> {x), or it may have upper and lower values 

(X)y f 20 {X). 

It thus appears that the Riemann sum-function of the series 
Ao (x) -f Ai (x) -f A^ (x) f ... 
is &^F (x), where F (x) denotes the continuous function 


1 


1 
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It has been shewn* by Rajchman, that if a,, = o (1), 6^ = o (1), and 
the trigonometrical series is summable (i?), at a point x, it is also summable 
(0, 3), at the same point. 

Rajchman has also givenf the following relations between the upper 
and lower Riemann and Poisson sums of a trigonometrical series for which 
' o (1)» o (1) ; and P (r, x) denotes 

ao 

|ao } Z cos nx + sin nx) r^, (^) lim P (r, x), 

n“l r--! 

lim P (r, x) £ (x). 

r~l 

This theorem is stated by Zygmund J to hold provided only F (x) is every- 
where continuous, Rajchman and Zygmund have considered § the relation 
of the Ces^iro summation with a generalization of Riemann summation. 

421. Riemann’s first theorem, in a generalized form, consists of three 
parts, and may be stated as follows: 

Theorem I. Having given the trigonometrical series Aq + S An {x)^ 

71"* 1 

where A^ (x) denotes anC.o^nx 4- bn^innx, and Aq denotes ^a^, for which 
o (1), - o (1), there exists a contimu)us function defined by 

F (x) -- C -f- C'x 4 iAgX^ - S \An (x), 

n- 1 ^ 

which has the following yro^yerties: 

( 1 ) Far any value of x for which the given series 

Aq f A^ (x) 4 A^ (x) ... 4 An (x) 4 ... 

converges to the 'ixilue f (x), &)^F (x) hus the definite 'iHilue f (x). Moreover if^ 
at the point x, the given series ha^ upper and lower sum-functions f (x), f (x), 
both ^^F (x) and f^'^F (x) lie in the interval formed by the two numbers 

where X is some fixed number. 

This property holds also if it is only assumed that A „ (x) is bounded tvith 
respect to (n, x) in some neighbourhood of the point x, and thus that F (x) 
exists in such neighbourhood. 

The second part of the stat-ement was first given substantially by 
Du Bois-Reymond. 

(2) For any value of x tvhatemr 

lim ^ ^ m^ F(x - 2h) - 2^ (rr) ^ ^ 

It is unnecessary that the given trigonometrical series should, converge at 
the point x. 

* Comptes Rendus de la soc. des sciences de Varsovie, vol. xi (1918), p. 116. See also Fundamenia 
Math. vol. m (1922), p. 287. 

t Prace Mateni. jiz. vol. xxx (1919), and Camples Rendus^ vol. CLXXVn (1923), p. 492. 
t CompUs Rendus^ vol. clxxvii (1923), p. 52,3. § Bulletin de VAcad. Polonaise (1926), p. 69. 
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This has as its consequence that, at each point x, F (x) has its derivatives 
symmetrical as regards the right and left of the point, so that 

F {x) = D- F (rr), D , F (x) - D_ F (x). 

(3) If (b, c) be any interval, and if A (x) and its differential coefficient 
X' (x) are continuous in (b, c), and vanish at b and c, and if X" (x) besum- 

mable and everywhere finite in (b, c), then \ F (x) X (x) cos u {x — a) dx 

Jb 

converges to zero, as jjl ^ oo , uniformly for all values of a. It is here necessary 
that a^ o (1), b,^ ^ o (1). 

Riemann himself restricted A'" (x) to be a continuous function possessing 
only a finite set of maxima and minima in the interval, and he does not 
mention the uniform convergence for all values of a. 

In the above statement it is not absolutely necessary that A'^ (a:) should 
everywhere exist and be finite; more generally it is sufficient that A" (x) 
should be summable and that A' (a:) should satisfy the condition of being 
an indefinite Z/-integraL 


422. The part I (1) of the theorem has already been established in 

§ 157. 

In order to prove 1 (2), that, whether the series (x) converges or 

V^F (x) 

not, so long as lim (^) 0, for each fixed x, , converges to zero, 

n~ao 

<30 /Sin nh\'^ 

as h 0. we divide the terms of the series Aq ^ A,^ (x) — ) into 

three parts. 

The first part is -h ^ A^ (x) y ^ j » where w is a fixed number 
so chosen that \ An{x) \ < €, for n > m. The limit of this sum, which we 

m 

denote by S, is the finite number A^ f 2) A^ (x), when ^ 0. 

n 1 

8 /sin nh\ ^ 

The second part is taken to be S {x) ( — — ) , where 

w+l V / 

sh <TT f: (5 -f 1 ) A ; 

the sum of these terms is numerically less than . The third part 

/sin nh\^ 


* . /sin nhy 


1 


is numerically less than U g, or than 

ft g^\n sti/ 


We have now 


V^F {x) 
2h 


<! 2/^2] -f” 2 tt € -f- 


2e 

ah * 
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Since sh converges to tt, is a finite number, and € is arbitrary, we have 

(x) 


lim 


2h 


0. 


With a view to proving Riemann’s theorem I (3), let <I> (x) denote the 
periodic function F (x) — C — C'x — ^Ax^, or ~ 21 ^ (a:). The follow- 

n.“ 1 ^ 

ing theorem, somewhat more general than is necessary for the special 
purpose, will be first established : 

If ifj (x) be such that it has a continuous differential coefficient tp' (x) in 
the interval (b, c), and tp (x), ip' (a;) both vanish at b and c, and if also tp'' (x) 
is summahle in (6, c) and is such that ip' (x) is its indefinite integral, then 


UL^ I Ip (x) 0 (x -h t) cos LL {x — a) dx 

Jh 

converges to zero, as fx cc ^ uniformly for all values of a and t. 

It is easily seen that 

00 J * 1 

0 {x -f- 1) ~ 2 2 ^ r* {1) nx ~ 2 "2 (^) 

„ „ ] W W “ 1 ^ 

where {t) denotes b^ cos nt — sin nt. Denoting V a^^ + b^^ by c„, 
where lim c„ 0, we may write c„ cos (nt — ^n), — c„ sin (nt ^ for 

n~oo 

(t) and (t) respectively, and thus 


( a : + 0 ^ ^ ^"*2 “■ 

Since this series converges uniformly, we have to consider the expression 

00 ^ rc 

2 Ip (x) COS (nx f nt — cos y, (x — a) dx. 

n - l ^ .'6 

We find by two integrations by parts, which are valid since ip (x), ip' (x) 
are indefinite integrals of ip' (x), ip" (x) respectively, that 

rc ] rc 

J Ip (x) COS (kx — (Xjt) ~ ^2 J ~ 

where k is any number, and a*, may depend upon k, and upon any other 
parameters. The absolute value of the expression on the right-hand side 

may be written in the form where, in accordance with the theorem 

of § 334, rj^ converges to zero, as ^ ^ oo , uniformly for all values of the 
parameters upon which depends. Also ^ for all values of k, where 
^ is a fixed number. 

We have now to consider the expression 
^ [ 0 (a;) C08 {{fj. + n)x- dx 

n-1 ^ Jb 

+ Im* 2 I ^ (*) cos {(ji -n)x- dx, 

n-1^ Jb 
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where depend upon a, fi, n, and t. The absolute value of this ex- 

pression is less than 


12 y 




y V\l^-n\ 

n-i»* ifi'-ny' 


If m be so chosen that | y)„+„ | < 8, for » = 1, 2, 3, ; and such value of 

m may be chosen independently of the values of a and t, it appears that 

the first part of this expression is less than JS S ' V • than PS, where 

W “ 1 ^ 

P is some fixed number independent of S. 


Denoting by [^/x], [/a] the integers next less than J/x, /x respectively, the 
^ ^ divided into four parts. The first 


expression S 


I (/X - n) 


part contains those terms of the series for which n is taken from 1 to [J/x]. 
This part is less than 2 S ' ” **’ ^ taken so great that 

n“ 1 

Tjjc < 8, for k ^ ^ ~ [J/x]; it then follows that this expression is less than 
P'S, where P' is some fixed number independent of S and /x. 


The second part contains those terms of the series for which n is taken 
from + 1 to [/X J - 1 ; we may assume that /x is taken so great that 
c„ < S, for n ^ [ J/x] + 1. This part is now seen to be numerically less than 




V 

S and fjL, 


or than P"S, where P" is a fixed number independent of 


We next take the two terms for which n has the values [fx], [/x] + 1, 
both of which are fixed multiples of S. In case /x is an integer, the term 
corresponding to /x = ?i may be omitted in the original expression, the 


corresponding term 


being [ </r (x) cos dx 
J h 


which is less than a fixed 


multiple of S. In any case the two terms together are less than P"'S, 
where P'" is independent of S and /x. 

The last part to consider contains those terms for which n has all values 

>M + 1. 

77 ** 1 

This part is numerically less than JS/x* ' 2 21 ” 2 » than P^^S, where 
P*^ is independent of S and fi. 

It has now been shewn that the whole expression is, for sufficiently 
large values of /x, less than a fixed multiple of 8. Since 8 is arbitrary, the 
theorem has been established. 


It will next be shewn that 


/X* j 0 (x) {C C' {x 1) -h (x -f 0*} ^08 /LL (x — a) dx 
J b 

converges to zero, as /x -- 00 , uniformly for all values of a, and uniformljr 
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for all values of ^ in a finite interval, the function ijj {x) satisfying the same 
conditions as before. The expression C + C' (x -f- <) 4* {x + t)^ may be 
rearranged in the form at + ^tX ^A^x^, where at and pt are quadratic 
functions of t, and therefore are bounded for all values of ^ in a finite 
interval. We have then to consider 


•c 

fjL^ Ip (a;) (at + pt^ + ^AqX^) cos fi (x — a) dx. 
J h 


It can be verified that 


(at f Pt^ 4- iA^x^) cos jx(x — a) 


dx'^ 




cos/x (x — a) — 2 4- AqX) 


8in/Lt(a: — a)' 


hence, on integrating twice by parts, the expression takes the form 
2 ip, + A„x) ^ i/j" {X) 


ja, — + ^tX + cos nix — a) {x) dx. 

{ H' ) 


r ^ cos 

Since the integrals j / (x) fi (x — a) dx, where / (x) is any summable 

function, are numerically arbitrarily small, provided /x hats a sufficiently 
large value, and since | | , | «, | are less than fixed numbers independent 

of the particular value of t, it follows that the integral converges to zero, 
uniformly for all values of Hn a fixed finite interval, and uniformly for all 
values of a. 


Combining this result with the theorem already established, we obtain 
the following theorem, which contains Riemann’s theorem I (3) as the 
particular case which arises when t has the single value zero : 

If ^ (x) be such that it has a continuous differential coefficient (x) in 
the interval (b, c), and ip (x), ip' (x) both vanish at b and c, and if also ip''(x) 
is summable in (b, c) and has ip' (x) for its indefinite integral, then 

jjL^ \ F (x t)ip (x) cos ii(x — a)dx 
Jb 

converges to 0, as fji <x> , uniformly for all values oft in a finite interval, and 
uniformly for all values of a. 


423. Riemann’s second theorem is concerned with conditions under 
which a trigonometrical series may exist of which the sum (J?) shall have 
the values of a prescribed function. The theorem may be stated as follows : 

Theorem II. If f (x) be a function, of period 27 t, defined for every value 
of X, necessary and sufficient conditions that a trigonometrical series 

Joo 4- S (a„ cos na: 4- sin nx), 
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such that “ o (1), = 0 (1) exists, of which f (x) is the sum {R), and which, 

at every point of convergence, converges to the value f (x), are the following : 

( 1 ) That a continuotis function F (x) should exist, such that, for all values 
ofx, S)^F (X) ^ f (x). 

(2) That, if b, c be any two numbers, 

I F (x) cos fjL (x ~ a) X (x) dx 
Jb 

should converge to the limit zero, as y, is indefinitely increased, where A (x) is 
any function, such that A' (x) exists in {b, c) and A" (a:) exists and is summable, 
with X' (x) for its indefinite integral', and such that X (x), A' {x) both vanish at 
b and c. 

It will be observed that the theorem makes no assertion as to the 
convergence of the trigonometrical series at any particular point, neither 
does it assert that the series is a Fourier’s series. 

That (1) and (2) are necessary conditions has been already established; 
it therefore remains to prove their sufficiency. 

Let cf) {x) denote F (x f 27r) — F (x), then, from the condition (1), it 
follows that (x) = 0, for all values of x. 

Applying Schwarz’s theorem (t, § 272) to the function (x) in any 
finite interval, it follows that <f> (a;) must be a linear function of x. It thus 
appears that Aq and C' can be so determined that F {x) — C'x — ^A^x^ is 
periodic, and of period 27r. 

The condition (2) holds, not only for F (a:;), by hypothesis, but also if 
F (x) be replaced by C'x 4- iA^x^, as has been proved in § 422. Denoting 
by i/j (a;) the periodic function F (x) — C'x — ^AqX^, it follows that 

|*c 

lim ijj {x) cos y(x — a) X (x) dx ^ 0. 

/u ~oo h 

Writing x' instead of a, taking b < — n, c> tt, and also taking A (x) -= 1 in 
the interval (— tt, tt), we have 

'it r —n 

0 (x) cos ft(x ~ x') dx -f 0 (x) X (x) cos y{x — x') dx 

- «■ ^ b 

-f j i/f(x)X (x) cos y(x-~ x') dx^ = 0. 
Taking y to have the integral value n, we have then 
lim n^ I 0 (x) cos n (x — x') dx + n^ f iff (x) A^ (x) cos n(x — x') dx \ == 0 ; 

W ~ 00 [_ j — IT J 6+2ir J 

where Aj (x) = A (x) in the interval {tt, c), and Aj (x) ~ X (x — 27r) in the 
interval (b + 27r, tt ) of x. The function A^ (x) satisfies the conditions in (2), 
for the interval (6 -f- 27r, c) ; hence we have 

lim n® I 0 (x) Ai (x) cos n(x — x') dx = 0, 


n-^oo 
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and therefore also 

i " IT 

if) (x) COS n(x~ x') dx ^ 0. 

-tr 

Now let 

^^=2 j [ ^(x)cosnxdx, — | i/j (x) mnnxdxy 

so that — - ^ ^ ^ f ip (x) cos n (x— x') dx, 

7tJ_„ 

where A„ (x') denotes cos nx' + 6„ sin nx' . It has been shewn that 
lim An {x') - 0; and it follows that the Fourier’s series 

n~co 

-^1 (^ ) _ "^2 (•^ ) _ (^ ) 

12 22 n2 

is uniformly convergent, and therefore converges to the sum-function tfi (x'). 

The series iAo + A^ (x) -f ^2 (^) + •••» where A^, A 2 , ... have been 
determined as above, is the required trigonometrical series. Its sum (R) 
is the function / (ic), and if at any point x it is convergent, its ordinary sum 
at that point is f (x). It will be observed that the theorem provides a 
method of determining the series, when / (x) is prescribed, and is such that 
the function F (x) satisfying the conditions (1) and (2) exists and can be 
determined. The Fourier’s series corresponding to F (x) can be then deter- 
mined, and the required series is found by differentiation of that series 
twice. 

Generalizations of Riemann's Theorems 1 and II have been given*, 
with an indication of the proofs, by Kogbetliantz. 


424. Riemann’s third theorem, which is here given in a simplified form, 
expresses a necessary and sufficient condition that a trigonometrical series 
|ao + S {a„ cos nx -h sin nx), for which a„ ~ 0, ~ 0, as ~ 00 , should 


n= 1 

be convergent at a particular point x. The theorem may be stated as follows : 

Theorem III. Let e he an arbitrarily chosen positive number less than Jtt, 
and let p (t) be a function defined in the interval (— 2^, 2e) of t, which has 
a bounded third differential coefficient p" (t). Let p (t) have the value 1 in 
the whole interval (— e, c), and the value 0 at the points — 2c, 26. Then the 
necessary and sufficient condition that the series ^a^ 4 - S (a^, cos nx + sin nx), 

n - 1 

stich that On ^ 0, b^ 0, as n co , rrmy be con'vergent at the point x is that 


^ F(t I 


dt 


should converge to a definite limit, w — 00 . 

Let p (t) be continued, by the rules that it is periodic, of period 27r, and 
that it vanishes in the two intervals (— 77 , — 26), (2e, tt). 


Comptes Mendiis, vol. clxxvii (1923), p. 674. 
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It will be observed that p (± 2c) ^ p' (i 2c) — p'' (± 2c) = 0 and that 
p (± c) ^ 1, p' (± c) = p" (± c) 0, in virtue of the conditions to which 
p (t) has been subjected. 

Denoting the periodic function F (1) ~ C't — by ^ (t), we have 

1 r»r n 

{x) -f- (a:) f ... + A^ (a;) -- tp (x f t) H (— n^coB nt) dt 

TT ] 1 


, , ..d^ Bin pit ,, 

sin 

where p, denotes | (2/i 4 1). Let A (t) denote 1 — p (^), then A (t) has 
similar properties as regards its differential coefficients to those of p (t). 
The expression on the right-hand side may be put in the form 
1 d^ siiip,^ 1 r-’" 

iV \..J P dt^ din + 2,r J, 

The second of these integrals may be written as 





1 r^’ 

277 Jf 




i/f (x i- 1) Ai (t) sin ptdt f - 


/: 


ip (x + t) Ag [t) cos ptdt 


2nJe 


2n~€ 


Ip (x + t) Ag (^) sin ptdt, 


where 


d^ d 

Ai (t) = A (^) ^^2 cosec Ag (0 = ^ (0 cosec It, 


and Ag (t) ~ A (t) cosec \t. 

Since cosec \t does not vanish in the interval (e, 277 — c), it is clear that 
Ai (t), Ag {t), Ag (t) all satisfy the conditions to which ip (x) is subjected in the 
theorem of § 422. It follows that the whole expression converges to zero, as 
p is indefinitely increased. Hence the necessary and sufficient condition 
for the convergence of the series at the point x is that 


To shew that 


1 - I / sin (n ^)t 


/I + »«'■ '‘'S“£.}r - »• 

we observe that by two partial integrations the integral is found to be 
equal to 

ai t'’ <’ + 

and since p (t), p' (t), ip (/), p" (t), tp*" (t), t^p'" (t) are all summable functions 
in the interval (— 2c, 2c) and all vanish in the remainder of the interval 
(— 77, 77 ) and have bounded differential coefficients, they are all represented 
by convergent Fourier’s series in the interval (— 2c, 2c), It follows that 
the integral converges to a definite limit, dependent on a;, as n -- 00 ; and 
it is seen at once that this convergence is uniform for all values of a; in 
a prescribed finite interval, since p (0) = 1, p' (0) = 0,p'* (0) = 0. 
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It has now been shewn that the series 

-f (a« cos nx + 6„ sin nx) 

n- 1 

converges to a definite limit at the point a;, if 

1 sini(2«+ l)« 


lim 2n 

71'^ao 




does so, and that this condition is a necessary one. 

Riemann himself assumed that the function p (t) had the value I only 
at the single point 0. The definition of p (t) as having the value 1 in a whole 
interval (— €, e) introduces a simplification into the proof of the theorem, 
and a less degree of restriction on the function p (t) is requisite. This 
simplification was suggested* by Neder, who gave the theorem in a form 

sin Tit 

very similar to tlie above formulation. He employed the function - j- 

i™... of 8 

Sin VO/ 

It is seen from the theorem of § 422, and an examination of the fore- 
going proof, that the theorem may be extended to express the nece8sai;y 
and sufficient condition that the series should converge uniformly in a 
prescribed interval of x. This condition is that 

_ F {x ■^t)p(t) \ dt 

27r J . 2 f ' ^ ^ ' dt^ sm {t 

should converge uniformly to a limit 6' (:r) for all values of x in the pre- 
scribed interval. This extension was also given by Neder. 

425. From the above theorems the following consequences at once 
follow ; 

The convergence of a series + S (a„ cos nx I sin nx), for which 

W ” 1 

-= 0 (1), 6„ = o (1), at a point x, depends only on the nature of the series 
as represented by the Riemann sum in an arbitrarily small neighbourhood 
(x — 2e, x f 2e) of the point x, where 0 < € < Jtt. 

The uniform convergence of the series in an interval {a,b) depends only 
on the behaviour of the series, as represented by the Riemann sum in an 
interval {a — 2^, 6 -f 26), where c is arbitrary, subject to 0 < e < In 
case the given series is the Fourier’s series corresponding to a function 
/ (x), summable in the interval (— tt, tt), it has been shewn in § 360, that 

I I J f (x) dx differs from the sum of the series ^AqX^ — S 

by a linear function, and thus F (x) — j \ j f (x) dx is a, linear 

function. From this it is seen that the theorems of § 341 follow from the 
above. 


♦ Math. Annakn, vol. lxxxiv (1921), p. 119. 
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426. For a Fourier’s series corresponding tof(x) the sum (R) is almost 

, ^ / V T', ■ ~ cos nx ... . 

everywhere J (x). ror, since L ^ converges umiormly 

to a continuous function j / (x) dx h C', we have F' (x) = j / ( 2 ;) dx f 6", 

j — IT -a 

at every point, and since j f (x) dx has a differential coefficient equal to 

— TT 

/ {x) almost everywhere, it is seen that F" (x) - / (a:) almost everywhere. 
This result also holds good* when the series is a Fourier’s (D) series. 

T7 • i-U X X- «« cos nx ^ r J.’ 

or, in that case L converges to a continuous function, 

rx 

and f (x) dx has a differential coefficient /(a:), almost everywhere (see i, 

J — n 

§ 470). 


INVESTIGATIONS SUBSEQUENT TO THOSE OF RIEMANN 

427. The important discovery of the fundamental distinction between 
series which converge uniformly, and those which converge non-uniformly 
in a prescribed interval, remained for a long time without influence upon 
the development of the theory of series in general, and in particular of 
trigonometrical series. It was shewn by Weierstrass that the legitimacy 
of term by term integration of a convergent series follows from the uniform 
convergence of the series; by previous writers no such restriction upon the 
universal vabdity of the process had been recognized. It was first pointed 
out by Heinef that a full recognition of the consequences of the theory of 
uniformity of convergence made it necessary to undertake a re-examination 
of the foundations of the theory of trigonometrical series. The investigations 
of Dirichlet and others had established that a function which satisfies 
certain conditions can be represented by means of a trigonometrical series 
in which the coefficients have the form given by Fourier ; unless however it 
be assumed that a series so obtained converges uniformly, it cannot be 
immediately proved that it is the only trigonometrical series by which the 
function can be represented. The customary proof that a function is 
capable only of a single representation by means of a trigonometrical series 
was based upon the assumption that, if a convergent series 
\aQ 4- 2 (a,j cos nx + sin nx) 

converge to zero for all values of x in the interval (— tt, tt), it is legitimate 
to multiply the series by cos nx or sin nXy and then to integrate term by 
term, between the limits — 77 , tt ; thus shewing that = 0, = 0, for 
every value of n. If however it is not known that the series converges 

* See Priwaloff, Rendiconii di Palermo, vol. xu (1916), p. 203. 

I CrdU's Journal, vol. Lxxi (1870), p. 353; see also Kugdfunctionen, vol. i, p. 55. 
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uniformly, or at all events boundedly, the process of term by term in- 
tegration is not necessarily legitimate, and thus the proof is invalid. In 
fact it is conceivable that a non- uniformly convergent series might exist 
whose sum is zero for every value of the variable. It thus appeared that, 
when a F ourier’s series exists which represents a function / (x), it cannot 
be immediately inferred that no other trigonometrical series exists which 
represents the same function, 

A Fourier’s series that represents a function / (x) which has discon- 
tinuities is certainly non-uniformly convergent^ in the neighbourhood of 
such continuities, and in default of proof to the contrary, it may also be 
non-uniformly convergent in the neighbourhood of points at which / (x) is 
continuous. Thus, for example, if / {x) is continuous in its whole domain, 
and is representable by a Fourier’s series, it cannot be assumed that the 
series is uniformly convergent (see § 324 ). The value of the representation 
of a function / (x) by a series \a^ \ IL (a„ cos nx + sin nx) would be 
seriously impaired, if it were not known that the series was, at all events 
in general, uniformly convergent. For it could not be assumed that, if ifs (x) 

denotes a continuous function, the integral f [x) ijs (x) dx would be repre- 

J a 

sented by the series 

rh rb 

I ip (x) dx E / (a„ cos nx + sin nx) tp {x) dx ; 

J a ri - I i a 

the employment of Fourier’s series in physical and other investigations 
would consequently be much restricted. 

These considerations gave rise to a series of investigations with the view 
of establishing the uniqueness of the representation of a function by means 
of a trigonometrical series, and of investigating whether the coefficients in 
the series are necessarily expressible in the Fourier form. The two main 
questions which arise in this connection are (1), whether a trigonometrical 
series can exist, with coefficients not all zero, which represents the number 
zero? and (2), under what conditions is a trigonometrical series which 
represents a function the Fourier’s series corresponding to that function? 
Heine* proved that the Fourier’s series which represents a bounded function 
that satisfies the conditions known as Dirichlet’s, viz. that it has only a 
finite number of discontinuities and is in general monotone, is uniformly 
convergent in the portions of the interval (— 77,77) which remain when 
arbitrarily small neighbourhoods of the points of discontinuity are removed 
from the interval. This property of the series, of being in general uniformly 
convergent, suffices to remove, in the case of a most important class of 
functions, the restriction which has been above mentioned relating to those 
applications of Fourier’s series which involve a term by term integration. 


* Crelle's Journal^ voL Lxxi (1870), p. 363. 
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It having thus been shewn that a function satisfying Dirichlet’s conditions 
is representable by a series which converges in general uniformly, Heine 
proved that, if a function is representable at all by a series which converges 
in general uniformly, there can exist only one such series. This is equivalent 
to the theorem that, if a series converges in general uniformly in the interval 
(— TT, tt), and represents zero, then all the coefficients vanish, and the sum 
of the series is therefore zero for all values of the variable. Heine proved 
further that this theorem holds even when, for a finite number of values of 
the variable, the series is not known to converge, or when it is at least not 
assumed that its sum is zero for such values of the variable. The possibility 
remained, however, that when a function is thus uniquely represented by 
means of a series which is in general uniformly convergent, other series 
not possessing this property of uniform convergence may exist, which also 
represent the same function. It should be remarked that uniform con- 
vergence is at the present time of less relative importance than would 
appear from these investigations; for bounded convergence is now known 
to suffice for many purposes for which uniform convergence was formerly 
employed. 

It was next proved by G. Cantor* that, if the expression 

cos nx sin nx 

be such that, for every value of a; in a given interval (a, /S), the limit 
lim (a„ cos nx -f sin nx) is zero, then a„ , converge to zero, as n is 

n»oo 

indefinitely increased, and hence that the series 

-f S (a„ cos nx -f sin nx) 

can only converge for all values of x in (a, p) if b^ have the limit zero, as 
n is increased indefinitely. This theorem is independent of any assumption 
that the convergence is uniform. Cantorf then deduced that, if a trigo- 
nometrical series + S (a„ cos nx -f 6„ sin nx) converges to zero, for 
every value of x with the exception of a finite number of values, for which 
it is unknown whether the series converges, all the coefficients a„ , must 
vanish. Kroneckerf shewed that this theorem can be proved without as- 
suming the previous one. These proofs depend upon the use of Schwarz's 
theorem that, if F (x) denotes a function which is such that 

lim ^ (a: + e) - 2/’ (x) + F{x-f) ^ ^ 

€-0 e * ’ 

then F (x) must be a linear function of x. 

The next stepj was made by G. Cantor, in extending the proof of the 
imiqueness of the representation of a function by means of a trigonometrical 
series to the case in which the fimction may have an indefinitely great 

* CreUe'8 JoumcU, vol. Lxxn (1870), p. 130, also in a simplified form in McUh. Annaleny 
vol. IV (1871), p. 139. 

t CreUe'8 Journal, vol. Lxxm (1871), p. 294. 


t Math, Annalen, voJ. v (1872), p. 123. 
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number of points of discontinuity, these points forming a set of the first 
species. Starting with Weierstrass’ theorem, that an infinite set of points 
possesses at least one limiting point, Cantor developed the theory of the suc- 
cessive derivatives of a set of points, and proved that, if a limited function 
has discontinuities which form a set, one of whose derivatives contains only 
a finite number of points, then, if the function is representable by a 
trigonometric series at all, there can be only one such series. In this 
connection the theory of sets of points was first considered, and thus the 
whole development of this subject, and of the more abstract theory of 
transfinite numbers, arose historically from the requirements of the theory 
of trigonometrical series. Proofs were given by Dini* and Ascolit that, for 
restricted classes of functions, a series which represents such functions must 
be a Fourier’s series. 

An important advance in the theory was made by Du Bois-Reymond|, 
who proved that a series 

“I- S (a„ cos nx 4- sin nx), 

which is such that a ,, , have the limit zero, as n is indefinitely increased, 
has / (a::) for its sum -function, the coefficients must always have the form 

1 rir I 1 

^0 ^ ^ - f (x) cos nxdx, bn=~ f (x) sin nxdx, 

whenever these expressions exist as i?-integrals. The function / (a:) is not 
necessarily everywhere single- valued, and the theorem is extended to cases 
in which f (x) may have infinite discontinuities at a finite set of points. 
This theorem includes the theorem as to the uniqueness of the representa- 
tion of bounded functions, integrable (E). 

The most general formulations of the theorems as to the uniqueness of 
the representation of a function by a trigonometrical series are due to 
Harnack, Holder, de la Vallee Poussin, W. H. Young, and others; an 
account of their results will be given later. Important extensions of 
Du Bois-Reymond’s results were given§ by M. Riesz. 

THE LIMITS OF THE COEFFICIENTS IN A TRIGONOMETRICAL SEjcv^. S 

428 . The following theorem, due to Harnack ||, yields a sufficient con- 
dition that the coefficients in a trigonometrical series converge to zero : 

QO 

//, in a given interval (a, fi), the series Jao + ^ (^n be 

W •“ 1 

smh that, far each number 8 (> 0), an interval in (a, j8) exists such that, at 

* Sopra la aerie di Fourier. Pisa, 1872, p. 247. 

t Annali di Maiematica (2), vol. vi (1876), p. 252, also Math. Annalen, vol. vi (1873), p. 231. 

% Abhandlungen der bayeriaehen Akademie, vol. xn (1875), p. 119. 

If Math. AnnaUn, vol lxxi (1912), p. 64. 

ii Bulletin dea sciences math. (2), vol. vi (1882), also Math. Annalen, vol. xix (1882), p. 260. 
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each point of it, the difference f (x) — / (x), of the upper and lower sum- 
functions of the series, is < 8, then = o (1), 6^ = o (1). 

In particular, if the points at which/ (x) — f (x) ^ 8 form, for each value 
of 8, a non-dense set, the condition of the theorem holds good. 

Harnacdc’s theorem is a generalization of the theorem of Cantor* that : 

If the series is convergent at every point of an interml {a, P), then o ( 1 ), 

bn==0(\). 

It follows from Harnack’s theorem that, if the trigonometrical series 
converge at all points of a set which is everywhere dense in (a, /S), and be 
such that a„, do not converge to zero, them, for some value of 8, the set 
of points at which f (x) — f (x) ^ 8 must be everywhere dense. 

No assumption is made as to the form of the coefficients a„, 

That, in the case of a Fourier's series, and converge to zero 
has been established in § 334. 

In order to prove Harnack’s theorem, we observe that, for each point 
X at which / (x) — J (x) < 8, there is a value m, of n, such that 
I On cos 7ix + bn sin nx | < 38, for n m; 
we suppose an interval to exist, at each point of which this condition is 
satisfied. If x be any fixed point within this interval, a neighbourhood 
{x — rj, X 7]) oi X can be so determined that 

I a„ cos n {x ± rj) + sin n (x ± rj) \ < 38, for n ^ m^; 
the value of will depend in general upon rj. We deduce at once that 
I {a^ cos nx + b^ sin nx) cos n?; | < 68, | (a„ sin nx — cos nx) sin n?/ 1 < 68 ; 

on multiplication by cos nx sin nr], sin nx cos nr], and addition of the two 
expressions in the inequalities, we have | a„ sin 2nirj | < 68, for n^m^^', and 
similarly it is seen that | sin Inr] | < 68, for n^m^. These inequalities 
hold for all small enough values of rj, the value of my, depending on rj. 

Let 68 “ 8', 27] = a, then, for each value of a in a certain interval (a, 6), 
a value of n can be determined, such that 

I sin na\, | a^ ^x sin n + 1 a | , ... | sin n f sa | , ... 
are all < 8'. 

Let us suppose that, if possible, a sequence ... exists, all 

of whose terms are numerically ^ 8", where 8" > 8'. It will then be proved 
that there exists a certain value of a, in (a, b), such that the sequence 
sin n^a, a^^ sin nja, sin Tz^a, ... contains one infinite set of terms each 
of which is numerically ^ S'. This being contrary to the hypothesis that, 
for each value of a, in (a, b), | a„ sin na | < 8', for all sufficiently great 
values of n, leads to a contradiction; and thus it is impossible that such 
a sequence as a^^, ... can exist. 

* Crelle's Journal, vol Lxxii (1870), p. 130, also in a simplified form in Math. Annalenp 
voLiv(187l), p. 139. 
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To establish this, it will be shewn that the sequence » • • • contains 

a sequence ... such that, for a certain value a, of a, in (a, b) 

the numbers n^'a, rig' a, rig' a, ... all differ from an odd multiple of \7t by less 
than an arbitrarily chosen positive number p. 

If ^Try, ~ p < na < \rty^ + p, then ^ < a < ^ ^ • Now let it 

be assumed that a < ^ , h > ^ ^ which is equivalent to the 

n n 

2 2 

assumption that - (na + p) < yi< (nb — p). There exists a value of 

TT TT 

which is an odd integer, satisfying this condition, provided 

2 

{n{b ~ a) ~ 2p) > 2 , 

77 

that is if n ^ ^ . 

b — a 

Taking for n^' the least of the numbers ... which is ^ 

a corresponding odd integer y^ can be determined, and we take a to lie 
within the interval (a\b'), where 

- p)K\ (i^ryi -I- p)K'; 

this interval (a\ b') lies within (a, 6), and is of length 2pln-^\ 

Next, an odd integer yg can be so determined that 

2 2 

(n^'a' -4- p) < ya < - (n.ib' - p), 

77 77 


provided ^ ^ number n.j' can be chosen from the 

sequence rig, ... so as to satisfy this condition, if a lies in the interval 
(a", If), where a" = (J77y2 — p)ln 2 , b" ^ (J77y2 -\~ p)ln 2 \ and thus (a", b'") is 
within (a\ If), and is of length 2 p/n 2 '. 

Proceeding in this manner, a sequence ... of numbers all be- 

longing to the sequence , rig, ... is determined, such that if a be the point 
which lies within all the intervals (a, h), {a\ 6'), (a'", b"), ... , the numbers 
ril'd, rig'd, rig'd, ... all differ by less than p from odd multiples of J 77 . 
Since p can be chosen arbitrarily, rij', rig', ... can be so determined that 
I sin ri/d | , | sin rig'd | , ... are all ^ 8', and this is contrary to the 
h 3 rpothesis that | sin na | is, for all sufficiently large values of n, < 8'. 

Therefore no sequence ... exists, all of whose terms are 

numerically ^ 8"; and if 8" be first chosen, 8' may be chosen afterwards. 
Therefore, from and after some value of n, | | must be < 8"; and since 

this holds for every value of 8'', it follows that lim = 0. In a similar 

n~<» 

manner it is seen that lim = 0. 
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429 . It follows from Harnack’s theorem that, if the trigonometrical 
series is non-convergent only at points of a set of the first category, then 

= o ( 1 ), 6 „ = o ( 1 ). For, let {W^ (x)}, {w^ (x)} be the monotone sequences 
associated with /(x) (see § 112), the first of which is non-increasing and 
converges to / (x), and second of which is non -diminishing and con- 
verges to/(x). Since (^) is an /-function, and (x) is a i^-function, 

(^) ~~ (^) is /-function, which converges to f (x) ~ f (x) ; and the 

sequence {W^ (x) — (x)} is non-increasing. A point x, at which 

/(x)-/(x)>S 

belongs to the set of points at which (x) — (x) > S, and that set is 

(see § 191) an open set. Every point for which {^) ~ (^) > ^ 

belongs to the set of points for which (x) — (x) > 8. Thus the set 

of points at which /(x) — /(x) > 8 is contained in the inner limiting set of 
a sequence of open sets, each of which contains the next, that is, it is an 
ordinary inner limiting set. It follows (i, § 100) that, if the points at which 
/ (x) — / (x) > 8, are everywhere-dense in any interval, they form in that 
interval a set of the second category; and therefore the set at which 
/ (x) — / (x) ^ 8 is of the second category. By hypothesis this is not the 
case; and therefore the set of points at which / (x) — / (x) > 8 is non-dense 
in any interval, and this for each value of 8; therefore the set for which 
/ (x) — / (x) ^ 8 is non-dense in every interval. Consequently, any inteiwal 
contains another interval in which /(x)— /(x)<8; and therefore, by 
Hamack’s theorem, a„ = o (1), = o (1). 

It has thus been established* that: 

If the trigonometrical series -f- 2 (a„ cos nx -f sin nx) converges 

1 

everywhere in an interval (a, )S) except at points belonging to a set of the first 
category, then a„ = o ( 1 ), = o ( 1 ). 

430 . The following general theorem will be established : 

If, in any interval (a, j 8 ), it is known that a„cosr^x -f ft^sin wx converges 
to zero at every point of a set G, of positive measure, as n^cc, then and 
converge to zero, and thus a„ cos nx -f- />„ sin nx converges everywhere to zero. 

Writing a,^ cos nx -f sin nx in the form sin n (x — y„), where 
— {<^f? + \ if does not converge to zero, there must be a sequence 

Wj , 7 ^ 2 , ... of values of n, and a positive number c, such that k^^ , k„^, ... are 

all greater than c. If | sin n (x — y^) \ ~ sin t], where 0 < 77 < (x — y„) 
must lie between m db 17 , where r is an integer (positive, negative, or zero); 
or X must lie between ^ + rn ± ^ ^ the length of each of which intervals is 
• See W. H. Young, Messenger of Math. vol. xxxvni (1909), p. 44. 
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2r) 

, The number of values of r such that x may lie in a given interval 

cannot exceed a fixed multiple of n, independent of rj, and therefore the 
measure of the set of values of x in (a, such that | sin n {x — | < sin 7/ 

cannot exceed a fixed multiple of rj, say .977, which is arbitrarily small, since 
7 ] is arbitrarily chosen. It follows that, in a set of points of measure 
^ ^ — a — S 7 J, the condition | sin n (x - yn) I > sin rj is satisfied. Con- 
sidering now the sequence rq , ... of values of n, there is a set of points 

En,. of measure ^ ^ « - .s'77, for which | sin (x ~~ | > € sin 77. There 

must exist a set E, of points, each of which belongs to E^^ for an in- 
definitely great set of values of r, and this set has measure ^ — 577 

which is > 8 - « m(Ir), if 77 be chosen small enough. At any point of 
this set, kn sin n {x — y„) cannot converge to 0, because it is numerically 
> 6 sin 7) for an infinite set of values of n. This is contrary to the 
hypothesis in the theorem. 

It follows from the theorem that, if do not converge to zero, 

cos nx -f sin nx can only converge to zero at points of a set of measure 
zero. It is hence seen that a series ^ ^ (®n <^os nx -f 6„ sin nx) can be 
convergent only at points of a set of measure zero, in case do not 

converge to zero. 

431 . The more general theorem has been established* by Steinhaus 
that : 

Almost everywhere in the interval (— 77,77), 

lim I cos nx f sin nx | = lim 

W'-Cf; n~ao 

This includes the preceding theorem; for if cos nx + b^ sin nx con- 
verges to zero at points in a set of measure greater then zero, it follows that 
lim 0^ QP o (1), o (1). In case, for a given trigono- 

metrical series, a„ and do not converge to zero, it follows from Steinhaus’ 
theorem that, almost everywhere the series is non-convergent. This has 
been proved directlyf by Lebesgue, as follows : 

When k^ does not converge to zero, as 00 , a sequence of integers {71 j,} 
can be determined such that k^j, is, for every value of p, greater than some 
positive number rj. If e is an arbitrarily chosen positive number, < 77, 

I kn sin n^, (x — y^^) | > e, except for points x, of the interval (— 77, 77), which 

form a set of measure ^ 4 sin-^ ^ . It then follows that the measure of the 

1 

set of points of convergence is ^ 4 sin*' Since € is arbitrarily small, it 

V 

follows that the set of points of convergence has measure zero. 

* Wiadomosci McUamatycyni^ vol. xxiv (1920), p. 197. A proof has also been given by Kajch- 
man, Fundamenia Malh, vol. in (1922), p. 301. 

t Lemons sur les siries trigornmitriques (1906), p. 110. 
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432. In* a series + S («„ cos nx + sin nx), the upper and lower 
sums of the series cannot be finite in any intermix except in the points of a set 
of measure zero, unless a„ = o (1) and 6^ = o (1). 

The series may be written in the form 

f 2 kn cos n{x — y„), 
where -= (a^^ + 

Since k^ cos n {x — y„) ^ s^ (x) — .s„_i {x), 

lim I k^ cos n (x — yj | - lim | s^ (x) | f lim | (x) | 2 lim | .<?„ (x) | , 

n~oo 

hence, if s^ (x) has finite upper and lower limits, | k^ cos n (x — y^) | must 
be bounded for all values of n, when x is fixed. 

It will be shewn that, unless k^ is bounded for all values of n, 

I k„ cos n(x- y„)\, 

for a fixed value of x, cannot be bounded, except for fixed values of x 
belonging to a set of measure zero. If k^ is not bounded, a monotone 
increasing sequence of values of can be extracted. 

Let En be the set of points for which k^ 1 cos n (a: “ | > k^f, or 

r. As and k^ increase indefinitely, m {E^) tends to 

5 

the measure of the interval. If x belongs to an infinite number of the sets 
El, E^, ... Ey^, , k^ cos n (x — y^) cannot be bounded. But the set of all 
such points x has measure equal to that of the whole interval, and there- 
fore only at a point a: of a set of measure zero can k^ cos n (x — y„) be 
bounded for all the values of n. 

It follows from the theorem thatf if, in any interval, the upper and, lower 
sum-functions are everywhere finite, and b^ are bounded. 

PROPERTIES OF THE GENERALIZED SECOND DERIVATIVE OF A FUNCTION 

433. If a continuous function <f> (x) has a maximum in the interval 
(a, b), at such a point x, <j) (x h) — <f> (x), <f> (x ~ h) — (f> (x) are both 2E 0, 
for all sufficiently small values of h; and therefore ^^(/> (x) 0, at a maxi- 

mum (see I, § 266). 

If it be known that, at a maximum, there exists at least one sym- 
metrical derivative, it is clear, since (x) ^ 0 , D~</> (x) ^ 0 , that 

D^<i> (x) ^D~<f> (x) = 0, 

the single symmetrical derivative having the value zero. 

The following theorem is of importance in the theory ; 

If a continuous function has its upper generalized second derivative 


cos n(x~y„)\> 


* See de la Vailed Poussin, Bulletin de Vacad. roy. de Belgique (1913), p. 10. 
t See W. H. Young, Proc. Land. Math. 8oc. (2), vol. ix, p. 427. 
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positive (> 0) at every point of the open interval (a, 6), th^n, at every point 
of the open interval, 

For if the function 

,f>{x)=F (X) - F (a) - * ~ “ {i’ (h) - F (a)} 

has positive values, or is zero, within the interval, there must be such a 
value that is a maximum of (f) (x), and at such a point (x), and conse- 
quently (x), must be ^ 0, which is contrary to the condition which 
(x) satisfies. 

A similar statement is that if (x) < 0, in the open interval (a, 6), 
then 

F{x) > F{a) \ l2l{F{h)-F(a)}. 

434. If F (x) he continuous in the closed interval of definition (a, 6), and 
have, at each point of the open interval {a, h),at least one symmetrical derivative, 
then, if there are values of x in the interval at which 

F(x)>F{a) + 

there exists a set of points E at which the upper and lower generalized second 
derivatives are both negative (< 0), and such that E contains a perfect set. 
A similar statement holds when there are points at which 

F(x)<F(a) \-l~'^JF(b)- F(a)}- 

in that case the set E consists of ]X)ints at tvhich 3^F (x), §)^F (x) are both 
'positive (> 0), 

This theorem and the preceding one are due to de la Vallee Poussin*. 
Let (f>K {x) ~F(x)~F (a) — K {x ~ a), where K ^ Since 

<f>K (^) vanishes at a and b, and has positive values, there exists a point or 
a closed set of points at which <I>k (x) has an absolute maximum ; let xk be 
the upper extreme of all such points, then we have 

^^F {xk) ^ {^k) ^ 0 , 

and also (f>K (^) has at the point Xk a symmetrical derivative of value zero. 
This point xk therefore belongs to the set Ei, of all points at which 
^^F (x) ^ 0. If k have a value > Ky and such that A: — iT is sufficiently 
small, it is easily seen that the function (x) ^ F (x) — F (a) — k (x — a) 
has positive values. Let be the greatest value of x at which (a;) = 0, 

L-a 

* Bulletin de Vacademie rmjale de Belgique (1912), pp. 701-707 
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Considering the function (f>j, {x) in the interval (a, f), as before, there 
exists a point Xy. at which (f>k (^) has an absolute maximum, and which is 
the greatest value of x at which this is the case. The point x^ belongs to 
El , and (x) has a single symmetrical derivative of value zero ; at this 
point F (x) has a single symmetrical derivative of value k. To each value 
of k in some interval (K, Ki), where Ki > K, there corresponds a point x^ 
which belongs to Ei , and it is impossible that % have equal values for two 
such values of k, since the single symmetrical derivative of F {x) has 
different values. To the points of the interval (A", Aj) there correspond 
points X}, belonging to a set having the cardinal number of the continuum. 

If k, < k^, then \ for, if possible let us suppose that 

Since (x*,) > 4 ,^, (x*,), we have 

4 >ki (a;*,) - (k^ - h) Xi-, > 4 ,^^ (x*J - (k^ - l\) x^., > {x^J - (t, - x^..^, 

or (xjt,) > (f>k^ which is impossible, since Xi^^ gives an absolute 

maximum of (^)- 

It follows that, if k have the values of an iiKireasing sequence contained 
in the interval (A, A^) which converges to k, the corresponding points Xj^, 
form a diminishing sequence which converges to a point of A^. A 
similar remark applies to a diminishing sequence of values of k, and it thus 
follows that El contains a closed set which, since it is unenumerable, con- 
tains a perfect set. 

Appl 3 dng the result which has been obtained to the function 
O (a:) = A (x) -h € (x — a)2 


which, for all sufficiently small values of c, must at certain points be 
<[) (6) - O (a) 

greater than C) (a) H follows that the set of 


points at which ^^F (x) + 2c < 0 contains a perfect set. Since e is arbi- 
trarily small, it follows that the set of points at which '^^F (x) < 0 contains 
a perfect set. 

In a similar manner it can be shewn that the set of points at which 
(x) > 0 must contain a perfect set, in case there are values of x at 

which F (x) — F (a) — — «) is negative. 


435. The following generalization of Schwarz’s theorem given in i, § 272, 
may be deduced at once from de la ValMe Poussin’s theorem. This is a more 
complete generalization than that given in i, § 273 : 

If (I function F (x), continuous in the closed interval (a,b), be knovm to 
fuive a generalized second differential coefficient of value zero, except at points 
of a set G which contains no perfect set, and if further it have everywhere 
in the open interval {a, b) at least one symmetrical (first) derivative, then the 
function F (x) must be linear in the whole interval. 
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It will be observed that the condition (x) = 0, at a point x, includes 
the condition that, at such a point, there is a symmetrical first derivative ; 
in fact all the derivatives are symmetrical. For if 

lim ^ =. 0 

ft~o A* 

it follows that 

\F {X + h) -F(x)_F(x-h)-F (X) I _ 

ni h ■ -h 

and thus all the derivatives on one side must correspond to equal deriva- 
tives on the other side, so that 

D+F (x) D~F (x), and D^F (x) == D^F (x). 

The theorem follows from the fact that 


F{x)~-F(a)- 


F(b)-F(a) 
b — a 


{x — a) 


can have neither positive nor negative values in the interval, because the 
two perfect sets in which f^^^F (x) < 0, and S^^F (x) > 0, respectively, are 
both non-existent. 


436. If a function F (x) has, in an interval to which x is interior, a con- 
tinuous differential coefficient F' (a:), its upper and lower generalized second 
derivatives cannot exceed the greatest of the four derivatives of F' (x), and 
cannot he less than the smallest of them. 

By the theorem of i, § 264 it is seen that the limits of 

F {x -^h) F (x — h) — 2F (a;) 

^2 

both lie in the interval formed by the limits of 

F' (x -i- h) — F' (x — h) 

. 1 iF' (x + h) ~ F' (x) F' (x-h)- F' (a:)] 

orof „ U + _ 

and therefore in the interval defined by 

i {D^F' (x) -f F' (a:)} and J {D^F' (x) -f D-F' (a:)} 
or in the interval contained by the greater of the two numbers D^F' (x), 
D^F' (a;) and the greater of the two numbers D^F' (a:), D~F* (x). 

437. The following theorem, due to Holder*, will prove useful in the 
later theory : 

If F (x) be continuous in an interval {a,b) to which the interval 
{Xi — a, a^i + a) is interior, and if in {Xi — a, x^ + a) the generalized upper 

* Math. Annalen, vol. xxiv (1884), p. 183. The theorem has also been established otherwise 

by Lebesgue, for the case in which [x) is definite at each point; see Anncdea 6c. de Vicoh 

normale aup. (3) (1903), vol. xx, p. 458. 
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and lower second differential coefficients (x), (x) are both bounded, 

being both, at every ‘point, in the inter'val {L, U), then 
F {Zi + a) 4 F (xi - a) - 2F (Xj) 

is in the interval {L, U). 

Let 

cf. (x) ^ F (x) - F {X,- a) - {F {x, + a) - F (X, - a)] 

-f (x — Xi -h a) (Xi a — x), 

where C is a constant. It is seen that 

^ jc - ^ '*■ + “I ±4 2^ w} . 

and thus <f> (x^) is $ 0, according as C $ ^ a) + F {x^ a) 2F i) 

Let C be so chosen that 4> (x^) > 0. Since <j> (x) is continuous in the interval 
(Xi — a, Xj^ + a), and vanishes at the points x-^ ~ a, x^ fa, there must be 
in the interval at least one point z at which </> (x) has a maximum, and is 
positive. 

Since 

<f,(z-i-h) + <f>(z- h) - 2<f> (z) _F(z + k) + F(z-h)- 2F (z) _ ^ 

■ ■ ~ " ’ 

and since, for all sufficiently small values of h, 

<l>(z-{-}i)^4>(z- h) - 2</» {z) ^ 

it follows that &^F (z) ^ ^F {z) ^ C, Since L ^ m'^F (s), U ^ &^F (z), it 
follows that L and this holds for every value of C that is consistent 
with the condition ^ (xj) > 0. It has thus been shewn that 
, ^F (Xj^ f- a) + F (Xi - a) - 2F (:ri) 

2j 2 

In a similar manner, by choosing C so that (a;i) is negative, and con- 
sidering a minimum of ^ (a;), it can be shewn that 

(x^ + a) -\-F(x^ ~ a) - 2F jx^ ) 

a2 

The following theorem follows at once from the above theorem : 

If F (x) be continuous in an interval (a,b), and if, in an interval (a^, bf) 
interior to (a, 6), the upper and lower generalized differential coefficients 
§)^F (x), §)^F (x) are in an interval (L, U), then, for all points x in (a^ , bf), 

F {x -f A) -{- F (x-h) - 2F (x) 
h^ 

lies in the interval (L, U), provided h be such that x h, x — h are in the 
interval {a, b). 
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438. /// (x) be any function that is summable in the interval (a, 6), and 
which is therefore finite almost everywhere in that interval, and if rj be a 
prescribed positive number, a continuous function (f)^ (x) can be constructed, 

such that it exceeds j f (x) dx by less than rj, whatever value x may have in 

J a 

the interval {a,b), and sijuch that, at every point at which f(x) is finite, its four 
derivatives all exceed f (:r). 

Similarly, a continuous function <^2 (^) constructed which is every- 

where less than j / (x) dx by less than rj, and of which the four derivatives are 
all less than f (x), at each point at which f (x) is finite. 

The functions (x), (^) have been denominated by de la Vallee 

Poussin, to whom this result is due, as major ante and minor ante respectively,, 
relatively to the function / {x). In § 262 they have been termed major 
and minor functions associated with / (x). 

First, let f {x) be everywhere ^ 0 in the interval {a, b). Consider the 
numbers 0, e, 2^, ... ne, ... ; let e^ be the set of points x, at which 

n€ ^f{x)<(n-\- 1) c; 

then 

H nem (ej f f(x)dx< H (n 1) em (ej < f f(x)dx~h€(b~-a). 
n-O •' a J a 

Let all the points of be enclosed within intervals of a set which 
do not overlap, and are such that 

m (e„) < S m (8r‘) < m (e„) + 

r-=l 

GO 

where the numbers {€„} are so chosen that the series S (n -f- 1 ) e„ converges 

7t= 1 

to a value less than unity. 

If (x) denote the sum of all the intervals and portions of intervals 
of the set that lie in the interval (a, x), let 2] -f 1) € . (x) ; 

n 0 

it will be shewn that (x) satisfies the prescribed conditions in relation 
to the non-negative function / (x). 

We see at once that 

[ f(x)dx<(f>j (b)<f f(x)dx~l~€(b-a)-^e 

J a J a 

and a fortiori that 

[ f (x) dx < (z) < I f(x) + e(b-a) + €; 

J a J a 

the number e can be so chosen that € (b — a) e = rj. 
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Let a: be a point of e„, and therefore interior to an interval 8^”), of the 
set {8^.”^} . We have then 

{x + h) — (a:) = 21 (n + 1) € {x + h) — (a:)] ; 

n " 0 

and all the terms of the series are positive when h > 0, and do not 
diminish as h increases. It follows that, if h be so small that a; 4- ^ is in the 
interval 8^^), then {x h) ~ (j>y (a:) ^ (?^ 4- 1) e/?, for all positive values 
of h that are sufficiently small. Jt is clear that, if h be negative, the in- 
equaJity ^ must be replaced by Hence, if [ h | be sufficiently small, 

and therefore the four derivatives of (x) are all ^ 4- 1) €, and conse- 

quently >f(x). 

Next, let f (x) be unrestricted as regards its sign. If N be a positive 
number, let (^) = / (^), when f (x) > — and let fx ~ — N, when 
f (x) ^ — N, If ^ be a positive number < 17, a function tp (a:) can be so 
determined as to satisfy the conditions that 

f [fx(xj + N]dx<tf>(x)< 7 ]- C + f [fx (x) -{■ iV]dx, 

J a J a 

and that all the derivatives of ip (x) are greater than fx (x) 4- N, at any 
point at which /at (a;) is finite. The number N can be so chosen that 

j fN(x)dx-f f(x)dx 
I a J a 

is < Let (pi (x) be defined by (p^ (x) \p{x)~ N (x— a), then 

rx rx roc roc 

f(x)(lx<\ fjv(x)dx<<f,i(x)<ri-^+ fx(x)dx<rj+ f(x)dx, 

J a J a J a J a 

and all the derivatives of {x) are greater than fx (x), or than / (a;), at 
any point at which f(x) is finite. Hence the required function (pj (x) has 
been constructed. 

In order to construct the fimction (p2(x)y we observe that, if ip(x) be 
a major function relatively to — / (a;), the function — ip (a;) is the required 
minor function relatively to / (a;). 

It is easily seen that a monotone non-increasing sequence of major 
functions, associated with /(a;), can be constructed, and similarly a mono- 
tone non-diminishing sequence of minor functions. For, if <p^i^ (x)y <p^i^ (a?) 
correspond to the values of 771, 772, where 771 > 772, in any interval in 
which (p^i^ (x) is ^ (p^i^ (x), ^ (a:) can be replaced by (p^i^ (x), and then 

<p^i^ (x) ^ (p^i^ (x) everywhere, A sequence (a:)} thus formed must 

converge to [ f {x) dx. 
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439. If F (x) be continuous in the interval (a, 6), and there exists a finite 
sumrnable function f {x) such that §)^F {x) = f (x) ^ (x) at every point of 

(a, b)f then F (it) — j dx I f (x) dx is a linear function of x in (a, 6). 

J a J a 

The theorem also holds if the sumrnable function, f (x) has infinite values 
in a set of points E which contains no perfect set, provided that, at all points 
of E, the function F (x) has at least one symmetrical derivative. 

I^t (x), (/>2 (x) be the major and the minor functions associated with 
/ (x), constructed in accordance with § 438. 

Tlie two functions t/fj (x) ~ F (x) ~ \ (^)> 

J a 

4>i (») = <f>i (x), 

J a 

and the function ifj (x) ^ F (x) — j dx j f (x) dx 

-'a J a 

are such that (x) > ip (x) > 02 (^)> that 0i (x) — 02 (^) < 2 {b — a) t). 
The tliree functions have all the same value at the point a. 

We have 0i (x) > (x) — / (x) > 0 

and 3^ 02 (x) < 3^F (x) — / (x) < 0 

at all points at which / (x) has a finite value. 

In virtue of the theorem of § 434 it follows that 

and ^2 (x) > F (a) + ® (h) - (a )) , 

when x> a. It now follows that 0 (x) is between these two linear functions 
which differ from one another by less than 27] (x - a). Taking a monotone 
non-diminishing sequence of major functions, and a monotone non-in- 
creasing sequence of minor functions, constructed as in § 438, corresponding 
to the values of in a sequence {rj^} which converges to zero, we see that 
0 (x) lies, for every value of n, between the values of two linear functions 
AnX + Bn, An'x -f Bn , wherc An, An have the same limit A, sls n ^ oo, 
and Bn, Bn have the same limit B; it then follows that 0 (x) is the linear 
function Ax -f B. 

It follows from the above theorem that, in case F (x) satisfies the 
conditions of the theorem, it has everywhere a continuous differential 

coefficient f f (x) dx -h p, where px -h q is the linear function. Moreover, 
J a 

it will almost everywhere have the second differential coefficient/ (x). 
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THE CONVEKGENCE OF A TRIGONOMETRICAL SERIES AT A POINT 


440. If the trigonometrical series + S (a„ cos nx + b„ sin nx) con- 

n “ 1 

verge at a point x, and if the sum-function of the series have definite limits 
f {x + 0), / (x — 0), on the right, and on the left, at the point x, it does 
not follow that the series necessarily converges at points in a neighbour- 
hood of the point x at which the series converges. Prom the existence of 
/ (x + 0),/ {x — 0), it follows however that, corresponding to an arbitrarily 
chosen positive number 8, a neighbourhood of the point x can be deter- 
mined, such that/ (x) ~ £ (x) < 8, for all points x in that neighbourhood. 
From Hamack’s theorem, given in § 428, it now follows that o (1), 
o (1). 

GO I 

If (a*) denotes laQx‘^ — X ^ (a^ cos nx i />„ sin nx), it has been shewn 

w 1 ^ 

in § 421 that 

F(x + €)-2F(x) + F{x-€) . 

lini --J(x) 

at the given point x of convergence of the series. 

We now have 

i 4 ^’ 26) - (a;) + (a; - 2€) _ ^ (;r I- e) - 2i’ {x) + F{x-e}) 

ZJ{x) ^ 

^ lim (i" (a: + 2e) - 2/’ {x f t) + F' (x) F {x) -2F{x-€) + F (a; - 26)) 

™ I f 1 ■ 

In accordance with the theorem of § 437, 

F (x + 2€) - 2F (x + €)-j-F (x) 


lies between the extreme values of 

lim T(z + a)- 2F (z) + F {z - a) 

.~o 

for X ^ z ^ X 2€. It has been shewn in § 437 that, for each value of 2 , 
this limit lies between values which depend on the upper and lower values 
of / (z). It follows that, for an assigned positive number 8, the positive 
number e can be so determined that 


/ (* -f 0) - 8 < lim < / (x + 0) 8, 

for every value of z such that x ^ z ^ x + 2€. 

We thus see that lim ^ ~ ^ + o) 

€'^0 ^ 

Similarly, it can be shewn that 

lim - iL+Zjg) =/(x- 0). 

e-0 € V / 
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It has now been proved that j (x) ^ {f(x + 0) ())} . 

The following theorem has been established : 

// a trigonometrical series converge at a point, then the value to which it 
converges is the rnmn of the limits of the sum- function, on the right, and on 
the left, at the point, jyrovided those limits exist as definite numbers. 

This theorem holds for every trigonometrical series, whether it be a 
Fourier’s series, or not. 

THE UNIQUENESS OF A TRIOONOMETRICAU SERIES WHICH 
REPRESENTS A FUNCTION 

441. In order to establish the uniqueness of a trigonometrical series 
which, in an assigned sense (not necessarily in the sense that the series 
(converges to the value of the function almost everywhere), represents 
a given function, it is sufficient to establish, first that the series is a 
Fourier’s series, and secondly, that there cannot exist two distinct 
Fourier’s series, both of wliich have the given relation with the given 
function. The latter is equivalent to proving that, if two such Fourier’s 
series exist, the Fourier’s series which is the difference of the two must 
have all its (joefficients zero. In case the mode of representation of 
the function is postulated to be such that the series converges almost 
everywhere to the values of a single-valued function whi(5h is taken 
to be summable in (— tt, tt), then it is clear that there cannot be two 
Fourier’s series both of which represent the function. It has been shewn 
in § 361 that there cannot be two non-equivalent summable functions 
which have one and the same Fourier’s series. 

442. In the ease which will be given first, the uniqueness of a trigono- 
metrical series can be established without shewing that it is a Fourier’s 
series. 

ao 

Let it be assumed that the series ^a^ -f 2 (a„ cos nx + sin nx) 

n-“l 

converges to zero at every point of the interval (— tt, tt) with the exception 
of an enumerable set of points E, at wliich it is not assumed that the series 
converges. Since an enumerable set is of the first category, it follows from 
the theorem of § 429 that a^ and 6„ converge to zero. Accordingly, Rie- 

, p 1 2 „ an cos nx -h b^ sin nx . . , . 

mann s function ia^x^ — 2 = exists as a continuous 

function, and (x) ^ 0, for every point at which the series converges 
to zero ; also by Riemann’s second theorem, F {x) has 83nnmetrical de- 
rivatives at every point. It follows, in accordance with the extension of 
Schwarz’s theorem given in § 435, that F (x) is linear in any interval 
(— mrr, mn)', thus F {x) = ax -f 6, in any interval (— mn, mn). It is thus 
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seen that, in an interval (— mir, mir), \aQX^ — (ax -f b) is represented by 
the penodic senes — Z ^2 “ ' > therefore ^a^x^ — (ax + 0 ) 

must be a periodic function, which can only be the case if Uq -- 0, a ^ 0. 

Since the series converges uniformly to — 6, we can multiply by cos nx, 
or by sin nx, and integrate term by term between the limits — tt, tt ; it is 
thus seen that 0, = 0, and thcx'efore all the coefficients of the given 

series vanish identically. By considering the difference of two series, the 
following theorem can be established : 

No two distinct trigonometrical series can exist which converge to the same 
value for all 'points of the inter val (— ir, tt), with the exception of an enumerable 
set of points at which the series are not known to converge to the same sum, or 
to converge at all. 

This theorem, which is due to W. H. Young, is an extension of the older 
theorem of Cantor, in which the exceptional set of points is restricted to 
be a reducible set. It is also an extension of the still earlier theorem of 
Cantor* that a trigonometrical series is the unique representation of a 
function which has an indefinitely great number of points of discontinuity 
which form a set of the first species. 


443. If the Riemann function F (x), corresponding to a trigonometrical 
series 

|oo + Z (a„ cos nx + b^ sin nx), 


n«» 1 


such that a„ , b^ converge to zero, as n qo, is of the form 
F (x) j dx j f (a:) dx + px f q, 

where p, q are constants, and f (x) is a function summable in (— tt, tt), then 
the series is the Fourier's series corresponding to f (x). 


We 


have F' (tt) = | / (x) dx + p, F' (— tt) = p; 


and thus 


I / (x) dx = F' (tt) ~ F' (- tt) = a^TT, 
and hence Oq =- a^, where ^ («n cos na; + sin nx) denotes the 

71 "• 1 

Fourier’s series corresponding to f (x), 

-o . . . u f sin nx — cos nx . , 

By the theorem of § 360 the senes Z is, when a 

71” 1 ^ 

constant is added to it, the Fourier’s series which converges uniformly to 


L 


f (x) dx — ^OfiX, Thus ^ Fourier’s constants correspond- 


ing to the function F' (x) — — p, orto F' (x) — ^Of^x, 

* See CreUe^s Journal, vol. Lxxii (1870), p. 130, and Math. Annalen, vol. v (1872), p. 123. 
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Now ^2 “ J ~ T (x)} cos nxdx 

- - [ {F' (x) — iOffX} sin 7ixdx =- ~ , 

b 6 

and similarly we see that ^ 2 . Therefore an = ^ \ if 

been shewn that Oq ^ Uq, which establishes the theorem. 

This t heorem, taken in conjunction with the theorem of § 439, yields the 
following result: 

If the series f 2 (a„ cos nx + sin nx), for which a„, converge 

n • 1 

to zero, be such that its upper and lower sum-functions are summable in (— 
and such that both of them are finite at every point, with the possible exception 
of points belonging to a set E which contains no perfect component, then the 
given series is the Fourier's series corresponding to either the upper or the 
lower sum-function of the series, and consequently to either h^'^F (x) or ^f^f(x). 

This theorem is theoretically more general than that of § 442, as the 
exceptional set of points is not necessarily enumerable, but may be an 
unenumerable set wliich contains no perfect set, if such a set exists. 

From the theorem of § 436, the upper and lower generalized second 
differential coefficients of F (a;) are both finite except at the points of E. 
If / (x) denote either the upper or the lower sum-function of the series, 

then F (x) -- I dx\ f (x) dx is linear in the interval (a, b), and con- 

J - n J ■ rr 

sequently the given series is the Fourier’s series corresponding to / {x). 
It follows that, when the conditions of the theorem are satisfied, the upper 
and lower sum-functions must be equal almost everywhere, and therefore 
the Fourier’s series is convergent almost everywhere. 

A particular case of the above theorem is that* : 

If the series Jao -f 2i (a„ cos nx -f- sin 7ix) has its upper and lower sum- 
functions bounded, it is a Fourier's series. 

It is unnecessary in this theorem to include in the statement the con- 
dition that a„ , converge to zero, as w -- 00 , because it can be shewn that 
this is necessarily the case if the upper and lower sum -functions are 
bounded in the interval (see § 432). This was the first theorem obtained 
which referred to the upper and lower sum-functions of the series. 

A particular case of the general theorem is the following theorem of 
Lebesgue|: 

There is only a single trigonometrical series which converges everywhere to 
a given bounded fu7iction; viz. the Fourier's series corresponding to the 
* See W. H. Young, Proc. Lond. Math. Soc. (2), vol. ix, p. 427. 

t See Lemons sur les s&ies trigonomitriques ( 1906), p. 122, also Annates sc. de V4colt normaie (3), 
vol. XX (1903), p. 467. 
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function. There may be a reducible set of points at which the series is not 
known to converge. 

There exist series which converge everywhere, and of which the sum- 
function is unbounded, which are not Fourier’s series. For example, the 

CO gjn nx 

series 2 everywhere convergent, but it is not a Fourier’s series, 

since the series 2 is not convergent when :r ^ 0. 

The above general theorem* may be replaced by the following: 

Every trigonometrical series for which the Riemann sum everywhere exists 
either as a single finite number, or as mdeterrninate between finite upper and 
lower boundaries, and is such that the function cf) (x) which is at each point 
equal to the numerically smaller of the upper and lower Riemann f unctions is 
ummable, is the Fourier s series corresponding to f (.r). 

It will be observed that it is unnecessary to assume a f/riari that a^ 
and b^ converge to zero. But when there is an exceptional set of points at 
which the limits of indetermination are not finite, we have the following 
statement : 

The above theorem holds for a trigonometrical series such that />„ con- 
verge to zero, as n — oo , even when there is a set E, of points at which the 
function <f> {x) is not finite, provided E contains no perfect component, and 
provided the function (x) is summable. 

As regards the existence of sets of points which are imenumerable and 
which do not contain a perfect set, it has been shewnf by Alexandroff that 
such a set cannot be measurable (B); that in fact every unenumerable set 
that is measurable (B) contains a perfect set. 


444. If |ao + 2 (a„ cos nx f sin nx) be the Fourier’s series corre- 
sponding to a given summable function/ (x), we have (see § 360) 

X 7 /r , 1 , y^ansixinx ~ b^cosnx 

f (x) dx = C 4 laQX 4-2 - 

-TT ** n 

and since the function j f (x) dx is of bounded variation, we have 

J —n 

and thus the function F (x) differs from j dx j f (x) dx by a linear 

J —rr J -It 

function. At every point x we have F’ (x) = j f (x) dx, and almost 

J -rr 

everywhere F" {x) =f(x). 


* See de la Vallee Pousain, Bulletin de Vacad. roy. de Belgique, 1912, p. 717. 

f CompUa Rendua, vol. CLxn (1916), p. 323; see also Hausdorff, Math. Annalen, vol. lxxvti 
(1916), p. 436. 
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Therefore the Riemann sum of the Fourier’s series exists everywhere, 
and is almost everywhere equal to / (x). 

If another trigonometrical series exists besides the Fourier’s series, and 
is also summable by Riemann ’s procedure almost ever 3 rwhere, having F (x) 
almost everywhere for the Riemann sum, it would appear that the difference 
of the two series would have a Riemann sum almost everywhere, and it 
would be equal to zero. If such a series, with coefficients not all zero, exists, 
its Riemann sum must be infinite at points of some set which contains a 
perfect set. To define such a series, let H be a non-dense perfect set of 
measure zero, in (— tt, tt). Let the intervals contiguous to H be placed in 
correspondence with the rational numbers of the interval (0, 1) taken in 
ascending order. Let <!> (x) have the value, at any point within one of 
the contiguous intervals, of the rational number to which the interval 
corresponds; and at any point not interior to such an interval, let </> (x) be 
defined so as to be (lontinuous. Then (x) exists at all points of C (H), and 
has the value zero. The continuous function (f> (x) is monotone, and thus it 
is representable as the sum of a uniformly convergent Fourier’s series 

, , , , * a„ sin nx - cos nx 

</> (x) Jao ] L 

rni. £ X- n / ^ a„ COS /la: + 6^ siu Tio: 

The function F (x) - - 1, - - ^ ^ 

has (f) (a:) - for its differential coefficient, everywhere, and it has a 
second differential coefficient equal to zero almost everywhere. Thus the 
series 2 (a„ cos nx + sin nx) is summable by Riemann’s procedure 

n - 1 

almost ever;ywhere, and has zero for the value of that sum. It has been 
shewn by de la Vallee Poussin, to whom this construction is due, that the 
Ces^ro sum of the series is almost everywhere zero, like the Riemann sum. 

445 . It has been shewn in § 443 that; 

If the trigonometrical series \a^ \ 2 (a„ cos nx + sin nx) converges 

1 

almost everywhere to the values of a function f (a:) which is summable in 
(— TT, 77 ), and the set of points at which it does not converge, or oscillate between 
finite limits, contains no perfect component, then the series is a Fourier\s 
series, and it is the unique trigonometrical series which satisfies tJw prescribed. 
conditio7is. 

It is unnecessary to assume in the statement of the theorem that 
Un o (1), bn ^ o (1), because these relations follow from the convergence 
almost everywhere, of the series (see § 430). 

It follows that, if a trigonometrical series converges to zero everywhere 
except at the points of a set E which contains no perfect component, then 
all the coefficients of the series vanish. It has been proved* by Rajchman 

* See Prace Mathe.TmUyczno-jizycznc, vol. xxx (1919), p. 30. 
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that the same result holds if, instead of ordinary convergence, the Poisson 
sum of the series be taken. 

An example has been given by* Menchoff of a trigonometrical series 
which converges to zero at all points except those of a certain perfect set 
of measure zero, such that the coefficients do not vanish. 

It has however been shewnf by Rajchman that there exist closed 
sets of measure zero, unenunierable, and therefore eontaining perfect sets, 
of a certain type firsts considered by Hardy and Littlewood, such that 
the coefficients all vanish if the trigonometrical series converges ever3rwhere 
to zero except at the points of a closed set of this special type. Thus 
the condition of the above theorem can be replaced by a less stringent 
condition. Moreover this result also holds when, instead of ordinary 
convergence, the Poisson sum is zero except in the exceptional set of points, 

c© 

so that if \aQ -f lim S (a^ cos nx H sin nx) =- 0, everyvffiere except 

/l-l 71 

in a perfect set of the special type, then — 0, for n ^ 0, 1, 2, 3, ... , and 
bn = 0, for 71 == 1, 2, 3, .... 

The following theorem has been established § by Rajchman: 

If the trigonometrical series + S (a„ cos 2n7T.r f 6,^ sin 2n7Tx), such 

71 “ 1 

that o (1), bn 0 {}), converges everywhere to zero^ except possibly at 
the points of a closed set of type {H) ; or more generally if, except at the points 
of that closed set, 

00 

iuo H- lim 2 (a„ cos 2mTX -}- bn sin 2727r:r) r” 0, 

r~l 71- 1 

then a^ =■- 0, an^ bn -^ 0. 

It has been stated || by Rajchman that the fact of the existence of 
perfect sets which have the above property, in relation to the uniqueness 
of a trigonometrical series, had been demonstrated, but not published, 
by Mile Nina Bary, in 192 1 , in the Mathematical Seminary of the University 
of Moscow. Rajchman’s independent result relating to the sets of type (H) 
has been later generalized |[ by Mile Bary, who shewed that a set of points 
M ...), where is a sequence of sets, all of type {H), has the 

same property, in relation to the uniqueness of a trigonometrical series, 
as a single set of type {H). 

The closed sets introduced by Hardy and Littlewood, and considered 
further by Steinhaus, and explicitly defined by Rajchman, who terms 
them sets of type (H), can be defined as follows: 

♦ Comptes JRenduSy vol. clxiii (1916), p. 433. 

f Fundamenia Math, vol. iii (1922), p. 287. t Acta Math. vol. xxxvii (1914), p. 155. 

§ Fundamenia Math. vol. m (1922), p. 287. || Ibid. vol. iv (1923), p. 367. 

^ Comptes Rendua, vol. OLXXvn (1923), p. 1195. Rajchman has given another proof of his 
result, dependent on the theory of formal multiplication, Comptes Rendus, vol. OLXxvii (1923), 
p. 493. Some further results are given by Zygmund, in the same volume, p. 576. See also 
Zygmund, Math. Zeitschr. vol. xxrv (1926), p. 40. 



679 


445 , 446 ] The Uniqiieness of a Trigonometrical Series 

Let G be a closed set contained in the interval (0, 1). In case either 
0 or 1 is a point of G, it will be assumed that both of these points are 
points of G. Let a point P (x), whose polar coordinates are r = 1, ^ ^ 2ttx, 
be made to correspond to each point x, of G. To the closed set G, in the 
interval (0, 1), there will correspond a closed set 5, of points on the circum- 
ference of the circle with radius unity. If k be a positive integer, and 
P {kx) be the point whose polar coordinates are r = 1, S ^ ^irkx, it is clear 
that P (kx) = P (kx Ekx), where Ekx denotes the greatest integer kx. 
Let Gk denote the set of points P (kx), where x has all the values in G. 
In order that a point P (y), where 0 y < 1, may not belong to 0^, it is 
necessary and sufficient that the k numbers 

?/ 2/1 2 / , 2 y k-^ \ 

k’ k ^ k’ k ' k’-"’ k k 

do not belong to G. 

We take the set Gf^ to be the set in (0, 1) which corresponds to G/,, so 
that, if y is a point of Gj^, r ~ I, 6 -r. ^iry is a point of G^- Let 2TT(iy. be the 
length of the greatest arc of the circle which does not contain in its interior 
any ]:)oint of \ and thus the length of the greatest arc contiguous to 5^. 
We have, for each value of k, 0 dj, 1, and thus lim > 0, unless lirn d^ 

/r~oo 

exists, and has the value zero. 

The closed set- G will be said to be of type (H), provided lim > 0. 

fc~QO 

In the case of Cantor’s perfect set (i, § 118), we have ^ for 
h ---- 1, 2, 3, ; therefore this set is of type (H). 

446. With a view to the extension of the theorems of §§ 443, 445, 
relating to a trigonometrical series Juq + S (a^Qo^nx 4- sinr^a:), it will be 

sufficient to leave out the coefficient «(, and to consider the series S 

« =- 1 

where A „ denotes cos nx + sin nx. 

A A 

Let (x) denote — 2 — (x) the series 2 ”, and generally let 

V 1 »t "= 1 

A 

F^r (^) denote (— 2 assumed that either a„, are 

bounded, or more generally that where (0 < p ^ 1), are bounded. 

In either case the series 2 is uniformly convergent. 

Ko (h) - ^0 (-P + A) + Po - h) - 2F, (x), 

K, (h) = (* + A) + F, {x— h) ~ 2Fi {x) - h^F„ (x), 

etc., 


Let 
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and generally 

K^r (h) = Fir + Fir {x — h) - 2F^ {x) - h^F^r-i (x) 

^ I -^Zr -4 (^) gt -^Zr- 6 (^) ••• (2f ) ! ^ 

These functions are formed by the rule 

(h) = f dh{ K„ (h) dh, K^r (h) = f dA f K^r z (A) dh. 

Jo Jo Jo Jo 

j 

Denoting by {h) the expression (^7 (2r f 2) !’ shewn, 

by emplo3dng the theorem of § 158, that the lim (h) and lim Gj. (h) are 

_ __ 

given by J {Cr I- Cr) + JA (Cr — &)> where C\ and Qr are the upper and 
lower sums (6\ r) of the series where these Cesaro sums are assumed 

to be finite, and A is a fixed number. 


We have G^. (//) - S {nh), where 0 {nh) is given by 

n - 1 


*r(2r+2)! 

9(nh) tnh\^r+i 


Writing t for nh, we have 
. (-ir{2r+2)! 


( 1 — COS nh ) 




' ’ (2r)! 


^ 1 — cc 


2! ^ 4! ^ ^ ^ {2r)\r 


from which it follows that lim c/> (t) 1, and that t-4) (t) is bounded for all 

positive values of t. 

In order to apply the theorem of § L58, we shall shew that </»(’' (t) V 
is bounded for all values of t. Since 


(- ir(2r f 2)! 


-- (1 — cos 


' ' / *2 I _ i /-2r 

(2r)! ^ 2! ’ 


it) 

/ /rt . consists of the term in a number of terms of higher 

{— ly (2r + 2) ! ® 

negative powers, and of terms containing one of the factors cos t or sin t 
and as the other factor a power of t which is — 2r — 2, — 2r — 3, . . . , — 3r — 3. 
It follows that {t) consists of a constant term and of terms con- 
taining negative powers of t \ hence {t) is bounded for all values of 

< > 0 0. Applying the theorem of § 158, taking A: ^ 2, it follows that the 
upper and lower limits of (h), as h 0, lie in an interval 


\ dr \X 
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The following theorem has now been established : 


//J^ 2 r {^) denote the series (— 1 )(*■+» S , and the series (x) - — S ^ 

n-1^ n-1 ^ 

be assumsd to be convergent, and if 

K^r (h ) = i^2r + b) + i^2r ^ ) -* (^) ” - 2 {^) 


2 h^ 

4! 


^2r-4 (^) 


2A2r 

(2r)! 




the function defined bif K^r dh Kor ^2 W ^7 (h) denote 

Jo Jo 



2A2r-f2 

(2r V 2) ! ’ 


tJmi the upper and lower limits of G^. {h), as h 0, are given by 
\ {C\_\- Or) X |A (a -- Crh 

when A is a fixed number, and Cr , Or are the upper and lower Cesdro sums ((7, r) 
of the series 2 A^, assumed to be finite. 

)i 1 


447. By repeated application of the theorem given in i, § 264, it is 
seen that the upper and lower limits of (h), as h ~ 0, lie in the interval 

bounded by the upper and lower limits of 1 - ^0 + » 

where F^^ (^) is identical with Riemann’s function F (.r). 

When a„ =- O (n^"'^), b„ - O where 0 < p 1, the function F {x) 

is continuous, and any limit of G^ (h), as h ^ 0, is also a limit of 
F (x I //) f F (x ~ h) ~ 2 F (x) 

7/2 

l^et it now be assumed that, at every point of the interval (— tt, 77 ), 
(;(r) 0 r) both finite, and that they are sumrnable in the inteiwal ; it then 
follows that a function exists which is sumrnable in (~ tt, tt), finite at 
every point, and is at each point x in the interval formed by §)^F (x), 
^'JAF (:r). Applying the theorem of § 443, it now follows that the series 
is a Fourier’s series. 

The following theorem has now' been established : 

7/ ^7, are bounded, where k is some number such that 0 X 7* < 1, and 

if the series (a„ cos nx + b^ sin nx) is such that its upper and lower Cesdro 
sums of integral order r are finite at each point of (— tt, tt), and sumrnable 
in that interval, then th>e, series is a Fourier's series. 

In the particular case r - 1, if it be assumed that the upper and 
lower Cesaro sums of order k, where k is such that 0 X 7: < 1 , are every- 
where finite, it follows that are bounded and that the Cesaro sum 

n^ 
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of order 1 is bounded. We have then the following theorem which has been 
given by W. H. Young*: 

If the upper and lower Cesdro sums of order k, where 0 ^ k < 1 , of the 
series S {a^ cos nx -f sin nx) are everywhere finite ^ and define surnmable 
functions in the interval (■— tt, tt), the series is a Fourier's series. 

If the more stringent assumption be made that converge to zero, 

as 71 '-- 00 , the function F (a;) has at each point symmetrical derivatives; 
and we obtain the following theorem : 

If j converge to 0, as n ~ oo, and if the series 2 (a„ cos nx + sin /ix) 
is such that the upper and lower Cesar o sums, of integral order r, are surnmable 
in (— 77, tt), and finite at every point which does not belong to a set E which 
contains no perfect component, then the series is a Fourier's series. 

This theorem was also given, for the case r 1, by W. H. Young {loc. 
cit.). The mode of proof given above is a modification of this proof. A more 
complicated proof of the general theorem has been given| by A. Rajchman. 

448. The following theorem relating to Ces^tro summation of any order 
k, positive but not necessarily integral, may be deduced from de la Vallee 
Poussin’s theorem (§432): 

If the series \aQ 4- 2 (a^ cos nx + 6„ sin nx) has, in any inter ml, its upper 
and lower Cesdro sums {C, k), where k > 0, finite at each point which does not 

belong to a set of measure zero, then -1; are bounded. 

^ n^' n^ 

It follows from the condition of the theorem that the upper and lower 

r xu • X- coH nx 4- b^ sin nx x x i x n 

sums of the senes 2 — , — - are both finite at almost all 

a b 

points of the interval, and therefore ” are bounded. 

n^ n^ 

The following theorem may be deduced from that of § 430 : 

If the series Joq + 2 cos nx 4- sin nx) is surnmable (C, k), where 
k > 0, at all points of a set H of positive measure, then ™ converge to zero 
as n CO. 

For it is known that at any point at which the series is surnmable 

(G, k), - converges to zero. This being the case at points 

of a set H, of positive measure, the result follows from § 430. 

A particular case of this theorem was givenj by M. Riesz, that if the 
series Juo + ^ (®n cos nx 4- bn sin nx) is surnmable {C, 1) in an interval, then 

" converge to zero. 

♦ Proc. Roy. Soc. (A), vol. Lxxxix (1914), p. 160. 

t Monataheftp. fiir Math. u. Phyaik, vol. xxvi (1915), p. 263. 

+ Maih. Annalen, vol. lxxi (1912), p. 58. 
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449. The general theorem of § 443 includes the condition that the upper 
and lower sum -functions of the given series are summable in (— tt, 77) whether 
they be bounded or not. It is however convenient to possess tests that a 
given trigonometrical series is a Fourier’s series that do not involve this 
condition, but instead depend upon whether these upper and lower 
functions are bounded in the whole or in a part of the interval. It has been 

X. • c X c .Li. x j ~ h^co^nx 

shevm in § 360 that, if the integrated senes S - — " - con- 

71 

verges to an integral, then the given series is a Fourier’s series; but in 
practice it is difficult in any particular case to ascertain whether this 
condition is satisfied or not. 


It is accordingly convenient to possess tests in which a lesser know- 
ledge of the properties of this integrated series is involved. With a view 
to remedying as far as possible these practical defects of the theorems of 
§ 442, the following theorem will be established : 


If a trigono7Yietrical series has its upper and lower sum-functions bounded, 
except in the neigJibourJvood of points belonging to a closed enumerable set E, and 
^ a sin nx b cos nx 

if the integrated series S ? converges boundedly {or in 

n* 1 ^ 

particular uniformly) in the whole interval (— tt, tt) to a continuous function, 
then the trigonometrical series is either a Fourier's series or a Fourier HL~ 
series. 


In accordance with the theorem of § 432, since S (an cos nx + bn sin nx) 

is bounded in an interval, and bn are bounded, and thus the series 

« cos na: -f sin Tia: -r i • / xx 

— ^2 converges uniformly in (— tt, tt) to a continuous 

function F (x). Denoting by <t> (x) the sum-function of the series 

* an sin nx — bn cos nx 
^ — - , 

n-l ^ 


since this series by hypothesis converges boundedly, term by term integra- 
tion may be applied to it, and thus j {x)dx ^ F (x) — F {— rr). It 

J -n 

follows that F' (x) exists everywhere in (— tt, tt), and is continuous, being 
equal to O (x). 


Consider an interval (a, 6) interior to an interval contiguous to E ; then 
the upper and lower sum-functions of the series E (a„ cos nx -f sin nx) 

n-l 

are bounded in (a, b). It follows from the theorems of §§421, 437 that^ if 

h be sufficiently small, — ^ is bounded as a 

function of (x, h), for all such values of h, and all values of x in (a, 6). 
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Denoting J F (x) dx by {x), and employing the second theorem given 
in § 221, it is seen that the upper and lower limits, as ^ 0, of 
F^ {x + h) + F^ {x — h) - 2/^1 {x) 
h:^ 

are L-integrals in (a, 6), since they are both upper and lower semi- 
integrals. Since F^ (x) possesses everywhere in (a, b) a second differential 
coefficient F' (rr), both these upper and lower limits coincide with F' (x), 
which is therefore an integral in (a, b) and consequently has, almost 
everywhere in (a, b), a differential coefficient F" (x). 

If («, /S) be the interval, contiguous to E, in which (a, b) is (‘.ontained , 
rb 

we have F" (x) dx F' {b) — F' (a): F'" (x) existing at almost all points 

. a 

of (a, b) (see i, § 406, last theorem). Since F' (x) is continuous, we have, 
as a, b converge to a, p respectively. 

lim r F" (X) dx - F' (^) - F' (a), 

and therefore I F'' (x) dx exists, either as an //-integral, or else as an 


/^//-integral. Since (a, is any one of the intervals contiguous to E, all 
the abutting intervals may be amalgamated, and we see that, if /3j) be 
any interval contiguous to the first derivative E\ of E^ the integral of 
F" (x) exists in any interval interior to (aj , and is equal to the difference 
of the values of F' (x) at the ends of the interval. Proceeding to the limit 

as before, we see that I F" (x) dx exists, as either an L-integral or as an 

J ai 

^X-integral, and its value is F' — F' (a,). Proceeding in this manner, 

fftn 

it is seen that I F" (x) dx exists in any interval (an, ^n) contiguous to E^^\ 

J Oft 

the nth derivative of E. If (a^, is contiguous to E<'^\ the first trans- 
finite derivative of E (if it exists), the integral of F’' (x) exists in any 
interval interior to («^, J3^), and consequently as before in (a^, ^^), and is 
equal to F' (/3^) — F' (aj. Proceeding in this manner, the set E will be 
exhausted, since E is enumerable, before some transfinite derivative is 
reached. Hence, in the interval (— tt, tt), F" (x) exists almost everywhere, 

and I F" (x) dx exists as an //-integral, or else as an /iTL-integral. Thus 

J a 

the function O (x) exists as an //-integral, or else as an /^//-integral, and 

it IS the sum-function of the senes S - — - It follows, in 

n 

accordance with §§ 360, 364, that the given trigonometrical series is a 
Fourier’s series or a Fourier’s //L-series, according as F' (x) is an 
//-integral or an HL-integral. 
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EXAMPLES 

00 I ] 

(1) Consider the scries 2 , sin ru:, 2 , cos /tz, where 0<A:£J. Since the series 

7. ] »* k O«*= 

00 QO 

2 sin nx, 2 cos nx oscillate boundedly, exc(^pt in the second case in the neighbourhood 
n - 1 nl 

of the point x - 0, by the theorem of § 24, the series 2 2 ^ are convergent 

w - 1 w ^ 1 * 

boundedly, except that the second does not converge at :c - 0. Since the integrated series 

2 2 converge uniformly in ( -tt, tt), it follows by the above theorem 

n-l ^ w 1 

that both the series considered are either Fourier’s series or else P’ourier’s //L-series. If 
A: > ^, it follows from the Riesz-Fiseher theorem that both series are Fourier’s series. 

,,, „ . , , . sin nx . cos nx . , , 

(2) Consider the senes 2 , . Ihe integrate.d senes 2 , — is divergent at the point 

log w n log n ” ^ 

x=0, and thus the series cannot (see §§ 360, 364) be a Fourier’s scries or a Fourier’s (HL) 

sin 

series. On the other hand the series 2 , " where k >0, is such that the integrated series 

(log 


2 — — converges uniformly in the interval ( -tt, tt). Hence the series is either a 
n (log 

Fourier’s series or a Fourier’s ////-series. 

450. In the theorem of §449 the condition that S 

converges boundedly to a continuous sum-function may be relaxed; simple 

convergence to a continuous sum -function O (x) being sufficient. For, by 

Fatou’s theorem (§ 413), applied to the summable function F {x), it is seen 

that (x) is equal to F' {x) wherever F' (x) exists, which is the case almost 

, . , , X r , . ^ /a« sin nx - cos nx \ 

everywhere in (a, b); lor 


lim i: 

/t l n 1 \ 


0) (x), 


Since 


a„, bn are bounded (see § 133). If (a;) denote j (x) dx, it is seen 

J — TT 

as before that the upper and lower limits, as h ~ 0, of 
F2 (x -f h) + F2 (x — h) ~ 2F2 (x) 


are integrals in (a, b). Since F^ (x) possesses everywhere a second 
differential coefficient F (x), these upper and lower limits coincide with 
F (x), and therefore F (x) is an integral, and consequently 

F (x) ~ F (~ tt) ^ J F' (x) dx ^ ^ O (a:) dx. 

Since O (x) is continuous, it follows that F' {x) exists everywhere, and 

is equal to O {x). From this point onwards, the procedure is as before. 

Consequently the following theorem is established : 

If a trigonometrical series be such that the upper and lower sum-functions 

are bounded^ except in the neighbourhood of points belonging to a closed 

, , ^ . , , . sin nr — 6,, cos nx 

enumerable set, and if the integrated series 1 . converges 

n« 1 ^ 

to a continuous function in the whole interval (—77,77), then the trigono- 
metrical series is either a Fourier* s series or a Fourier* s HL-series, 
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This theorem was given* by W. H. Young, whose proof, however, 
would appear to require some addition to make it complete. 


RESTRICTED FOURIER’s SERIES 


451. The properties of a certain kind of trigonometrical series of the 
form Iuq 4- D («« cos nx + sin nx), which are in general not Fourier’s 

series, have been investigatedf by W. H. Young; to series of this class he 
has given the name restricted Fourier's series. We shall in the first instance 
give an account of a specially interesting sub-class of restricted Fourier’s 
series called ordinary restricted Fourier's series, which may be characterized 
as follows: 

oo 

A trigonometrical series S (a„ cos nx -f sin nx) is said to be an ordinary 

n - 1 

restricted Fourier's series, or ORF -series, if it satisfies the conditions 
(1), o (1), ^ o (1), and (2). the integrated series 


i; ~ (a„ sin nx — cos nx) 


converges in an open interval {a, ^) contained in ( - tt, tt), or in each of a set 
of such ojien intervals, to a function F (x) which is an L-integraL The function 
dF (x) 


dx 


defined almost everywhere in (a, ^), is then said to be the function 


associated with the ORF-series in the open interval a < x < (3. 


It should be observed that, from condition (J), the convergence of the 
series 2 j , ^ ( J j follows, and then, employing the Riesz-Fischer 

theorem (§ 379), it follows that the integrated series is a Fourier’s series; 
thus the function F (x) is the function corresponding to a Fourier’s series, 
although it is an Z-integral only within the interval or intervals of re- 
striction. The interest of these ORF-series arises from the fact, which wiU 
be established, that, in an interval of restriction, they possess many of the 
cardinal properties of Fourier’s series; they may accordingly, within such 
an interval, be employed in Analysis in like manner as a Fourier’s series. 


The following theorem, which is the analogue of Riemann’s property 
of Fourier’s series, will be established : 


The upper and lower functions of an ORF-series at a point x, interior to 
an interval of restriction, depend only on the character of the associated 
function in an arbitrarily small neighbourhood of the point x. 

* Proc. Lond, Maih. Soc. ser. (2), vol. ix, p. 430. It seems here to be assumed without sufficient 
justification that the sum of the integrated series is equal to F' {x). The continuity of the sum of 
the integrated series is by itself not sufficient to justify this. 

t See Proc, Lond. Math, Soc. (2), vol. xvn (1918), pp. 195-236; also ibid. pp. 353-366; and 
Proc. Roy. Soc. (A), vol. xcin (1917), pp. 276-292, See also Bulletin de la soc, mat. de France, 
vol. JUi (1924), p. 585. 



450, 45i] Restricted Fourier’s Series 687 

Let S (o„ cos nx + sin nx) be the OiJ/’-series, and let / {x) be the 

n- 1 

fxmction associated with it in the open interval (a, ^)\ where o (1), 
^^ = 0 ( 1 ). Let F (x) be the function corresponding to the Fourier’s series 

^an^innx — bnCosnx , . „ ^ r / x ^ £ 

2 ” ; then we have F (x) — F (a) === \ j (x) dx, for 

^ J a 

a < x < P (see i, § 406). The ^th partial sum of the 07?F-series is given by 

Sn {x) - ^ ^ f (F (x t) + F (x — t)} sin (?i + J) ^ cosec \tdt, 

Zrt dx J 0 

at an interior point of the interval (a, ^). li {x — e, x + c) be an interval 
interior to (a, ^), the integral in the expression for (x) may be divided 
into two parts, the first taken from 0 to e, and the second from c to tt. 
The value of the first of these integrals depends only on the properties of 
/ (x) in the interval {x — x I- e). In order to prove the theorem, it is 
sufficient to shew that 

f f IF (x -i- f) -h F (x — /) J sin (n -h ^)t cosec kid^ 
dx j € 

converges to zero, as ~ qo. The expression may be written in the form 
[F {x -h t) F {x — t)] sin nt cot \tdt , 

where k^ =- k_n = ^ | [F (.r 4 - 1) f F (x ~ t)] cos ntdt. 

We have 

f f (x + t) F (x — <)] cos ntdt 
dx 

~ dx j ^ t) F {x —t)] QOS ntdt; 

the first expression on the right-hand side is equal to 

d (dn sin nx ~ cos nx\ 

"^dxK n j’ 

or to TT (dn cos nx -f 6„ sin nx), 

which converges to zero, as ri ^ oo . In the second expression the differen- 
tiation can be carried out under the sign of integration, since 

F (x -i- 1) -h F (x ~ t), cos nt 

are both L-integrals in the interval (0, e) (see § 249, Ex. (6)) ; it is therefore 

equal to — [/ (^ + 0 + / (^ ~ 0] nt dt, which converges to zero, as 

Jo 

n CO, since / (x 1) f {x — t) is summable in the interval (0, e). It has 
accordingly been proved that k^ ^ o (1). 

In order to deal with [F (x 1) ^ F (x — <)] sin nt cot ^dt, let 
tf> (t) he defined as an odd function of t in the interval (— n, w), such 
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that <f> (0) - 0, (f> (t) cot in the interval {e, n), and let it be con- 
tinuous at t €, and such that <f>' (t), (/>" (t) exist and are bounded in 
the interval (0, e). The function </» (t) is the integral of an integral, and its 
Fourier's series 2 Cj,sin/>^ converges uniformly. The differentiated series 

p - 1 

also converges uniformly to (^), and c,, -- 0 f ^ j ; thus 2 | c,, | converges 

to a number C. If it were necessary, (f> (t) could be so defined as to have 
any number of its derivatives bounded. 

We now consider 
d 


dx , 


j {F (;r ^ t) \ F {x - t)) (j) (t) sin 7Udt ; 
by. integration by parts we have 

I {F (x 1) F {x ~ <)} ^ (^) sin nidi 

— ~ {G {x I e) — G (x -- €)} (f> (e) sin ne 

— n j {G (x j- 1) — G (x — t)} (f> (t) cos ntdt 

— I [G {x ^ t) — G (x — t)) (f>' (t) sin fitdt ; 

F (x) dx. The function F {x) is the differential coefficient 


where G 


r (^) ^ [ 

. - 


of G (x) almost everywhere, and at every point of (x — x f f); we have 
thus, remembering that G (x + t) — G (x — /), 6 (t) cos 7U, (^) sin nt are 

integrals in (c, tt) (see § 249, Ex. (6)), for 
d 


^ " {F {x I- t) I F {x - t)} cf> (t) sin ntdt. 

U.X ./ t 


the expression 


— {F {x -j- e) — F {x— e)} (f> (c) sin 

— n I (F (x + t) — F (x ~ t)} (f) (t) cos ntdt 

— j (F (x -I t) ~ F (x — t)} <f>' (t) sin ntdt. 

Since the Fourier’s series for </> {t), efy' (t) both converge uniformly, we may 
substitute them in the integrals, and integrate term by term. We can then 
transform back the coefficients of each factor Cp, where sin takes the 
place of (f> (t), and we thus obtain the expression 


* d 

2 Cp (x + 0 + ~ 0} 5 

p » 1 fix J e 


hence we have 


~j^{F(x + t) + F(x- <)} <t> (t) sin = J S 
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If 7) be an arbitrarily chosen positive number, since =- o (1), we have 

00 

I I < t;, for I r/ >1 ^ m. It follows that 2 < t; 6^, provided n^w. 

35 = 1 

00 

To estimate S we have 


n i nt - I 

S c k 

^ ^ p'^'D n 


00 

00 

n ~ tn 

E Cpkp^p^ 

^ n 

f- E c pk p 

p-i 

p - fi f tn 

p- 1 


Cpk p 


The first expression on the right-hand side is less than rj D | I , or 

p n + rti 

p n ni 

than Or ] ; the second is less than rj D I h or than Cr ] ; the tliird is less 

p 1 

n 

than M S | , where M is the maximum of the numbers | A’t, | , 

u m l 1 

I I j ^ I I j Sind this converges to zero, as n co, when rn is kept 

rt 4- m - 1 Qo 

fixed ; the fourth expression is less than Jf X | | , or than if H I | , 

j5 - w 4- 1 p « -f 1 

which converges to zero, as n -^co. It has now been shewn that 

_ 00 j 

lim ^ Cp {kp^,p fn) - j 

7l~00 1 1 

oo 

and since t] is arbitrary, lirn E Cp (kp. „ — kp^ ^ 0. It has now been shewn 

7J '^OO p == 1 

d f" 

that lim . [F (x -h f) + F (x — <)J 6 (t) sin ntdt ^ 0, and the theorem has 

n~oo « 

thus been established. 


It can be shewn that, if x is confined to a closed interval interior to 
(«, j8), the convergence of 

[F (x t) F (x ~ t)] sin (n + {)t cosec \tdt 

to zero is uniform in the specified interval of x. 

Since 

d 

-7V> + t) -f F (x— t)] cos ntdt = 77 (a„ cos nx -f sin nx), 

ctx J 0 

the expression on the left-hand side is numerically less than tt (| | -f | | ), 

and it therefore converges to zero, as n oo , uniformly with respect to x. 

It is also known (see § 334) that f [/ (x + t) + f (x — t)] cos ntdt con- 

verges to zero uniformly for all values of a: in a closed interval interior to 
(a, P). Hence converges to zero uniformly for all such values of x. 



690 


Trigonometrical Series [ch. viii 


Since | (a:) | ^ tt {| a„ | + | |) 4- \f{t)\dt, and c is so chosen 

J X~€ 

that (x — €, X 4 e) is in a closed interval (Ay B) interior to (a, ^), we see 

n - m r B 

that, a M ^7T E (I I I I) 4 m | / (0 I dty none of the numbers 

K (^)> K •••? (^) numerically exceed M, for any of the values of 

X. Thus the uniform convergence is established. 


452. It appears from the theorem proved in § 251 that, at any point 
X in the open interval (a, of restriction, the ORF-Bevie^ is convergent 
if the Fourier’s series of the function which has the value of / (x) in the 
interval (x — €, x 4 c), and has elsewhere the value zero, is convergent 
at X, Moreover, if (a^, is any closed interval contained in (a, jS), the 
ORF-series converges uniformly in (ai,^]) if the Fourier’s series of the 
summable function which has the value f (x) when x is in (o^, jS^), and 
which elsewhere has the value of some summable function, is uniformly 
convergent. The general result may be stated as follows : 

Sufficient conditions for the convergence of an ORF-series in th£ open 
interval (a, of restriction y at a point x in (a, jS), and also sufficient conditions 
for the uniform convergence of the series in a closed interval (a^ , jSj ) contained 
in (a, ^)y are identical with the corresponding sufficient conditions for the 
Fourier's series corresponding to the summable function which agrees with 
f (x) in a neighbourhood of the point Xy or in an interval contained in (a, ^), 
and which has elsewhere the value zerOy or the value of some summable function. 

It is thus seen that, in any closed interval contained in an interval of 
restriction, an ORF-series may be employed like a Fourier’s series; for 
example, it may, subject to the same conditions as in the case of a Fourier’s 
series, be substituted in the integrand of any integral whose limits are 
within the interval of restriction, the integration being then carried out 
term by term. 


453. The trigonometrical series S (a^ cos nx 4- sin nx)y correspond- 
ing to a fimction f (x) which has a Denjoy integral, or in particular a 
Hamack-Lebesgue integral, in the interval {— tt, tt), is in general not such 
that the conditions = o (1), = o (1) are satisfied. But in any such 


case when they are satisfied, the series S 


sin nx — b^ cos nx 
n 


is a Fourier’s 


series which corresponds to a function F (x) which is an indefim'te D- 
integral, but not an ivdntegral, and is consequently a continuous function. 
But in each open interval that is contiguous to the set Hy of points of non- 
summability of / (x), F (x) is an i-integral, to the values of which the 
Fourier’s series converges ; thus the Fourier’s D-series is an OJKF-series, to 
which the results of § 452 are applicable. 
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451 - 454 ] 


In case the conditions 0 (1), o (1) are not satisfied, there may 
be values of x for which lim (a„ cos nx 4- bn sin nx) = 0. If f be a point 

within one of the intervals contiguous to the set H of points of non-sum* 
mability of the function / {x), and for which lim (a„ cos -f sin n^) 0, 

n~oo 

the result of § 452 is applicable to the neighbourhood of the point be- 
cause in the proof in § 451, no use has been made of the conditions 
^ o (1), bn -^ o{l), the conditions having alone been employed that the 

bn cos nx 


r ourier s series L ” 


exists, and that 


lim (a„ cos nx 4- sin nx) ^ 0, 

00 

at the particular point x. The Fourier’s Z>-series may be convergent at a 
point X at which this limit has the value zero, but the set of points of 
convergence cannot have a measure gi*eater than zero, unless ^ o (1), 
bn == o (1), because, as has been shewn in § 430, if cos nx -f bn sin nx 
converges to zero at all points of a set of positive measure, it then follows 
that Un o (1), bn o (1). 

We have accordingly obtained the following properties of a Fourier’s 
D-series : 

A Fourier's D-series, or in particvXar a Fourier's HL-series, 

S (Un cos nx 4- bn sin nx), 

71 - 1 

co'rres})onding to a function f (x), and for which a„ o (1), 0 (1), 6e- 

haves, in any closed interval interior to an interval contiguous to the set H, of 
^points of non-summability of f (a;), in exactly the same manner, as regards 
convergence, uniform convergence, or oscillation, as the Fourier's series 
corresponding to the summable function which, in the closed interval, has the 
same values as f (x), and outside that interval has the value zero. The series 
may be employed in that closed interval in the same manner, and subject to 
the same conditions, as the Fourier's series. 

In case the conditions a„ o (1), -= o (1) are not satisfied, the points 

of convergence of the Fourier's D-series, in the intervals contiguous to H, form 
at most a set of points of measure zero. At any point interior to an interval 
contiguous to H, at which a„ cos nx -f b^ sin nx converges to zero, as n co, 
the series behaves, as regards convergence or oscillation, in the same manner 
as the Fourier's series corresponding to the, summable function which has in 
a neighbourhood (x — h, x ^ h) of the point x th^ same values as f (x), and 
has everywhere else the value zero. 


454. The more general class of restricted Fourier’s series may be 
defined as follows : 

The series obtained by differentiating p times the Fourier's series corre- 
sponding to a summable function F (x) is said to be a restricted Fourier's 
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series of the pth class, and to be restricted to one or more open intervals (a, jS), 
if, in each such open interval, F (x) is a pth indefinite L-integral. The pth 
differential coefficient of F (x), which exists almost everywhere in (a, fi), is 
said to be the f unction associated with the restricted Fourier's series. 

It is easily seen that an ORF -sieries belongs to the first class of re- 
stricted Fourier's series. 

The theorem in § 341 that the convergence, or the nature of the upper 
and lower sum-functions, of a Fourier’s series at a particular point depends 
only on the values of the function to which the series corresponds in an 
arbitrarily small neighbourhood of the point has been extended to the case 
of the pth derived series, when summation {C, p) takes the place of ordinary 
summation. W. H. Young has in fact established* the following theorem: 

The upper and lower sums (C, p) of the, pth derived series of a Fourier's 
series correspondin^g to f (x) at a particular point depend only on the values of 
f (x) in an arbitrarily small neighbourhood of the point. 

It has also been shewnj by W. H. Young that: 

The derived series of a Fourier's series corresponding to a function of 
bounded variation in (— rr, rr) converges (C, k), where k> 0, almost every- 
where to the differential coefficient of the function. 

By employing both of the last theorems, the following theorem can 
be obtained : 

If f(x) be, in a certain interval (a, b), of bounded variation, the first derived 
series of the Fourier's series of f (x) converges (C, 1), almost everywhere in 
(a, b), to the differential coefficient of the function f (a:). 

For the convergence (C, 1) at an interior point of {a, b), of the derived 
series, does not depend upon the nature oi f{x) outside (a, b), and is there- 
fore the same as if f (x) were of bounded variation in (— tt, tt). In that 
case the series converges {C, 1) almost everywhere in (a, b), to the value 

CONVERGENCE AND SUMMABIUTY OF THE SERIES ALLIED WITH A 

Fourier’s series 

466 . The series allied with a Fourier’s series 

Juq -h H (a„ cos nx -f sin x), corresponding to the function / (a:), 

n- 1 

has been defined in § 400 to be the series 2 (a„ sin nx — cos nx). We 

n “ 1 

proceed to consider the question of the convergence of the allied series at 
a particular point. 

* Proc. bond. Math. Soc. (2), vol. xvn (1915), pp. 212-217. 
t Ibid. (2), vol. XIII (1913), pp. 21-23. 
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We have 

■u 1 r "■ 

S (a^ sin nx — cos nx) =- E / (x') sin n (x — x') dx' 

1 ^ 1 J -IT 


1 

TT . 




. n+\ , ,s ■ n . 

Sin (x ~ x) sin ~^{x — x) 


dx'- 


sin \(x — x') 

and thus the partial sum on the left-hand side can be expressed in the form 
X — x' 

T 


cot 


cos w (a; ~ ic ) cot _ + sin ri (a: ~ x ) 

Jd 


dx\ 


Since / (x') sin n (x - x') dx' converges to zero, as ti ~ oo , uniformly 

J ~ir 

for all values of x, the limits of the partial sum* depend upon those of 
2^ I / ^ ^ ^ { 1 - cos n{x — x')} dx\ 

or, writing x' ^ x + t, upon those of 


1 

~2rr + t) cot \t(l - cos nt) dt, 

or of } f {/(x - 0 -/(^ + ^)} cot (1 — cosTi^) 

Zrr J 0 

It follows that the allied series converges at a point x to the value 
2rr ~ ~ 

provided this expression has a definite meaning, and provided further the 
condition 


is satisfied. 


lim {f(x-~ t) — f (x + t)} cot cos ntdt ^ 0 
7 l ~00 J 0 


2 . 


Since cot — . is bounded and measurable in the interval (0, tt), it 

t 

follows from the theorem of Riemann-Lebesgue that 

{/ (x — ^) - / (x 4 t)} ^cot — j") cos ntdt — 0, 


lim 

n~oo J 0 


hence the second condition is equivalent to 
/(* t) -f(r + t) 


lim 

W~0O 


f' 

'O 


cos ntdt ^ 0. 


In case summable in an interval which contains 

t 

the point t 0, both the conditions of convergence of the series at the 
point X are satisfied, since 

{f(r-t)-f(x + <)} ^cot \t - dt 

exists as an L-integral. 
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In general however A). J is not summable in the neigh- 

t 

bourhood of the point ^ — 0, but 

^/o ~ ^ cot it dt 

may exist as a non-absolutely convergent integral, denoting 
lim [ {f (x — t) —f{x 1)} cot It dt. 

The result has now been established that : 

The allied series converges at a point x to the value 

2„ 

provided this expression has a definite meaning, and provided further that 

ri'^oc .'o * 

the integrals in them two conditions being in general non-absolutely con- 
vergent at t ^ 0. 

This result was obtained^ by Pringsheim, who was the first to investigate 
the convergence of the series in a rigorous manner. 

It is easily seen that, / (x) being a periodic function, 

2~ {/(a; -<)-/(* + 0} cot \tdt 

is equivalent to \,r f {x -t) - f (x + t) ^ 

TT Jo t 

466. The case in which / {x) is a function of bounded variation in the 
interval {— 77 , tt) was investigatedf by W. H. Young. For the convergence 
at a point x, of continuity of the function, we can however consider the 
more general case in which the function is only of bounded variation in 
some neighbourhood (x ~ 8, x + 8), oi the point x. 

We have then to consider the expression 

1 r* 

[/(^ — 0 “/(^ + ^)]cot It (1 — cos nt) dt, 

Ztt Jq 

since, when the limits of the integral are (8, tt), the expression converges, 
as n 00 , to the definite value 

2it/j -0 -/(* + <)] cot 

* Sitzungsber. d. Milnch. Akad. (1900), p. 87. 
t Ibid. (1911), p. 361. 
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We have, when n is so large that S > tt/ti, 


f ifi (t) cot ^ ^ ( 1 — cos ni)(lt\< { I I f I ( 1 — cos nt) | dt 
.'0 I J 0 ^ 


Jo 


sin \nt 


. sin 16 

<4^^)o / 

where ^ (t) denotes f (x — t) ~ f (x -j- t), and is the maximum of | 0 (<) I 
in the interval (0, tt/w). If n be sufficiently large, we have 


j tfj (t) cot i/ ( 1 - cos nt) dt < rj, 
Jo 


where r] is an arbitrarily chosen positive number. 

The function ip (t) may be expressed as P (t) - Q (t), where P (t), Q (t) 
are monotone and non -increasing in the interval (0, 8); we have then 

I P (t) cot cos ntdt cot ^ P [ cos ntdt, 

Jir 2 2n \nJJrr 

n n 

where h' is in the interval hence the integral on the left-hand side 

is numerically less than - cot P f ^ j ; a similar result holds for the 

function Q. Since P , Q both converge to zero, as oo , we see 
that 

1 1*5 f 

{f {x - t) ~ f {x + t)) cot ^ COS ntdt <rj. 

n 

if n be sufficiently large. It now follows that 

1 r* 

o {f (x — t) — f (x 1)} coUt (I ~ cos nt) dt 

Zn A 


differs from 


{/ {x - t) ~f(x -I- 1)} cot ltdt 


by less than 2r), if n be sufficiently large. If now 

f {/ (x-t)-f (x-i-t)} cot itdt 
Jo 


exists, we have 


lim ^ {f(x — t) — fix + t)} cot \t (1 — cosnt) dt 

27r J 0 


I + 0) cot 
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The following theorem has now been established : 

//, at a point of continuity x, of the function f (x), the function be of 
hounded variation in some neighbourhood of x, the allied series cxmverges at 
X to the value 

{f (x~- 8) - fix + S)} cot ^tdt, 

provided this limit has a definite value. 

The following analogue of de la Vallee Poussin’s condition (§ 346) for 
the convergence of Fourier’s series has been obtained* by W. H. Young: 

1 /■’* 

If - I {f{x-~t)—f{xi f)} dt is of bounded variation, as a function 
of u, the allied series converges to 

lim'r-f'" '! -/> + ')* 

ri'^QO n J „ t 

n 

provided this limit has a definite value. 

467 . As regards the summability of the alfied series, the first step was 
taken by W. H. Young, who proved that the series is surnmable (C, 1) if 
the integral 

2tt ~ 

which will be denoted by 7, exists, at least as a non-absolutely con- 
vergent integral, provided also 

[ |/(a- - <) -/(x + <) I = o(m). 

Jo 

The latter condition is certainly satisfied at a point x at which \f{x)-~C\ 
is the differential coefficient of its indefinite integral, whatever value C 
may have. The set of points at which this condition is satisfied contains 
almost every point of the interval ( ~ tt, tt) (see i, § 432), and may be termed 
the X-set. In order to shew that the allied series is surnmable (C, 1) almost 
everywhere, it is accordingly necessary to shew that the integral 

[ {f (x~t)~-f (x + t)} cot ^tdt 
Jo 

exists almost everywhere. 

It was proved t by Plessner that, if 

QO 

V (h, a;) = 2 (a„ sin nx — cos nx) h^, 

n-l 

* //oc. cit. p. 368. See also Pror. Lond, McUh. Soc. (2), vol. x (1911), pp. 266, 271, where 
various theorems relating to the allied seiies are given. 

f Zur Thiorie der konjugierten trigmometrischen Reihen^ Mittheilungen des Math. iSeminars der 
Univ. Giessen, No. x, 1923 
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where | A | < 1, then 

Urn j^F(A,a;) - 2^1 {f {x ~t) -f (x + t)) cot =0, 
where a ~ sin' ^ (1 - h), provided 

Jo 

it follows that in the L-set, the integral I exists at a point at which the 
Poisson sum exists. The particular case of this theorem in which a; is a 
point of continuity of / (x) had been obtained earlier* by Fatou. It was 
further proved by Plessner that the Poisson sum exists almost everywhere, 
and it then follows that / exists almost everywhere. Taken in conjunction 
with the theorem of Young, referred to above, it follows that the allied 
series converges (C, 1) almost everywhere. 

The summability (C, k), for A: > 0, has been considered in a memoirf 
of Hardy and Littlewood, which contains an account of the development 
of the theory of the summability of the series. It is there shewn that, in 
the L-set, the allied series is either summable (C, k) for every value of 
k (> 0), or not summable ((7, for any value of k, nor by Poisson’s method. 
This result combined with that of Plessner leads to the extension of the 
property of Fourier’s series to the allied series; 

The allied series is summable (O, k), for A; > 0, almost everywhere. 

An extension is also given in this memoir of the theorem stated in 
§ 374, relating to the conditions that, at a particular point, the series 
should be summable (C, k) for some value of k. 

468. In case/ (x) is a function whose square is summable in (— tt, tt), 
it follows from the Riesz-Fischer theorem that the allied series is the 
Fourier’s series of a function of which the square is summable. 

The following theorem was given J by Lusin: 

U summable in (0, 1), the integral [ ^ 

Jo i 

Juts a definite value almost everywhere, and represents a function <f> (a;) such 
that {(f> (x)}* is summable in the interval. 

A proof of this theorem has been given § by Besikovitch, who shewed 
that 

(x)Pdx.^.27r^ lU/m^dx, 

.’o Jo 

* Ac fa Math. vol. xxx (1906), p. 360. 

t Proc. Lond. Math. Soc. (2), vol. xxiv (1925), p. 211. 

X Comptes Pendus, vol. clvi (1913), p. 1666. 

§ FundamerUa Math. vol. iv (1923), p. 172. 
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The more general case of a function/ (x) such that \ f (x) is sumrnable 
in (— TT, tt ), for some value of p (> 1 ) has been studied by* M. Riesz (see 
§ 397) who has given an indication of his proof that: 

U \fi^) sumrnable in ( — tt , tt ), where p has some value > 1 , then 
the series allied to the Fourier's series of f {x) is the Fourier's series of a 
function <f) (x) such that \<f> {x)\'^ is sumrnable in (- tt , tt). 

Detailed proofs of this theorem, with a development of its consequences, 
will appear in forthcoming memoirs by M. Riesz, and by Titchmarsh. 

DOUBLE Fourier’s series 

459. The theory of double Fourier's series has been investigated by 
Ascolif, PieardJ, Oemi§, Krause ||, Hardy^, Vergerio**, W. H. Youngft, 
C. N. MooreJJ, Kustermann§§, and Titchma^rsh 1|||. A detailed account of 
many of these investigations, with some furtner developments, has been 
given by Geiringer^^. Those respects in which multiple Fourier’s series 
differ from single Fourier’s series are sufficiently represented by the case of 
the double series; for simplicity of statement, only the case of Fourier’s 
double series will accordingly be dealt with here. 

If/{a:^^), be a function of periodic with respect to x^^'^ and 

with respect to in each case with period 27r, and sumrnable in the 
rectangle ( - tt , - tt ; tt , tt) ; let us consider the series 

00, oo 

S (a„(i) „( 2 ) cos cos n^^'^ x^‘^^ } b^a) „( 2 ) cos sin xS'^'^ 

n<«>=0 

f c„(x),^( 2 ) sin cos sin siii 

where K [ f {x^^\ x^^'^) cos n^^'^ x^^'^ n^^^ d {xM\ 

rr .'(A) 

for > 0, > 0, 

and ^ 7 i<u,o ^ 2 f cos n^^^x^^^ d x^‘^'^). 

J (A) 

flo n'*> -- f f a;'*’) cos w(2)a;(2) d {xW, *(2)). 

«o.o - A f f(xW,x^n)d(xW,x\^'>), 

♦ Proc. Lond. Math. Soc. (2), vol. xxn, RecordSy Jan. 17, 1924, p. iv, also Compter Rendui, 
vol. CLXXvm (1924), p. 1464. 

t Rendiconti Lomb. (2), vol. xx, p. 543. 

t Train Analyacy 2nd ed. (1901), p. 294. § Rend. Lombard, vol. xxxiv (1901), p. 921. 

li Leipz. Ber. (1903), pp. 164, 239. •([ Quarterly Joum. vol. xxxvii (1906), p. 53. 

♦* Oior, di BaUdginiy vol. xux (1911), p. 181. 
tt Proc. Lond. Maih. Soc. (2), vol. xi (1912), p. 133. 

It Trans. Amer. Math. Soc. vol. xrv (1913), p. 73; Bull. Amer. Math. Soc. vols. xvii, xviii; 
Comptes RenduSy vol. clv (1912), p. 126; Math. AnnaleUy vol. lxxiv (1913), p. 555. 

§§ “Inaugural dissertation,’* Ueber Fourier ache Doppelreichen und das Poisson' ache Doppel- 
integraly Munich, 1913. 

nil Proc. Roy. Soc. vol. cvi (1924), p. 299. 

Monatshefte f. Math. u. Physiky vol. xxix (1918), p. 65. 
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with similar expressions for 6 „(i)^„( 2 ), (Vi),„(t), where A denotes the 

fundamental rectangle (— tt, - tt; tt, tt). This series is said to be the double 
Fourier’s series corresponding to the summable function / It is 

clear (see § 237 ) that each of the integrals which express the coefficients 
may be replaced by the corresponding repeated integral. We may denote 
the correspondence of the series with the function by 

00 , 00 

/ -- S (a„(i), „(t) (*os a*<*> cos 

n< 2)=--.0 

+ ^(2) cos sin a:( 2 ) 4 - c^n)^ ^<2) sin a:^^) cos 

-f- «in r/(^>a:<^) sin ni^^x(‘^^). 

It is glear that the formal expression of the series may be obtained by ex- 
pressiiig / (a:<^^ as a single Fourier’s series of cosines and sines of 
multiples of x^‘^K and then each coefficient in that series as a Fourier’s series 
of cosines and sines of multiples of 


Jf we denote by K^iv^n^2) tlie sum of the four terms corresponding to 

7}S^\ and by 6 „(i),„( 2 ) the sum D we have 

0. 0 ’ 

««'» n® -=■ K [' I ‘JOS (^(*) - xO)) !- ... + COS «(') (f(') - 

f f [i + cos .{•(•■*)) + . . . + cos «(-) - x-( 2 )) J 

J -TT 


“J (_ff, _ 7 r) 


477^1 


sin ( 271 ( 1 ) -I 1 ) ^ ^ sin H- 1 ) ^ — 


sin 


f(i) - a:(') 


1 ri(7r-a’<i)) rj(7r-x«)) 

' ' /(a’d) f 2/(1), a:(2) -f 2/(2)) 


1 i 

77■^' 

^ ' 0 Jo 


sinw(i)/(i) sin 7 / 7 ( 2 ) /( 2 ) 


sin /(i) sin /( 2 ) 


f(2) - a:(2) 

I J- 

^/(^(l),f(2)) 
sin m(i) /(i) sin m(2) /(2) 
sin /(i) sin/(2) 

f//(i) d/(2) 

r//(»f//(2); 


where m(i) = 27 ?-(i) + 1 , m( 2 ) 2 w.( 2 ) - 1 , and F {/(i), /( 2 )) denotes 

/(a:(i) -I- 2 /( 1 ), a:( 2 ) + 2 /( 2 )) 4 -/(a:(i) 2 /( 1 ),, r( 2 ) t 2 /( 2 )) +/(x(i) + 2 /(i),a:( 2 ) - 2 /( 2 )) 

+ /(a:(i) - 2 /( 1 ), a;( 2 ) - 2 /( 2 )), 
the function/ (a;(i), a:( 2 )) being taken to be periodic with respect to a;(i) and 
to a;( 2 ). 


The investigation of the properties of the double Fourier’s series, as 
regards convergence, divergence, or oscillation, at a point (a:(i), aK*)) depends 
upon a discussion of the nature of the double limit 


lim 


1 riw riff 

{<(«<(»)) 

^ Jo Jo 


sin m(i) /(i) sin m( 2 ) /( 2 ) 
sin /(i) sin /( 2 ) 


d/(i)d/(2). 
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It can easily be shewn that, for this double limit, 


lim 


\ r r F («*>. 

T^Jo Jo 


<(2) 


1 


1 


is bounded and sunnnable 


may be substituted. For 

over the cell (0, 0; Jtt, Jtt), and when multiplied by the summable function 
F (/(i), <( 2 )) the product is summable. Since 8inm(i)f(i) sin is bounded, 

and since the integral of it taken over any cell contained in (0, 0; Jtt, \tt) 
converges to zero, as n(2)^oo, it follows from the general 

convergence theorem of § 279 that 

rdn in) 


lim 


1 p 

~x ( 


( 0 , 0 ) 


F (^(1), f<2)) sin m^i)<(i) sin 


from which the result follows. 


(, 6i'« in, ..‘.i.. 


460. If the general convergence Theorem I, of §*279, be applied 

to any of the integrals j f d the 

double limit as ??/i) ^ 00 , ^ 00 , will have the value zero, provided the 

conditions (1) and (2) of the theorem are satisfied by 

n(i)a;(i) <t> (x^^\ a:(^)). 

sin sm 

Since | | = 1, the condition (1) is satisfied; also the integral of 0 over 

4 

any rectangle contained in A is numerically less than which con- 
verges to zero, as become indefinitely great; thus the condition (2) 

is satisfied. 

It follows that the double limits of the four Fourier's coefficients » ^mn » 
<^mn 3 dmn OS m X) , u CO are all zero. 

If we denote j f (x^^\ x^^^) x^^^ dx^^^ by (/> {x^^\ 7i(^)), this function 

is equivalent, for each value of to a function which is summable in 

the interval (— 77 , 77 ) with respect to x^^\ and j' <j> (x(^), ?i(i)a:(^)da:(^) 

converges to zero as n(^)^oo, the number remaining fixed. Conse- 

quently it has been shewn that : 

The coefficients 6 „<i),„( 2 ), o„(i),„( 2 >, d„(i),„(a), in a double Fourier's 

series, converge to zero, as one of the numbers n^^\ n^^^ diverges to 00 , the other 
number remaining fixed. 

461. It has been shewn that, at any point (a?^^), which we may 
take to be interior to the cell {— rr, — rr; 77 , tt), the behaviour of the double 
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Fourier's series, as regards convergence, divergence, or oscillation, depends 
upon the limit as ^ oo , oo , of the integral of 

^(1) __ ;^(l) ^(2) „ ^(2) 

sin + 1) ~ sin 4- 1) ^ 

/ f'"') ^(i> _ x(^) — m-r^ 

sin - 2 2“” 

over the cell (- tt, - tt; tt, tt). 

Let us now consider the function <I> 
which has the value 

^(1) _ ^(2) ^{2) 
sin ( 2 nM^ + 1) ^ sin (2n<2) f 1) ^ ^ - 

f{z) _ 

sin sin 

jj Jd 

when both | I ^ J ~ I ^ /^> where jLt is a positive number 

such that and x^^^ are both in the interval (— n -h jj., tt — fx). Let the 
function have the value zero, when either of these conditions is not 
satisfied, or when neither of them is satisfied. We have | ^ | < cosec ^ 
and thus the condition (1) of Theorem I, in § 279, is satisfied by O. Again 
the integral of O over any cell contained in (— tt, — tt; tt, tt) is the integral 
over a cell, for no point of which | - x^^^ | < /x, or | ^^2) _ 3^(2) | < ^; or 

it is the sum of the integrals over at most four cells, all of which satisfy 
this condition. If we consider the integral of <() over one such cell, its 
value is 

rfi ff(i) mi) rfi' , ^(2) ^(2) _ ^ 

J sin ( 2 n^^^ 2 “2 * j ^ "2 2 ’ 

where cosec is numerically ^ cosec ~ , and is monotone ; the same con- 
2 ^ 

0 { 2 ) 

dition holding for cosec ^ . Applying to these integrals the second mean 

value theorem, we see that they are less than fixed multiples of (2/i^^> + 1)~L 
(2nt2) 4- l)”i respectively. Therefore the integral converges to zero, as 
n^i) ^ 00 , -- 00 ; and accordingly the condition (2) of Theorem I, of § 279, 

is satisfied. 

It follows that the behaviour of ^n<i>,n«> at the point x^^^) depends 
only on that of the integral 

I / + 1 ) • — 2 ^ — 2 “ ^ — 2 

^(2) „ ^(2) 
cosec — ~ d 

taken over the cross-neighbourhood (see § 291) of the point 
defined as the set of points for which either 
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or where both these conditions are satisfied; the point being at 

a distance > from the boundary of the cell. Moreover, the convergence 
to zero of 


/, 


(tt.tt) 


(-IT, 


f (f d 


as nS^'^ ^ 00 , 7 ^^“^ -- 00 , is uniform for all points ^^ 2 )) jjj ^ closed set that 
is interior to A, when p is taken siifficientlv small. 

A main point in which double, or multiple, Fourier’s series differ from 
single Fourier’s series depends upon the fact that the behaviour of the 
former, as regards convergence, divergence, or oscillation, at a point, does 
not, as in the latter case, depend oi.ly upon the nature of the function in 
a neighbourhood of the point, but upon its nature in a cross-neighbourhood 
of the point. 


FUNCTIONS OF BOUNDED VARIATION 

462. Nearly all the writers on the subject of double Fourier’s series have 
con.sidered the convergence of the double series corresponding to functions 
which satisfy the condition of being of bounded variation in accordance 
with the definition of functions of bounded variation given by Hardy and 
Krause (see i, § 254). The more general definition given by Arzel^ (i, § 253) 
will be employed here in an extended form. As a preliminary, some remarks 
as to the scope of this definition are requisite. In the cell 6 ^-^)), 

the definition of a function of bounded variation, given by Arzela, depends 
upon the consideration of the family of monotone curves joining the two 
corners and of the cell. It was shewn in i, § 253, that 

the necessary and sufficient condition that a function should be of bounded 
variation in the cell is that the function should be expressible as the 
difference of two bounded monotone functions, these two functions being 
either both non-diminishing with respect to both and x^^\ or else non- 
increasing with respect to both those variables. 

Arzela’s definition may however be extended to apply to the case in 
which the monotone curves employed in it are curves joining the other 
pair of opposite corners of the cell, viz. and 6 ^ 2 )). It thus 

appears that there exists a second species of functions of bounded variation, 
such that a function of this species is expressible as the difference of two 
functions, each of which is monotone non-diminishing with respect to x^^\ 
and monotone non-increasing with respect to ; or else in each case the 
reverse. 

Both species of functions will be regarded as included in the definition 
of functions of bounded variation. It is clear that if / a;^*)) is of bounded 

variation, of the first species, and if ar^^f) be the optical image of 
the point (a;<i>, a:^^)) in the straight line through the centre of the cell 
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parallel to the and if / {x^^\ has the value, at (x^^\ of 

the function / at the point x^^\ x^^y, that is / (x^^\ x^^y), then the function 
f (x^^\ is of bounded variation, of the second species. 

A function which is expressible as the difference of two monotone 
functions, which are both monotone in the same sense, is said to be 
monotonoid. When the function is the difference of two functions, each of 
which is monotone non-increasing with respect to one variable x^^\ and 
monotone non-diminishing wif h respect to the oth(3r then the funedion 
may be said to be quasi tfionoioyiouL 

Thus a function of bounded variation is either monotonoid or else 
quasi-monotonoid. 

It was shewn in i, § 307, that, for a monotone function <;6 (.^^(0^ 
defined in the cell («0)^ />0), the functional limit (f) (:r0) -f (), + 0) 

which represents the double limit of (f) (xO) f as /^O) and 

converge to zero from positive values, has a definite value. Also the double 
limit 0, - 0) has a definite value. But the double limits 

(f) (xO) f 0, x(-) 0), (f) (xO) 0, x^“) I 0) do not necessarily exist as definite 

numbers (see the correction to i, ^ 307, at the end of the present volume). 
But the limit 

lim lim </> (x^h /y(0^ .^(-3) ^ i or lim (f) (x^^^ h 0, xt*^) - ^ 0), 

<,--0 /»('). - 0 , <-() 

where ^ > 0, necessarily exists. For ^ (xO) 0, x^-^^ - ^ {- 0) exists, and 
is clearly monotone with respect to Similarly lim ^ (xO) + ^ 0,x(2) — 0) 

exists. Whenever </> (xO) + 0, x^^^ - 0) exists, we have 
(f) (x<^^ f- 0, xt-^) - 0) -- lim <f> (x<0 y o, x^-) ~ { f- 0) 

lim (f) (xO) ^ — 0, x(2^ -> 0). 

For, when <f) (xO) ] 0, xt^) - 0) exists, we have 

I <f> (xO) -f x(2) - hy^)) - <!> (x(l) + 0, xl2) -- 0) I < 6, 
provided are both less than some number 7 ]\ if ^ be sufficiently 

small, it is then clear that </> (xO) + 0, x^^^ - ^ + 0) differs from 

<!> (xO) -I- 0, xt*^) - 0) 

by not more than €, hence, since e is arbitrary, we have 

<f> (xO) 1 0, xt*^) — 0) -- lim (f> (xO) -j- 0, xt-) — ^ -f- 0). 

^-0 

Similarly, lim (/> (xO) ^ f 0, xt^) 4- 0) and lim (j> (xO) — 0, x^“J j ^ 0) 

C-o f-o 

both exist, and in case 0 (xt’l ~ 0, x^^l I 0) exists, all the three have the 
same value. 

For example, let </> (x^^h xt^)) == (xO) 4- l) (x^^) -f i), for x^^) < — x^o, and 
(f) (xt^l, xt2)) (xt^^ -t 2) (xt*^) 4- 2) 
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for Jjj t;he cell ( — 1, — 1 ; 1, 1), is monotone, since 

the four factors are all positive. At the point (0, 0), 

lim (f) and liin (— 

*(*) - 0. - 0 A(») - 0, ;*<*) - 0 

do not exist. But lim ^ ^ j- 0, f 0) and the other similar limits exist. 

It is clear that these remarks apply not only to a monotone function 
but also to one which is monotonoid, since the latter is the difference of 
two monotone functions. 

It has been shewn* by R. C. Young that, in the case of a quasi-monotone 
function of any one of the four classics specified in i, § 255, all four double 
limits (f) i: 0, x^^^ ± 0) exist as definite numbers (see the correction 
referred to above). 

463. As regards a function which is monotone with respect to the 
variables in opposite senses, the following theorem may be established! : 

It is a sufficient condition that a function <j) {x^^\ x^^^) which is monotone 
with respect to and to x^^\ but in opposite senses, should be monotonoid is 
that either (1), one of the four partial derivatives of (f> (x^^\ x^^^) with respect 
to should be bounded in the cell, or (2), that one of the four partial derivatives 
of (f> (x^^\ with respect to x^^^ should be bounded in the cell. 

We need only consider the case in which <j> (x^^^ x^^)) is monotone non- 
diminishing with respect to x^^^, and monotone non-increasing with respect 
to x<2). Let it be assumed that one of the four partial derivatives, say 
</> which is necessarily ^ 0, is bounded in the cell A, and let 

A be its upper boundary. 

In a straight line parallel to the x<^>-axis, all four derivatives of 0 with 
respect to x<^^ have one and the same upper boundary ; therefore A is the 
upper boundary in A, of any one of these four derivatives. 

The incrementary ratio — has A for its 

upper boundary, when all pairs of points (x<^) f (x^^\ x^^^), in A, 

are taken into account (see i, § 280). The function 
^x(0 - </> (xO), x^^)) = ^ (a:(i), 

is such that 0 (xO) 4- h^^\ x^^)) — ^ a;(2)) > fQj. ^(i) > q. therefore 

0 (xO), x^^^) is monotone non-diminishing with respect to x<0; and it is so 

* Venaeignement Math. vol. xxiv (1925), p. 79. 

t It is asserted by Geiringer {loc. cit. p. 109) that Kiistermann had proved {loc. cit. p. 28) that 
in all cases in which <p is monotone non-diminishing with respect to and monotone 

non -increasing with respect to or the reverse, <p {x^^\ is monotonoid. This assertion is 
however not correct. Kiistermann proved only that it holds good when 0 has everywhere a 
partial differential coefficient with respect to one of the variables, which is bounded in the cell, 
the existence of a ffnite second partial differential coefficient being also assumed. This condition 
is much more stringent than that which is given above. 
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also with respect to and therefore it is a monotone function. Thus 
<l> is expressible as the difiPerence of the two monotone non- 
diminishing functions The other cases may be 

treated in a similar manner. 

When one of the conditions in the theorem is satisfied, the four double 
hmits of <f> x^'^^ f ^ converge to zero, from values 

that are either both positive, both negative, or one positive and the other 
negative, all exist. 


THE CONVERGENCE OF THE DOUBLE SERIES 


464. We proceed to consider the value of the double limit of that part 
of the integral with respect to (i^^\ representing which 

is taken over a cross-neighbourhood of the point a;^^)). Using the 
notation of § 459, this integral is 


/ 




where F denotes 

-f 2^(1), a:<2) 2^(2)) + /(^^d) - 2ed), a:(2) + 2^(2)) 

+ /(:rd) -I 2 ^d),a;( 2 ) _ 2 /( 2 )) -f /(a:d) _ 2^d),a:d) - 2^(2)), 

the integration being taken over the three cells (0, 0; e, c), (0, e; e, c), 
(e, 0; c, e), where Jtt ^ c> €. 

(1) Let us consider 


ro, •) 


0 (^d), ^(2)) „ 


sin md)/(i) sin md)^(2) 


d (^d), <{2))^ 


./ ( 0 , 0 ) 

where 0 (^d)^ ^( 2 )) jg taken to be monotone, non-increasing, and bounded, 
in the cell (0, 0; €, c). The integral may be written in the form 
, rd^ 0 sin md)^d) sin m< 2 )f( 2 ) 

^ (e - 0, € - 0) d <(«) 


<(») 


«(2) 


( 0 , 0 ) 


^d) ^(2) 

where ^ ^( 2 )) denotes the monotone non-increasing function 

^ (<d), <(2)) _ ^ (e - 0 , € - 0). 

The first part of the expression is equal to 


gin ff 


gin ff 


de. 


e Vo ^ 

As md), increase indefinitely, the integrals both converge to \it\ also 
I ^ (e — 0, € — 0) — ^ (4- 0, -f 0) 1 is arbitrarily small, if e be sufficiently 
small. Hence the expression differs from (+ 0, -f 0) by less than the 
arbitrarily chosen positive number if e ^ Cq, and md), are both ^ an 
integer dependent on i and 
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The integral 


r(<, e) sin sin 

< • ^ ^ (id), i(2)) d («», <(“)) 

J (0, 0) ^ 


can be divided into parts taken over the cells 

( ITT LTT L + ItT L \- IttX 
’ ///.^^^ / 

where t has the values 0, 1, 2, ... and t' has the values 0, 1, 2, 3, ... ; 

f‘ 1 TT 

the integers being such that < e , and 




T I77 

* 


It is convenient to take </) 0, when > e or > € ; the integra- 

tion can then be taken over the whole of the cells for which t ^ or l 

The integral can be expressed in the form S L (— l)‘+‘' w. (t, 

i-O /-o 

where 


« (., .') = 1^”'"’ ■ (lO) 4 -% , <(^) + «(«, K^)). 

.^0,0) , _1!L/(2) , 

^ m(2) 

It is seen that u (i, d) is positive, and monotone decreasing with respect 
to t and t'. 

If U^~u (t, t) — u (ly t 4- 1) -f w (t, t -f 2) — ... -h ( - l)‘+«^*^ u (c, 5^2)) 


V, = ~ u (c + ly i) + u (i + 2y i) - u (i -h 3y c) + f (- 24 ( 5 U), t), 

it is easily seen that the integral can be expressed as 

(t^o + Vo) + (t/i 4- Fi) 4- ... 4- (C/jd) 4 - Vg(t)). 

We have u (t, l) > U,> u (t, t) - 22 (t, t 4 - 1) 

— 24 (4 4- 1, 0 + ^ (fc + 2, t) > F, > - 24 (4 4 1, t); 
and hence we have 

S24 (4, 4) - 2 {24 (4 4 1, 4) - 24 (4 4 2, 4)} > 2 (C/, 4 F.) 

> 2 {24 (4, 4) — 24 (4, 4 4 1)} - 224 (4 4 1, 0}» 
and therefore 2 24 (4, 4) > 2 (£7* 4 Fj > — 2 24 (4, 4); 

t-O t-O i-O 


and thus 


^ (Ui 4 Ft) I < 2 24 (4, 4). 
t-o I-O 


The numerical value of the integral to be estimated is accordingly less than 
24 (0, 0) 4 44 (1, 1) 4 ... 4 24 
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j(0, 0) 


#(+«,+0){/;™«,<»j', 


which is leas than tt^ (^ (+ 0, + 0) — 0 (e — 0, e — 0)}, and this is < 
provided e is chosen to be not greater than some value . 

The sum H u (l, l) is less than (H~ 0, + 0) D or is less than a fixed 

1-1 i-it 

multiple of {(/f (+ 0, -h 0) «/r (e - 0, € — 0)}, and this is < provided c 

is less than some value €2 . 

It has now been shewn that the integral under consideration differs 

7^2 

from ^ ^ (-h 0, -f- 0) by less than 3^, provided € is not greater than the 

smallest of the numbers €q, € 2 , for all values of which are not 

less than an integer dependent on e. 

(2) We proceed to consider the integral 

0 ‘“-r" -S-' 

The integral may be divided into parts taken over the cells 

/ ITT c-'tt t 4- Itt t' -f- IttX 

where i = 0, 1, 2, ... 5^^), being determined by the condition 

s(^)7r ^ (s(^) 4-1)77 

7^(1) < ^ ~ > 

and we may assume that ifi ^ 0, when > c, so that the integra- 

tion may be taken over the whole of the cells for which t = The integer 
L has the values p, p 4- 1, p 4- 2, ... where p is such that 

pTT TT ^ p 4 - Itt 


and is such that 


pTT TT ^ P 4- ITT 

w(*» ’ 

*^77 4- 1) 77 , .1 . 

< c ^ ; and we may assume that 


0 0, when > c. 

The part of the integral taken over the cells for which c ^ <<2) jg 


jP^+l»r 




sin 
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and tliis is numerically less than 
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1 , ^ r sin 6 I fp+^’’ sm 6 

#(+0, + «)j_^ « '"IL, s'®- 


As is indefinitely increased, p is so also, hence the expression converges 
to zero, as ~oo. It is accordingly numerically < £, provided is 
sufficiently large. The remaining part of the integral may be denoted by 

2 H (— u (l, l'), where u (i, t') denotes 

i-O /-jj+l 

r(w 
' ( 0 . 0 ) 


J(O.O) \ 




l'ttX sinm(2)^(2) 




We see that u (t, t') is positive and monotone decreasing with respect to 
t and t'. 

Let 

{i,p + L-h 1) - u (t,p + t + 2) + w (i,p + t + 3) - 
Fc = - w (i + l,p + t -j- 1) f (i + 2,p -f t + 1) - (t H- 3,p -f t 4- 1) f ... . 

As in case (1) it then appears that the integral is equal to L (t/i + FJ, 

i-O 

and that this is less in absolute value than 

u (0,p -f 1) + w (l,p 4- 2) -f ... 4- w {s^^\p 4 - 14 - 
This is less than 


r(m‘«’ m'») 

J ( 0 , 0 ) 


0 (+ 0, + 0) rf (»„, ,1.1, 


dd 


The first integral is less than ^ (4- 0, 4- 0) f dd I 

Jo V Jo ^ 4- 4- 1) tt’ 

or than a fixed multiple of log j > which converges to zero, as oo . 
Thus the integral is numerically less than if is sufficiently great. 


The series S 


is < 2 


+ S 


1-1 1 (p 4- t 4- 1) 1.1 1 (p 4- t 4- 1) i-A+it** 

00 J 

Choosing A so that 2) "o < we see that, when A has been so fixed, 

1 

^1 r(t 4^ j) 4 - 1) provided p is sufficiently large. Thus the integral is 
numerically less than when is sufficiently large. 
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It has now been shewn that 

.cr 

is numerically < 2^, provided is sufficiently large. The integral over 
(c, 0; \7T, e) may be estimated in precisely the same manner. 

It has now been proved that the integral 


i0(ii 




over the three cells (0, 0; c, t), (0, e; c, c), (c, 0; c, e) differs from 


0 ( f 0, 4- 0) 


by less than an arbitrarily chosen positive number, provided e be chosen 
sufficiently small, and sufficiently large. Choosing such a fixed 

value of €, the upper and lower double limits of the integral both differ 

77’2 

from ^ t/f ( h 0, f- 0) by less than an arbitrarily chosen positive number. 


It caji be shewn that 


r(c, c) 

(e.t ) 


sin sin 

((^y W 




converges to zero, as ~oo, — 'oo. For ip cosec cosec is 

summable in the cell (e, € ; c, c), when c < Jtt; and the result then follows 
as in § 460. 

It thus appears that, when 0 < c £ Jtt, the upper and lower double limits 

77-2 

of the integral over (0, 0; c, c) both differ from - ip ( -1- 0, -f 0) by less than 

an arbitrarily chosen positive number, and therefore the limit has a unique 
value. It follows that, for a fixed value of c, the double limit of the integral 

77-2 

over the three cells (0, 0; e, €), (0, e: e. c), (c, 0; c, e) is i/r (-f 0, -f* 0). 


465. If the function F which denotes 

f{x(^) 4 2^0),a;(2) ^ 2^(2)) - ^(2)) 

h 2^0), x(2) -- 2^(2)) - 2^(1), x<2) + 2i<2)) 

is bounded and monotonoid in the area which constitutes a cross-neigh- 
bourhood of the point a*<2)), so that 
F ^(2)) _ (^(1)^ t(2)) 

where Fi, are monotone bounded functions in the domain under con- 
sideration, Fi and F 2 can be so defined that they are monotone in 

(0, 0, Jtt, Jtt). 


1 

Thus the integral -z 

J(0,0) 

converges to ^F (-f 0, -f 0), as 




00, ?n^2) ^00. 
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We have accordingly the following theorem : 

If f a periodic function, ivith periods 27 t, be sumrnahle in the 

cell (—77, - 77 ; 77, 77), the Fourier^ s series corresponding to it converges at the 
point interior to the cell, to the value JJF' (-f- 0, -f- 0), where F 

denotes the function Hf (x^^^ 1 2 t^^\x^^'^ ± 2 t^^^), if the condition is satisfied 
that F {t^^\ bounded and monotonoid in soyne cross -neighbourhood of 

the point At a point of continuity of the function f {x^^K 

converges to f x^'^'^), if the conditiori is satisfied. 

If / is of bounded variation in a cross- neigh hour hood of the 

point Qf f,}|0 f^Qj. functions f (x^^^ ± 2 t^^\ xl'^^ :ji are 

monotonoid, and the other two are quasi-monotonoid (§462) for values 
of (^(^^ in the cross-neighbourhood of In case the two quasi- 

monotonoidal functions are monotonoid, which is certainly the case (see 
§ 463) iff has its derivatives with respect to one of the variables 

bounded in the cross-neighbourhood, then the function F {t^^\ is 
monotonoid, and the four double limits/ f 0, xS-^ ± 0) all exist. We 
have accordingly the following theorem: 

If f x^-^) be periodic, of periods 277, and it be sumrnable in the cell 
( - 77, - 77; 77, 77), and if the conditions are satisfied (1), that f (x^^\ x^‘^'^) is of 
bounded variation in som,e cross-neighbourhood of the point (x^^K xl^'^), and 
(2), that, in that cross-neighbourhood, the partial derivatives of f {x^^\ 
with respect to one of the variables are bounded, whether they have everywhere 
unique values or not, then the double Fourier\^ series corresponding to 
f (x^^K x^^^) converges at to the value 

J {/ f 0, ! 0) f / -- 0, 0) -} f I- 0, xl^'^ - 0) 

|-/(:r(i) - t 0)}, 

or to f (x^^\ in case the function is continuous at the point. 

In ease the function f {x^^K is of bounded variation in the whole cell 
(-77, - 77; 77, 77), and the condition is satisfied that one of its partial de- 
rivatives {whether a partial differential coefficient everywhere or not) is bounded, 
in the cdl, then the double Fourier s series is everywhere convergent in the cell. 

A scrutiny of the foregoing investigations suffices to establish the 
following theorem : 

If the function f (x^^\ x^‘‘^'^) is of bounded variation in the cell ( - 77, — 77 : 77, 77), 
and one of the partial derivatives is bounded in the cell, then the double Fourie)*'s 
series converges uniformly to f {x^^\ at the points of a closed set in all the 
points of which the function is continuous. In case the closed set has points 
on the boundary of the cell, at such points the periodic function obtained by 
extension to the outside of the cell must be continuous. 
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466 . The following criterion of convergence at a point will be sufficient 
in many cases, and is simple in application: 

The double Fourier's series is convergent at a point if 

df df {x^^\ d^f x^^)) 

"'dx^^) ’ dx(^^ aa:dyai(2) ' 

all exist, and are hounded^ in some cross -neighbour hood of the 

function f being assumed to he summable in the cell ( - tt, - tt; tt, tt). 

We may consider the cell ^(i) 2/(1), ^( 2 ) 2/(2)); this cell 

the integral 

+ 7)2f 

exists, and is monotonoid (see i, § 418) with respect to its value is 

f 2^0), |. 2ty^)) fie^\ ^(2) 2ty^)) -fie^^ f 21^), f(2)) +/(f(i), ^(2)), 

which is accordingly monotonoid. Since / ^ 2 /^ 2 )) is an indefimte 

integral with respect to t^'^\ it is monotonoid with respect to ^^ 2 ); similarly 
/ f monotonoid with respect to t^^. Jt follows that 

j- 2 ^(^\ ^"( 2 ) L 2 /( 2 )^ monotonoid with respect to In a 

precisely similar manner it can be shewn that is 

monotonoid with respect to (/<^), ^( 2 )). Huis all four furu^tions 

/(fd) L 2t^^K f(2) 2^<2)) 

are monotonoid in each of the (;ells which constitute the ciross-neighbour- 
hood of the convergence of the double series at the point 

(^( 1 ) ^( 2 )^ (hen follows fn)ni th(‘ first theorem of § 4G5. 

An investigation has been given by Kiistermann (loc. cit.) of the con- 
ditions of convergence of the double Fourier’s series when it is summed 
diagonally (see § 33). 


EXAMPLE 

Let f bo defined in ( - tt, - tt; tt, n) by 

x‘2>) _i _ 7r, for 0<:r^‘’<7r, 0 < x^ 2 ) 2 r^i). 

f {x^^\ x'-^) ~7r ~ x^^\ for 0<a'^^><7r, < tt ; 

;r'2>)^/( ;r<2))=:/(-.r<i>, ~ =-f {x^^\ 

The Fourier’s series is found to be 

12 co8 7i^‘\r^” 12 , cosn'2)a^(2) g cos 

tt ,j(2>' 1* w'2’* ’’■ «,(!> = ] . '/l(2) 1 77^^^* - «.^2)» 

The series is not convergent at the point (0, 0), but the two repeated limits 
lim lim 0), lim lim „(S) (0, 0) 

n<n-^oo n(2)^ao 7i(i)~ao n(a-~oo 

exist, and have the values ~ tt, + tt respectively. Thus the series converges when summed 
by rows and columns successively, in either order, but the sums in the two cases are 
different. There is no analogy in the case of single Fourier's series with this phenomenon. 
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This example was given by Hardy*, in a slightly different form, and was related by 
Titchmarshf with a general discussion of double Fourier’s series for functions which are 
discontinuous along a line. 


THE INTEGRATED SERIES 


467. The function / being sumniable in the cell (— tt, - tt; tt, tt), 
let us suppose the function to be such that ao.o, c„(i\o 

are all zero. Let F denote the indefinite integral 

I (-TT, -TT) 


then the function F (x^^\ is continuous and monotonoid. 

The function F |- h - F equal to 

I f(x(^K .r(2)) d {a;(i), ^(2)) / f x^2)) fi (^(1)^ ^(2)) 

1- I f {x^^\ x^‘^'^) d x^‘^'^). 


The second integral is monotonoid with respect to t^'^K and the third is 
monotonoid with respect to therefore the first integral is monotonoid 
with respect to since the sum of the three is so. Similarly, it is 

seen that the integral over h is monotonoid 

with respect to {t^^\ Hence also the integrals over the cells 

27(2))^ f 

are monotonoid. The continuous periodic function F is accord- 

ingly representable by a double Fourier's series whiijh converges uniformly 
in every finite cell. If 


are the typical coefficients in this series, we hav(^ 

yl„(i),„( 2 ) - -- 1 F :tr(2)) eos cos ^^( 2 )) 

77 J (_ff, -w) 

The expressions for the other coefficients are obtained by changing one or 
both of the cosines into sines. 


Writing 7r®i4„(i),„(2) in the form 

f cos dx^^^ f F cos dx^'^\ 

J -V - IT 

we have 

j F ) cos x^^^ dod'^'^ j sin , 

dF 

where, in accordance with i, § 419, exists for almost all values of x^^\ 

except when x^^'^ belongs to an enumerable set of points in the linear 
interval (— tt, tt). 


* Loc. cii. p. 68. 


t Loc. cit. p. 309. 
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We now have for n^A„u>, „«> the expression 

dF 


1 T"’ oF 

-j-c I sinn^ d7 ^ I r cos ; 


d^F 


on integration by parts with respect to and remembering that 

exists (i, § 419) almost everywhere in the cell, and is equal to f {x^^\ 
we have 

2) / f {x^^\x^^^) sin 7i^ x ^ sin x^ 2 ) ^ D ^ 2 ) j ^ 


or 




It can be shewn that ^o.n<®> ^ ^ 0, in a similar manner, 

it being assumed that the Fourier’s series for / (x<^^ has no terms which 
involve one variable only. 


The relations 

~ ■" ^(1)^(2) -y^(l)^j,(2) 

n<‘i> ~= ^(iy^(2) 

with the corresponding relations, when or is zero, can be obtained 
by the same method. 

It has thus been shewn that the series obtained by integrating twice 
each term of such a Fourier’s series converges uniformly to an indefinite 
integral. 

Conversely, the series obtained by differentiating twice the Fourier’s 
double series which converges uniformly to an indefinite integral is a 
Fourier’s series. 


For, if 

A^{\) „(8) — - [ F cos cos nt 2 )^ 2 ) ^ ^ 2 )j^ 

where F jg an indefinite integral, it can be shewn as before, by 

two integrations by parts, that 


7i(i);2,(2)^ ( 1 , f sin7i(i)a;(^Uin7i(2);p(2)^(3;(i) ^2)j 


d^F 


where almost everywhere. The function / a;^ 2 )) being 

d^F 

defined to have the values of 0 ^ almost everywhere, it is seen that 
K f f sill sin d {x^^\ ~ ^(t) . 
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The other corresponding results for the other coefficients 

may be obtained in a similar manner. 

We have thus the following theorem, corresponding to the theorem of 
§ 360 : 

The necessary and sufficient condition that a double trigonometrical series, 
without a constant term, and without terms which contain one variable only, 
shall be a Fourier's double series is that the series obtained by integrating 
each term xvith respect to both variables shall converge uniformly to an indefinite 
integral. 

In case the double Fourier’s series for f contains the terms 

involving a constant and multiples of cos n^^'^x, sinn^^^ar, cosn^*-^).?;, sinn^^^a:, 
we see that the single Fourier’s series corresponding to 

f- f /{*<", 

which exists for almost all values of x^^\ and is summable with respect to 
x^^\ is 

ao.o f“ S 0 cos + c„(i) ^ sin ; 

and the single Fourier’s series corresponding to dx^^^ is 

a^Q -f S («(, ^(a), cos 71 ^ 2 ) x(2)). 

Hence the double Fourier’s series corresponding to the function 
f (x^^\ x^^^) ~ j f(x^^\x(^^)dx^'^^ j f (x^^K dx^^^ 

4 ^' 2 J [ f dx^^^dx^-' 

consists of the same terms as that corresponding to / except that 

the constant term, and the terms involving one of the variable only, are 
omitted. The integral of this expression over (-- tt, — tt; x^^\ x^^^) is an 
indefinite integral of / (x^^>, Applying the theorem last obtained to 

this function, we see that the Fourier’s series corresponding to 

( i'i) I ^ f "if 

j' ’ ~2n I 

- f f J*’’’ 

is the series L — .5. L^a) „«) , where L„(i) „(2) denotes 

sin . sin 7i(2)a:(2) __ 6„(i>,„(2) sin n^^^x^^^ . cos 7i<2)^2) 

— c„(i),„(2) cos n^^^x^^^ . sin n^^^x^^^ + cos , cos 77^ 2) ^2) 
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If we apply the known theorem for single Fourier’s series (§ 360), we 
see that the series S | L„(i) ^ is uniformly convergent, its sum being 

rn 

j j f (a?0)^ + tt) 27rao,o • 

A similar result holds for the series E ^( 2 ). We now find that 

f d. zy^^) - 1 rr) f tt) 

is the sum of the series 

a:0) f 77- 1 j 7^ 1 


277 ■■ ■” 277 


" „ (1) „ ( 2) 


the expression converging uniformly. 

If we take any cell we find that 

f {/ ‘^^^0 'V*> d (xO), 

converges to zero, as vy\ become indefinitely great. 

This is the analogue of the theorem given in § 362 for single Fourier’s 


senes. 


THE CEsARO summation OF A DOUBLE FOURTER’s SERIES 

468 . If the partial summation of a double Fourier’s series be taken in 
accordance with (^esaro’s method {0, 1), both with respect to and with 
respect to we obtain the partial C'Csaro sum which may be denoted by 

{c c} 

sj^x) ^( 2 ) {x). We have as the expression for this partial sum 


1 

J (-TT, -IT] 


(-TT, -ir) 


' 1 

2na. ' -.r.u) 


1 n'"’- 17 ^( 2 ) 

2«<.' 




which is equal to 
1 

4w< 


1 /•(’'•') fsin .’«<’) (^(1) xO)) 2 (sin ^ 

w(“)772j, ■ -- 


siii'niO) - xoy I I sin] (|(“) x('4)' 1 

^ f{e^\e'^^)d(e^Ke% 

and this may be expressed in the form 


1 


72,(1) 7^(2). 




where 


=_-/(*'!) + 2<(«, + 2<(*)) + /(*<» - 2«>*), - 2<(2)) 

f /(x<J) + 2<(«, - 2<'2)) - 2t^», x'^l + 
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The integral 






sin ( 

sin / \ 


sin ?i< 2 )^( 2 ) 

lin7(2) 


)■ 




where ^ whether it be bounded or not, is summable in the cell 

(£, e; \tt, Jtt), can be seen by means of the general theorem of § 279 to 

converge to zero, uniformly for all points at a distance not less 

than 2e from the boundary of A, as ^ oo, oo. For the conditions 

i.- .c ^ 4 - 1 /sin /sin j j • 4 .u ii 

are satisfied that Tir-,o; ' - ./or is bounded m the cell 

7^(1) 7^(2) \ sin^i^ / \ sinr®' / 

{€, e; Jtt, Jtt), and that its integral over that rectangle converges to zero, 
as become indefinitely great. 


We consider next the integral over the cell (0, e; e, \tt). Let it be 
assumed that tfs is bounded in the cell (0, 0; Jtt, Jtt), and that U 

is the upper boundary of its absolute value ; then the integral is numerically 
not greater than 


U 


1 /sin r*’" 1 /sin 

sinW ) *je ^)V 



the first integral converges to and the second to zero (see §365), as 

A 

71^11, are indefinitely increased. Therefore the integral under considera- 
tion converges to zero. The integral over the cell (e, 0; Jtt, 0) may be 
considered in the same manner. 


Lastly, we take 



1 

* 7iU)^(2j 


/sin /sin 7 i^ 2 )^( 2 ) 

\ sinf^h / V sin ^^ 2 ) 




If the function / is continuous at the point € can be so 

chosen that 0 differs from 4/(x^i), x^^>) by less than an arbitrarily 

prescribed positive number y; therefore the limit of the integral differs 
from /(xd), more than which is arbitrarily small. It 

follows that, in these circumstances, the Ces^tro sum (x) is/(x^^^ x<*)). 


If the function is not continuous at (x<^^ x^^)), but if ip ^^^1) has a 
definite limit, which will in particular be the case if the four limits 
/(x^i) -f- 0, x<2) + 0), /(x(i) - 0, x<2) - 0), /(x(i) f 0, x(2) - 0),/(x<i) - 0, x<2) + 0) 
all exist, it is seen as before that the sum (x^^), x^®)) exists, and has 
the value (+ 0, + 0). 


We have now obtained the following result: 

If f(x^^K fit doubly periodic function, of periods 2tt, and he summable 

in the cell (— tt, — tt; tt, tt), the double Fourier's series, corresponding to 
f x<*>), converges to f (x^^\ x<*l) at any point at which the function is con^ 
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tiniLOiis, ^provided the point has a cross-neighbourhood in which the function 
is hounded. Subject to the same condition, the series converges to 
\ lim f + U^)) + J 

-{.f{xS^) -f- W\ :r( 2 ) - ^( 2 )) x^^) + 

provided this double limit exists. 

It is easily seen that the following theorem holds good as regards 
uniform convergence : 

If the function be continuous at every point of a closed set, and be every- 
where bounded, the partial Cesdro sum converges in the closed set 

uniformly to the value of the function. 

The convergence of the Cesaro sum of double Fourier’s series has been 
investigated by W. H. Young, Kiistermann, and C. N. Moore; the last of 
these has dealt explicitly with cases in which there are lines of discontinuity 
of the function. The convergence of the sums which the 

summation with respect to one of the variables is taken in the ordinary 
manner, and that with regard to the other variable in the Cesaro manner, 
has been considered by VV. H. Young (loc. cit.). 

THE POISSON SUM OF THE DOUBLE SERIES 

469. The Poisson method of summation may be applied to the double 
Fourier’s series. The partial sum of the series 

^ (a„(i),„( 2 ) cos cos nS-'^xS'^) j sin 

} sin qqs + 6 /„(i),„( 2 ) sin sin 

where | /?^^) | < 1, ) | < 1, may be expressed in the form 

j 1 

^ j V- 2/t(‘) cos (f‘> - 

'' 1 ~ 2k<-> cos (f^> - *( 2 )) + 

The limit of this integral may be investigated by a method similar to 
that which has been applied to the Cesaro sum. This has been carried out 
by Gross* and by Kiistermann (loc. cit.). A theorem analogous to that of 
§410, that the Poisson sum of a single Fourier’s series is convergent 
almost everywhere, has been given by Geiringer (loc. cit. p. 135) for the 
Poisson double sum. 


Sitzungsber. d. k. Acad. IPten, vol. cxxiv (1915), p. 1017. 
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PARSEVAL S THEOREM FOR THE DOUBLE SERIES 

470 . It has been shewn in § 467 that, if Aj denote any cell, 

lini [ {/ ^(t) d (x^^\ x^^^) ^ 0. 


Let it now be assumed that { f (x^^\ is siimmable over the cell 

77 , — tt; TT, tt) ; it is then seen, precisely as in § 362, that the series 






where ^ ^ 1 when > 0 , > 0 , and 0 2 when one of the numbers 

72 ,( 2 ) is zero, and 6 4 when both are zero, converges to a sum 

1 


M {f{x<^\x('^>)y^d(x(^\x(^^). 

77“ j (_,r. -rr) 

It can then be proved, exactly as in § 362, that 

lim I (x^^K d {x^^\ — 0 , 

where e is any measurable set of points. 

As in § 377, it can then be proved that, if g x^‘‘^^) be any function 

whose square is surnmable in ( 77, — 77 J 77, 77 ), 

j g {f {x^^\ (x^^K ^ 

_fl-) 

This is equivalent to the following theorem : 

lff(x^^\ x^^^), g be functions whose squares are surmnable over 

the cell (- 77, — 77; 77, 77), then the series 

00 00 

Yj Yd (u„(l), „( 2 ) „( 2 ) j- 6 „( 1 >, „( 2 ) B^n)^ ^( 2 ) h C„(l), „( 2 ) C„{1)^ ^( 2 ) 

j_ .J j\ \ 

+ dyj(i)^ ^< 2 ) ^< 2 )) 

converges to \ f f (x^^\ x^^^) g (x^^\ x^^^) d {x^^\ x ^ ) ; 

77-^ J(„„, 

0 ~ I if > 0 , 6 ^ 2 if one of the numbers n^^\ 

zero, and 6^4 when both are zero. The constants A, B, C, D have reference 
to the function g (x^^\ 

Also the series 

* ^ 2 2 2 2 

Y Y 0 (a^d) ^< 2 ) f- 6 ^( 1 ) ^( 2 ) 4 c„(i) ^( 2 ) + d^(i) ^( 2 )) 

n < i >» 0 n <*>-0 


converges to 


\ I {/ (*'*’. d (a;(«, a:(2)). 

j(-ir, -it) 
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There is no difficulty in extending the Riesz-Fischer theorem (§ 379) to 
the case of double sequences of constants 

For we find that the double limit of 


J ( n, - ir) '' ' ' 


/ ( n, - ir) 

as p^oo, 7 00 , has the value zero; where is 

partial sinn of the double series for which 


(ti) (2) 

7 . 


The tlieory of the average convergence of a sequence, given in 
§ 171, is tiow applicable. It follows that, having given a double set of 
nujubers „( 2 ), /v»>, function f whose 

square is summablc exists, and is unique (except for equivalent functions), 
such that the given set of numbers, which are assumed to be such that 
the series of their squares is convergent, are the coefficients in the double 
Fourier's series corresponding to the function. The detailed proof is similar 
to that in § 379 for the case of the single Fourier’s series. 



CHAPTER IX 


THE REPRESENTATION OF FUNCTIONS BY FOURIER’S INTEGRALS 


Fourier’s single integral 


471. It has been shewn in the course of the investigation of conditions 
for the convergence of Fourier’s series at a point, or in an interval, that 

Z + 22 ) +/ (a; - 22 )} dz 

TT J Q Z 


converges to the value M / (^ + ^) + / (^ ~* ^)} > 

when the positive number m, which is not necessarily integral, is indefinitely 
increased, either through a sequence of values, or as a continuous variable; 
provided f (x) is summable in the interval (— tt, tt), and satisfies one of a 
group of sufficient conditions in the neighbourhood of the point x, at which 
the existence off {x + 0), f (x — 0) is assumed. The number e is such that 
0 < € In. 

This is equivalent to the statement that 

lim ^ Infix') ~^ dx' - i{f{x+ 0) +f{x- 0)}, 

U'^oo n J fi XX 


where x~n;^a<x<P^x~hn. If x, x' he changed into nxjl, nx'jl, and 
u be changed into nujly and the function / (tt a;//) be replaced by f (x), we 
see that the inequality holds for points x within the interval {— 1,1) , 
where a, ^ now satisfy the conditions x — l^a<x<^^x \~l. When 
X has the value a, or the value of the fimit is J/ (a + 0), or J/ — 0), 
provided the function is such that the limit exists, and also satisfies one 
of the sufficient conditions already referred to. For a given point x, and 
for given values of a and /S, the number I can always be so chosen that 
the conditions x~l^a<x<p^x-\-l are satisfied. 

Moreover, in a given interval contained within (a, jS), in which / {x) is 
continuous, the continuity being on both sides at the ends of the interval, 

the convergence of - j f (x') ^ dx' to the value / {x) is uniform, 

n j a X X 

provided / (a;) is of bounded variation in an interval which contains the 
given interval. Sufficient conditions will now be investigated that, in the 
integral, we may substitute cjo and — oo for ^ and a respectively. 


(1) Let it be assumed that/ 


and that 


/: 


IM 

X 


dx, 


fix) 

X 


number. 


[x) is summable in every finite interval, 
dx both exist, where A is any positive 
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We have 




, sin u {x' — x) 


dx' 


A-\x\ 


f ' provided 

dx' < rj, 


x' 


X — x 

A M 

\x\< A, A' > A. Now A can be so chosen that 1 — t / 

‘ ' A~\x\J^ 

for all values of A' (> A) ^ where t] is an arbitrarily chosen number. 

Similarly a negative number B can be so chosen that 


I B' 


dx' 


< 1 ^ 


X — X 

where B' < J5, and | a; j < | jB |. If 24 is not less than some number w, , we have 

(*') ilx'-i{/(x + 0)+/(x- 0 )} < T), 

where x is within the interval (B, A), and one of the sufficient conditions 
is satisfied by / (x) in the neighbourhood of the point x. 

It follows that, when 22 ^ 24 , , 

1 
tt 


; f /(*') 

' Jb' 


sin u (x' -jc) 


X —X 

for > j 4, JS' < ; or 

sin u {x' - x) 


.\{f(x + 0)+f{x-0)) 


< 


1 /■" 

-\ fix') 

^ J -«0 

we 

limif 
U-vOO J -00 


X — X 


for u^u^. Hence we have 


dx' -i U{x + 0) +f{x - 0)} 




dx' = i {f(x + 0) +/(a: - 0)}, 


X —X 

subject to the conditions already stated. 

Moreover, if / (a;) be continuous in a finite interval, the continuity at 
the end-points being on both sides, and the finite interval is contained in 
an interval in which / (x) is of bounded variation, the convergence to / (x) 
is imiform in the finite interval. 

It should be observed that the conditions that / {x) is summable in 


every finite interval, and that 


fix) 


is summable in (^4, 00 ) and in 


(— 00 , — u4), where ^>0, are both satisfied, in particular, if f (x) is 
absolutely summable in the whole infinite interval ( — 00 , 00 ). 

(2) Let it be assumed that / (x) is summable in every finite interval, 
and that a positive number A exists such that, in (^, oo ) and in ( — cjo , -- A), 
f ix) 

•LXJ is of bounded variation, or in particular monotone and bounded. 

QC 

fix') 


Let <f> {x') denote 


X — X 


, then we have to consider the limit of 


- f ^ (x') sin u {x' — x) dx'. 
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Since, in (A, A'), the function*^ ; ' is of bounded variation, it can be ex- 

X 

pressed as the difference j/tj {x') — ^2 {^') of two non -increasing functions, 
such that the total variation in (A^ A') is 

{A')}+{^,{A)~^AA')}. 

Since this total variation has a finite limit, as ^'~oo, we may, by 
taking ipAoo), 02 hoth to be zero, take 0i (^), 02 (^) to be finite 

f (x') 

positive numbers independent of A'. Thus 0^ {x') - 02 (x') =•' , in 

(A, 00); and, since ^ diminishes as x' increases, we may write 

0 (x') = 01 (x') ~ 02 (x’'), for (^,00), where 0j (x'), 02 (x') are positive 
monotone diminishing functions. We have 

I 01 (x') sin f/ (x' — x) dx' — (f>i (A) f sin u (x' — x) dx\ 

J A J A 

by using Bonnet’s form of the second mean value theorem (1, § 422), where 
a is in the interval {A, A'). The expression on the right-hand side is numeric- 
2 

ally not greater than ~ 0i (A), and this is indej)endent of A\ and converges 
to zero, as u ^ 00. 

r<X) 

Thus lim / 0i (x') sin u (x' ~ x) dx' — 0 ; and we may substitute 02 (a:') 
u^QO J A 

/*« fix') 

for 01 {x')\ therefore lim / f — /-sin w. (x' — x) dx' ^ 0; and the same 
U-woo J A ^ -- X 

holds for the limits — ^ - cjo , as is seen in a similar manner. It is easily 
seen that the convergence is uniform for aU values of x in an interval 
interior to (~ ^, ^); for the values of 0i (^), 02 (^4), as x varies in such an 
interval, wiU lie between fixed multiples of 0i (A), iIj2 (A). The sufficiency 
of the conditions has now been established that 


lim 

U'^ao 


If. 


f{^') 


sin u {x' - x) 


^ i {/(* + 0) +/(* - 0)}, 


X — X 

it being assumed that a sufficient condition is satisfied by / {x) in the 
neighbourhood of the point x, 

(3) Let / (x) have in (^, 00) and in (— 00, — ^) a differential coefficient 
f' (x), such that its indefinite integral in either interval is / (x), and such 

X I 

It will be shewn that this is a special case of (2) ; it is however of some- 
what simpler application in particular cases. 


is summable in the intervals, where A is some positive number. 


*00 

/'(*) 

. A 

x 




Ia 


dx exists, for some positive value of ^ , it can be shewn that 


dx also exists; that this is the case was proved* by Hardy. 
♦ See Pringsheim, Math. Annalen, vol. Lxxi (1911-12), p. 294. 



Fourier's Single Integral 


We have, by integration by parts. 


we have 


It will be shewn that 

lim [ |/'{aj)|d* -0; 

^'-00 ^ J A 

e 2,j^l/'(x)ldx=^ Jy I /' (a:) | [^ .| /' (x) | dx, 


where A < A" < J' ; also 

r'if'(^) 


lf(x)ldx, 


hence jf (x) | dx < i |/' (a;) | da; + dx. 

Let A''^ 00 , we have then 

lim ]. r I /' (X) I da; £ r l-r-M I 

A'^^ec ^ J A J A" ^ 

and the integral on the right-hand side is arbitrarily small, if A " be taken 
large enough; therefore the limit has the value zero. 

We now have 

r i/'(^)L._ r 1 1 


dx- |/j/' (*) l<^^-dx. 


From this it follows that 


nee 

^ Ja ^ ^ 


and hence '/ '-^'JdxS i-' -'“''i rfa; -I- , 

from which the absolute summability of in (^,oo) is clear. Since 

it follows from the absolute summability of 

(tX X X^ X 

f' (x) f (x) f (cc) 

and consequently of*^-— , in (^, oo), that — J has bounded variation 

X XX 

in (^,oo). Hence the condition in (2) is satisfied in case that in (3) is 
satisfied. 

The following theorem has now been established : 

/y* / (x) he summable in every finite interval, and one of the sufficient 
conditions for the convergence of Fourier's series at a point to 
i{/(* + 0)+/(x-0)}, 

Of for its uniform convergence in an interval, be satisfied, then 

1 f" ti /V sin«{x' - x) , , 

:^-V - * 


U'^co 
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has the value J { / (^ + 0) + / (a; — 0)} at the point x, or converges uniformly 
in an interval to the value of f (a;), provided one of the following additional 
conditions be satisfied: 


( 1 ) If a positive number A exists such that 


i 


dx 


exist as finite numbers. 

f M 

(2) If a positive number A exists sitch that'^ ^ is of bounded variation 

in (^ , C30 ) and in (— co, ~ A) ; or in particular if it is bounded and monotone 
in those intervals. 


(3) If f (x) have, for some positive value of A , in , oo ) and in ( - co , — A) 

a differential coefficient f (x) such thal its indefinite integral in the intervals 
\ (x) \ . 

is f ix), and such that ^ is summable in the two intervals. 


This is known as Fourier’s representation of a function by means of 
a single integr§;L 

The condition (1) was given by Hobson* and by Pringsheimf; the 
condition (2) was given by Pringsheim, and (3) was also given by Prings- 

I f (x) I 

heim, but contained, as given by him, the redundant condition that ' 
must be summable in the two intervals (^, oo), (- oo, — 


472. If, in the theorem of §471, we assume that f (x) has the value 
zero in the interval co, A), where .4 > 0, and we let a; = 0, then, pro- 
vided one of the conditions of the theorem is satisfied, we have 


lira [ /(*')- 

t«-oo J A 


sinwa:' 


dx' = 0. 


By a slight modification of the proofs in § 47 1 it can be shewn that 


Uni = 

t<~oo J A 

provided x is not in the interval (^, oo), and thus, by taking a: = 0, that 

r®® COS Ux' 

lim / {x') — dx' == 0, the alternative conditions satisfied by / (x') 

u-ooJ^ w- 

being the same as before ; we have in fact only to change sin u (x' — x) 
into cos u (x' — x). In this manner we obtain the following theorem : 

The integrals j f {x') dx', J f(x') dx' converge to zero, as 

u ^ oo, if f (a;) he summable in every finite interval (A, A ), where A>0, and 
if one of the following conditions be satisfied: 

( 1 ) That j j j dx exists. 


* Proc. Lend. Math. Soe. (2). vol. vi (1908), p. 373. 
t Math. Annalen, vol. Lxvm (1909-10), p. 384. 
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f 

(2) That - is of hounded variation in an interval {A\ oo), where A' 
is some number ^ A. 

(3) That f (x) have in some interval {A\ oo), where A' ^ Ay a differential 

f (x) 

coefficient f' (x), of which f(x) is an indefinite integral, and that i^ 

summable in {A' , 00 ). 


FOURIER S REPEATED INTEGRAL 


473. Since 


sin u (x' — x) 


cos V (x' — x) dVy 


the single integral 


/(*) -V 

J -ao 


^ sin u {x' — x) 


may be written in the form 

r* ru 

dx' f (x') cos V (x' — x)dv ; 

J -ao Jo 

and therefore the theorem of § 471 may be taken to refer to 

1 f'" /■“ 

lim - dx' I / (x') cos v (x' — x) dv, 

U'^CO ^ J —ao J 0 

It will now be shewn that, subject to certain sufficient conditions 
satisfied by f (x'), the order of integration may be changed without altering 
the value of the integral, so that the limit then becomes 
1 r» 

- dv f (x') cos V (x' — x) dx'y 
0 -00 

which is known as Fourier’s double integral representation of the function, 
although it is in reality a repeated integral representation, the order in 

2 TOO rco 

which cannot be reversed, because - f (^') cos v (x' — x) dv does 

TT J _oQ J Q 

not exist, as cos v {x' — x) dv has no definite value. 

Jo 

(1) Let it be assumed that / (a:) is absolutely summable in (-- oo, 00 ). 

Let j f (x') cos V (x' — x) dx' 

be denoted by 0 (a, v), and let 

[ / (x') cos v (x' ~ x) dx\ 

J -00 

which exists, on account of the absolute summability of / (x'), be denoted 

by ^ (»). 

ftt ru 

It can be shewn that iff (v) dv ^ lim I t/f {a, p, v) dv; for, since 
J 0 tt«- —00 J 0 

/g^oo 

I iff (a, P, v) I is less than a fixed positive number, independent of a and p, 
by the theorem of § 226 the equality holds when a and P have continuous 
values which diverge to — 00 and -f 00 respectively. 
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We have therefore 

f dv [ f (x') cos V {x' - x) dx' =- lim f dv f f (x') cos v (x' — x) dx' 

Jo J -CD $>^00 J 0 J a 

a- CO 

lim f dx' I f (x') cos v (x' — x) dx' ^ f dx' [ / (x'} cos v (x' - x)dx ^ 

/3~oo J a J 0 J -00 J 0 

tt-~ —00 

from which the required result follows, by letting u diverge to oo. 

( 2 ) Let f (x) be such that, for some positive number A, f (x) is of 
bounded variation in (^, oo) and in ( - oo, — A), and that it converges to 
zero, as a: 00, and as a; ^ - oo. 

It will be clearly sufficient to assume that, in the interval (^, oo), / (a;) 
is monotone non-increasing, and converges to zero; the general case will 
then be deduced by taking / (x) to be the difference of two such functions. 
If A2> Ai > A, we have 


f (x') cos V {x' x) dx' f {Aj) 

JAx j Ax 


cos V {x' - x) dx' , 


where A^ is in the interval (^, , A ^) ; and thus the integral on the left-hand 
side is numerically less than (Ai), which is arbitrarily small, provided 
Ai is large enough. Since this holds for all values of A2 (:> ^1), the existence 

rex ; 

of the integral J f (x') cos ?; (x' — x) dx' is assured. 

We have | / {x') cos v (x' -- x) dx' f (A) j cos V (x' “ x) dx', 
where a is in the interval (A, 00); hence 

I j f (x') cos V (x' - x) dx' < 

where v> 0 . 

A similar result holds when — 00, — .d are the limits of integration. 
ru 

The difference of dv j f {x') cos v (x' — x) dx' 

J Uo J -00 

and f dv ( f(x') cos v (x' — x) dx', 

Juo J ~A 

ru 

where u> Uq> 0 , is less than e — , provided A is sufficiently large, 

J th ^ 

where e is arbitrarily chosen ; therefore 

ru foo ru rA 

dv f (x') cos V (x' — x) dx' = lim dv f (x') cos v {x' - x) dx' 

J Uo J -OQ A-^OO J Uo J -A 

roo ru 

== I dx' j / (x') COS V {x' — x) dv, 

J -00 Juo 

For all values of Uq (> 0 ), in an interval ( 0 , a), [ / {x') cos v (x' — x) dv 

I J%u 
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is less than u | /. (x') \ , which is a summable function of a;' in (— oo , oo ) ; by 
the theorem of § 226, 

pw ru ru 

lim dx' f (x') cos v {x' — x)dv^\ dx' \ f {x') cos v (x' — x) dv. 

Uo'^O J -CO Juo J -00 Jo 

Hence, we have 

ru roo roo rtt 

dv f (x') COS V (x' — x) dx = j dx' f {x') cos v (x' — x) dv, 

Jo J -OO J -QO J 0 

from which we have 

J *oo .*QO coo r-u 

dv f (x') cos V (x' - x) dx' ~ lim dx' f (x') cos v {x' — x) dv, 

0 J -00 J - CO Jo 

and thus the repeated integral on the left-hand side has the value 


2 


(fix f 0)+fix~0)}, 


provided / (x) satisfies a sufficient condition in the neighbourhood of the 
point X. 

(3) Let it be assumed that /(a:) converges to zero, as a: — oo, and as 

X. 00 , and that, for some value of A, in (yl,oo), (~ao, — A) it has a 

differential coefficient /' (x) which is absolutely summable in these intervals, 
and of which / (x) is an indefinite integral. 

The total variation of f (x) in the interval (^,oo) is (see i, §415) 

1 f' M I is therefore finite. Thus the conditions of (2) are 

J A 

satisfied. 

It has now been proved that: 

If f (x) be summable in every finite interval, then 

2 roo coo 

^ / (^ ) ^ 

. 0 J —CO 

has the value ^ (f {x + 0) -i- f (x — 0)} at a point x, if a sufficient condition 
for the convergence of Fourier's series is satisfied; provided one of the following 
additional conditions he satisfied : 

(1) , f {x) is absolutely summable in (— oo, oo). 

(2) , f {x) converges to zero, as a: — oo, or x oo, and there exists a 

positive number A such that f (x) has hounded variation in the intervals 
(A, oo), (- CO, - A). 

(3) , / (x) converges to zero, as X'^oo, or X'-^ — oo, and a positive number 
A exists such that, in (^, oo) and in (— oo, - ^), f (x) has a differential 
coefficient f' (x) which is absolutely summable in these intervals, and of which 
f (a:) is an indefinite integral, 

474. If we assume that, outside the interval (a, j5), the value of / (x) 
is zero, we see that 

1 

- / (^0 cos V {x' — x) dx' 

n Jo J a 

i{f(^ + 0)+f(x~0)}, 


has the value 
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at an interior point of the interval (a, j3), provided one of the sufficient 
conditions is satisfied in the neighbourhood of the point x. At the point a 
it has the value j/(a + 0), and at the point /3 the value if(j3 — 0), pro- 
vided /(x) satisfies a sufficient condition in the neighbourhood of either 
point. If X is exterior to the interval (a, ^), the value of the repeated 
integral is zero. 

If we assume that / (x) is zero for all negative values of x, we have 

- f dv [ f {x') cos V (x' — x) dx' =- / (x), 

^ Jo Jo 

where / (x) is taken to have the value i { f -h 0) -h f (x — 0)} at a point 
of ordinary discontinuity; it being assumed that the requisite conditions 
are satisfied. Also 

1 

dv f (x') cos V (x^ 4- x) dx' — 0 ; 

^ J 0 Jo 


2 f ** 

hence we have - cos vxdv f (x') cos vx'dx' ^f(x) (1), 

TT Jo Jo 

A /•QO roo 

sin vxdv f (x') sin vx' dx' = f (x) (2). 

Jo Jo 


The expressions (1) and (2) are known as Fourier’s cosine and sine 
integrals for the representation of a function. It is clear that‘(l) affords 
a representation, subject to the stated conditions, of an evenjfimction/ (x) 
in the interval ( — oo , oo ) ; and (2) affords a representation of an odd function. 


THE SUMMABILITY (<f>) OF A FOXJRIER’s REPEATED INTEGRAL 

476. The method of summability given in § 266, may be applied 

to f du \ f (x') cos u {x' — x) dx'. This integral will be, in accordance 
Jo Ja 

with the method, replaced by 


lim 


I <f> (ku) du^ f {x') cos u {x' — x) dx', 


where <f> (u) is a function which satisfies the conditions laid down in § 266 ; 
and this limit may exist in cases in which the original integral is not con- 
vergent. 

Denoting by I (f) the integral f <f> (u) cos $udu, we may write 

Jo 

[ (ff (hi) cos u {x' — x) du 


in the form 




or nl {n {x' — x)}, where n ~ j. 

k 
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Since <!> (ku)f{x') is absolutely summable in the domain (0, oo, B), 
<f> (ku) f (x') cos u (x' — x) is absolutely summable, and therefore (see § 240) 
we have 

foo rB . rB 

<f> (ku) du f (x') COS u (x' — x) dx' = nl {n (x' — x)} f (x') dx\ 

Jo Ja Ja 

We have therefore to investigate the value of 

lim [ / (x') F (x' — X, n) dx', 
n.'^Qo J A 

where F (t, n) = nl (nt ) ; and this may be done by means of the general 
convergence theorem of § 279. We first shew that the conditions (1) and (2) 
of that theorem are satisfied. 

We have F (x' - x,n) ^ n \ 4>(u) cos nu (x' — x)du; 

Jo 

assuming that \ x' ~ x \ ^ fi, the expression on the right-hand side is 
1 

„ (f)(u)n (x' — x) cos nu (x' — x)du; and, in virtue of a theorem given 

X — ^ . 0 

in § 336, Ex. (2), the conditions of which are satisfied by ^ (u), we have 

\F(x' 


x,n)\< 


where iT is a fixed number independent of n and x' — x \ thus the condition 
(1) is satisfied. In order to shew that the condition (2) is satisfied, we have 

f F (x' — X, n) dx' = [ ndx' f <f> (u) cos nu (x' — x) du 

J a J a .'0 

f I / X r sin nu (B — x) - sin nu (a — a;)1 , 

s J*- 


Since 


f ^(w) 

Jo 


sin A'w , . I / X 1 

du converges to - ^ 0), as A -- cao, we have 

u ^ 


sin \u 


provided A ^ Ae , hence 


f oo 

<f,iu) 

0 

j F (x' — X, n) dx' 






< 2c, provided n^Ue, some 


number dependent on c, for all values of a; in a finite interval which has 
no points in common with the interval (A — fx, B /x). Thus the condition 
(2) of the theorem of § 279 is satisfied. It follows that 

hm f ^ (ku) du I f (x') cos u (x' — x) dx' == 0, 
k^oJo Ja 

for all points x not in the closed interval (.^4, jB) ; moreover, the convergence 
is uniform for aU points a; in a finite interval exterior to (^4, jB). 

It will now be shewn that the conditions (a) and (b) of the theorem in 
§ 292 are satisfied. 
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We have 



( dt\ n<l> (u) 
Jo Jo 


cosnutdu ■■ 


, sinnwpt 

J. - . ■ 


dU'y 


and the integral on the right-hand side converges to ^ J therefore 

the condition (a) of § 292 is satisfied. 


I'm 

Let us next consider | F (t, n) | dt, which is 
Jo 


pw I 4,{u) 
.'0 Jo 


COS ntudu 


dt 


'nti. r* 

, or (f) (u) cos tudu 

Jo Jo 


dt. 


It can be shewn that ^ cos tudu dt exists as a definite number ; 

Jo I Jo ( 

it then follows that ) \ F (t,n)\ dt is bounded with respect to (/x, n), and 
Jo 

thus that the condition (6) of § 292 is satisfied. 

Using the properties of the function (j> (w), we see, by two integrations 

roo j |.QO 

by parts, that <f> (u) cos tudu — 72 — 00 s ut) du. Since 0" {u) 

Jo ^ Jo 

is positive for sufficiently large values of u, we see that, for all values of 
t, the integral on the left-hand side is numerically less than a fixed multiple 

of i; moreover it is a continuous function of t, therefore it is absolutely 

summable in the interval (0, 00 ) of 


We have now established the following theorem : 

If <f> (u) satisfies the conditions laid down in § 266, then 

1 roo rB 

lim - (f) [ku) du f (x') cos u (x' — x) dx' 

J 0 Ja 

has the value zero, if x is exterior to the interval (A , B) ; al any point interior 
to (A, B), at which f (x A 0), f (x — 0) exist, it has the value 

\{f(x + 0) +/(a: - 0)}. 

In any interval interior to (A, B) in which f (x) is continuous, the continuity 
at the end-points being on both sides, the convergence to f (x) is uniform. At 
A and B it has the values J/ (A +0), \f (B — 0) provided these limits exist. 


476 . We proceed to the extension of the last theorem to the case in 
which A and B are replaced by ~ 00 , 00 respectively. 

(1) Let it be assumed that f (x) is absolutely summable in the in- 
definitely great interval ( — 00 , 00 ). As in § 476, (^^)/ (^0 ^ ^ 
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is absolutely summable in the domain ( 0 , ~ ex? ; cao, 00), and we have 
accordingly 

/•« -00 

<t> (ku) du f {x') cos u {x' -x)dx' ^ I f {x') F {x' - x, n) dx\ 

•>0 J -CO J _oo 

(•00 

where F (t, n) denotes nl (nt)^ or n j (u) cos ntudu, which may also be 

-ao ^ 

expressed as j ^ j cos tudu. 

By the theorem of § 280 , since | / (x') | is absolutely summable, and the 
other conditions of the theorem are satisfied, we see that 

(f) (ku) du f (x') cos u (x' -- - x) dx', 

Jo J B 

and the corresponding expression in which B, 00 are replaced by - 00, 
converge to zero, as k ~ 0 , provided x is interior to the interval (A, B). 
Moreover, the convergence is uniform for all points x in an interval 
interior to (A , B). It then follows that 

f oo f-co 

<f>(ku) \ / (x') cos u (x' - x) dx' 

0 J -00 

has the properties stated in the last theorem for the case in which the limits 
of the integration with respect to x' are finite. 

( 2 ) Let it be assumed that A and B can be so chosen that, in (— 00, A) 
and in (B, oo ) the function / (x) has bounded variation and converges to 
0 , as a: ~ 00, and as a: ~ — 00 ; or in particular that / (a;) decreases steadily 
to zero, as x increases from B to 00 , and as x decreases from ^ to — 00 . 
It is sufficient to consider this special case, since, in the general case, / (x) 
is representable as the difference of two functions, each of which has this 
property. 

Let us consider 


(f) (ku) du f f (x') cos u (x' - x) dx', 
0 Jb 


where / (x') is non-increasing in the interval (B, 00), and converges to zero, 
as -- 00. The integral with respect to u will be divided into two parts, 
taken over the intervals ( 0 , Uj) and (u^, 00); where, for 0 < Z* ^ 1 , is so 
chosen that <f> (ku) is monotone in the interval ( 0 , Wj). 

Taking first the integral 

[ 00 rao 

<j> (ku) du f (x') cos u (x' — x) dx ' ; 

. Ml Jb 

since f / (x') cos u (x' -~x)dx' < , 

1 Jb u 
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for all values of 8 (> B); and since is summable in the interval 

00 ), we have 

^OO FOO 

(f> {ku) du f (x') cos u {x' — x) dx' 

Jut Jb 

= lim f (ku) f f (x') cos u (x' — x) dx' 

/5^oo .'til J B 

1*00 ^QO 

= / (x') dx' I <f> (ku) cos u (x' — x) du. 

Jb Jtii 

The inversion of the order of integration in the last step is justified, 
since f (x') (f> (ku) cos u (x' — x) is absolutely summable over the domain 
(B,Ui\ oo), of (x, u). 

The integral on the right-hand side may be written, by taking 

V 

x' = X + ^k, u = in the form 


f / (a: + fi:) f <f> (v) cos ^vdv, 
Jb~~x J kUi 


I'OO I 1*00 

which is less than f(B) ^(v)co&^vdv 

1 Jo 


dL 


and this converges to zero, as A: 0, and uniformly for all values of x in 
a fixed finite ixiterval not abutting on the interval (B, co). Moreover 


<Vy 


roo roo 

I <l> (ku) du f (x') cos u (x' — x) dx' 
Jb 


for all sufficiently large values of By and for all values of k. 

Next, we have 

ruj 

<f> (ku) du f (x') cos u (x' — x) dx' 

Jo Jb 

f u' f <» 

du f (x') cos u (x' — x) dx' 

0 Jb 

+ ^ (%) f du [ f (a:') cos u (x' — x) dx', 

Ju' Jb 

where u' is a number in the interval (0, u^). It will be shewn that the order 
of integration in the repeated integrals on the right-hand side may be 
reversed. 

We have, as before, if 0 < c < tt, , 

fttj roo TOO rut 

j duj f(x')C 08 U(xl'—x)du^j /(«')J OOB u (x' — x) dx' 


: [”/(*') f)- - ' - ^)1 dx\ 

Jb L X — X 
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Also 

, sin € (pcf — x) 


and 


J B X — X \^J B J 2?1 J X ~ X 


I /(*') 

Jb, 


, sin 6 (x' — x) 




^ sin e (a; — x) , , \ 
. . ' dx' 

X —X I 


dt 




where ^ Since may be taken to be such that / (-Sj) is arbitrarily 
small, we see that, for all positive values of €, and for all values of x in an 
interval that does not abut upon the interval (B, oo), we have 


*00 

/(*') 

Jb 


, sin € (x/ — x) 


^ dx 


[B, 

JB 


sin € {x' — a;) 


dx' 


<1 


for a fixed value of , and for all positive values of €. Let e 0, then we 


have lim 


im [ f(x’) 
ru JB 


, sin € (x' — x) 


^ ^ dx' numerically not greater than the 

arbitrary number rj; and thus the common value of the limits is zero. 
It follows that 


exists as 


rut r® 

du f (x') cos u (x' ~ x) dx' 
Jo Jb 

fut r® 

lim du \ f (x') cos u {x' ~ x) dx\ 
c-O Je Jb 


and is equal to 

We now see that 




^ sin (x' — x) 

) ~7 ~ 


dx' . 


j <!> (ku) du j f (x') cos u (x' — x) dx' — (f>( 0 ) j 


p sin u' (x' — x) 


X — X 


/(x') dx' 


-f 


<i>Mr 

Jb 




Now 


p sin u' (x' 
Jb x' ~ 2 


x) 


f(x')dx'^f(B) 


^ sin u' (x' — x) 


Jb 


X — X 


dx', 


JB X — X 

hence the integral on the left-hand side is numerically less than rrf {B), 
which can be made arbitrarily small, by taking B large enough. The same 
remark applies to the other integrals. 

It follows that 

J * <f> (ku) du j f (x') cos u (x' — x) dx' 

is numerically less than the arbitrarily chosen positive number 17, provided 
B is chosen sufficiently large ; and this for all values of k such that 0 <k^ 1 , 
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and for all values of x in an interval which does not abut on the point B, 
It has now been shewn that, if B is sufficiently large, 

/•oo /"oo 

^ (to) du f (x') cos u (x' — x) dx' < 2rj. 

Jo Jb 

If I ^ I be sufficiently large, a similar statement may be made as regards 
the expression in which the integration with respect to x' is over the interval 
(- 00 ,^). 

The numbers A and B having been fixed so that these conditions are 
satisfied, we see that 

TOO roo 

<f> (to) du f (x') cos u (x' ~ x) dx' 

Jo J -oo 

differs from f <f> (to) du f / (x') cos u (x' — x) dx' 

JO J A 

by less than 4y, where A and B are properly chosen; and this for all values 
of k such that 0<k^ 1 . 


As the second expression satisfies the conditions of the theorem of 
§ 476, it follows that 

1 f* f* 

hm - (j) (ku) f (x') cos u (x' — x) dx' 

k'^O'^Jo J -00 

differs from i {f (x 0) + f {x — 0)} by less than 47/, at any point at which 
f {x 0) and f (x — 0) exist. Since 7/ is arbitrary, we now obtain the 
following theorem : 

If <f) (u) satisfies the conditions in § 266, and if either (1),/ {x) is absolutely 
summable in the interval (— 00 , 00 ), or (2), f (x) is summable in every finite 
interval, converges toO,as X'^ao , and as x — 00 , and has bounded variation 
in intervals {B, 00 ), (— 00 , A), where A, B are properly chosen numbers, then 
1 r» f» 

lim - <f} (ku) du f (x') cos u (x' — x) dx' 

Jo J -00 

has the value i {f (x -i- 0) -^f{x — 0)}al any point at which f (x -f 0),/ (x 0) 
exist. Moreover, the convergence to f (x) is uniform in any finite interval in 
which f (x) is continuous, the contirmity at the end-points of the interval being 
on both sides. 

This theorem was given* by Hardy, who obtained a more general result 
applicable to the case in which / (xf) is replaced by / (x') cos ax'. 

The cases in which (u) = tf> (u) == e""* are of importance in 
problems of Mathematical Physics. We obtain in fact the following 
theorem : 

If either (1), f(x) is absolutely summable in the interval (— 00 , 00 ), or 
(2), / (x) is summable in every finite interval, and has bounded variation in 

* Ccmb. Phil. Trans, vol. xxi (1912), p. 427. 
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the intervals {B, oo), { — co. A), where A, B are properly chosen, and con- 
verges to zero as X oo, and as x — oo, thsn 
1 r'*' 

du f (x') cos u (x' — x) dx' 

^Jo J -00 


and 


1 p 
Jo 


e-^' du f (x') cos u (x' — x) dx' 

J -GO 

both converge, as k ^ 0, to the value i {f (x + 0) + f (x — 0)}, at any point 
X at which f {x + 0),/ (x — 0) both exist. They converge to f {x) uniformly in 
any finite interval in which f (x) is continuous, the continuity at the end-points 
of the interval being on both sides. 

This theorem was given* by Sommerfeld for the case in which the 
integration with respect to x' is over a finite interval. 

477 . Let the function / (x'), assumed to satisfy one of the conditions of 
the theorem in § 476, be expressed as the sum of two functions (xf and 
/g {x'), where (x') has the value f(x') in the interval (x — fi, x + p), for a 
fixed value of x, and has the value zero outside that interval. The 
function /g (x') has the value zero in the interval (x — p, x -f p), and the 
value / (x') outside that interval. Applying the theorem of § 476, it is 
seen that 

1 r* 

lim (f) (ku) du /g (x') cos u {x' — x) dx' 

^ Jo J -00 

has the value zero at all points interior to the interval (x — p, x -h p). It 
thus appears that 

J roO j«0O 

</» (ku) du f (x') cos u (x' — x) dx' 

Jo J -ao 

will converge to / (x) if 

] r*’ cx+fn 

<f) (ku) du f (^') cos u (x' — x) dx' 

Jo Jx-n 

converges to / (a;). 

The condition that this should be the case is that 

/•<» r/x 

lim (ku) du (t) cos utdt = 0, 
fc-oJo Jo 

where (t) denotes /(a; + t) -i- f (x — t) — 2/ (x). 

Let it now be assumed that, for the point x, 

lim ; j \ (t) \ dt 0, 

1^0 t Jo 

from which it follows that, if € be an arbitrarily chosen positive number. 


[ I ^ I < et, for O^t^ti, 
Jo 


where t^ depends upon c. 

♦ See his Dissertation, Die willkurlichen Funktionen in der Math. Physik, Konigsberg, 1901. 
See also Hardy, Camb. Phil. Trans, vol. xxi, p. 39. 
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We have 

J <j> (ku) du j iff (t) cos vtdt = J 0 dt j (t> [u) cos 'uUdUy 
where ^ ~ 5 expressed in the form 

j <f>(u)QO^Utdu, 

The first repeated integral is numerically less than 

1 

n\ \<f){u)\du\ I 0 (<) I dt, 

Jo Jo 

1 

which is less than e j (/> (u) j du, provided n> , 

J 0 h 

The second repeated integral is numerically less than 

where k' is a fixed number, and this is equivalent to 

t ^ 

denoting J \ tp (t) \ dt hy (b (t), we have, integrating by parts, 

n n 

We have n<b < c, it n > - ; also 

n n ^ 

The first integral on the right-hand side is less than e | than ncy 

n 

and the second is less than it follows that - ~^dt is 

2^2 nJi 

n 

numerically less than € -f (/^)> or than 2e, provided n be sufficiently 

large. 

It has now been shewn that, if w be sufficiently large, or k sufficiently 

small, I ^ (ku) du ip (t) cos lUdt is numerically less than a fixed multiple 
Jo Jo 

1 

of €, provided lim - I tp (t) I dt = 0, Since c is arbitrarily small, the limit, 
f^o f Jo 

as A; ^ 0, of the repeated integral is zero. The following theorem has thus 
been established : 
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1 r* 

The integral ~ \ du \ f (x') cos u (x' — x) dx' is summahle ((f)), and 

J-ao 

has f (x) for its sum (<^), at any point at which 

lim \ [ \f(x -f- t) +f(x - t) 2f{x) \dt-=^0. 

/-o f Jo 

This is the case almost everywhere in the interval (— 00 , 00 ). It is assumed 
thalf (x) satisfies one or other of the conditions laid down in the last theorem. 

In particular 

j 1*00 I* 00 

lim- e-^\ f {x')coau(x' — x)dx' ^f{x), 
k'^O ^ J 0 J — oo 

1 f'" 

lim - / (x') cos u (x' — x) dx' = / (x) 

k^O^Jo .^-00 

almost everywhere in the interval (— 00 , 00 ). 

This theorem includes that of § 476, since 

limj [ \f(x + t)+f{x-t)-y(x)\di==0 
t~o t Jo 

at any point x at which f (x 0), f (x ~ 0) exist, provided 
/W- H/(^ + 0)4-/(ir~0)}. 


THE SUMMABIJLITY (C\ r) OF FOURIER’s REPEATED INTEGRAL 

478. The sum (C, r) of the integral [ ^ (u) du has been defined in 

Jo 

f n / r 

^ 1 — - j ifj {u) du, as the number n diverges through 

continuous values to 00 , whenever that limit exists. 

We shall accordingly consider the integral 


where r > 0, 


I du j f (x') cos u (x' — x) dx\ 


The order of the successive integrations may be reversed, so 'that we 
[B 

have to consider J / (x') F {x' — x, n) dx', where F (x' — x, n) denotes 

[p ^1 ~ cos u (x' — x) du. In order to evaluate the limit, as 72 , -- 00 , of 

the integral, the theorem of § 290 may be appUed. 

On integration by parts, we have 

r 

— J (1 — Binnutdu, 

t ' A 
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IS 


Hence \F (1 — du<\. Thus if f ^ ft, \ F (tyU) 

t Jq t 

bounded with respect to (t, n)\ therefore the condition (1) of the theorem 

is satisfied. 

To shew that the condition (2) is satisfied, we have 


I V «, n) dt = J ' (l - cos ^du = /" (l - 3 


uV sin pu - - sina?^ 


du 


1 , sin nBu ~ sin nau 

(i-uy — c 


Since 


I. 

lim [ (1 ~ uy du ~y I (ty n) du 

Y'»'0O Jo ^ ^ J a 


u 

. sin yu 


converges to zero, as n oo , uniformly for all values of x that are not in 
the interval (a ~ /x, ^ 4- ft), as oo ; where a and j3 are both > a; 4- ft, or 
both <x — fA. Hence the condition (2) is satisfied. 

To shew that the condition (a) of § 292 is satisfied, we have 


F (t, n)dl [ (1 — uy 
Jo Jo 


sin nufjL^^ 
u ' 


and this converges to Jtt, as n oo . 
We have also 


which is less than 


dt 


\ F {tyU) \ dt < ndt I j (1 — uy cos nutdu j; 
the expression on the right-hand side is equivalent to 

fMn rl 

dt (I — uy coBvidu y 
Jo Jo 

j j j* (!—%)*■ cos utdu^-i j j J {1 — uy cos utdii j . 

1 

The first term is less than ^ , and the second is less than K 

r~hl Ji 

K 

than — , where is a fixed number (see § 371); it is here assumed that 

r* dt 

r ^ 1. If r > 1, the second integral is less than K ^ 

follows that [ \ F (tyU) \ dt is less than a number which is independent 
.'0 

of ft and ri 'y hence the condition {h) of the theorem in § 292 is satisfied. 

/ ux"' 

f {x') dx' j f 1 — - j cos u (x' ~ x) dx' converges, 

as n 00 , to i {/ (a? 4- 0) 4- / (a; — 0)}, at any point x at which / (a: 4- 0) 
and f {x — 0) exist. Moreover, the convergence to / (x) is uniform in any 
interval interior to (A, B) in which the function is continuous, the con- 
tinuity at the end-points being on both sides. 
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It has now been proved that 
1 f" 

The integral - du \ f {x') cos u {x' — x) dx' is summable (C, rj, where 
Jo Ja 

r>0, at any point x, within (A , B) at which / (a: + 0), / (a; — 0) exist, the sum 
(C, r) being | { / (a: -f 0) + f {x - 0)}. At any point x exterior to {A, B) the 
sum (C, r) is zero. 


479. is any point within the interval (A, B), we may divide / {x') 
into the sum of two functions /j {x'), (x'), such that fi {x') = /(a;') in 

the interval (^ — /x, f + /x) and is elsewhere zero. The function {x') is 
zero in the interval (^ — p, ^ + p), and has the value / {x') elsewhere. By 
the theorem just established the sum (C, r) of 

|.cc -B 

du /g {x') cos u (x' - x) dx' 

Jo J A 

is zero at all interior points of the interval — p, ^ + p). Thus the sum- 

mability {C, r) of - du \ f {x') cos u (x' — x) dx' at the point ^ depends 
'^Jo Ja’ 

1 f*" r^fM 

upon that of ~ du f {x') cos u (x' x) dx' . 

^JO J^-tL 

In case / (a:') has the constant value / (^) in the interval - p, ^ -f p), 
the sum (C, r) at ^ is/ (|). Thus the condition that the repeated integral 
is summable (C, r) at the point and has / (^) for its sum (C, r), is that 

jj/(^ + ()+/ a- 0- 2/ 008 utdt 

should converge to zero, as n ~ oo. 

The expression is equivalent to 

j (1 — uy du j 0 cos utdt, 

where O (t) denotes f + t) + f (^ — t) ~ 2/ (f ) ; and this is equivalent to 

— uy cos utdt; 

and this may be expressed by 

J 0 dt j (1 ~ uy cos utdu + j 0 dt j (1 — uy cos 7itdu. 

The first of these integrals is numerically less than j <(> j ; if 

1 

now it be assumed that lim - | O (t) | = 0, we have | O (^) | < et, 

f^o I' Jo Jo 

1 

provided t is sufficiently small; and so j 0 j = n | ( O (f) | < e, 

if n is sufficiently large. Thus the first integral is < €, for all sufficiently 
large values of n. 
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dt 


, where X is a fixed 


The second integral is less than X j | O j 
number (see § 371 ), or than | O (<) | where r ^ 1 , and by integra- 

n 

tion by parts this becomes 

i- { [,i. /' I (0 1 <«];+('+•) i; ^ /; i ® w i ■«} . 

” ? tii ''*> - (s) + <•■ + ■> .C *} ' 

n 

where T* (/) =: f j O (/) ) dt. Since T* (t) < €t, for f , we have 
Jo 

^ (0 ^ f r M 


and thus 


n^Ji r 




— r* IS less than-— 


n 

and this is arbitrarily small, for all sufficiently large values of n. It is thus 
seen that, provided n is sufficiently large, the second integral is less than 
an arbitrarily chosen positive number 17. In case r > 1, a slight change in 
the calculation is required. 

It has now been proved that, provided 

Jo 


has, at < — 0, a differential coefficient equal to zero, 

~ j (1 — ~) J /(^') cos u (x' — dx' 

converges at the point f to/ (|^). The condition is satisfied almost everywhere 
in (A, B), 

It has thus been established that : 


1 r** 

The sum (( 7 , r), /or r > 0, 0/ - du \ f {x') cos u (x' ~ f ) dx' exists, and 

Jo JA 

has the value f (f), at any point interior to (A, B), at which 

converges to zero, with t; and this is the case almost everywhere in (A, B), 


480 . In the theorems of §§ 478 , 479 , A and B may be replaced by 
~ <x>, 00, provided either (1), | / (z) | is summable in the interval (— 00, 00), 
or (2), f (x) converges to zero, as a; 00, and as x — ao, and it is of 
bounded variation in neighbourhoods (B\ 00), (- 00, A') of these points. 
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In case (1), the expression 

j i ^ ^ ~~ 

is numerically < if J? be sufficiently large, where rj is an arbitrarily 
chosen positive number; and the similar statement holds for 

/ (^~^) J f(^')(^oau(x'—x)dx'. 

That this is the case follows from the fact that 


I - ^) / (x') cos U (x' ~ x) I 

is summable in the domain {u, B; n, co), exactly as in § 476. 

In case (2), the proof in § 476 is apphcable, if we take <f> (u) == (I — uYy 
for 0 1, and (f) (u) = 0, for > 1, to shew that the above integrals 

are numerically less than ?/, when B and — A are sufficiently large. 


At a point x within (A, B) at which the sum ((7, r) exists, and is equal 
to / (x), we have 

I W lo (^ ~ ^) 

provided n is sufficiently large ; hence 

' fix')coau{x'-x)dx'-f(x) 

I j 0 V j -00 

for all sufficiently large values of n. Since t] is arbitrary, it follows that 
lim ^ f f 1 - f f (x') coau (x' ~ x) dx' = f (x). 

n-^oo ^ J 0 \ J —00 


<v> 


< 3ij, 


The following theorem has now been established : 

rOO (•oO 

The sum ((7, r),for r > 0, of - du \ f (x') cos u (x' -- x) dx' exists, and 

1 

has the value f(x), at any point x, at which - \f{x + t)+f{x — t) — 2f{x)\dt 

t Jo 

converges with t to zero. This holds at every point of continuity, at every 
point of ordinary discontinuity of the function at which 

/W-i{/(^ + 0)+/(x-0)}, 

and almost everywhere in the whole interval { - oo, c3o). The convergence to 
f (x) is uniform in any interval in which f {x) is continuous, the continuity at 
the end-points being on both sides. 

The theorem is subject to one or other of the conditions (1), that \f{x) | 
is summable in the interval (— oo, oo), or (2), that f {x) is summable in every 
finite interval, and converges to zero at oo and — oo , and is of bounded variation 
in some neighbourhood of each of these points. 
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FOURIER TRANSFORMS 

481. It has been shewn in § 474 that, subject to certain conditions, 
f (x) == - cos uxdu I f {x') cos ux'dx' 

'nr jQ Jo 

in the interval (0, oo). This may be expressed by the two equations 

/ (^) “ I ^ M uxdu (1), 

( On ^ 1*00 

/ J / 

which connect the two functions / (x), F (a:). When (1) and (2) hold good 
they express symmetrical relations between the two functions/ (a*), F (x), 
and each of these functions may be said to be the Fourier cosine transform 
of the other. The repeated integral formula has been shewn to hold good 
when I / (x) | is summable in the interval (0, oo), at a point x in the neigh- 
bourhood of which / (x) satisfies one of a set of sufficient conditions ; in 
particular when in such neighbourhood the function is of bounded variation, 
and f (x) \ {f (x 0) f {x ~~ ())}. It also holds good when f (x) is 

summable in every finite interval contained in (0, oo), converges to zero at 
00 , and is of bounded variation in some neighbourhood (^, oo) of the point 
00 , provided a sufficient condition is satisfied in a neighbourhood of the 
point X. The formula holds for every point x, provided / (x) is of bounded 
variation in the whole interval (0, oo), and f (x) = ^ { f {x \ 0) 4 / (a; — 0)}, 
except that, at the point 0, /(O) if(+ 0). 

The integral in (2) exists, and is a continuous function of x, at any point 
a; > 0, when \f(x) | is summable in (0, oo), or when /(x), summable in 
every finite interval, converges to zero at oo, and is of bounded variation 
in some interval (^, oo) (see Ex, (4), § 229). A complete theory of trans- 
forms should enable us to infer the properties of the function F (x) from 
those of / (x). This can be carried out in case {/ (x)}^ is summable in (0, oo ), 
and more generally, when j f (x) is summable in (0, oo ), for some value of 
q such that I < q 2. This theory has been given* by Titchmarsh, and is 
a particular case of a more general theory, duef to Plancherel, of transforms 
applicable to the case of orthogonal functions of any type. The theory as 
developed by Titchmarsh is independent of, and considerably simpler than, 
the general theory of Plancherel, which was applied by him to the case 
g = 2 ; and Titchmarsh’s investigations form the basis of the account given 
below. 

* Proc. Camb. Phil. Soc. vol. xxi (1923), p. 463; and Proc. Land. Math. Soc. (2), vol. xxm 
(1924), p. 279. 

t Rendiconti di PaiermOy vol. xxx (1910), p. 289; and Math. Annaleriy vol. Lxxvi (1915), p. 315. 
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If the theory of the repeated Fourier’s integral, as given in §§ 473-480, 
be regarded from the point of view of the formulae (1), (2), there is complete 
formal symmetry, but as no resemblance has been made manifest between 
the properties of the two functions f (x), F (x), there is logical asymmetry. 
This is remedied, so far as the case permits, by the theory of Plancherel- 
Titchmarsh. In the case q ^ 2, the symmetry estabhshed by that theory 
is complete ; when 1 < g < 2, complete symmetry does not hold, but this 
lies in the nature of the case, and is consequently not a defect of the theory. 
Various formal resemblances will be exhibited in the results of this theory 
with corresponding theorems in the theory of Fourier’s series. 

In these cases the integrals (1), (2) do not in general exist, and it will 
be shewn that, instead of them, the formulae 



1 

\7rJ dx J 

sin ux ^ 7 

F(u)du 

0 

(1)', 

F (.r) 

CH 1 

\7t) dx J 

sin ux y. , , , 
i (« ) du 

0 

(2)' 


must be substituted. The expressions (1)', (2)' reduce to (1), (2) whenever 
the differentiation under the integral sign can be effecited. It will appear 
that (2)' has a meaning for almost every value of x, and that the integra- 

bility of I F (a:) 1^^“^ follows as a consequence of that of \ f (x) |«, when 
1 < q ^ 2. The whole theory is applicable to the corresponding Fourier 
sine transforms, in which the reciprocal relation is expressed by 



- cos ux 
u 


F 


(u) du, 


— cos ux 
u 


f{u)du. 


ff' 

482 . Let us consider’ the integral f {u) uxdu, where \ f (u) is 

J a 

summable in (0, oo), for some value of q such that 1 < ^ ^ 2; the numbers 
a and b will be taken to be such that 0 < a < 6. 

The interval {a, b) may be divided into the parts 

m + 1 j -f 1 m + 2 j ^ n -f 1^ + 1 

where m, n, and A are positive integers, such that 

m m+1 n + I , n + 2 
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Let denote / (u) du ; then, if denotes S cos -v , we have 
Ja »-l '' 

A 

m-f 1 

f (u) COS uxdu — (<l>n — <f>m) = ) /(^) ^<>8 uxdu + f (u) COS uxdu 

J a la J n+ 1 

A 

s+l 

2 J / (m) |cos XU — cos du. 


+ S 

s-7n+ 1 


The first and second integrals on the right-hand side are less numerically 
than the integrals of \f(u) | in the intervals ^ \ 6^ , and 

therefore converge to zero, as A oo , uniformly for all values of x. 

The last expression on the right-hand side is less, numerically, than 

2sin^^s[^ \f(u)\du, 

A 

X 

or than 2 sin j | / (u) | du, 

and therefore converges, as A -- cx) , to zero, uniformly for all values of x in 
an interval (x^, x^), where 0 < Xi< X 2 . It follows that 

rb 

cos uxf (u) du = lim 

Ja A~oo 

the convergence being uniform for ajj ^ ^ Xg . 

We have, employing a known inequality theorem (i, § 435), 


s+l 


\hA^i 


[ l/(u) |<^ du dx % Ai-« [ lf(u) du. 


If we apply to the finite Fourier’s series 


<f>n-<f>m=‘ S AjCOS^ 

the Theorem II in § 392, we have 


sx 


rn\ ^ fir 1 a-n lg-1 / a-n \i 

\4>n — dx ^ X\ S hg COS 8x\ dx ^ \7 t\ ( S I I® ) 

. 0 Jo I «-m+l I V««w+1 / 

n-fl 1 


c-l 


If 0 < Xj < Xg < ttA, we have now, 
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As A CO, we thus have, since — <f>^ converges uniformly to 


745 


fb 

f (u) COS uxdUy 

J a 

J [f \f(x)\ 


for 0< a;i< x^. 

Letting Xj ^ 0, iCg c» , we now have 


r® rb 

I / W - 

Jo Ja 


dx 


] cos uxdu 

If a and b diverge in any manner to oo , we have 

r* I tb 


Ja 


1 

9-1 


1 

9-1 


19-1 


Let 


we then have 


lim [ I I / (u) cos uxdu 
o~oo, J 0 I Ja 

( 2 \ 1 r® 

) J 

roo 

, 1.1 


c?a; — 0. 


lim I Ft (z) - Fa (z) |«-i dz = 0; 

a-^oo, 6 ~qo j 0 

and thus {F^ (x)} is convergent on the average, when a has the values 
in a divergent sequence. From an extension of the theorem in § 177 we 
infer* that there exists a function F (a:), defined uniquely, almost every- 

where, such that | F (x) is summable in (0, oo), and that 

lim j \ F (x) — Ff^(x) dx = 0. 
a~oo Jo 

It will be seen that this function F (x) is the transform of / (x). 


483. Since 


9-1 


j^g(z){F{z)-Fa{x)}dz^-- 2 ^. (*)!«-] * , 

where g (x) is any function such that | ^ (a;) |« is summable in (0, oo), it 

follows that -00 

lim g (x) {F (x) — F^ (a;)} dx = 0. 

0^00 J 0 

Taking x to have any finite value, we have 


and since 


lim ~Fa(0}dt===0; 

o-xoo J 0 


I Fa (t) dt ^ j j ntdu^ I f (u) du, 

we have [ F(t)dt — (~\ [ f (u) du\ 

Jo W/ Jo w 

* It 'was assumed by Titchmarsh that F. Riesz’s theorem in § 177 holds when the inteiral 
of int^ration is infinite. In the case q = 2 this has been proved in §§ 171, 172; by a modi- 
fication of the proof there given, the general theorem can be established for values of 9 > 1. 
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and therefore, almost everywhere 

It has now been shewn that: 

■V I / (*) I’- u>bere 1 < g ^ 2, is summahle in (0, oo), the function 




sin ux 


f ( w ) du 


is such that | -F* (a;) |« i is integrable over (0, oo). 

This theorem is the analogue of Parseval’s theorem (§ 378). 

Denoting | / (t) dt by (x), the continuous function (j> (x) has bounded 
0 

variation in the finite interval (0, a ) ; and thus 

2 . r® 

d) (x) - sin tixdu sin ux'cf) (x') dx\ 

V } 0 Jo 

provided 0 < a. Since 

> 1 t '\ j f cos wa. . . , r« cosi^x' , , 

sin . 0 (x ) oa: = - (a) + / (^ ) dx , 

; 0 ^ j 0 

we have ^ (x) = - I du f f {x') cos ux'dx', 

^ n Jo u Jo*' 


r 


because 

It follows that 


cos ua 


sin uxdu ^ 0, when x < a. 


fa* /2\^ 

f{x)dx=(J) 

Jo \n/ jo 


sin ux 
u 


and since 
sin ux 


lim 


' sin ^ ^ , 

--- {^(w) 


Fa{u)du, (x<a); 
Fa (u)} du = 0, 


u 


U'^co J 0 

being summable over (0, oo), we find that 

It then follows that, for almost all values of x 

f2\^ d 


j, , . /2y d r“ sin ux . j 


It has accordingly been shewn that : 

If \f {x)\^ is summable over (0, oo),/or some value of q such that I <q ^2, 

there exists a function F {x) such that | F (x) is summable over (0, oo), 
which satires the rekUion 

/2\i d 




This theorem is the analogue of the Riesz-Fischer theorem (§ 379). 
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Titchmarsh has shewn* that neither of the above theorems is in general 
valid if q> 2. He has also shewn that | / (x) may be integrable, and 
that, however small e may be, the integrals of 

may be both divergent. It should be observed that a function <f> (x) may 
be summable in (0, (»), but need not be summable in (0, oo); for 

example if ^ (ar) = where A: > 0, in the neighbourhood of oo, 

k 

is not summable ii rj ^ summabihty of | ^ (x) I*' in the interval 

(0, oo) does not necessarily involve that of | <f> (x) \^' for any value of p' ^p. 


484. Let F (x), G (x) be the transforms of / (a:) and g (a:). We have then 

rh /2\^ r« 

g {x) (x) dx ^ [ ] g (x) dx f (u) cos tixdx 

Jo Vtt/ /() Jo 

^ (^) 1 ^ j ^ uxdx 

=- \ f(x) ^6 i^) dx, 

lim [ g (x) \F (a;) - F^ (a:)] c^a: -= 0, 

«~qO J 0 

lim [ f (x)\ O (x) — Of, (x) I da; = 0, 

/>-Q 0 0 

we now obtain the important relation 

f f(x)G(x)dx~[ g(x)F(x)dx (A). 

Jo Jo 


Since 


and 


In the case g = 2, we may put g {x) F (x), but we cannot do this 
when q < 2, because g (a;) F (a;) is then not necessarily summable over 
(0, oo). We thus have 

[ {f(^)}^dx=== f {F(x)}^dXf when g = 2. 

Jo Jo 

The corresponding relation for the case 1 < g < 2 is 




Q-i 


485. It will be proved that: 

//I /(a;) I' is summable over (0, oo ),/or some value of q such that 1 < g ^ 2, 

then I f {x) cos uxdx = o (log z), for almost all values of u. 

Jo 

♦ Proc, Lond. Math. 8oc. (2), vol. xxm (1924), p. 286. 
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If F {x) be the transform of / (a?), and g (a;) be the transform of the 
function defined by G {x) = cos ux, when 0 ^ x z, G {x) — 0 , when z<x. 
We have 


^ == 0* Jo * ^ i ©* + 


1 /2\^ /sin 2 : (a; + w) sin 2 (a; — 


u 


)■ 


On account of the relation (A) we have 
j f (x) cos Tixdx = ^ ^ I F (x) 

1 /2\i 


sin z (x u) ^ sin z (x — u) 


X — u 


du 




X u 

sin z4 

1 

The integral on the right-hand side may be divided into three parts, taken 
over the intervals (— 8, 8), (—00, — 8), (8, 00) resj)ectively. 

It is known that f F + u) d^ ^ 0 (log 2 ), 

J -s g 

for almost all values of u (see § 406). 

We have next 

I sin J 


ff -1 


di 


\F(^)\<i-^d^ 


1 


-j =0(1) = 0 (log 2 ). 


{(q~ l)8«~i}<^ 

Since the remaining integral, over (—00, — 8 ), may be treated in the 
same manner, it has now been shewn that 


f f (x) cos ILXdu = 0 (log 2 ). 
Jo 


486 . It will now be shewn that: 

1/ I / (x) be summable in the interval ( 0 , 00), for some value of q such 


that I < q ^ 2, the integral 


dfjy 


(x) cos uxdx converges (C^, 1) to f (u) 


for almost all valves of u. The convergence is uniform in an interval in which 
f (u) is continuous, the continuity at the end-points being assumed to be on 
both sides. 

We have to consider the expression 

Let g (x) ~ 0 ^ X ^z, and g (a;) — 0 , for x > z; we 

/2\i r®o 

have then to consider j j g {x)F (x) dx, which is, in virtue of (A), 
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We have O {x) ^ j ^1 — cos ix cos 

/2\M r sin^ {x + u) sin^ Jz (a: — w)“ 

\7r/ z L ^ "■ 

The expression to be considered thus becomes 
2 f* /. / sin*-* izf 

and the integral may be divided, as in § 485, into three parts. 

It is seen as in the case of 

xi. X J* / /-x sin^ Iz^ 

that (j 

is numerically less than a fixed number independent of u and z; therefore,. 
2 

when multiplied by — , the expression converges to zero, as z --- oo , 

ttZ 

uniformly for all values of u. The integral over (— oo, — 8) has the same 
property. We have then to consider 

ii: 

which is equivalent to 

^ jV(» + «) +/(»-« 

It has been shewn in § 368 that the first part of this expression con- 
verges to zero, as z ^ 00 , at every point at which 

hm> [^|/(w + |)+/(M-^)-2/(M)|rf^ = 0, 

f-0 S JO 

and also that, in any interval in which / (u) is continuous, the continuity 
at the end-points of the interval being on both sides, the convergence is 
uniform. Since the second part of the expression is 

2 . f*®* sin0\2 

I r) '*’■ 

it converges to / {u), as z oo. 

It has now been shewn that 




converges almost everywhere to / {u), or that 



F (x) cos uxdu 


is almost everywhere summable (C, 1). 
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It follows that, if |/(a;) [“ is summable in (0,ao), and consequently 

I so also, ( - j j f (x) cos uxdx converges {C,l) to F (x) for 

almost all values of u, the convergence being uniform in an interval in which 
f (u) is continuous, the continuity at the end-points being assumed. 

For, in the proof of the foregoing theorem no use is made of the fact 
that g' < 2, and the proof is accordingly applicable when F (x) and / {x) 
are interchanged. 


487. Since F (x) is the transform of / (a:), we see that F (x) is, for 
almost all values of x, the sum {C, 1) of f - j / ( ?/) cos uxdu. It thus 
follows that 


2 rX 

f (x) ^ cos uxdu f {x') cos ux'dx', 
j 0 J 0 

where both the integrations are understood to be taken with the meaning 
(C, 1). The repeated integration has, in this sense, a meaning for almost 
all values of x, and in particular at every point of continuity, or of ordinary 
discontinuity of f (x). The whole theory is applicable to the sine integrals. 


We have thus obtained the following theorem : 


If \ f (x) be summable in the interval (0, oo) for some value of q such 
that \ < q -- 2, the two expressions 
2 

cos uxdu f {x') cos nx'dx\ 

TT j 0 Jo 

2 r 30 r 00 

sin uxdu \ f (x') sin ux'dx' 
n Jo Jo 

have the mlue f (x), for almost all values of x, provided all the integrals are 
understood to be taken (C, 1). In particular they represent the value of f (x) 
at any point of continuity x (> 0), and in every interval of continuity their 
convergence to f (x) is uniform,, the continuity at the end-points being assurfied 
to be on both sides. 


488. From the theorem in § 265 which expresses the necessary and 

sufficient condition that an integral 0 (x) dx which is convergent (C, 1) 

Jo 

should exist in the ordinary sense, that is {C, 0), we see that the necessary 
and sufficient condition that, at a point u. at which 




cos uxdx 


exists (C, 1), the integral should be convergent is that 

ft 

xf (x) cos uxdu ^ 0 (z). 

Jo 
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Let 6r (x) 0, for 0 ^ a: < a, a > 1, =f(x) log a:, for a S a: < oo, where 

I / (a:) log a: I*' is summable in (0, oo), for some value of q such that 
1 < ^ 2. From the theorem in § 485, we have 

G (x) cos uxdx = o (log z), 

Jo 

for almost all values of u. 

Now 

X 

xf {x) cos uxdx 1 G (x) cos uxdx 

a Ja '^8 ^ 

^ I G (x) COS uxdx ~ \ dx \ \ G {t) cos utdt 

\ogz}^ Ja dxWogxJJa 

- 0 (log -) + 0 (j 1-) o (log :r) cto 

= 0 ( 2 ) + I o(l)rfa; = o( 2 ), 

.a 

and this holds good for almost all values of u. 

We have also 


[ xf (x) cos uxdx 
.0 


[ I xf (a;) I dx 
Jo 

<1/: 


Q-l 


X 

log X 


\Q~1 


I /(a;) log a; 


1 



hence the expression on the left-hand side is bounded, and is therefore 
o (log z). It follows that 


and consequently 


I xf (x) cos uxdx ^ o (log z), 
Jo 

/2\i r” 




cos uxdx 


converges, in the ordinary sense, to F (u), for almost all values of u. 


From the summability of | / (a;.) log a; |« in (0, qo), that of \f(x) l<^ is 
not a necessary consequence, as is seen by considering the functions in the 
neighbourhood of the point x = 1. 


We have thus obtained the following theorem : 

If I / (x) |« and I / (x) log x |« are summable in (0, 00 ), for some value of q 

( 2\^ roo 

- j I / (x) cos uxdx is convergent 

in the ordinary sense for almost all values of u, and the function F (u) to 

a 

which it converges is such that | F (w) is summable in (0, 00 ). 
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The particular case of this theorem which arises when g' = 2, that, if 

\f(x)\^ and I / {x) log a: |2 are summable in (0, oo), j j / {x) cos uxdx 

converges, for almost all values of u, to a function whose square is sum- 
mable was obtained* by Plancherel, who stated it in the form that, if 

roo 

a > 1, and f {x) is defined in (a, oo), and is such that {f (x) logxYdx 

J a 


is finite, then lim [ / (a;) cos uxdx converges for almost all values of u in 

0-^00 Ja 

coo 

the interval, and represents a function F {u) such that {F (w)}^ du 

J “QO 

exists. This theorem is analogous to that for Fourier’s series given in § 409. 


* Math. Annalen^ vol. lxxvi (1915), p. 324. See also Math. Annalen, vol. Lxxiv (1913), p. 578, 
for an earlier theorem. 



CHAPTER X 


SERIES OF NORMAL ORTHOGONAL FUNCTIONS 


4f89. If (a, b) be a finite, or infinite, interval, and {(/>„ (it;)} be a sequence 
of functions such that (a;)}^ is, for every value of n, summable in (a, 6), 

rb 

and such that (x) <j>^, (x) dx has the value zero, for every pair of 

J a 

unequal values of n and the system {(j>^ (a;)} is said to be an orthogonal 

cb 

system of functions for the interval (a, 6). If {x)Ydx has a value 

J a 

different from unity, that value can be made to be unity by multiplying 
4>n (^) by Ibe factor ly |j {x)}^dx^. When this is done for each value 

of n, we have [ (a;))^ dx = 1, where (x) is the new value of the 

J a 

function. 

A system of orthogonal functions for the interval (a, b) is said to form 

fb 

a system of normal orthogonal functions when (a;)}^ c?a; = 1, for all 

J a 

the values of n. 


The system is such that no function (x) is expressible as a linear 
function of a finite number of the other functions, for if we assume that 

<f>n (*) = (a;) + (a;) + ... + {x), 

where n is not equal to any of the finite set 2>i , ^> 2 » • • • Pr > we have 

r& rb 

<f>„ {x) (x) rfx = c, (*)}'•“ dx = Cl >0, 

J a J a 

which is not in accordance with the property of orthogonahty. Thus it 
has been shewn that the system {ij>^ (x)} is such that the functions are 
linearly independent. 

A sequence (a:)} of functions such that (x)}^ is summable in 
(a, b) is said to be a complete sequence of functions in (a, 6), if no function 
F (x) whose square is summable in (a, b) exists and is such that 

[ ^{^)^n{x)dx = 0, 

J a 

for all values of n. 


In particular, the set (a;)} of normal orthogonal functions in (a, b) is 
complete if no function F {x) whose square is summable in (a, 6) exists and 

cb 

is such that J F (x) (x) dx — 0, for every value of n. 
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If (a;)} be a complete sequence of linearly independent functions for 
the interval (a, 6), a normal orthogonal and complete system of functions 
{^n be so determined that <f>n {x) is a linear function of 

fAi (^)> ^2 (^)* 

The system (x)} may be said to be formed from (x)} by the process 
of orthogonalization. 

Let jV 


>Pz (x) - 4>i (*) f " (*) (*) 

4^2 ro ““T2” T^’ 

lia V ^ (^) - 4>1 (^) I ^ 4'2 (^) <t>l (^) 


we then 


rb rb 

have I {<^1 (x)}2 dx 1; I (x) </>2 (x) dx -= 0, 

J a J a 

[ {<f>i(x)}<‘dx 1. 

J a 


Generally we take 


4>n (^) ^ 


rb 

ifi„ (x) - S <f>^. (x) <f>„ (2) (z) dz 

{a 

*’ (<l<n (X) - V* (*) {*’ K (*) <t>k (*) dz\ 

a\ k‘l ia / 


it can then be easily verified that 
rb rb 

(*)}^ dx= I, {x) (x) dx = 0, for m<n. 

J a J a 

It will be observed that the denominator in (x) cannot vanish, for 
otherwise <f>n (x) would be a linear function of (x), (^)> ••• ^n-i (x). 

Since (x) is a linear function of (x), \jj^ (x), ... f/r„ (x), the complete- 
ness of {4>n is a consequence of the completeness of (x)} . 

A simple case is that in which the sequence (x)} , for the interval 
(— 1, 1), consists of the sequence 1, x, x^, Then (x) is a polynomial 

of degree n\ and it is easily verified that (x) = {x)^ where 

(x) is the nth Legendre’s function. 


For the interval ( — tt, tt), 

11 1 . 1 1 . 

-rcosx, —fSmx, -rcosnx, -rsmwx, ... 

(27r)I TT^ TT* 77* 

forms a complete set of normal orthogonal functions which are employed 
in Fourier’s series. 
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The two independent sets of normal orthogonal functions, for the 
interval (0, tt), 

i, g/cosx. Q^082x,...g)^0s«^,..., 

sin a;, sin 2a:, . . . j sinwa:, ... 

are employed in the Fourier’s cosine and sine series respectively. 


THE CONVERGENCE OF THE SERIES OF ORTHOGONAI. FUNCTIONS 

490. The theory of complete systems of normal orthogonal functions 
is closely connected with the theory of integral equations and of the linear 
differential equations with which they are associated, but this relation will 
not be considered here. There exists no general theory, independent of the 
form of the functions (x), relating to the convergence at a point, of a 
series (x) f- (^) + ••• (^) + •••» where the coefficients 

are expressed in terms of a function / (a:), summable in the interval (a, 6), 

fb 

by M <i>v (^) dx, in analogy with the case of Fourier’s series. In 

J a 

fact, in the general case, the behaviour of the series at a point, as regards 
convergence, oscillation, or divergence, does not depend, as in the case 
of Fourier’s series, only upon the properties of the function / (a:) in an 
arbitrarily small neighbourhood of the point. There exists however a 
theory of the convergence, almost everywhere in the interval (a, 6), of 
the series corresponding to functions / (x)^ such that {f(x)}^ is summable 
in (a, 6), independent of the particular set of orthogonal functions {<f)„ (x)} 

rb 

employed in forming the coefficients / {x) (x) dx of the series corre- 

J a 

spending to / (x) ; an account of this theory will be given below. 

It has been shewn* by Steinhaus that a function / (x) can be determined, 
and a set of normal orthogonal functions {(f>„ (x)} defined, for an interval 
(a, 6), such that the series (x) + a 2 <f >2 (x) -! ... , corresponding tof{x), 
is nowhere convergent in the interval (a, 6). 

It has been shewn f by Banach that a function f (x) and a set of normal 
orthogonal functions (a;)} can be so constructed that the series corre- 
sponding to / (x) is everywhere convergent in the finite interval (a, 6), to 
which {<f>n (a;)} refer, but that its sum is everywhere different from the value 
of/{x). 

* Proc. Lond. Math. Soc. (2), vol. xx (1921), p. 123. 
t Ibid. (2), vol. XXI (1923), p, 96. 
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Let (x)} denote the set of normal orthogonal functions in (a, 6) 
defined by 

^ (s^)* ““ H-i) ■ 

that is the Fourier’s system for (a, 6). 

Let / (x) denote a function summable in (a, 6), and ^ 0, but such that 
{/ (x)}^ is not summable in (a, b); and let 

“n = - /^/(*) 'An (*) o'*'/ £/ (*) 

Let it be assumed that, if possible, a function F (x), such that {F (x)}^ 
is summable in (a, 6), exists and is such that 

[ {a„ -h (^)} F (x) dx = 0, for w = 1, 2, 3, . . . ; [ {F (x)}^ dx > 0. 

Ja Jo 

We have then (see § 492) L If F {x)ifs^ (x) <fxl == [ {F (x)}^ dx\ 

n-l Uo j Jo 

and therefore S ]a„ [ F(x)(ixl == [ {F(x)}2dx>0, 

n-‘l( J a } J a 

I L ig con-v 

n-’ 1 

S If /(*)'An(*)<i*l- 

0-=l (.JO 


fb 

hence F (x) dx ^ 0, and Z is convergent; therefore 

Jo n 1 

rb 


I" 


fb „ 

is convergent, from which it follows (see § 493), that {/ (x)}^ dx exists and 

Ja 

which is contrary to the hypothesis as to / (x). It follows that no such 
function as F (x) can exist, and therefore the system {a„ + (ic)} is 

complete. From this system we can define by orthogonalization a complete 

system (x)} of normal orthogonal functions. Since [ / (x) (x) dx is 

Ja 

a linear function of 

[ / (*) (lAi (*) + «i) f I (*) (1A2 (*) + «2) d*, ... f 7 (*) (x) + a,) dx, 

J a J a J a 

aU of which are zero, it follows that 

. I'' fix) <f>n (x) eic = 0 , for n = 1 , 2 , 3 , ... . 

J a 

Consequently the series corresponding to / (x) vanishes identically, and 
if we add to J (x) a function x (^) s^^h that the series 

Cl •Ai (*) + (*) + ••• . 
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corresponding to x (^) everywhere converges to x (^)j function / (x) 
defined by x (^) + T{x) wiU have c^, Cg, ... for the coefficients in the series 
corresponding to it, and the series will be everywhere convergent but will 
nowhere converge to f(x). 

It has thus been shewn that : 

A set of normal orthogonal functions {(l>n (x)}, for a finite interval (a, 6), 
can be defined, and a function J(x), summable in (a,b), and everywhere 

'positive, can be defined, such that the constants J{x)<f>^ {x)dx are all zero. 

■ a 

A series c^f)^ (x) + c^^t^ (x) -f which is everywhere convergent, can be so de- 
fined that it does not at any point converge to a certain function f (x) for which 

f fi^)<f>n(x)dx ~~=Cr,,forn -= 1,2,3,.... 

J a 

Another example of normal functions which have this property has 
been given*, in a case in which the interval is infinite, by Looman. 

THE FAILURE OF CONVERGENCE AT A PARTICULAR POINT 

491 . The nth partial sum of the series corresponding to / (a;) in an 
interval (a, b), for which {<f)n (a;)} is a set of orthogonal functions, is given by 

(*) f /(*') -fn (a:', ar) 

a 

r-n 

where (x\ x) -= E {x') (a;). 

r-l 

rh 

It can be shewn that, if a be a point in (a, b) such that | (x, a) | dx 

'a 

is unbounded, then a function f(x), continuous in {a, b), can be so defined that 
the series of orthogonal functions corresponding to it is non-convergent at the 
point a. 

This theoremf was given by Haar. 

rb 

Denoting | F„ (x, a) | d^r by a)„ , since co„ is unbounded, a partial 
* « 

sequence belonging to the sequence {a>„} can be determined so 

as to be divergent. 

Let (x) ~= 1, - 1, or 0, according as Fy^ (x, a) is positive, negative, 
or zero ; Ave have then 

I (a:, a) 1 = (*) ^.p (x, a), 

fh 

and therefore === Vy^^ (x) Fy^ {x, a) dx; 

the functions Vy^ (x) have Wy^ for the Vj,th partial sums of the orthogonal 
series corresponing to them. 

* iVoc. Land. Math. Soc. (2), vol. xxn (1924), Records, p. xxxix. 
t Math, Annalen, vol. lxix (1910), p. 336. 
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We next construct a sequence of continuous functions (*), ••• 
all of which are in absolute value ^ 1, and are such that 

J a 

for p ^ 1, 2, 3, where {SJ is a sequence of positive numbers. This 
construction can be made by means of a theorem given in i, § 433, in 
which, when f {x) is bounded, with U for its upper boundary, (f> (x) can 

rb 

always be so chosen that <f> (x) ^ U, and {x)Y dx < 6. For, 

J a 

if in an interval (x) ^ U, or ^ — U, we can replace ^ (a:) by the con- 
tinuous function which has the value U or — U whenever (a:) ^ or 
^ — U, and is elsewhere unaltered. 

We have 

i f f,f(x)F,^(x,a)dx 

I 'a 

= I I % (x) (x, a)dx- I {v {x) - (x)} (x, a) dx 

I J a J a 

£ W - r {F {x, a)Y dx . r{v (x) (x)Y 

L.' « •' a 

Let be so chosen that 

fh 

we have then J (x) (x, a) dx > 

The i/jth partial sum of the series corresponding to (x) {x) at 

X = a is greater than , If the series corresponding to this function is 
convergent at a: == a, choose the number so that, at a, the nth partial 
sum of the series is, for every value of n, < Let ^ v^\ from the 
sequence , we choose so that a>„( 2 ) > 6.4 -f 1). Take 

^(2) (a;) -f J/,(2) (x). If the series corresponding to (a;) con- 

verges at a; === a, a number 6r<2) can be so determined that, for every value 
of n, the nth partial sum of the series, at the point a, is < G^^K Take then 
6.4® ((7(2) 2), and form the function 

(X) {X) + (X) + (X). 

Proceeding in this manner, we form a function 

(X) =/.,,) (x) + |/.a) (x) + ... + jL/-" *’ 

If the series corresponding to (x) is convergent at x = a, the nth 
partial sum of the series corresponding to (x) is, at the point «, 
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< for every value of n. We then choose an index out of the 

sequence {v^ such that 

f ^ - 1). 

If this process does not come to an end by the ascertainment of a value 
of q for which the series corresponding to (x) does not converge at the 
point a, we consider the function ^ (a:), given by the infinite series 

/„(!) (^) f (X) + ... + (X) } 

It can be shewn that the function <j> (x) is continuous, and that the 
series of orthogonal functions corresponding to it does not converge at 
the point a. 

The series for <f> (.r) converges uniformly in (a, 6), since all the functions 
/^,(«) (x) are in absolute value - 1 ; thus (x) is continuous in (a, 6). 

In order to calculate the partial sum of the series corresponding 
to (x) at the point a, we take 

<f) (x) (x) -h ... f >> (^)| ■+ (^) + (^) + •••| * 

The expression in the first bracket has for the v^^^th partial sum at the 
point a, of tlie scries corresponding to it, a value which is numerically less 

than The expression in the second bracket is numerically ^ , 

and the partial sum of the series corresponding to it has, at the point 
a, a value less than • It now follows that the r(«^th partial sum of 

^ (x), at the point a, is in absolute value, 


0)^(9) 

2A^~^ 




CO^(g) 

3 . 4 ^- 1 ’ 


or greater than In consequence of the relation 

+ 1 ), 

we now see that the v^'^^th partial sum of <f) (x), at the point «, is > ^ — 1. 
It follows that the sequence of the partial sums of (x), at the point a, 
of indices increases indefinitely. Therefore the series corre- 

sponding to (f> (a:) is not convergent at the point a, and in fact either 
diverges, or oscillates infinitely. 


EXTENSION OF THE THEOREMS OF PABSEVAL AND RIESZ-FISCHBR 

492 . Let it be assumed that {f{x)}^ is summable in the finite, or 
infinite, interval (a, 6), for which (x)} is a system of normal orthogonal 

rb 

functions. Let denote the coefficient f (x)<j>^{x)dx, of 4>n(x) in the 

Ja 

series corresponding to / (x). 
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We have 


) [/(*)- S a, ^r(a:) dx = j - i"a/; 

Ja L f-l J Ja r^l 


r-n rb 

it follows that, for all values of ti, S is not greater than [f(x)\^dx; 

r-l Ja 

rb 

and thus that the series 2 converges to a number that is ^ [/ (x)]^ dx. 

r~l Ja 

Denoting by (x) the partial sum 2 (a:), we have 

r~ 1 

[*{/«. (^) s’ o,*; 

Ja r-jp+1 


and from this it foDows that 


l™ Cifp i^) -f, - 0. 

j9-^oo, g-^oo J a 

Thus the sequence {f^ (x)} is convergent on the average in (a, 6); and 
the theorems of §§ 171, 172 are therefore applicable to the sequence. 
There exists a function / (a:), whose square is summable in (a, 6), to which 
the sequence {/„ (a:)} converges on the average, and so that 

lira [*{/ (x) (a:)}*(ia: = 0. 

n— oo *' a 

If g (x) be another function whose square is summable in (a, b), we have 
-fn{!i!)}dxs. ^jjg{x)}^dxjjf{x) -/„ 

and it then follows that 

lim I" g (a:) {/ (i) -/„ (a;)} dx = 0. 

n— Qo J a 

Let g {x) = <f>^ (x), then 

b rb rbr-n 

lim f„(x)<l,„(x)dx= lim S c,<l,r(x)<l>„{x)dx; 

Ja n-^<x> J a n^ooJar-l 

and thus [ / (x) {x) dx 

J a 

We now have [ {f (x) — f (x)} {x) dx 0, 

J a 

for every value of m; the square of the function f(x) — f (a:) is summable, 
and therefore, if the set of orthogonal functions is complete, /(a?) and 
J (x) have the same value almost everywhere in (a, 6), and therefore {/„, (x)} 
converges on the average to/(x). 

It now follows from the results given in § 172 that 
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rh 

We have now lim g (x) {/ (x) — /„ (a;)} dx = 0, 
n~oo J a 

where g (x) is any function such that {g (x)}^ is summable in (a, 6). 
Therefore 

fb 

f i^)g {^) dx - lim {a^ay -f + ... 4 

J (I n.~ao 

where a^', ag', ... are the coefficients in the series corresponding to g (x). 

We have now established the following theorem which is a generaliza- 
tion of Parseval’s theorem in the theory of Fourier’s series (see § 378): 

U {<l>n (^)} a complete set of normal orthogonal functions for the finite, 
or infinite, interval (a, b) ; and {a„} , {a„'} be the sets of coefficients corresponding 
to two functions f (x), g (x) whose squares are summable in (a, b), then 

[h 

2 converges to I f (x) g (x) dx, 

n » 1 J a 

ib 

2 converges to {/ (^)}^ dx, 

n ■= l J a 

493. Let Ci^i (x) + c^4‘i (x) + ... c„<^„ (x) + ... 

be a series such that 2 c„^ is convergent, where {^„ (x)) is a set of normal 

n » 1 

orthogonal functions for the interval (a, b). 

Denoting the partial sums of the series by s^ (x), we have 

lim I [ Sj, (x) - s^ (a:) p dx -=■ lim (c ^^ , + Cp-, 2 + . . . + 4) 

J a p^co^q'^ao 

-0, 

where q > p. It follows from § 172 that there exists a function whose 
square is summable in {a, b) such that 

lim j {f{x)-s„(x)}^dx=0, 

n~QO . a 

f {f(x)}<‘dx -= lim [ {s„ (x)}^ dx = 2 c„*. 

Ja n^aa J a n-1 

fb 

Also since lim {fM — 'Sn (^)} 4>m (^) dx = 0, 

71—00 J a 

rb 

we have / (x) (x) dx=^c^. 

J a 

In case the set (a:)} is complete, we see that / (x) is unique, except 
for equivalent functions; for, if there were two such functions, their dif- 
ference would be orthogonal to all the functions 

We have thus obtained the following theorem which is a genefralization 
of the Riesz-Fischer theorem obtained in § 379: 

If {<f>n {x)} is a set of normal orthogonal fuTVCtions for the finite, or infinite, 
interval {a, b); and Cj, Cg, ... c„, ... he a set of constants such that 

V + ... 4- c„^-f ... 
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is convergent, there exists a function f (x) whose square is summable in (a, b), 

fb 

for which ~ (w = 1, 2, 3, ...). Moreover f (x) is unique 

J a 

(eoccept for equivalent functions) in case the orthogonal system {(f>n (a^)} 
complete. 

The following extensions of the theorems obtained above for the case 
in which {/ (x)}^ is summable in the interval for which (x)} is a system 
of orthogonal functions have already been established in §§ 392, 393 by 
a method which is applicable, not only to the case of the particular set of 
orthogonal functions employed in Fourier’s series, but to the case of any 
bounded set of orthogonal functions for a finite interval. 

If {(f)n (a:)} be a complete system of orthogonal functions for a finite interval 
(a, 6), such that | {x) | ^ M. for all the values of n and x, and f (a:) be 

svxdi thal I / (x) is summable in (a, b), for some i>alue of q such that 
\ <qf: 2; and if S (^) be the series ccnresponding to f (x), then the 

n “ 1 


series S | a„ is convergent, and its sum is 

n - 1 

( rif 


( ci> )fl-^ 

z M ^ ■ \f{x) I'^dxl 

a ) 


If the series S \a^\^ is convergent for some value of q such that \ <q 2, 

n=- 1 

the numbers are the coefficients in the series correspoiiding to a function f (x) 

Q 

such that I / (a:) )«~ 1 is convergent, and 

It has been pointed out* by F. Riesz that the following theorem is 
contained in both these theorems, and that conversely both theorems may 
be deduced from it by means of a limiting process : 

If the system Xi,Xz, x^ passes over into the system 
means of an orthogonal substitution, of determinant ± 1, and if all the 
coefficients of the substitution are, in absolute value, ^ M, then 


1 1 



where 


I <a< and -44=1. 

a p 


THE CONVERGENCE OF SERIES OF ORTHOGONAL FUNCTIONS 

494 . A series of investigations has been made relating to the conver- 
gence, almost everywhere, of the series of type S (^) in the finite 

n-l 

interval, taken for convenience to be (0, 1), for which {<!>„ (x)} form a 
system of orthogonal functions. 

* Math. Zeitschr. vol. xvin (1923), p. 124. 
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It was first shewn* by Weyl that the convergence of the series S 

n-1 

is sufficient to ensure that the series S (x) is convergent almost every- 

n = 1 

where in the interval (0, 1). Weyl shewed further that, when | (x) | is 

bounded with respect to (n, x), the convergence of 2 is sufficient to 

n “ 1 

ensure the same result. The more general theorem was proved^ by Hobson 
that, if 2 be convergent for some value of ^ (> 0), the series 

n~l 

S CLfi^^n (^) converges almost everywhere in the interval (0, 1), whether the 

n-» 1 

functions <f>n [x) be bounded or not. It was next proved J by Plancherel, 
by re-arranging Hobson's proof, that the convergence of 2 (log nY is 

n«l 

sufficient for the convergence of the series almost 'everywhere. 

Lastly, it was proved by§ Radernacher and by|| Menchoff that, if 
2 a„2(logn)2 is convergent, then 2 a„<^„ (a;) converges almost every- 

«.“1 n = l 

where; this result includes all the preceding theorems. 

Moreover, it is final, in the sense that (log n)^ cannot be replaced by any 
function of n which is o {(log nY), so long as the system {</>„ (x)} is not 
specialized . 

We proceed to establish the theorem that : 

If th^ constants a„ are stick that 2 (log is convergent, where (x)} 

is a system of orthogonal functions for the interval (0, 1), then the series 
2 an<^n (^) converges almost everywhere in (0, 1). 

n-1 

n 

Let s (x, ?i) = 2 (x). 

V ' 1 

(1) It will be shewn that, if 2 a^^logn is convergent, s {x, 2”) is con- 

W 1 

vergent, as w ^ oo, for almost all values of a: in (0, 1). We have 

f [(s (x, 2**+^) — s (x, 2^)Y -I {« (x, — s {x, 

Jo 

+ {s (x, 2’’+”^) — s (x, 

= 2 cY "4" 2 cY + ... “h 2 cY 

2r + l 2^+1 + 1 + l 

2r+i 2*’+* 2*"+" 

= 2 c<* + 2 2 0 ^ 2 +... +m 2 cY< S c^^log^; 

2r+l 2r+^ + l 2^+m-l + l 2»-+i 

where the logarithm is taken for convenience to have the base 2. 

* Math, Anncden, vol. lxvii (1909), p. 226. 
t Proc. Land. Math. Soc. (2), vol. xii (1912), p. 297. 
t Comptes Eendus, vol. OLvn (1913), p. 539. 

§ Math. Annakn, vol. Lxvm (1922), p. 112. 
j| Fundamenta Math, vol. iv (1923), p. 82. 
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CO 

Choosing r so that 2 log t < 3®, we have 
2 ^ + 1 

rl m~l 

S {5 (a;, 2'-^) — s (x, 2^+^)}^ dx < 8^. 

Jo J3-0 

The set of points in which the integrand is ^ 3® has its measure < 3, 
and therefore that in which it is < 3® has measure >1—3. 

Hence, in a set of points of measure >1—3, 

I 8 {x, 2*'+^) — s (x, 2^+^) I < 3, 
for = 0, 1, 2, ... m — 1 ; and thus, in 

I 8 (x, 29) — 8 (Xy 29') I < 23, 
for all pairs of values of q and q' such that 

r ^ q ^ r + m, r ^ q' r + m. 

Consider the sets Hm+i- •••» each of which is of measure 

>1-3. 

A point of the set belongs to . so that each set contains the 
next. It follows that a set H, common to all the sets ... exists, 

and is of measure ^1—3. 

In the set H we have 

( ^ (a:, 2«) — 5 {Xy 29*) | < 23 

for all pairs of values of q and q* such that r ^ q, r ^ q*. Let be an 
arbitrarily chosen positive number, and let 3i, 3^ denote a sequence such 
that 3i -f 3j + ... converges to the value 17. Corresponding to each value 
of 3, there is a value r„, of r, and a set such that 

I s (z, 2’) -s(z, 2’') I < 28„, 

in that set, for all pairs of values of q and q* such that S q, q' ; the 
measure of is ^ 1 — 3„ . The sets have in common a set K, of 

QO 

measure ^1— 2 3„^1— 77. 

n-l 

In the set K we have | 5 (x, 2«) — 5 {x, 29') | < 23„ provided r„ ^ q, 
^ g', for all values of n\ therefore, in the set A, s (Xy 2^) is uniformly 
convergent, as / — - 00. Since tj is arbitrarily small, it follows that s (a?, 2*) 
is convergent for almost all values of a:, as / 00 . 

It should be remarked that the special sequence s (a;, 2**) which has been 
shewn to be convergent, subject to the condition that 2 o„*logn is 

n-l 

convergent, is such that the sequence {2»»} is independent of the particular 
system of normal functions. 

(2) Any integer n, such that 2^ <n< is of the form 2^ + K. 2^, 
where I has one of the values 0, 1, 2, ... w — 1, and K is an odd integer. 
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Let X {h «) = 2™ + s.2^, where I, s may have all values such that 

Os.l<m I 
0 £ « < 2«*-' J 

Let D (x, l,s)=^ 8 (x, xil.s + 1)) - s {x, x (I, «)), 


J JL X«.«- 

{D{xJ,8)Ydx==^ 2 

0 xil.8) 


dn 


We have x(.»)+i 

s (x, n) — s (x, 2^) 

= {s (Xy 2^ + 2^) - S (Xy 2f^)} 

+ {s (Xy + 2. 2^) — 5 (Xy 2^ f 2*)} 

+ 


4- {s (Xy 2^ + X . 20 - 5 (a:, 2"» + Z - 1 20} 

- 2 i) (Xy ly S)y 

8^0 

where I has a fixed value for a given value of n, such that n = 2*^ K .2K 

(3) Let e (Z, a) be the set of all points x such that | D {Xy Z, | ^ 3, 
where 3 is a prescribed positive number; we have then 

, 1 

m {e (ly s)} -5 2 a„2. 

^ X(t,8)+1 

(4) Let ^ be a prescribed positive integer, and let Z (8) be the set of 
all points x such that the number of the different functions D (Xy ly s) for 
which 0 ^ 5 < 2”*“0 0 ^ I < m which are such that | D (Xy Z, s) | ^ 8, at x, 
is ^ then 


m 


2»»+i 


qo* 2m+l 

Let E (ly s) ^ D {E (8), e (Z, «)}, the set common to E (8) and e (ly s), 
then m [E (Z, 5)J ^ me (ly s). Also let E = 2^ (Z, s)y the summation being 
taken for all Z and s such that 0 ^ s < 2”^-\ 0 ^ I <m. 

Each point of E belongs to a number of the sets E (Z, s) of which the 
number in the sum 2Z (Z, s) is ^ g. 

Let fi, s (x) be the characteristic function of E (ly s ) ; that is the function 
which has the value 1 at all points of E (Z, «), and is elsewhere zero ; and let 
/ (a;) be the characteristic function of E, 

We have f{x)&l (x), f */(*) ^ ^ 2 f (*) dx, 
q Jo 9 Jo 


m (E) ~ - 2 mE (ly s) 






m 

qh^ 


2 


2m+l 
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(5) Let Gm. (3) denote the set of all points x such that 
I s {x, n*) — 5 (a;, n) I < 48 

for all pairs of values of n and n* such that n <n' < 2"*+^ It will 
00 

be shewn that 'L m{C (GJ)} is a convergent series. 

m - 1 

Let kj, - for p = J, 2, 3, — 

Let be the set of all points x for which the number of functions 
D (.r, /, s) which satisfy the condition 


8 . 

. IS < „ 


8 k 

Employing (4) and writing j- for 8, and ^ ^or we see that 

Kj,_i 


n>'C (€„) k^ I ^ S ^ ^ «„ ■ 

Let Ejn be the common part of all the sets e^, Cg, e^, ... ; C (E^) is the 
set of points each of which belongs to one at least of the sets C (Cj), (7 (Cg), . . . 
and thus 

® oc 1 27 W 2 2"»+A 

Z S Z , g7 Z a„'^. 

P-2 O 2*n4l 17 2\V — ^) O 2*«+l 

It can be shewn that E^ is a part of . 

Let a: be a point of E ^^ ; it thus belongs to all the sets ej,{p- 1, 2, 3, 

If iVp (p = 2, 3, ...) be the number of different functions D (a:, Z, s) for 

which ^ I Z) {x, /, .9) I < ^ , then Nj, < 

ICp_i fCp p 

If p ^ 2, there are Np different functions D (x, I, s), all such that 

«'p_l 

g 

and for all the other functions D {x, I, 5 ), we have | D (x, Z, 5 ) | < 

TYh ^ 

If n is any integer such that 2™ •: n< 2’"+* 

I a (x, n) - a (x, 2"') | 5. Z \D(x,l,a)\. 

S --0 

Among the K terms | D (x, Z, s) | there are at most Np terms for which 

S I D (a;, Z, s) I < ^ , p = 2, 3, .... 

Kp — I Krp 

g 

all the other terms, of which the number cannot exceed m, are < . 


Therefore 


5(a;,w)-«(a;,2”*)(£8 + Z ,^iV',<8 + 8 Z ‘ <28, 
I a (x, n') - 5 (a;, n) I < 48. 


and thus 
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Therefore each point of belongs to (8); is a part of and 
consequently C {QJ) is a part of C {EJ). 

Hence S 2 aJ(logn)^; 

O 2”^ + ! 

and thus 2m {O (G^)} is a convergent series. 

The set of points, each of which belongs to an infinite number of the 
sets C (G^^), has measure zero; for, if € be an arbitrary positive number, 
each point belongs to one or more of the sets C (G^), C (Gr+i), the sum 
of the measures of which is < e; thus the set has measure < e. Since € is 
arbitrary, this measure is zero. The measure of the set H, each part of which 
belongs to all the sets Gj, G^, , from and after some fixed one of the sets, 

dependent on the point, has measure 1. Thus there is a set of points of 
measure 1 such that, for each such point, for all values of n and n' 

I s (x, 7i') - s (XyU) \ < 48, 

where 2^'' < n < n' < 2"'+^ : and for all values of m, from and after a fixed 
one. 


Also, since |5(:r, 2"')- es* {^r, 2'"') | < 8, if m and m' are both > some 
fixed value of m, it follows that [ s (x, n') - ^ (a:, n) | < 98, for all values of 
n and n' greater than 2"', for some fixed value of m, in a set such 
that M (Hi,) 1. 

Lastly, giving 8 the values in a sequence which converges to zero, we 
see that there exists a set of measure 1, in which s (x, n) is convergent. 

Menchoff has also proved that, if W (n) is such that 


(log ny^ 

there exists a set of normal functions such that 'Lan4>n converges no- 
where in the interval (0, 1), although 2 If (n) is convergent. It thus 
appears that the theorem cannot be replaced by one in which (log n)^ is 
replaced by a lower power of log n than the square. This may however be 
the case for a special set of orthogonal functions; as for example in the 
case of Fourier's series, for which it has been shewn in § 409 that (log 
may be replaced by (log ?i)^, where g > 1. 


A proof was sketched by Weyl*, and given fully by Hobsonf , that the 
series 2 (x), corresponding to a function, of which the square is 

sumiiiable in the finite interval for which (a;)} forms a normal orthogonal 
system, is summable (C, 1), almost everywhere in the interval, if the series 
2 log n is convergent. The wider theorem has been established J by 

n-l 

* Math, Annalen, vol. Lxvn (1909), p. 241. 
t Pfoc. Jjond. Math. Soc. (2), vol. xrv (1915), p. 428. 

J Math. Zeitackr. vol. xxm (1926), p. 263. 
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Kaczmarz that the convergence of the series S (log w)* is suflScient. 

He has also shewn that, for any function whose square is summable in the 
domain {x) is either summable {0, 1) almost everywhere, or else its 

Poisson sum does not almost everywhere exist. 

It has however been announced * by Menchoff that he has obtained 

the following complete theorem : 

00 00 ^ 

If S (log log is convergent, then the series 2 (in<f>n (^) summable 

n - I n - 1 

(C, k)yfor k>0, almost everywhere in the interval for which the orthogonal 
functions exist; and consequently the series is almost everywhere summable 

by Poisson s method. If w in) satisfies the condition lim ^ 0, 

^ J V/ J (log log 

there exists a series which is not summable at any point by the method of 

Poisson, while 2a» {n) is convergent. 


495. The following theorems have been established f by MenchoflF: 

// 2 I I is convergent, for some positive value of A such that 2 > A > . 

n-l 

then the series 2 an(l>n {x) converges almost everywhere in the finite interval 

n- 1 

(0, 1) for which {(f)^ (a:)} is a sequence of orthogonal functions. 

This is a particular case of the more general theorem that : 

If w (u) is a positive function of u which increases with u, and the series 


2 

71 “1 


.(loglogp^)]’(log|i|)‘ 




a 


2 

n 7 


are both convergent, then 2a,j(j6„ (re) converges almost everywhere. 

The logarithms are taken to the base 2. It will be observed that the 

convergence of the second series implies the divergence of log log r , 

I I 

and this involves the convergence of a^ to zero. 

The first theorem is included in the second because, if S j a, is 

n-l 

convergent, it is possible to choose the function co (u) so as to satisfy the 
conditions of the second theorem, the convergence of tfie two series being 
then a consequence of the convergence of 2 | a„ 1^"*^. 

n«l 


♦ Comptes Bendua, vol. clxxx (1925), p. 2011. 

t Comptes Rendm, vol. cLvm (1924), p. 802. The condition X > ^ is not stated theie, but it 
appears to be necessary in order that the first theorem may be included in the second. 
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In fact the ratio of the general term of the first series in the second 
theorem to that in the series of the first theorem is 


and writing log. .==25, this becomes [(x) (\ogz)\^ If now we 

I 1 

take io iu) = the series L , becomes S I 1^, which is con- 

oj{\ogz) ' 

vergent \i p ^2 —X\ also 22 2“'^^. 2^*^* converges to zero, as 2 ; oo , if A > 2p. 
If then A > (w)can be so chosen that the first series of the second 
theorem converges if the series S | a„ converges. 

00 

It will be assumed that S < 1 ; this involves no loss of generality. 

1 

We proceed to group the constants a„ . 'J'he group F,, consists of those 


constants which are such that 2^^ = 


22^ We denote the values 


of n which belong to F,, by n (p, 1), n (p, 2), , w (p, Nj,); where each one 
of these values of n, in F,,, is less than the next; the number of values of n 
in Fp is accordingly Np, 

00 I 

Since 2 a„2 is less than 1, and | | it follows that 

or 

Choosing a positive number 8, we define the set of points Ep (8) to be 
that set of points x, in (0, 1), for which 

t-a' 1 

^ {Pf «) (jp, 0 {^) 

< -« I 

for all integers s and s' such that I ^ s ^ s' ^ Np, When Np = 0, we 
take Ep (8) to be the interval (0, 1); then m [C {Ep (8)}] == 0. 

We take <0 (p) to denote the least value of ca (log log p— ^ - , V for the 

V l^n(p.p)|/ 


values 5 = 1, 2, 3, ... , and we take the number 8 to be 


Since 


1 


. , is the greatest of the numbers — 

the assumption of the convergence of the series of which 


is the general term that S convergent. 


a> (p)’ 

, it follows from 


(log log r^) 
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It has been shewn in § 494 that, if denote the set of points for which 
S (x) < S, for all values of n' and n'" such that 2”* ^ n' < n" < 

w “-n 

m2 

the measure m [C {O ,^)] , of the complement of 0 ,^ » is less than k ^ 

o 2*« + i 

where h is an absolute constant. In the last expression m® may be replaced 
by the square of the logarithm of any one of the indices n which occurs in 
the summation. 

Let = 0, except when m has a value n (p, s), in which case 


^n{v, s) 


== a, 


n {p, s) J 




we then see that 

(■&’,)] <p (log -ZVp)* if N^> 1. 

Since log N,< 2*’^!, and 8 = l/cu (p), where 

l), 

and 2^ ^ log , , £ 2^+^, 

I ^n{p,») \ 

we have 

m [C («.)J < i'-l' {„ (log log (log 

where k' is an absolute constant. The same inequality holds when Nj, = 1 . 

From the assumed convergence of the series found by taking p ~ 1,2, 
3, ... , and adding the series together, we see that the series S m[C (Ej,)] 

j)“i 

is convergent, and consequently lim m [C {Ej)] = 0. Therefore the set F, 

of points, each of which belongs to an infinite number of the sets C (F^), 
has its measure zero. 

Take any two indices n\ w" such that n' < and let p' and p" be 
the smallest and greatest of those values of p for which the condition 
1 


22** . 


< 22**^^ is satisfied for at least one value of n such that 


n' n'\ It is clear that p' and p" diverge as n' does so. Corresponding 
to each point x, of C (F), there is a minimum value n (a:), of n, for which 

PZJP'' 1 


the condition 


n«n 

^ (^) 
n-n' 


< S ? , is satisfied for all values of n' and 

p-p'<^(P) 


n" such that n" > 7i' > n (x). Since S — is convergent, it follows that 

-n" 

S (x) < €j provided n' is large enough; therefore the series 

n-n' 

S a„ (f>n (x) converges at a point a:, of C (F ) ; and since C (F) has measure 

n- 1 

unity, it follows that 2 (a;) converges almost ever 3 rwhere in the 

n - 1 

interval (0, 1). 
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SERIES OF STXTRM-LIOXTVILLB FUNCTIONS 


496, The class of normal orthogonal functions known as the Sturm- 
Liouville functions has the special property that the series of which the 
terms consist of multiples of these fimctions behave in the same manner, 
in relation to convergence, divergence, or oscillation at a point as Fourier's 
series do. A brief sketch of the investigations relating to these functions 
will be given here. 

If gr, k, I are functions of x which are positive and continous, and do not 
vanish, in an interval (a, b), of x, and r is a parameter, the functions are 
the solutions of the differential equation 

dV dV 

which are such that ^ ^ ^ 4- Hv = 0, for a; = 6, 

where h, H are positive constants, and the parameter r is so determined 
that a solution of the differential equation exists which satisfies the con- 
ditions at a and 6. It is convenient to assume that I and {gk) ~ 1 have 
bounded variation in (a, 6). 

The differential equation reduces to the form 


d^U 

dz^ 


-h(p^-h)U=^0 


by means of the transformation 

2 = 0 = lgk)-i, V = 0U. r = p>, 

where Z, has the value 


1 f, fk\i „ d {gk)i dd , , i d^0\ 


0 {9k)i 

and the conditions at the end-points of the interval become 

^ — h'U = 0 , for 2 = 0 , and -f H'u = 0, for 2 = tt, 
az az 


where the assumption, involving no real loss of generality, is made that 



An asymptotic form of the normal functions was obtained* by Liou- 
ville, and a more precise asymptotic expression of them, sufficient for the 
purpose of the investigation of the series, was obtainedf by Hobson. This 
expression is 





+ sin m 


/3 (z) ^ a (z,n) 


n 




* Liouville's Journal^ vol. n (1837), p. 24. 
f Proc. Lond. Math, 80 c, (2), vol vi (1908), p. 379. 
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where p (z) denotee functions which are bounded with respect to z, and 
a (z, n) denotes functions which are bounded with respect to {z, n). It is 
known from the general theory of the functions connected with differential 
equations that the system (z)} is complete. 

It was shewn {he. cit.) by Hobson that the series 

s <f>n(z) fV„ (*')/(*') d*' 
r-l .0 

corresponding to a function / (z), summable in (0, tt), converges to 

i{/(^ + 0)+/(z-0)} 

at any interior point of the interval (0, tt) if, in some neighbourhood of the 
point z, / (z) is of bounded variation. Also it was shewn that, in any 
interval in which / (z) is continuous, and which is interior to an interval 
in which the function has bounded variation, the convergence of the series 
to /(z) is uniform. It was also shewn that, at 0 and tt, the series converges 
to / (-h 0), / (tt — 0) if at 0 and tt there are neighbourhoods in which / (z) 
is of boimded variation. 

The more general theorem was established by Haar*, and by Mercerf, 
independently of one another, that: 

The aeries behaves at any point, as regards convergence, divergence, or 
oscillation, in the same manner as the Fourier's cosine series corresponding 
to f (z) behaves at the same point. 

A proof of this result was given J by Hobson, based upon a consideration 
of the function 

r-n 

S (z) (z') S cos rz cos rz' == F (z, z', n). 

r-l ^r-1 

It can be shewn that the function F (z, z', n) satisfies the conditions of 
the general convergence theorem of § 279, and thus that 

lim [ / (z') F (z, z', n) dz* = 0; 

the convergence to the limit being uniform in the interval (0, tt) of z. 

The result stated above is now deducible from this result. 

By considering the function 

S (l - {Z) <f>r (Z') - (l - COS rz COS fz’ 

r-l\ TTy.iV n / 

in a similar manner, the theorem, due to Haar {loc. cit.), can be established, 
that the summation of the series of Sturm-Iiouville functions by the 
method of arithmetic means is the same as that for the Fourier’s cosine 
series; and thus that the Ces^ro sum of the Sturm-Idouville series, corre- 
sponding to a summable function, exists for almost all values of z. 

* Math. Annalm, vol. xux (1910), p. 366. 
t Pka. Trans. toL oou (A) (1913), p. 111. 
t Proe. Loni. Math. Soc. (2), voL zn (1912), p. 170. 



CORRECTIONS AND ADDITIONS TO VOLUME I 


Page 104. Line 17 from the foot, /or closed*^ read '‘^perfecty Line 15 from the foot, /or “closed'’ 
read “perfect.” 

Page 106. Line 3, /or “<S” read 

Page 1 10. Line 10 from the foot, /or “ 0 < f < f ” read “ 0 < ^ - X < c.” 

Page 131. Line 13 from the foot, after “Dti,” insert “none of which contains a point of O',.” 
Page 143. Line 6, after “If P be a point of add “and P' be a point of (?,.” 

Page 144. Line 17, /or “TV ” read “0.” 

Page 179. Line 22, /or “Dn,, i>nt •••> of which contains an enumerable set” read 

...» each of which contains a set of points of Q of measure eero.” Line 24, 
for “enumerable” read “of measure zero.” Line 10 from the foot, /or “of meaBUi*e 
zero” read “of measure >0.” 

Page 180. Line 19 from the foot, for “>c(>0)” read **>cl\ where \ is a sufficiently large 
number, independent of c.” Line 7 from the foot, for “the two B 3 rBtem 8 of nets” read 
“the systems of nets the measure of whose meshes is < \a*^.” 

Page 181. Lines 16, 19, /or “c” read “c/\.” Line 10 from the foot, /or “>a” read “>a/X.” 

Line 2 from the foot, for “am(dnp)” read ““m(dnp).” 


Page 182. Linee 4, 16, for -amiE.)'’ read 

A 


Page 276. line 3, c^ter ** another positive number"*' insert “iy.” 

Page 277. Line 6, /or “ | 0 (o) | ” read “ ) <f> (x) |.” 

Page 337. line 8 from the foot, the second part of the enumeration of the theorem should read 
Moreover, if the first limit has no unique value, the upper and lower vedues of the second 
limit are in the interval bounded by the upper and lower values of the first limit. 


It may happen that 


P(a + A) 


has a unique value, whilst this is not the case for 


/^ (a + ^) 

JP* ( tt + ^) 

Page 338. In the second part of the statement of the theorem, the same amendment is required 
as on p. 337. 

Page 371. Line 14, for “/ {x) - it ” read “/ {x) - kx." 

Page 390. §307, The theorem is correct only for the two open quadrants for which x-\-h>x, 
y ■\-k>yi X - h<x, y - hKy. The proof for the other two quadrants is invalid, because 
it is impossible to choose the numbers h^,ky^, h^', k-f as stated on page 391. 

A theorem has been given by R. C. Young {U enseignement mathdmatique, 1924-25, 
p. 79) from which it follows that, for a quasi-monotone function of any of the four 
types specified in § 255, the limit exists for all four quadrants 
If {x, y), (x+h,y-hk) denote two points A, B, the expression 
f{x+h,y + k) -f {x,y + k) -f{x + h, y)+fix,y) 


may be denoted by and will be taken to be > 0, for all pairs of points A, B, for 
which h and k are positive, in some given domain. For any cell (P, Q) contained in 
(A, B), Ap < A^; for the cell (P, Q) may be one of a number of cells into which (A, B) 

is divided, and A^ is equal to the sum for all these cells {a, /9) of A^, and A^ is by 
hypothesis ^ 0. If {A, Qf), {A, Q^) ... {A, Qn) ... be a sequence of cells such that Qn 
is in the cell {A, Qn--i)» ^or all values of n, the sequence {A^} is monotone non-in- 
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creasing, and therefore converges to a limit, as Let \Pn}t he any two 

sequences of points, each converging to ^ ; a sequence 

Pni* Qm%f Pfit* Qtfit* ••• Pfii* Qrriif ••• 

can be so determined that Qm,^ is i*i i^he cell (i4, PnJ, and i^i the cell [AQmi-i)* 
for all values of t; then the sequence ”• ^ unique limit. If 

{A^\ t {A^\ both have definite limits, it follows that these limits have the same 

value. Hence lim has a definite value as P converges in any manner to in the 
positive quadrant. Also / {x, y + k)yf{x^ A, y) being monotone in k and h respectively, 
each being either non-increasing or non -diminishing, it follows that f {x^hty + k) has 
a definite limit as h and k converge to zero, in any manner, in the quadrant. Therefore 
any quasi-monotone function, of whatever type, has a definite limit in the quadrant, 
whichever quadrant bo taken. 

Page 401. Lines 6 and 7, for “P (A, A)” read “P (A, kyhk.^' 

Page 402. Line 4 from the foot, /or "'hfk** read “kfh.'' Line 1 from the foot, /or "'kfh*' read ^^hjky 
Page 408. Line 15^ for “y<0” read “y</9.” Line IQ, for “0<y” read ‘'^li<y.'* 

Page 435. Line u/for “S > S’* read “2 > 2.” For “2 and 2,” read “2 and 2.” 

Page 460. Line 14, /or “the set” read “the measure (J) of the set.” 

Page 456. Lines 10, 11 from the foot. In the formulae x should take the place of b. 

Page 468. Line 16. In the formulae x should take the place of b. 

Page 608. Lines 3, 4. The formula should read 

-[/(a) + :<I>(U-4>(U-,)} 

+ /(6) >(6)-?i(U}] + [/W0(^)]*- 

r 

At the foot of the page, in the expressions for S and S the second 2 should be 2 , 

r-0 

and in the next line “ <p (a;© ~ a)~<f>{a) ” should be added. 

It has been jwinted out by Prof. D. G. Gillespie of Cornell University that the 
definition here given of the upper and lower -integrals is not always equivalent to 
that on p. 607. For example, let <^(a;)=0, for 0^a:<|; <p{x) = \, for 1; 

f{x) = 1, for X if |, /(^) = 0. If i be taken as a point of division in forming the upper 
sum of p. 508, this upper sum is zero, and the upper and lower integrals are both equal 
to zero, but the integral as defined on p. 607 does not exist, since / {x) and <p (x) have 
a common point of discontinuity. In order to amend the definition on p. 508, so as to 
get rid of this discrepancy, we should take 

xr-O 

r-i *>■-•+« r-0 

r^m xr-0 r-m 

2 ,.QU{x)){<P{^r-0)-<t>{Xr^t^-0)} + 2 / (^^r) {0 (^V + 0) - 0 (sr, - 0)} , 

jp-1 y.O 

where /(xj), f {Xr) are the maxima and minima of f {x) at 0(a:„i-f O) = 0(A), 
0 (a “ 0) = 0 (a). On p. 610, / {x') must be taken instead of / (x'). 

The definitions and properties of Stieltjes* integrals have been treated in detail by 
Pollard {Quarterly Journal, vol. xlix (1923), p. 73). 

Page 511. Line 4 should read “0(a:) over the set of discontinuities of / (a?) should be zero is 
satisfied.” Line 13 should read “To shew that the condition concerning the variation 
of 0 (x)....” 

Page 612. Line 11 from the foot, /or “convergence” read “continuity.” 

Page 620. Line 10 from the foot should read “If the interval (L, U) be successively sub-divided 
by introducing further points of division, such that the corresponding values of rj 
form a sequence {i?*,}, of....” 

Page 633. Line 10, /or “> a” read “> ae.” Line 11,/or “ </9+ 1” read “ <(^-f 1) e.” 

Page 639. Line 3,/or “ convergence ” read “ continuity.” Line 5, /or “ / (x. A') ” read “/ (x, x -h A').” 

Line 10, /or “/ (x. A)” read “/ (x, x-^A).** 

Page 642. Line 2, for “in (a, A)” read “in e.” 
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Page 653. Line 12 from the foot, for “ SA® < KAf ” read “ SA* < KSAf.” 

Page 663. Line 4 from the foot. It is tacitly assumed that uv is an integral. To prove that the 
product of two indefinite integrals u (x), v {x) is an indefinite integral^ we have 
I u{xa)v(x*) -u(x,)v(x,) I < lu(xi)| 1 v{r^) -i>(xi) j + | v(xj) | | u (x*) -u (Xj) | 

< A\v{x^) -v{x^)\+B\u{x^)-u{x^)\; 

where A and B are fixed numbers. Hence the sum of the absolute variations of 
u (x) V (x) over a set of intervals so chosen that the sums of the absolute variations of 
u (x), V (x) are both <17 is less than a fixed multiple of t/. It follows that the condition 
of absolute continuity of u (x) v (x) is satisfied. 

Page 677. Line 10 from the foot,/or “7//(x<^>, x<*>) be aummahle''' read '‘'If f x^*>) be tnectaur- 
able.''' 

Page 689. Line 8, /or (e^, r,)’' read “ii (e^, e,');for “e,= ” read “e/ — .” 

Page 606. Line 5 should read, “Accordingly, an absolutely convergent integral of a function 
such that the points of infinite discontinuity form a set of measure zero, which exists — ” 
This restriction was introduced on p. 699, and should be taken to govern the whole 
section on Harnack*s definition. 

Page 617. Line 11 from the foot, for “(7” read “H.” Line 2 from the foot, for “(a, /S')” 

“(a', 

Page 621. Line 4, /or “O” read “/i.” 

Page 630. Line 4 of { 4 ), for “Cr” read “H.’' 

Page 641. Line 7, /or “x” read 

Page 663. Line 4 of (4)', for read “H.” 

Page 666. Line 17 from the foot, /or “is satisfied” read “should be continuous is satisfied.” 

Page 658. Line 12, for “g(a), y(/S)” read “0(o), 0(/3).” Line 3 from the foot, for 

“ I F (x) 0 (x) dx” reatl “ | "/ (x) 0 (x) dx.” 

J an J an 
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ORDINARY DIFFERENTIAL EQUATIONS 
by E. L. Ince 

The theory of ordinary differential equations in real and complex domains 
is here clearly explained and analyzed. The author covers not only classical 
theory, but also main developments of more recent times. 

The pure mathematician will find valuable exhaustive sections on existence 
and nature of solutions, continuous transformation groups, the algebraic 
theory of linear differential systems, and the solution of differential equa- 
tions by contour integration. The engineer and physicist will be interested 
in an especially fine treatment of the equations of Legendre, Bessel, and 
Mathieu; the transformations of Laplace and Mellin; the conditions for the 
oscillatory character of solutions of a differential equation; the relation 
between a linear differential system and an integral equation; the asymp- 
totic development of characteristic numbers and functions,* and many other 
topics. 

PARTIAL CONTENTS: Real Domain. Elementary methods of integration. 
Existence and nature of solutions. Continuous transformation-groups. Linear 
differential equations — theory of, with constant coefficients, solutions of, 
algebraic theory of. Sturmian theory, its later developments. Boundary 
problems. Complex Domain. Existence theorems. Equations of first order. 
Non-linear equations of higher order. Solutions, systems, classifications of 
linear equations. Oscillation theorems. 

''Will be welcomed by mathematicians, engineers, and others," MECH. 
ENGINEERING. " Highly recommended," ELECTRONICS INDUSTRIES. "De- 
serves the highest praise," BULLETIN, AM. MATH. SOC. 

Historical appendix. Bibliography. Index. 18 figures, viii 558pp. SYe x 8. 

S349 Paperbound $2.55 



INTRODUCTION TO THE THEORY OF 
FOURIER'S SERIES AND INTEGRALS 

by H. S. Carslaw 

As on introductory explanation of the theory of Fourier's series, this clear, 
detailed text has long been recognized as outstanding. This third revised 
edition contains tests for uniform convergence of series; a thorough treat- 
ment of term by term integration and the Second Theorem of Mean Value; 
enlarged sets of examples on Infinite Series and Integrals; and a section 
dealing with the Riemann-Lebesgue Theorem and its consequences. An 
appendix compares the Lebesgue Definite integral with the classical 
Riemann integral. 

CONTENTS: Historical Introduction. Rational and irrational numbers. In- 
finite sequences and series. Functions of single variable. Limits and con- 
tinuity. Definite integral. Theory of infinite series, whose terms ore functions 
of a single variable. Definite integrals containing an arbitrary parameter. 
Fourier's series. Nature of convergence of Fourier's series and some proper- 
ties of Fourier's constants. Approximation curves and Gibbs phenomenon 
in Fourier's series. Fourier's integrals. Appendices: Practical harmonic 
analysis and periodogram analysis; Lebesgue's theory of the definite 
integral. 

"For the serious student of mathematical physics, anxious to have a firm 
grasp of Fourier theory as far as the Riemann integral will serve, Carslaw 
is still unsurpassed," MATHEMATICAL GAZETTE. 

Bibliography. Index. 39 figures. 96 examples for students, xiii + 368pp. 

5%x8. 
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GESAMMELTE MATHEMWICHE %ERKE^ 

VON BERNHARD RIEMANN 

(The Collected Mathematical Works of 
Bernhard Riemann) 

This unabridged text of the complete works of the great mathe- 
matician Bernhard Riemann now enables you to examine Riemann's 
revolutionary concepts exactly as he set them down. 

It contains both the 1892 edition of his works, edited by R. Dedekind 
and H. Weber, and the 1902 supplement, edited by AA. Noether 
and W. Wirtinger. It includes 31 monographs, 3 complete lecture 
courses, and 15 miscellaneous papers. It contains his epoch-making 
papers on Abelian functions, representation of a function by trig- 
onometrical series, non-Euclidean geometry, the study of space, 
conformal mapping, number theory, topology, and other mathe- 
matical topics. 

Many of these papers have been of great influence upon Einstein, 
de Sitter, Minkowski, Heisenberg, Dirac, and other outstanding 
mathematicians and physicists. 

"Most of his memoirs are masterpieces— full of original methods, 
profound ideas and far-reaching imagination," ENCYCLOPAEDIA 
BRITANNICA. "With Bernhard Riemann, Dirichlet's successor at 
Goettingen, we reach the man who more than any other has in- 
fluenced the course of modern mathematics," D. Struik, CONCISE 
HISTORY OF MATHEMATICS. 

English introduction by Professor Hans Lewy of Stanford University. 
German text. Total of 690pp. 5% x 8. 
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NUMERICAL INTEGRATION OF 
DIFFERENTIAL EQUATIONS 

by A. A. Benneft, W. E. Milne, Harry Bateman 

Unabridged republication of an original monograph for the National 
Research Council. This well-known greatly sought-after volume de- 
scribes new methods of integration of differential equations developed 
by three leading mathematicians. It contains much material not readily 
available in detail elsewhere. Discussions on methods for partial dif- 
ferential equations, transition from difference equations to differential 
equations, solution of differential equations to non-integral values of 
a parameter are of special interest to mathematicians, physicists, 
mathematical physicists. 

Partial contents. THE INTERPOLATIONAL POLYNOMIAL, A. A. Bennett. 
Tabular index, arguments, values, differences. Displacements, divided 
differences, repeated arguments, derivation of the interpolational 
polynomial, integral. SUCCESSIVE APPROXIMATIONS, A. A. Bennett. 
Numerical methods of successive substitutions. Approximate methods in 
solution of differential equations. STEP-BY-STEP METHODS OF INTE- 
GRATION, W. E. Milne. Differential equations of the 1st order.- Taylor’s 
series, methods using ordinates, Runge-Kutta method. Systems of dif- 
ferential equations of the first order. Higher order differential equa- 
tions, Second order equations in which first derivatives are absent. 
METHODS FOR PARTIAL DIFFERENTIAL EQUATIONS, Harry Bateman. 
Transition from solution of difference equations to solution of differen- 
tial equations. Ritz’s method. Least squares method. Extension of solu- 
tion to nonintegral values of a parameter. 

288 footnotes, mostly bibliographic, 2S5 item classified biblogrc 

108pp. 5% X 8. 
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